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PREFACE. 


The  object  of  this  book  is  to  set  forth  in  a  compact  form  those 
I  of  the  Science  of  Mechanics  which  are  practically  applicable 
I  Stmctores  and  Machines.     Its  plan  is  sufficiently  explained  by 
Table   of  Contents,  by  the  Introduction,  and  by  the  initial 
of  the  six  parts  into  which  the  body  of  the  treatise  is 


This  work,  like  others  of  the  same  class,  contains  facts  and 
inciplcs  that  hare  been  long  and  widely  known,  mingled  with 
Ijers,  of  which  some  are  the  results  of  the  lalwurs  of  recent 
vcrers,  some  have  been  published  only  in  scientific  Transac- 
i»ms  and  periodicals,  not  generally  circulated,  or  in  oral  lecttires, 
nd  some  are  now  pulilished  for  the  first  time.  I  have  endea- 
ourcd,  to  the  best  of  my  knowledge,  to  mention  in  their  proper 
lacce  the  authors  of  recent  fliscovcries  and  improvements,  and  to 
fer  to  scientific  papers  which  have  furnished  sources  of  infor- 
ution. 

A  brunch  of  Mechanics  not  usually  found  in  elementary  treatises 
explained  in  this  work,  viz.,  that  which  relates  to  the  eqiuli- 
"  tress,  or  internal  pressure,  at  a  jjoint  in  a  solid  mass,  and 
oral  theory  of  the  elasticity  of  solids.  It  is  the  basis  of 
\  KRind  knowledge  of  the  principles  of  tlic  stability  of  earth,  and 
Btreogth  and  stiffness  of  materials ;  but,  so  far  as  I  know, 
'  rfamentary  treatise  on  it  that  has  hitherto  been  published 
[^at  of  M.  Lam€,  entitled  Levant  ntr  la  TluorU  nuU/ihmUique  de 
iiciti  dee  Corps  aolkUs. 
In  treating  of  the  stability  of  arches,  the  lateral  pressure  of  the 
kou  into  account.  80  for  as  I  know,  the  only  author  who 
I  to  done  so  in  an  exact  manner,  is  M.  Yvoii- Villai-ceaux, 
1  the  itimoiraa  de*  Savaru)  Hranfjen. 


w 


nUUTACK 
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The  principle  of  the  transfoi-mution  of  Rtructure^  and  its  appli- 
cations have  hitherto  appeared  in  the  Proeeetlings  qf  lh»  Royal 
Society  alone. 

The  correct  laws  of  the  flow  of  elastic  fluids  (first  investigated 
by  Dr.  Joule  and  Dr.  Thomson),  and  the  true  equations  of  tb 
action  of  steam  and  other  vapours  against  pistons,  as  deduced  froB 
the  principles  of  thermodynamics,  by  Professor  C'lausius  and  mjrseU 
contemporaneously,  are  now  for  the  first  time  stated  and  applied  i 
an  elementary  maniuil. 

Other  portions  of  the  work,  which  are  wholly  or  partly  neWj  an 
indicated  in  their  places. 

In  the  arrangement  of  this  treatise  an  eflbi-t  has  been  made  ' 
adhere  as  rigidly  as  possible  to  a  methodical  clnswification  of  its 
subjects;  and,  in  particular,  care  has  been  taken  to  keep  in  view 
the  distinction  between  the  comimrison  of  motions  with  each  other, 
and  the  relations  between  motions  and  forces,  which  was  1 
pointed  out  by  Monge  and  AmpSre,  and  which  Mr.  Willis 
so  successfully  applied  to  the  subject  of  mcchaninu.  The  observin 
of  that  distinction  is  highly  conducive  to  the  correct  understand 
and  ready  application  of  the  principles  of  Mechanics. 


W.  J.  M. 


Glasgow  Uiuvbbsity.  May,  18.58. 


ADVERTISEMENT  TO  THE  SIXTH  EDITION. 


For  the  detection  of  most  of  the  errors  in  the  First  Edition, 
whicli  were  corrected  in  the  Secoud  (1860),  I  am  indebted  to  ^! 
John  Hall,  Civil  Engineer,  formerly  a  distinguished  student 
Arts  and    Engineering  in  the   University  of  Glasgow;    and 
several  other  students  in  the  same  department,  I  hove  to  return 
my  thanks  for  corrections  made  in  subsequent  Editions.     To  M 
Charles  P.  Hogg,  Civil  Engineer,  in  particular  I  am  indebted  foi 
most  of  tlic  corrections  in  this  Sixth  Edition. 


Asaow  DjirvEiisrrY,  Dec,  ISTl. 


W.  J.  M.  R. 
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Ammmoit  (nfemd  to  in  Article  634,  page  679). 

•r  Waicr  la  WaTca.— I.  Boiling  Wavtt. — In  waves  which  an  not 

^  \jy  {lennAnent  truulAtinn  of  the  particles  of  water,  it  a  known  by 

ulamation  that  thooe  particles  revolve  in  orliit.'<  situated  in  vertical  planes  whico 
•«  pcrpcadjonlar  to  tlie  ridge*  and  farrows  of  tb>-  waves,  and  parallel  to  their 
Jbmaitm  <i(  ailfaoce:  alio,  that  each  revolrinj;  particle  moves  forward  while  on 
IhaMWt  of  •  «»v«,  downward  when  on  the  biuUc  slope,  backwaid  when  in  the 


,  aBu  u]iw6in1  whrn  on 
,ia 
ivotical 

tkMaaeufie 


THke 


the  front  slope.    The  fenptA  of  a  ware  is  the 

from  crest  to  crest;  the  hdnht  is  equal  to 

:i  surface  particle.    Each  u^ulicle  makes  one 

■  ,• :  .-•  through  a  wave-length  :  the  interval  of  time 

"iL    Let  L  denote  the  ware-length,  T  the  period, 

.  vu>  u  a  =  ,p ;  and  oko,  mean  velocity  of  revolution  of 

-  of  tirbit -:- T. 

"-'   '  nre  afiproximately elliptic,  with  the  longer  axis 


Aadle 
adsd." 


tnovc    hack    :iUii 
strai^jht  line,  as 


iia  ptrti>:U~f 
iniwarl  in  a 
itD. 

The  irrprt  the  water  is,  as 
oanfafnl  with  the  len^^  of 
a  wtm,  the  more  nearly  equal 
ttt  A*  twv  aies  of  the  orbit  of 
»■■fa^e  curtiite  ;  and  in  water 


Fig.  A. 


«*Itli' 

n.  A«.». 

p«aC7«,  k' 


a  wavc-lontrtli  an^l  upwanls,  those  axes  are  sensibly  equal, 

urfacv  piiTtit'le  sensibly  circidar. 

-    '■'  ■/  Surface  and  Velnrilii  nf  Adraner.—Jn  fig.  252, 

.  and  C  B  the  ra'liiin  of  the  cin'.ular  orbit  of  a 

:illy  tinworrii),  of  a  leiiirth  equal  to  that  of  the 


IWaveha' 
a  air/iii;«  <y 


:iuy  unwoMB,  01  a  Icnirtn  ciiual 
fmt  firnUiiluui  (tL,At  ia,  the  |>cndulum  whose  period  is  T)— vix., 

(»T'  _      T»(»eoonda) 

•i  »»  "  Ot(l5  foot  nearly 

•ntrif ng«]  force : :  A  C  :  C  B ;  and  A  B  repreeents  (aa 


CA. 


(1.) 


I  he  resultant  of  ^rity  and  centrifugal  force  ;  so  that 

<ur(  tiavrrsiuij;  11  ts  Qunnal  to  A  B.    llic  upper  surface 

M  tfca  wmrt  is  such  »  suilaoe ;  and  in  unler  to  folHl  that  condition  its  prD61e  must 

_bs  •  IwKOgfcf  IMcerf  6y  tA«  point  B  wlnle  a  rirrU  nj  the  radiiu  C  A  rolU  on  tAe 

I  itntgM  tiut  traittrttitii  A.    The  Imgth  of  nioh  a  wave, 

»,  ate  given  by  the  fbllowing  equations : — 


t,  =2»C  A  =  V-  =  (in  feet)  512  T«; (2.) 

1  =  ?;  =  ^  =  (in  feet  per  second)  512T. (3.) 

X  A  w 


gistfty  aul  re-autii'tt,  we  must  ha'> 


1 'l  m  be  the  mtio  in  v/hic^ 

1  it  18  cvidtnt  tbiit  io  onler 

t  normal  to  the  resultant  of 
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J,  =  ^^—^  =  (in  feet)  512  m  Tij.. 


mgT 


(in  fret  per  lecond)  512  m  T. . 


ITI.  liilntim  bttieeen  Ytlocily  of  Advance  and  Drpth  of  Uniform  Iheturbana. — 
Let  A  be  the  heiglit  of  n  wave  ;  tliAt  is,  the  vertical  diunetcr  of  the  orbit  of  • 
surface  pnrticle.     Then,  in  an  inilefinitely  short  interval  of  time,  tlie  front  slop* 
of  the  wave  advances  through  the  distance  a  d  t^  and  the  volume  of  watt.r  eon* 
tained  between  the  original  and  new  ptnitionB  of  the  front  <lo^,  p<'' 
breadth,  iti  h  a  d  t.     In  the  game  interval  of  time  there  )>as8e«  int>j   t! 
vertically  belnw  the  front  slope,   prr  unit  of  breiulth,    the  volume  n   .. ..m 
2  u  c  d  tf  where  w  is  the  forward  velocity  of  a  surface  particle  at  the  crest,  —  «  the 
equal  backward  velocity  of  a  surface  particle  in  the  trough,  and  c  a  depth  which 
may  be  called  the  dej^tk  of  unift>rm  digturbanrej  because  it  i*  et^ual  Ut  1 1 
depth  of  a  canal  in  which  the  volume  of  water  displaced  per  secoml  ^ 
equoJ  to  that  displaced  per  second  in  the  actual  wave,  if  the  horizout»' 
of  dinturbance  were  the  same  from  surface  to  bottom.     Equating  the  twi  < 
just  given,  we  have  A  ti  =  2  u  c;  but  u  can  be  shown  t<»  Iw  =  //A  -^  2  ■ 
h'tv  (  =  a' -i- p.     Hence  the  velocity  of  advance  of  a  w  '  ii 

the  volume  displaced  horizontally  per  second  is  c-iuiv  ri- 

zontol  velocity  of  disturbance  equial  to  tbemrfoce  vtl  i  ,  ,hc, 

in  given  by  the  equation 

a  =  y/ffT. (&) 

For  waves  roUing  in  deep  water,  without  interference  by  external  forces,  it  cu 
be  shown  that  the  diameters  of  the  orbits  of  particles  at  different  depths  ivf 

I 
proportionally  to  e     '  ;  where  t  is  the  depth  of  the  centre  of  the  orbit  of  tbt 
particle  in  question  below  the  centre  of  the  orbit  of  o  surface  p;irticle. 
In  water  uf  the  depth  A,  let  L  -t-  2  ir  ==  b ;  then  it  can  be  shown  that  at  tte 


■tirface,  m  =  U *  —  e     ^)  -r-\e*  +  e     'J;  that 


e  =  mb;  and  that  the  faoa> 


zontal  and  vertical  diameters  of  an  orbit  vary  reipectiTely  oa  t    '    +  e    *  ,  aai 

as  e     '  —  «    '       In  very  deep  water,  m  sensibly  =  1,  and  r  =  li. 

In  very  shallow  water  the  horizontjil  disturbance  is  seusibly  uniform  from  tbt 
surface  to  the  bottom,  so  that  c  represents  the  actual  de}ith :  nud  the  yertiool 
disturbance  is  sensibly  prop<jrtionftl  to  the  height  above  the  bottom. 

IV.    Wavu  of  Tronflatwn  are  those  which  are  acci  •• ■    '  ' * 

travelling  of  the  partides  of  water,  and  are  said  to  be  | 

ing  u  that  travelling  is  forward  or  backward.     Their  > 

liy  taking  two  different  quantities,  u'  and  —  u",  to  dcnuU   : 

wnni  velocity  of  a  particle  at  the  crest  of  a  wave,  and  the  1 

a  particle  in  the  trough;  when  the  velocity  of  advance  \u»  ^^  «••>••  ■!  •-- 

formula 

a  +  i  (»'  -  «1 (7.) 

v.  AtithnrUict  OH  Wavtt. — Weber's  Wttlinlthrt;  Scott  Ru.ssoll,  in  / 
tht  Brititk  Athiciation,  1S)4  ;  .Virv,  On  Tulm  itnd  K'atm:  Stokc:^.   ' 
Tranmrtium,  1842,  1H5II  .  //,,,  l!Hi>:  Froudc,  Train.  <><  ' 

n(  ^^m•al  ArchiUdi.  Ihf'  .   Philot.   Tnmt..  1803;  Do.. 

November,  ISW;  tlo.,  >',.•....,,...,,,  i.f  the  /'       '  ^   ■    •     '""^    ■>' 
Nupier,   and    Barnes,    On    Shiplttiiliiinn . 
Ciiligny,  ii'owriWtV  ./n«ni<i/,  June  and  Jii 
J/urc 


PRELIMINARY    DISSERTATION 


nARMONY  OF  THEORY  AND  PRACTICE  IN  MECHANICS.' 


Tax  ■words,  tkeory  and  practiee,  are  of  Ctreek  origin  :  they  carry 
our  thoughts  back  to  the  time  of  thoue  aucient  philosopliera  by 
whom  they  were  contrived  ;  and  by  whom  also  they  were  con- 
trasted and  placed  in  ojtposition,  as  denoting  two  conflicting  and 
mutuaUy  inconsistent  ideas. 

In  geometry,  in  philosophy,  in  poetry,  in  rhetoric,  and  in  the 
fbe  arts,  tho  Greeks  are  our  maatent ;  and  great  are  our  obligation)) 
to  the  ideas  and  the  models  wliich  they  have  transmitted  to  our 
"  tea.  But  in  physics  and  in  mechanics  their  notions  were  very 
^erally  pen-aded  by  a  great  fallacy,  wliich  attained  its  complete 
,  most  mischievous  development  amongst  the  mediosval  school- 
»,  and  the  remains  of  whose  influence  can  be  traced  even  at  the 
it  day — the  fallacy  of  a  double  system  (if  naiural  laws;  one 
oretical,  geometrical,  rational,  discoverable  by  contemplation, 
"icable  to  celestial,  setherial,  indestructible  bodies,  and  being  an 
.  of  the  noble  and  liberal  arts  ;  the  other  practical,  mechanicul, 
1,  discoverable  by  experience,  applicable  to  terrestrial,  gross, 
able  bodies,  and  being  an  object  of  what  were  once  called 
f  Vnlgar  and  sordid  arts. 

"lie  so-called  physical  theories  of  most  of  those  whose  under- 

adings  were  under  the  influence  of  that  fallacy,  being  empty 

I  with  but  a  trace  of  truth  here  and  there,  and  at  variance 

results  of  every-day  observation  on  the  surface  of  the 

T'we  inhabit,  were  calctilated  to  perpetuate  the  fallacy.     The 

I  were  celestial,  incorruptible  bodies  ;  their  orbits  were  circidar 

I  their  motions  perpetual ;  such  orbits  and  motions  being  charac- 

ic  of  perfection.    Objects  on  the  earth's  surface  were  terrestrial 

Diisertafion  contiiina  the  nabstance  of  a  disconree,  "  De  ConcordU  inter 
um  Mttchinalium  Contcmplationem  et  Usum,"  read  before  tho  Senate  of 
:  Dnireraity  of  Glasgow  on  the  10th  of  Dceember,  1865,  and  of  an  inaugural  lec- 
!■«,  MiTCied  to  (Jie  Class  of  Civil  Engineering  and  Mechanica  in  that  Univeniity  on 
IkMof  January,  1850. 

XT 


2 


PBGLIXDIART  DISSEBTATION. 


and  corruptiblo  ;  their  motions  being  characteristic  of  imperfection, 
were  in  mixed  straight  and  ciu-ved  lines,  and  of  limited  duration. 
Rational  and  practical  mechanics  (as  Ne\vton  obscn-es  in  bis 
preface  to  the  I'nncipla)  were  considered  ns  in  a  measure  oj" 
to  each  other,  the  latter  being  an  inferior  branch  of 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  mui  ■  .  i 
advantaga  Archytas  of  Tarontnm  might  illustrate  the  (rviii:-  i 
geometry  by  mechanical  contrivances;  his  methods  were  iv^MrJ.-.J 
by  his  pupil  Plato  na  a  lowering  of  the  dignity  of  science.  Ar -lu- 
medes,  to  the  chamcter  of  the  first  goomotrr  and  aritlimetician  of 
his  day,  might  add  that  of  the  fii-st  mechanician  and  physicist, — he 
might,  by  his  nnaidetl  strength  acting  through  suitable  machinor 
move  u  loaded  ship  on  dry  land, — he  might  contrive  and  execvi 
deadly  engines  of  war,  of  which  even  the  Roman  soldiers  stood 
dread, — he  might,  with  an  art  afterwards  regarded  as  fubida 
till  it  was  revived  by  Buffon,  bum  fleets  with  the  concentrat 
sunbeams ;  but  that  mechanical  knowledge,  and  that  practical  skil 
which,  in  our  eyes,  render  that  great  man  so  illustrious,  were,  by 
men  of  learning,  his  contemporaries  and  successors,  rcgardeil  ns 
accomplishments  of  an  inftSrior  onler,  to  which  the  philosopher, 
from  the  height  of  geometrical  abstraction,  condescended,  with  a 
view  to  the  service  of  the  Stivtc.  In  those  days  the  notion  arose 
that  scientific  men  were  unfit  for  the  business  of  life,  and  vario 
facetious  anecdotes  were  contrived  illustrative  of  this  notion,  whi 
have  lioen  handed  down  from  age  to  ago,  and  in  each  age  uppUrf 
with  little  vuriatiou,  to  the  eminent  philosophers  of  the  time. 

That  the  Romans  were  eminently  skUful  in  many  dopai-tmei 
of  practical  mechanics,  especially  in  masonry,  road-making, 
hydraulics,  is  clearly  established  by  the  existing  remains  of  th*nT' 
magnificent  works  of  engineering  and  architecture,  from  many  of 
which  we  should  do  well  to  take  a  lesson.     But  the  fidlncy  of  a 
supposed  di.spordance  between  rationid  and  practiod,  celestial  au^^ 
ten-estrial  mechanics,  still  continued  in  force,  and  seems  to  ha 
gathered  strength,  and  to  have  attained  it«  full  vigour  during 
middle  ages.       In  those  ages,  indeed,  were  erected  those  inc 
parable  ecclesiastical  buildings,  whose  beauty,  depending,  as  it  do 
maiiUy  on  the  nice  adjustment  of  the  form,  strength,  and  position 
of  each  part,  to  the  forces  which  it  has  to  sustain,  evinces  a  pro- 
found study  of  the  principles  of  equilibrium  on  the  part  of  the 
architects.     But  the  very  names  of  those  architects,  with  few  and 
doubtful  exceptions,  were  suffered  to  be  foi^otten ;  and  the  prin- 
ciples which  guided  their  work  remain  imreconled,  and  were  left  to 
be  re-discovered  in  our  own  day  ;  for  the  scholars  of  those  tunes, 
despising  practice  and  observation,  were  occupied  in  ih-v. ' 
and  niiignityin;j  the  nninorous  errors,  and  in  perverting  and  ■ 
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_  audi  more  nwineronfl  tnitha,  which  are  to  be  found  in  tho 

Rrritings  of  Aristotle  ;  and  those  few  men  who,  like  Roger  Ricon, 
Icombiued  scientific  witli  practioal  knowledge,  were  objects  of  fear 
\  persecution,  as  8uppost>il  allies  of  tlio  powers  of  darkness. 
At  length,  duriajf  the  p-eat  revival  of  learning  and  reformation 
of  adenoe  in  the  tiftecnth,  sijcteenth,  and  seventeenth  centuries, 
tlie  system  fekely  styled  Aristotelian  waa  overthrown  :  so  also  was 
1  the  &J]acy  of  a  double  system  of  natural  laws  j  and  the  truth  began 
I  be  duly  appreciated,  that  sound  theory  in  physical  science  con- 
simjily  of  facta,  and  the  deductions  of  common  sense  from 
reduced  to  a  systematic  form.     The  science  of  motion  was 
[founded  by  Galileo,  and  perfected  by  Newton.     Then  it  was  estab- 
that  celestial  and  terrestrial  mechanics  are  branches  of  one 
that  they  depend  on  one  and  the  same  system  of  clear  and 
EHmple  first  principles ;  that  those  very  laws  which  regulate  the 
Imotion  and  the  stability  of  bodies  on  earth,  govern  also  the  revolutions 
lof  Uie  stars,  and  extend  their  dominion  tliroughout  the  immensity 
lof  space.     Then  it  came  to  1)e  acknowledged,  that  no  matcriiil 
■  object,  however  small, — no  force,  however  feeble, — no  phenomenon, 
f  however  familiar,  is  insignificant,  or  beneath  the  attention  of  the 
philoeopher  ;  that  the  processes  of  the  workshop,  the  labours  of  tho 
artizan,  are  full  of  instruction  to  the  man  of  science  ;  that  the 

r  scientific  study  of  practical  mechanics  is  well  worthy  of  the  atten- 
tion of  tlie  most  accomplished  mathematician.  Then  the  notion, 
that  scientific  men  are  unfit  for  business,  began  to  disappear.  It 
was  not  court  favour,  not  high  connection,  not  Parliamentary  in- 
fluence, which  caused  Newton  to  be  appointed  Wanlen,  and  after- 
wards Master,  of  the  Mint ;  it  was  none  of  these ;  but  it  waa  the 
knowledge  jwaseased  by  a  wise  minister  of  tho  fact,  that  Newton's 
skill,  both  theoretical  and  practical,  in  those  branches  of  knowledge 
which  that  office  required,  rendered  him  the  fittest  man  in  all 

tBritAin  to  direct  the  execution  of  a  great  reform  of  the  coinage. 
Of  the  manner  in  which  Newton  performed  the  business  entrusted 
to  him,  we  have  the  following  account  in  tho  words  of  Lord 
Uacaulay,  an  author  who  cannot  be  accused  of  undue  jwirtiality  to 
ipecnlativc  science  or  its  cultivators  : — 

"The  ability,  the  indusfr)-,  and  the  Btrict  uprightness  of  the  great  philo- 
sopher, speedily  produced  a  oomplete  revolution  throughout  the  dcpnrt- 
menl  wluch  was  under  his  direction.  He  devoted  himself"  to  the  U\sk 
with  an  activity  wliich  left  liim  no  time  to  sjmre  for  those  pursuits  in  which 
he  had  surjiassed  .iVrchiinedes  and  Galileo.  Till  the  great  work  was  com- 
pletely done,  he  resisted  firmly,  and  almost  angrily,  every  attempt  that 
wiia  made  bv  men  of  science,  here  or  on  tho  Continent,  to  draw  him  away 
(torn  his  o£fcial  duties."* 

•  VaL  ir^  p.  703. 
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I      Then  the  historian  proceeds  to  detail  the  results  of  Newton's! 
I  t-xertions,  and  showg,  that  within  a  short  time  after  his  appoint- 1 
I  iiient,  the  weekly  amount  of  the  coinage  of  silver  was  increased  to  { 
I  eig/if/old  of  that  which  hml  been  looked  upon  as  the  utmost  practi- 
cable amount  by  his  pi-edecossorB. 
'      The  extension  of  expuiinieutal  methods  of  investigation,    has 
caused  even  manual  skill  in  praoti«il  mc-chnnics,  when  scientiiically  I 
'  •■xeroised,  to  be  duly  honoureil,  and  not  (as  in  ancient  times)  to  bo  ^ 
i  jegai'ded  as  beneath  the  dignity  of  science.  I 

Lj^As  a  systematically  avowed  doctrine,  there  can  be  no  doubt  that  I 
Ptw  fallacy  of  a  discreiKincy  between  rational  and   practical  me- 
chanics came  long  ago  to  an  end ;  and  that  every  well-informed 
and  sane  man,  expressing  a  deliberate  opinion  upon  the  mutual  I 
i-clations  of  those  two  bnmches  of  science,  would  at  once  admit  that  j 
tliey  ogrce  in  their  principles,  and  assist  each  other's  jirogi-ess,  and  I 
I  that  such  distinction  as  exists  between  them  arLses  from  the  differ-  | 
i-ncc  of  the  purpo/ies  to  which  the  same  body  of  principles  is  applied.  1 
If  this  doctrine  had  as  strong  an  influence  over  the  actions  of  ] 

I  men  as  it  now  has  over  their  reasonings,  it  would  have  been  tuinc-  j 
I'cssary  for  me  to  describe,  so  fully  us  I  have  done,  the  great  scienti- 1 
Jic  fallacy  of  the  ancients.  I  might,  in  fact,  liave  passetl  it  over  in  I 
Bilence,  as  dead  and  forgotten  :  but,  unfortunately,  that  discrepancy  j 
between  theory  and  practice,  which  in  sound  physical  and  mechani-  J 
cal  science  is  a  delusion,  has  a  ix-al  existence  in  the  minds  of  men  ;  J 
and  that  fallacy,  though  rejected  by  their  judgments,  continues  to  I 
exert  an  influence  over  their  acts.  Therefore  it  Ls  that  I  have  | 
endeavoured  to  trace  the  prejudice  as  to  the  discrepancy  of  theory  ' 
and  practice,  especially  in  Mechanics,  to  its  origin  ;  and  to  show 
that  it  is  the  ghost  of  a  defunct  fallacy  of  the  ancient  Greeks  and 
I  of  the  mcditeval  schoolmen. 

This  prejudice,  as  I  have  stated,  is  not  to  be  found,  at  the  pre.sent  J 
i  flay,  in  the  form  of  a  definite  and  avowed  principle  :  it  is  to  be  I 
traced  only  in  its  pernicious  effects  on  the  progress  both  of  specula-  I 
tivc  science  and  of  practice,  and  sometimes  in  a  sort  of  tacit  inilu-  I 
rence  wliich  it  exerts  on  the  forms  of  expression  of  wi-itens,  who] 
'  have  assuredly  no  intention  of  pei-petuating  a  delusion.  To  exeni-  I 
plify  the  kind  of  influence  last  referred  to,  I  shall  cite  a  passage  ] 
from  the  same  historical  work  which  I  recently  quoted  for  a  differ-  j 
eut  purpose.  Lord  Macauhiy,  in  treating  of  the  Act  of  Toleration  j 
"f  William  lii.,  comjwrcs,  metaphorically,  the  science  of  politics  to  j 
that  of  mechanics,  and  then  ]>Toceed8  as  follows  : —  I 

"  The  mathematicinn  can  cn.?lly  demonstrate  thnf  a  certain  power,  nn-  1 
I  plied  by  means  of  a  certain  lever,  or  of  a,  certain  svstem  o(  pullfjs,  will  I 
'  suffice  to  raise  a  certain  weight,     liut  his  doiiionjtration  procoe<U  on  the 
<u])po«ition  that  the  machinery  is  siich  as  no  load  will  bend  or  brc.ik.     If 
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,  „„  J^aeer  who  has  to  ViA  a  sxcat  nia$s  of  real  "ranitc  by  the  Instru- 
mentality of  real  tiuiber  and  real  hi-iup,  sboiilii  absolutely  rely  oii  the  pro- 
positions which  he  tinds  in  treatiises  ou  Dynuniics,  and  should  uiake  no 
ullowaDce  for  the  imperfection  of  bis  materials,  bis  whole  apparatus  ol 
beams,  wheels,  and  roi>es,  would  soon  roine  down  in  ruin,  and  with  uU  hln 
geometrical  skill,  he  would  be  found  a  I'ar  inferior  buililer  to  those  painted 
Mrbarinns  who,  though  tlicy  never  heard  of  the  parallelogram  of  forces, 
managed  to  pile  up  Stonehenge." 

It  is  iiupoesible  to  read  thiB  passage  ^tithout  feeling  admiration  ' 
for  the  force  and  elcai°ncss  (and  1  muy  add,  for  the  brilliancy  and 
■wit)  of  the  language  in  ■wliicli  it  is  expressed ;  and  those  very  ^m 
t|iialitie8  of  force  and  clearness,  as  well  aa  the  author's  emineuce,^^ 
render  it  one  of  tlie  best  ex&mpled  that  civu  be  found  to  illustrate 
the  lurking  influence  of  the  falliuy  of  a  double  set  of  mechanical 
laws,  rational  and  practical.  ^B 

In  fact,  the  niathematiail  theory  of  a  machine, — tliat  la,  the  bodjr^l 
'  of  principles  wldch  enables  the  engineer  to  comput43  the  arrange-  ^ 
!  ineut  and  dimenMun*  of  the  parts  of  a  machine  intended  to  ixirtomi 
given  operations, — ia  divided  by  niatheinaticiana,  for  the  sake  of 
ronvenieJicc  of  investigation,  into  two  j)arts.     The  part  first  treated 
of,  OS  being  the  more  simple,  relates  to  tlie  motions  and  mutual 
actions  of  the  solid  pieces  of  a  machine,  and  the  forces  exerted  by 
and  upon  them,  eaeli  coutinuoiu  solid  piece  being  treated  as  a, 
whole,  and  of  scnaibly  invariable  figure.     The  second  and  more 
intricate  p>art  rehites  to  the  actions  of  the  forces  temling  to  break 
or  to  alter  the  figure  of  each  such  solid  piece,  and  the  dimensionit^y 
and  form  to  be  given  to  it  in  order  to  enable  it  to  resiiat  thoso^f 
forces :  tliis  port  of  the  theory  dcj)ends,  as  much  as  the  first  jiart,^* 
on  the  general  laws  of  mechanics;  and  it  is,  as  truly  as  the  first 
jiai-t,  a  subject  for  the  reasonings  of  the  mathematician,  and  equally 
requisite  for  the  completeness  of  the  luatheraatical  treatise  which 
the  engineer  is  supposed  to  coiiiJult.     It  ia  true,  tliat  should  the 
engineer   implicitly  trust   to  a    protended   mathematician,  or   aii 
incomiilete  treatise,  his  apparatus  would  come  down  in  ruin,  oa 
the  historian  has  stated :  it  is  tnie  also  that  the  same  result  would 
[follow,  if  the  engineer  was  one  who  hud  not  qualified  Idmaelf,  by 
rxpericnce  and  observation,  to  distinguiali  between  good  and  bail 
materials  and  workmanship;  but  the  pa.ssage  I  have  quoted  conveys 
[  an  idea  tlilTerent  from  tliesc ;  for  it  ju-oceeds  on  the  erroneous  buj)- 
;  {lOAitioii,  that  the  first  part  of  tho  theoiy  of  a  machine  is  the  whole 
r  theorj',  and  is  at  varitmce  with  sometluug  else  which  is  independent 
lof  mathematics,  and  which  constitutes,  or  is  tho  foundation  o{,^M 
Ipractical  mechanics.  ^1 

Tlio  ei'U  inHiwDce  of  the  snjqjosed  inconsistency  of  theory  cuA 

•  VoJ. 
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practice  upon  speculative  aoicnce,  althongh  much  lci>a  oonspicnousl 

than  it  was  in  tlie  ancient  uud  middle  ages,  it)  still  oocaiiiouaJly  t<ra 

be  traced.     Tliis  it  is  wliich  op]K)8es  the  mutual  comniuuicaticiu  oO 

ideas  between  men  of  science  and  men  of  practice,  aud  which  lutda] 

scientific  men  sometimes  to  employ,  on  problems  that  can  only  bol 

regarded  ai3   ingcuious  matbumuticul   oxercities,   much   time   andl 

mental  exertion  that  would  bo  better  bestowed  on  questions  havinjM 

I  Bome  counectiou  with  the  ai-ts,  aud  sometimes  to  state  the  results] 

of  reaUy  impoi-tant  investigations  on  pi-actical  subjects  in  a  furail 

too  abatnisc  for  ordinary  use;  so  that  the  bt?nelit  which  might  liol 

[  derived  from  their  application  is  for  years  loat  to  the  public ;  andl 

f  valuable  practical  principles,  wliich  might  have  been  anticipated  byj 

reasoning,  are  left  to  be  discovered  by  slow  and  costly  experience.    I 

But  it  is  on  the  practice  of  mechanics  and  engineering  tlutt  thai 

inlluence  of  the  great  fallacy  is  most  conspicuous  aud  most  fatal.  I 

I  There  is  assuredly,  in  Britain,  no  deficiency  of  men  distinguisbedJ 
l)y  skill  in  judging  of  the  quality  of  materials  aud  work,  and  iai 
<ljrecting  tlie  operations  of  workmen, — by  that  sort  of  skill,  iol 
foot,  which  is  purely  practical,  and  acquiied  by  observation  audi 
experience  in  business.  But  of  that  scientifically  practical  skilll 
•which  produces  the  gi'eatest  effect  with  the  least  possible  cxpendiJ 
ture  of  material  and  work,  the  instances  are  comparatively  rarcJ 
In  too  many  cases  wo  see  the  strength  and  the  stability,  whicjJ 
ought  to  be  given  by  the  skilful  ari-angemcnt  of  the  parts  of  al 
structure,  supplied  by  means  of  clumsy  massiveues!*,  and  of  lavisllJ 
expenditure  of  material,  labour,  and  money  ;  and  the  evil  in 
increased  by  a  pcr\'er8ion  of  the  public  taste,  wluch  causes  workJ 
to  be  admired,  not  in  proportion  to  their  fitness  for  their  purj«oses,l 
or  to  the  skill  evinced  in  attaining  that  fitness,  but  in  proportioal 
to  their  size  and  cost  I 

With  resjiect  to  those  works  which,  from  unscientific  desigu  J 
give  way  dui-iug  or  immediately  after  their  erection,  I  shall  sayl 
little ;  for,  with  all  their  evils,  they  add  to  our  cxixTimeutai  know-l 
ledge,  and  convey  a  lesson,  though  a  costly  one.     But  a  class  ud 
structures  fraught  with  much  greater  evils  exists  in  great  ubuudaucel 
throughout  the  countiy : — namely,  those  in  which  the  faults  of  aal 
^r     unscientific  desagn  have  been  so  far  countei-actod  by  massive  strengtlij 
^Kgood  materials,  and  careful  workmanship,  that  a  tempoituy  stnbiLityl 
^^■lias  been  produced,  but  which  contaiu  witlun  themitclves  !^olU'ccs  ofl 
^■"weakness,  obvious  to  a  scientific  cxamiuation  only,  tliat  must  iiiuviJ 
^Vtably  cause  their  destruction  within  a  limited  numIxT  of  years.        I 
^H      Another  evil,  and  one  of  the  worst  which  arises  fi'ora  the  soparo  J 
^^  tion  of  theoretical  and  practical  knowledge,  is  the  fact  that  a  largol 
number  of  j)erson8,  jjoasesscd  of  an  inventive  turn  of  mind  luul  ofl 
considerable  skill  in  the  manual  operations  of  piuctiud  mi'diaiiicsJ 
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dcatitnte  of  ttmt  ktiowlcfilge  of  scicntitic  principles  which  is 
•-'•"  U>  prevent  tlieii'  lieiiij;  luisletl   bv  their  ovra  ingenuity, 
too  often  Bjwnd  tlieir  money,  waste  their  lives,  and  it 
ij  uc  lUBC  tlieir  rcAiiou,  in  the  vain  pursuit  of  visionary  invCTitions, 
vkfak  a  modorato  amount  of  theoretical  knowledge  would  bu 
to  demomstratc  the  fallacy ;  and  for  want  of  such  know- 
^|94b*>  Buunr  •  man  who  might  have  lieen  a  itieful  and  happy 

Kiiios  a  being  than  whom  it  would  be  hanl 
1  1  "ruble. 

;  j1  tUoic  unhappy  persons — to  judue  from  the  patent- 

II  8omo  of  tiio  mechanical  joui'uals — must  be  much 

T  thiiii  iti  genemlly  Iiclicvcl.     The  most  absurd  of  all  their 
dciluBioTH,--thi\t  comiuouly  cuUeil  the  jierjiotual  motion,  or  to  speak 

-is,  in  various 
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the  inexhauKtible  source  of  ])ower,- 
•■t  of  scverul  patents  in  each  year. 
-  •!  Ill'    [i  ',•■ -ts  of  misdirected  ingenuity  has  very 
•  •  11' t  t   lA  ill  r.  mi;  those  men  of  practical  skill  who, 
•Hi    I  !■  iititic  knowledge,  yiosscss  pradcnce  and  common 
ui.j"j.iitc  extreme  of  caution,  and  of  inducing  them  to 
all  experiments,  and  to  confine  themselves  to  the  careful 
nf  successful  existing  structures  and  machines :  a  course 
altbuugh  it  avoids  risk,  woxild,  if  generally  followed,  stop 
igrvtsi  of  all  improvement.     A  similar  course  has  sometimes, 
Wan  adopted  by  men  jjoaMcasod  of  scientific  as  well  as 
skill:  such  men  having,  in  certain  cases,  from  deference 
h»r  prejnrlice,  or  ft-om  a  dread  of  being  reputed  as  theorists, 
3(1  it  advi,-<able  to  adopt  the  worse  and  customary  design 
k  in  ])referenco  to  a  better  but  unusual  design. 
of  the  evils  which  are  caused  by  the  fallacy  of  an  incom- 
T  >«"tween  theory  and  practice  having  be«i  described,  it 
•lioitted,  that  at  the  present  time  those  evils  show  a 
•  V  to  decline.     The  extent  of  intercourse,  and  of 
twecn  men  of  science  and  men  of  practice,  the 
II  ■  ■  .f  scientific  men,  and  the  scientific  knowledge  of 

men,  iia\  e  been  for  some  time  steadily  increasing ;  and  that 
ibination  and  haruiony  of  theoretical  and  practical  knowledge — 
skill  in  the  apjlieation  of  scientific  principles  to  piuctical 
which  in  former  times  was  confined  to  a  few  remarkable 
biIr,  now  tends  to  become  more  genemlly  diftused.     With 
to  promote  the  ditl'usion  of  that  kind  of  skill.  Chairs  were 
tl  at  periods  of  from  fifteen  to  ten  years  ago,  in  the  two 
"  the  University  of  I-<jiulon,  in  the  University  of  Dublui, 
Queen's  Colleges  of  Belfast,  Cork,  and  Galwoy,  and  in 
ty  of  Glasgow, 
'or  the  wtka  of  a  jifinillcl,  it  may  here  be  worth  while  to  refer 
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to  anotlii'i'  biancli  of  practical  science — that  of  Medicine.  From  the 
time  of  the  first  establiahmcnt  of  Medical  Schools  iu  Universities, 
there  Imve  existed,  not  only  Cliairs  for  the  teaching  of  the  purely 
Bcientific  departments  of  Medical  Science,  such  aa  Anatomy  and 
Physiology,  but  also  Chairs  for  instruction  in  the  art.  of  applying 
Bcientiiic  principles  to  pi-actice,  such  as  those  of  Surgery,  the 
Practice  of  Phywic,  and  othci-s.  Tho  institution  of  a  CJuiir  of 
Mechanics  and  Engineering  in  a  University  whore  there  liAVO 
long  existed  Chains  of  Mathematics  and  Natural  Philos'jphy,  is  an 
endeavour  to  place  Mechanical  Sciouce  on  the  same  footing  with  that 
of  Medicine. 

Another  jmrallel  may  bo  found  in  an  Institution,  which,  tliniigh 
not  a  University,  and  tliough  establisliod  as  mudi  for  the  advaiiLi- 
laent  as  for  tlie  dilfuiion  of  kuowleilge,  has  liad  a  most  beuclicial 
effect  in  promoting  the  appreciation  of  science  by  tho  public, — I 
mean  the  Briti.sh  Association.  When  that  body  was  first  instituted, 
lioth  the  theoretical  ailvancemeut  and  the  practical  application  of 
Mechanics,  and  the  several  branches  of  Physics,  were  allotted  to  a 
iiinglo  section,  called  Section  A.  The  business  before  tiiat  Section 
Boon  became  so  excessive  in  amount,  and  so  multifarious  iu  it« 
character,  that  it  was  found  necessary  to  institute  Section  O,  for  tho 
purjxwe  of  con.sidering  the  practical  application  of  those  bmnchcs 
of  science  to  whoso  theoretical  advancement  Section  A  was  ua 
devoted ;  and  notwithstanding  tliis  seijaration,  those  two  Seotia 
work  harmoniously  together  for  tho  promotion  of  kindivd  obje 
iind  the  same  men  ai-c,  in  many  instaaices,  leading  mcmlna*  of  bolj 
What  Section  G  is  to  Section  A  in  tho  British  Assoc^i.-ition, 
class  of  Engineering  and  Meehaiiics  is  to  those  of  Phy.sics  and 
Mathematics  in  the  University. 

It  being  aclmittcd,  that  Theoretical  and  Practical  Mechanics  are 
in  harmony  witli  each  other,  .-xud  depend  on  tlie  same  first  pr' 
ciples,  and  that  they  difler  only  in  the  purposes  to  which  tb^ 
jn'inciplcs  are  a])plied,  it  now  remains  to  bo  conaiderrd,  in  wh 
manner  tlint  dilTerence  affects  the  mode  of  iustrnctiou  to  Ix;  foUov 
iu  communicating  those  bninches  of  s<.'ience. 

Mcchaniciil  knowledge  may  obviou.sly  Iw  distiugiUKhcd  into  tlii-ce 
kinds:  purely  scientific  knowledge, — purely  practical  know).  ' 
and  that  iutenucdiate  knowledge  which  n-Uites  to  tho  appli^ 
<if  scientific   principles  to   ju-jictical   purposes,   and  wliidi   arises 
from  undei-stiinding  the  harmony  of  theory  and  practice. 

The  objects  of  instruction  in  purely  scientific  mecluiuics  and 
physics  ai-e,  first,  to  i>roduce  ill  the  student  that  improvement  of 
the  imderstttuding  which  results  from  the  cultivation  of  nuturul 
knowledge,  and  that  elevation  of  mind  which  flows  from  tho  con- 
temphtioa  of  the  order  of  the  \miversc;  and  secondly,  ii'powiibk'. 
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»qaallfy  liim  to  l>econie  n  scioutillc  diBcovcn'r.     In  tlu's  branch  of 
idy  exactness  is  iiu  essetitiiil  featui-e ;  and  matbeiuatical  dilficulties 
"^ust  not  be  ghruiik  from  wLfu  the  nature  of  the  sxibject  k>nds  to 
them.     The  asoei-tainmeut  and  illustration  of  truth  ai-e  the  objects; 
structures  and  machines  are  looked  uituu  merely  as  natural 
ie»  arc ; — namely,  as  fumisliLug  experimental  data  for  the  ascer- 
taining of  principles,  and  examples  for  their  illustration. 

Instmctiou  in  purely  practical  knowledge  in  that  which  tlie 
student  acquires  by  his  own  experience  and  obsen-ation  of  the 
tnuisaction  of  businesa.  It  enables  him  to  judge  of  the  quality  of 
materials  and  workmanship,  and  of  questions  of  convenience  and 
commercial  f)rofit,  to  direct  the  operations  of  workmen,  to  imitate 
fxisting  structures  and  machines,  to  follow  established  practical 
rules,  and  to  transact  the  commei'ciul  business  which  is  connecteil 
with  mechanical  pvusuits. 

The  third  and  intermediate  kind  of  instruction,  which  connects 

the  first  two,  and  for  the  promotion  of  which  this  Cluiir  was  estab- 

-  '     1.  relates  to  the  application  of  scieutilic  [ainciples  to  practical 

'^es.     It  qualities  the  student  to  plan  a  structiu'e  or  a  machine 

I'.r  :i  given  purpose,  without  the  necessity  of  copying  some  existing 

example,  and  to  adapt  his  designs  to  situations  to  which  no  existing 

pie  affords  a  jiai-allel.     It  enables  liim  to  compute  the  theo- 

1    limit  of  the  strength  or  stability  of  a  structnre,  or  the 

iicy  of  a  macliine  of  a  paiticular  kind, — to  ascertain  how  far 

;tial  structure  or  machine  fails  to  attain  that  limit, — to  flis- 

the  causes  of  such  shortcomings, — and  to  devise  improvements 

iviating  sucli  causes;  and  it  enables  him  to  judge  how  far  an 

1  i-shed  practical  rule  is  founded  on  reason,  how  far  on  mere 

Ml,  and  how  far  on  error. 

There  arc  certain  characteristics  in  the  mode  of  ti-eating  tho 

subjectfl,  by  which  this  practical-scientific  instruction  ought  to  be 

distinguished  from  instruction  for  purely  scientific  piu-poses. 

In  tJie  first  place  it  will  be  universally  admitted,  that  as  fur  us  is 

iiiWe,  mathematical  intriciuy  ought  to  be  avoided. 

In  f lie  original  discovery  of  a  pix>positiou  of  practical  utility,  by 

jnctioa  from  general  principles  and  from  experimental  data,  a 

algebraical  investigation  is  often  not  merely  useful,  but 

*ble ;  but  in  expounding  such  a  j)ropoaition  as  a  part  of 

science,  and  applying  it  to  pi-acticil  pmposes,  simpUcity  ia 

I  the  tirst  impoi-tance : — and,  in  tad,  the  moi-e  thoroughly  a  scien- 

has  ^tu■iil•d  the  higher  mathematics,  the  more  fidly  docs 

Bme  aware  of  this  truth, — and,  I  may  add,  the  better  qualified 

'  become  to  free  the  exfMjsition  and  application  of  scientific 

Iva  fn>m  mathematical  intricacy.     I  cauuot  better  support 

view  than  by  referring  to  Sir  Jolm  Hei-schel'a  Ouilina  uj 
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Aiiranomy — a  -work  in  ■which  one  of  the  most  profound  i 
ticians  in  the  world  hiw  succeeded  admimbly  in  divesting  of  aU 
luiilhcniatical  intricacy  the  explii.nution  of  the  j)rincijilcs  of  that 
D»tural  science  wliich  enijiloys  the  higher  niathoinaties  most 

In  fiict,  the  symbols  of  aljrobra,  when  t'niployed  in  abstnise  and 
complex  theoretical  investigations,  constitute  a  sort  of  tliougi 
saving  machine,  by  whose  aid  a  person  skilled  in  its  nso  can  sol' 
problems  resjiocting  quantities,  and  chspenae  with  the  mental  lal 
of  thinking  of  the  ijniintities  denoted  by  the  symbols,  except  at 
begiiuiing  and  end  of  the  opemtiou.  In  treating  of  tlie  prsctical 
a])pli(.-ation  of  scientific  principles,  on  algebraical  formiUa  should 
only  be  employed  when  its  shortness  and  simplicity  are  audi  as  to 
rentier  it  a  cleiircr  exprcseiion  of  a  iiroposition  or  rule  than  conimou 
language  would  be,  and  when  there  is  no  dilficulty  in  keejiiug  tho 
thing  rcpresiriitcd  by  each  symbol  constantly  before  the  mind. 

Another  characteristic  by  wliich  instruction  in  ])i-actical  sci 
should  be  distinguished  fi-om  iiurely  scientific  instiiiction,  is 
wliich  apiiojirs  to  mo  to  possess  the  advantage  of  cilling  into  ojwi 
tion  a  mental  faculty  distinct  from  those  which  arc  exercised 
theoretical  science.     It  is  of  the  following  kind : — 

In  thcoretiail  science,  the  question  is —  What  are  ice  to  thi\ 
nnil  when  a  doubtfiil  [wint  arises,  for  the  solution  of  which  ei 
experimeutAl  data  are  wanting,  or  mathematioiil  methods  are  not 
suflicient.iy  advanced,  it  is  the  duty  of  philosophic  minds  not  to  dis- 
pute about  the  pi'obability  of  conflicting  sujfjiositions,  but  to  labour 
for  the  advancement  of  experimentjil  inquiry  and  of  mathemAtioL 
and  await  {>atiently  the  time  when  these  shall  be  adequate  to  solfl 
the  question.  ■ 

But  in  practical  science  the  question  is — Wliat  are  tos  to  c/o/— J 
a  question  which  involves  the  necessity  for  the  immediate  adoptidl 
of  some  nile  of  working.  In  doubtful  cases,  we  cannot  allow  oM 
maclunea  and  our  works  of  improvement  to  wait  for  the  advancj' 
ment  of  science ;  and  if  existing  data  are  insuflicieut  to  give  an  exact 
solution  of  the  question,  that  approximate  solution  must  be  acte|^ 
upon  which  the  best  tluta  attainablu  show  to  be  the  most  pi-obabia 
A  prompt  and  sound  judgment  in  cases  of  this  kind  is  ono  of  tM 
chanicteristics  of  a  phaltical  haji",  in  the  right  sense  of  that  tersfl 

In  conclusion,  I  will  now  observe,  tliat  the  cultivation  of  tho 
Harmony  between  Thcoiy  and  Practice  in  Mechanics — of  the 
application  of  Science  to  tho  Moclianical  Arti — besides  all  the 
beneHta  which  it  confers  on  u«,  by  jiiomotirit;  tli"  cinfurt  and 
prosperity  of  individuals,  and  ougmcnting  thi'  ■■  'li 

the  nation — ccmfers  ou  us  also  the  more  impoi  i  >ifl 

tho  cltamcter  of  the  mechanical  art«,  and  ul'  those  wlio  ptm-tiafl 
i^cm.     A  gnat  jjiechuuical  philoao^Aiev,  Uxe  lalo  Dr.  Kobisoii  <m 
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nbargh,  after  stating  that  the  principles  of  Carpentry  depend 
f o  braticlies  of  the  gcienee  of  Statics,  remarks — "  It  is  this 
ch  makes  Carpentry  a  liberal  art." 

ftlao  is  Mnsomy  a  liberal  art, — so  is  the  art  of  working  in 
so  is  every  art,  when  guided  by  scientific  principles.  Every 
bctnre  or  macliine,  whose  design  evinces  tho  guidance  of  science, 
I  rcgai-ded  not  mewly  as  an  in-strument  for  promoting  con- 
'  I  and  jirofit,  but  as  a  monument  and  testimony  that  those 
nncd  and  made  it  had  studied  the  Liws  of  nature ;  and  this 
kIcTS  it  on  object  of  interest  and  value,  how  small  soever  its 
"  Dw  common  s^iever  its  material. 
.  cc'Utuiy  there  has  stood,  in  a  i-oom  in  this  College,  a  small, 
^tnd  {(lain  model,  of  apjicarance  so  uncouth,  that  when  an 
•rtist  lately  introduced  its  likeness  into  a  historical  {Munting,  those 
who  saw  the  likeness,  and  kntw  nothing  of  the  original,  wondered 
-vlikt  the  artist  meant  by  painting  an  object  so  unattractive. 

Bat  the  artist  was  right ;  lor  ninety -one  years  ago  a  man  took  that 
model,  applied  to  it  liis  knowh.'dge  of  natural  laws,  and  made  it 
into  the  first  of  those  steam  engines  that  now  cover  the  land  and 
tlw  aoa ;  sud  ever  since,  in  Reason's  eye,  that  small  and  uncouth 
;  of  wood  and  metal  shiu(?3  with  imperishable  beauty,  as  the 
^est  embodiment  of  the  genius  of  James  Watt. 

I  it  is  that  the  commonest  objects  are  by  science  rendered 
and  in  like  manner  the  engineer  or  the  mechanic,  who 
I  work$  with  understanding  of  the  natural  laws  that  regulate 
Its  of  his  op<"iTitions,  rises  to  the  dignity  of  a  Sage. 
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DEnSITIOX  OF  GENEKAL  TERMS  AND  DIVISION  OF  THE  SUBJECT. 

Abt.  1.  ncciwain  is  the  science  of  rest,  motion,  and  foi-co. 
The  laiM,  or  Jirst  principles  of  meeliftnies,  are  the  same  for  all 
Ixxlies,  celestial  and  terrestrial,  uatuml  and  artificial. 

The  methoda  of  applying  the  principles  of  mechanics  to  particiilai- 
are  more  or  less  different,  according  to  the  circnmatiinccs  of 
be  case.     Hence  arise  Lranches  in  the  science  of  mechiitiic.-L 

2.  AjfpUr*  MechaBica. — The  branch  to  which  the  term  "  Appueij 
r«BCHAXics"    has   l)een   restricted    by   cust<jm,   consists   of  those 
^Amsequenccs  of  the  laws  of  mechanics  which  relate  to  works  of 
an  art. 
A  treatise  on  applied  mechanics  must  commence  by  setting  forth 
i  ret  principles  which  are  common  to  all  branches  of  mechanics  ; 
'  -   .;  must  contain  only  such  consequences  of  those  pvinci]))es  wi 

r:  ap]>Licable  to  purposes  of  art. 
3.  iiiBiwr  (considered  mechanically)  is  that  which  fills  space. 

itoiiim  are  limited  portions  of  matter.     Bodies  exist  in  tlirco 
— the  solid,  the  liquid,  and  the  gnseous.     Solid  bodies 
-erve  a  definite  size  and  sluvpe.     Liquid  bodies  tend  to 
re  11  definite  size  only.     Gaseous  bodies  tend  to  expand  inde- 
Bodies  also  exist  in  conditions  intermecliato  between  the 
Futd  liquid. 

,  A  iHaicriai  or  Pbriiciii  Veinme  is  the  space  occupied  by  a  body 
r  a  part  of  a  body. 

ttk  A  nucviai  or  Phyucai  Snrtnce  is  the  boundary  of  a  body,  or 
1  two  parts  of  a  body. 


Pohit,  Physical  Poi»*  JUnuare  ofMjength. — In  mechanics, 

pometTF;  a  Lixe  is  the  boundary  of  a  surface,  or  betweeu  tvfo 


u 
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ts  of  a  surface ;  and  a  Pontr  is  the  boundary  of  a  line,  or  be- 
tween two  parts  of  a  line  ;  but  the  term  "  Physical  Point"  is  some- 
times used  by  mecbauiml  WTiters  to  dinote  an  immeasurably  gmoJl 
bod;/ — a  sense  incotisistent  with  tlie  strict  mcjining  of  the  word 
"  i>oint ;"  but  still  not  leading  to  error,  so  long  as  it  is  rightly  under- 
stood. 

In  measuring  the  dimensions  of  bodies,  the  standard  British  nnit 

of  lenjrth  is  the  yard,  being  the  length  nt  the  temperature  of  ()2° 

,  ii'iihrenheit,  un<l  at  the  mean  atmospheric  pressure,  between  the 

vocndsofacei-taiubeirwhioh  is  kept  in  the  office  of  the  Exchequer, 

'  tX  We-stminstcr. 

In  computations  respecting  motion  and  force,  and  in  cipressi 
the  dimensions  of  large  structures,  the  unit  of  length  eomnn 
employed  in  Britain  is  the  foot,  being  one-thii'd  of  the  vnrtL 

in  expressing  the  dimensions  of  machinery,  flie  imit  of  lei 
commonly  employed  in  Britain  is  the  inch,  being  one-thirty-i 
'  jert  of  the  yard.  Fractions  of  an  inch  are  very  commonly  si 
pty  mechanics  and  other  artilicers  in  halves,  quarters,  eighths, 
tecnths,  and  thii-ty-seeond  parts ;  but  according  to  a  resolution' 
the  Institution  of  Mechanical  Engineers,  passed  at  the  meeting  lielJ 
at  Manchester  in  June,  1857,  the  practice  has  been  introduced  of 
expressing  fractions  of  an  inch  in  decimals. 

The  French  unit  of  length  is  the  mJtre,  being  about  ioftnVaiii)  ^ 
the  earth's  circumference,  measured  round  the  poles.  (See  tiiliU 
at  the  end  of  the  volume.) 

8.  lUM  is  the  i-elation  between  two  points,  when  the 
line  joining  them  does  not  change  in  leugth  nor  in  direction, 

A  body  is  at  rest  relatively  to  a  point,  when  every  point  in  the 
body  is  at  rest  relatively  to  the  first  mentioned  f)oint. 

9.  noiioa  is  the  relation  between  two  points  when  the  irtwigli* 
line  joining  tliem  changes  in  length,  or  in  direction,  or  in  both. 

A  body  moves  relatively  to  a  point  when  any  point  in  the  bo<ly 
moves  reUtively  to  the  lint  mentioned  point 

10.  Fixed  Poini. — "Ulien  a  single  point  is  spoken  of  as  ha^^ng 
motion  or  rest,  some  other  point,  eitljer  actual  or  ideal,  is  always 
cither  exjircased  or  undci-stood,  relativtiy  to  which  the  motion  or 
rest  of  the  first  point  takes  i)liu:e.  Such  a  point  is  called  &Jixed 
point. 

So  far  as  the  phenomena  of  motion  alone  indicate,  the  rl    ' 
n  fixed  point  with  which  to  comjiare  the  positions  of  otbt 
.apjiears  to  Iw  arV>itrary,  and  a  matter  of  convi.'uienee  al"' 
I  when  the  laws  of  force,  as  affecting  motion,  come  to  Iw  con 
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I  will  be  aeen  that  there  are  reasons  for  calling  certain  points 
id,  in  preference  to  otliers. 
Ill  the  mechanics  of  the  solar  system,  tlie  fixer!  point  is  what  is 
led  the  common  cerUre  of  graviti/  of  the  bodies  comi)osing  that 
Kem.  In  applied  mechanics,  the  fixed  point  is  eitlier  a  point 
•which  is  at  rest  relatively  to  the  earth,  or  (il"  the  stmctiire  or 
machine  under  consideration  bo  moveable  from  place  to  place  on 
the  earth),  a  point  which  is  at  rest  relatively  to  the  structiu-e,  or  to 

•I  frame  of  the  machine,  as  the  ease  may  be. 
pointEi,  lines,  surfaces,  and  volumes,  wliich  are  at  rest  relatively 
8  fixed  pjint,  are  fixed. 

11.  dMuwuira. — The  comparison  of  motions  with  each  other, 
•vithont  reference  to  their  causes,  is  tho  subject  of  a  branch  of 
geometiy  called  "  Cinemalics." 

^B2.  Porco  is  an  action  between  two  bodiefl,  either  causing  («■ 
Hiding  to  cause  change  in  thoir  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation ;  for 
the  forces  exerted  by  the  voluntary  muscles  can  be  felt.  The  ex- 
istenoe  of  forces  other  than  muscular  tension  is  inferred  from  their 
edacta. 


13k  E^aiitkriBo*  or  Baianre  is  tho   condition  of  two  or  more 
fbrees  which  are  so  opposed  that  their  combined  action  on  a  body 
iaces  no  change  in  its  rest  or  motion. 

he  notion  of  balance  is  first  obtained  by  sensation;  for  the 
I  exerted  by  voluntary  muscles  can  be  felt  to  balance  somp- 
I  each  other,  and  sometimes  external  pressures. 

Matin  and  DrBamica. — Forcea  may  take  effect,  either  by 

J  other  forces,  or  by  producing  change  of  motion.      Tlie 

•  of  those  effects  is  the  subject  of  Statics;  the  latter  that  of 

these,  together  with  Cinematics,  already  defined,  form 

I  great  divisions  of  pure,  absti'act,  or  genend  mechanics. 


and  Macbinra. — The  works  of  human  art  to  which 

of  applied  mechanics  relates,  are   di\-ided   into   two 

ng  as  the  parts  of  which  they  consist  are  intended  to 

I  or  to  move  relatively  to  each  other.     In  the  former  case  they 

( ca^ed  Structures;  in  the  latter,  Machines.     Structures  are  sub- 

I  of  Statics  alone ;  Machines,  when  the  motions  of  tlioir  parts 

oonudered  alone,  are  suVyects  of  Cinematics;  when  tho  forcea 

•  on  and  Itetwewi  their  puts  are  also  considered,  mackinea  avo 

■  >  ^Statics  and  Djiiamict, 


I 


Ill 


nrrBosuerioH. 


IG.  cs«MfBl  AmusaMaii  af  tke  Saidect. — ^Thesubjoct  of  the  pre- 
sent treatise  •vUl  be  arranged  as  follows:— 

I.  First  Principles  of  Statics. 

II.  Theoby  of  Stbcctubes. 
IIL  FiKsrr  Principles  op  Cinematics. 
JV.  Theobt  of  Mechanism. 

V.  First  Principles  op  Dynamics. 
VI.  Theory  of  Machines. 


PAUT  I. 

PRINCIPLES  OF  STATICS. 


CHAPTER  L 


CALANCE  AXD  MEASCREMraJT  OF  FORCES  ACTIXO  Df  ONB 

STRAIGHT   LINE.  | 

17.  Vmntm  bow  OeienniBcd. — Although  every  force  (an  has  been 

'  ' '  ■]  in  Art   12)  is  an  action  between  two  bodies,  still  it  is  con- 

■   to  simplicity  to  considi-r  in  the  first  place  the  condition  of 

one  of  those  two  bodies  alone. 

The  nature  of  a  force,  as  respects  one  of  the  two  bodies  between 

'    it  nets,  i.s  detemiined,  or  made  ktio-wn,  when  the  following 

things  urc  known  rt«pectin){  it : — first,  the  jilace,  or  jjort  of 

idy  \t}  which  it  is   applied;   secondly,   the  direclion  of  its 

tluitliy,  \tA  vwjn'Uude. 

\f>.    flnce  of  .tppliTniioa  — Paint  of  Appllrallon. — Tho  place  of  the 

pplicatiou  of  a  force  to  a  body  may  he  the  whole  or  part  of  its  in- 
mosB ;  in  which  cose  the  force  is  au  attraction  or  a  repulsion, 
ording  as  it  tends  to  move  tho  bodies  between  which  it  acts 
Bwords  or  from  each  other;  or  tho  place  of  application  may  be  tho 
"  ce  at  which  two  botli<.«  touch  each  other,  or  the  bounding 
ac«  between  two  jxirts  of  the  same  body,  in  which  case  the  force 
Qsion  or  pull,  a  thrust  or  push,  or  a  lateral  stress,  according 
imstnucfs. 

I  every  force  has  its  action  distributed  over  a  certain  space, 
thiT  a  volume  or  a  surface;  and  a  force  concentrated  at  a  single 
»int  lias  nil  real  existence.     Nevertheless  it  is  necessary,  in  treating 
'  the  prin'.ipk's  of  stiitics,  to  begin  by  demonstrating  the  properties 
'  such  idt'ul  forces,  conceived  to  I*  concentrated  at  single  ix>ints. 
.will  aft'irwaiiis  I»7  shown  how  the  conclusions  so  arrive<l  at  ro- 
(as  thoy  may  bo  culled),  arc  made  applicable  to 
ri  wliich  really  act  in  nature. 
ig  tlie  piinciples  of  statics  exyicriinentally,   a  force 
■  n  single  point  may  be  represented  with  any  required 
I  of  II  V  a  force  lYistribnted  orvr  a  vciy  small  space,  if  \ 

mull  fiuiiigh. 
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19.  HitpposUion  of  PerTrci  RictdiiT. — In  reasoning  rcspcc 
forces  concentrated  at  single  points,  they  arc  oesunied  to  be  a]>plii 
to  solid  bodies  •n-liicli  arc  perfectly  ri</{d,  or  incapable  of  altcnitia 
of  figui-o  under  any  forces  which  can  bo  apjilicd  to  them.  Tlf 
also  is  a  supposition  not  realized  in  natui-e.  It  will  afterwards 
shown  how  its  consequences  are  applied  to  actual  bodies. 

20.  DtrecUon— L.iDe  of  Actloa. — The  DIRECTION  of  n  force  is  th 

of  the  motion  which  it  tends  to  produce.  A  straight  lino  dmt 
through  the  point  of  application  of  a  single  force,  and  along  I 
direction,  is  tlio  line  of  action  of  that  force. 

21.  mosnUudr— iTnu  of  Farce. — The  magnitudes  of  two  for 
are  equal,  when  being  applied  to  the  same  body  in  opposite  dir 
tions  along  the  same  lino  of  action,  they  balanco  each  other. 

The  magnitude  of  a  force  is  expressed  arithmetically  by  .stati 
in  numbers  its  ratio  to  a  certain  iinil  or  sUindard  of  force,  which  j 
usually  tho  weight  (or  attraction  towards  tlie  earth),  at  a 
latitude,   and  at  a  certnin  level,  of  a  known  mass  of  a 
material.     Thus  tho  British  unit  rif  force  is  tho  standard  pi 
avoirdupois;  which  is  the  weight  in  tho  latitude  of  London  of  J 
certain  piece  of  platinum  kept  in  the  Exchequer  office  (See  the 
18  and  10  Vict.,  cap.  72;  also  a  paper  by  Professor  W.  H.  Milled 
in  the  Pkiloaophical  Transactions  for  183G). 

For  the  sake  of  convenience  or  of  compliance  with  custom,  oth^ 
units  of  force  are  occasionally  emi>loyed  in  Britain,  beaiing  cert 
~   dos  to  tho  standard  pound ;  such  as —  ~ 

Tlie  grain  =  roW  of  a  pound  avoirdupois. 

The  troy  jiound  -  ."),7i)0  grains  =  0-822.S5714  pound  avoirdupois 

Tho  hundredweight  =  112  pounds  avoirdiipoLs. 

The  ton  =  2,240  poimds  avoirdupois. 

The  French  stindanl  unit  of  force  is  tho  ffrnmme,  which  is  i 
■Weight,  in  the  latitude  of  Paris,  of  a  cubic  centimetre  of  puro  wat 
meosurcd  at  the  temperature  at  which  the  density  of  ■water 
greatest,  viz.,  4°'l  centigrade,  or  39'''4  Fahrenheit,  and  untlrar 
pressure  which  supports  a  barometric  column  of  700  millimetrm  ( 
mercury. 

A  comparison  of  French  and  British  measures  of  force  ami  ( 
mn  is  given  in  a  table  at  the  end  of  this  volume. 

22.  Bmallam  of  Fnrrra  Acllttg  la  On*  StmiBhl  Iihle. — Tbo 

STLTANT  of  any  number  of  given  forces  .applied  to  one  body,  is  j 
single  force  capable  of  Iwdanciiig  that  single  ftjrcc  which  biijiuioi 
the  given  forces  :  that  is  to  a»y,  the  resultant  of  the  given  forces  i 
njniU  nml  directly  opposed  to  the  fonx'  which  bfilances  the  giv 
l-if'/rf!?/  aud  in  eqiiiralcni  to  the  givi-n  forces  ao  far  oa  the  boluaocj 
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be  body  is  eonceruf^     Tli*;  givca  furccs  arc  culled  componenU  of 
'  ■VGsalUaC 

Th»  rMoItont  of  any  numbffr  of  forces  acting  on  one  body  in  the 
stTmight  lini»  of  nctjon,  nets  along  th.it  line,  and  is  equal  in 
itadc  to  the  sitm  of  the  component  forces ;  it  Ixjing  under- 
tiiat  •«vh»ni  some  of  the  cmnpouent  forces  are  opposed  to  the 
I,  thr  -vvortl  "  sum  "  is  to  lie  taken  in  the  algebraical  sense  ;  that 
I?;  vctitig  in  the  sjime  ilirectiou  are  to  be  added  to, 

rfi'  ,     i  <ipi)osit.<'  diifctious  suliti-acted  from  each  other. 

73.    RrpircMiiMjiUan  oT  Varvcm  hr  lAacm. A   SUlgIc   forcC   muy  he 

cpresented  in  a  ilrawing  by  a  straight  line  j  an  (jxtremity  of  the 
xm    iodicatiug    the    point    of 

,i;,-,i;,,n   of  the  force, — the    "'■' -  "  — 

"f  the  lino,  the  diroc- 

.;  force, — andthclength 

r  the  line,  the  magnitude  of  the 

?rce,  accoi"ding  to  on  arbittnry  ^r-  "*■•-.* 


tic. 


FIs- 1. 


For  exatnjde,  in  fii;.  T,  the 
ct  that  the  body  1$  H  B  B  is  acted  upon  at  the  point  O,  by  a 
fven  force,  may  be  cxprcwcd  by  drawing  from  O,  a  straight  lino 
},  F,  in  the  direction  of  the  force,  and  of  a  length  representing  the 
»«gnitiide  of  the  force. 

If  the  force  j-epresented  by  Oj  F,  is  balanced  by  a  force  applied 

Htbcr  at  tlie  same  point,  or  at  another  point  Oj  (which  must  be  in 

)te  line  of  action  L  L  of  the  force  to  be  balanced),  then  the  second 

I  will  bo  represented  by  a  straight  line  Oj  Fj,  opposite  in  direo- 

Son,  and  equal  in  length  to  O,  F|,  and  lying  in  the  same  line  of 

tion  LL. 

If  the  body  B B  B  B  (fig.  2),  l>e  lialanced  by  several  forces  acting 

tlie  same  .straight,  line  L  L,  applictl  at  jioints  O,  O..,  «S:c.,  and  rc- 

fsciitid  by  Vwrs  07F,,  Or^!,  io, ;  then  either  direction  in  the 

I  J<  (such  as  the  direc- 

Bwards  +  L)  is  to  Iw 

jtTpd  us  positi%i-,  and 

bpjMtc  tlirectiou  (such 

Be    din.'ction    townnls 

L)  OS  negative ;  and  if  the 

BTO  of  all  the  lines  rrpro-       _t, 

mtiug  forces  whioh  point 

'    fci'    '     '      •■qu.il  to  the 

J I  which  point 

tiic  nlgebruiad  sum  of  all  ihc  forces  is  nothing,  and  Oaa 
^nccd 


J 


+>■ 


Fig.  2. 
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24.  PrcMare. — Most  writei-s  on  mecluiiiics,  in  treating  of  the 
first  principles  of  statics,  use  the  'word  "pressure"  to  denote  any 
balanced  force. 

In  the  popular  wnse,  which  is  also  the  sense  generally  employed 
in  applied  mechanics,  the  word  pressure  is  used  to  denote  a  force, 
of  the  nature  of  a  thrust,  distributed  over  a  surface;  in  other  words, 
the  kind  of  force  with  which  a  body  tends  to  expand,  or  resists  an 
effort  to  compress  it. 

In  this  treatise  care  will  be  taken  so  to  employ  the  word  "  pres- 
sure" that  the  context  shall  show  in  what  sense  it  is  used. 
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CHAPTER  II. 


or  OOCl'LES  AXD  OF  THE  BALXSCE  OF  PARALLIX   FOIirES. 


Section  1. — On  Couples  tmUt  tfie  Same  Axrit. 

25.  C««ptn — Two  forces  of  equal  magnitude  applied  to  the  isanie 
«ly  iu  parallel  and  opptiaite  directions,  but  not  in  the  same  line  of 
tiou,  constitute  what  is  caUed  a  "ample." 

2G.    Vorrcera  Coaplc — Mnmorl^rrmgr. — Tlie  yyrcc  of  a  COUpIe  IS 

li«  comioon  magnitude  of  the  two  equal  forces;  the  arm  or  leverage 
'  a  ciiuplo  is  the  perpendicular  distance  between  the  lines  of  action 
'  the  two  equal  forces. 

Trndrnrf  of  n  C'oaplc — Plane  of  a  Couple — Rlghl-band«d  luul 

rii-kaiMKHi  Caapica — The  tendency  of  a  couple  is  to  turn  the  body 
'  which  it  is  applied  in  the  plane  of  the  couple — that  is,  the  plane 
liich  contain-s  the  lines  of  action  of  the  two  forces.  (The  plane  in 
rhich  a  Vidy  turns,  is  any  plane  pnmller  to  those  planes  in  the 
iy  whose  position  is  not  altered  by  the  turning).  The  axis  of  a 
aple  is  any  line  j>erpendicular  to  its  phne.  lie  turning  of  a 
said  to  be  rigfu-handed  when  it  appears  to  a  spectator  to 
phic«  in  the  same  direction 
nt  of  the  bands  of  a  watch, 
'.-handed  when  in  the  opposite 
on ;  and  couples  are  desig- 
Iftsright-handed  orleft-liandcd 
"'to  the  direction  of  the 
wliich  they  tend  to  pro- 

,  Thug  in  fig.  3.  the  equal  and 
forces  O,  F„  0,F„  whoso 
,  is  L,  L.,  form  a  right-  FTg.  8. 

pie;  and  the  equal  and 
forces  Oj  Fj,  O,  F«,  form  a  left-handed  cou])le. 

E^alTalral  Couples  of  Bqanl  Force  aa4  Lrrvnme. — In    Order 

ifo  •  I lilir  in  direction,  and  of  equal  force  and  lever- 

» V  '  alike  or  eauitalenl  in  their  tendency  to  turn  the 

and  sufficient  that  their phnea  should  be  wt\ier 
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Two  couples  applied  to  tho  same  body  in  the  same  plane,  or  j 
parallel  planes,  of  equal  force  and  lo\ienige,  but  oppfisite  in  directio 
bolaucc  each  other;  and  if  for  cither  of  the  two  an  o<juivale 
couple  be  substituted,  the  equilibriujn  will  not  be  disturbctL 

29.  inamrni  of  a  Conpic. — The  moment  of  a  couple  uicans 
product  of  the  magnitude  of  its  force  by  the  length  of  its  arm. 
the  force  be  a  certain  number  of  poimds,  and  the  arm  u  cert 
number  of  feet,  the  product  of  those  two  nombeis  is  called 
moment  in  foot-pounds,  and  similarly  for  other  measures. 

30.  AddUllon  of  Conplea  of  Equal  Force. — LeMUA.       TwO  COUples  of 

equal  force  acting  in  the  tame  direction,  with  the  sa»ne  axis,  are  fquio 
lent  to  a  couple  whose  moment  is  the  sum  of  their  moments.  Lot  t' 
two  couples  be  denoted  by  A  and  B;  let  F4=Fn  be  their  cqn 

forces ;  let  L^  and  Lg  be  the 
re.spectisearms;  then  F^  L^i 
Fn  Lb  sire  their  moments,  whid 
as  their  forces  are  equal,  are  pr 
portional  to  the  arms.     In  fig, 
let  the  forces  F^  constituting  . 
be  applied  in  lincapassiiigthroiq 
a  and  c,  ac  or  L^  being  {H>qx 
dicular  to  the  lines  of  action 
F'g-  <•  the  forces ;  and  if  the  foroee  oo] 

Btitntrng  B  be  not  already  applied  «a  shown  in  the  figure,  su 
stitute  for  B  an  equivalent  couple  of  equal  force  and  arm,  havii 
its  forces  Fn  applied  in  lines  parallel  to  the  lines  of  action  of  * 
forces  Fi,  and  i)a.sjiiug  one  through  the  jioint  c  and  the  other  throni 
b,  so  tliat  the  arm  c  6  or  Lg  shall  be  in  the  same  straight  line  wi< 
«  c  or  Li.  Then  the  equal  and  opjxjate  forces  F^,  F^,  applied  at  1 
balance  each  other,  and  there  remain  only  tho  equal  and  op|iost| 
forces  F^,  Fn,  applied  at  a  and  6,  which  foi-m  a  couple  whose  for 
ia  F^  =  Fb,  and  its  arm  ab  =  Lx  +  Ld,  being  the  stun  of  the  ann.4  j 
the  couples  A  and  B  ;  so  that  its  moment  is  the  sum  of  thq 
moments;  and  this  couple  is  equivalent  to  the  two  couples  A  and  ] 

31.  KqalTalcnl  Conplea  of  Kqaul  momcal. — TuEOKEM.       Jf  the  I 

ments  of  two  couples  actin^j  in  the  same  direction  and  with  the  same  aa 
are  equal,  those  couples  arc  equivalent.  Let  one  of  the  coupl'  s  be  aiUi 
A,  and  let  its  force,  arm,  and  moment  be  resjiectively  F^,  L,, ; 
Fi  h^;  let  the  other  couple  be  culled  B,  and  let  its  force,  arm,  aa 
moment  be  respectively  F„,  Lo,  and  Fn  Lj.  The  eiiuality  of  t| 
moments  of  those  couples  is  expressed  by  the  equation 

FjiL^  =  F,  Lg. 

If  the  forces  and  arms  of  the  two  couples  be  commensurable,  I 
that 
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Fji  •  To  •  '•  Lb  :  L4  :  :  m  :  n 
(m  and  n  being  two  wLolc  uumbeis), 


/  =  ^  ^  ^. 
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bm  the  couple  A  is  equivalent  to  mil  couples  of  the  momenty"/; 
'  •:>  is  the  couple  B ;  thoreforo  the  couples  A  and  B  are 
to  each  other. 

it  thv  J'.irccs  and  iirniis  are  incommensuralilo,  it  ia  always  possible 
find  forr**  anil  urms  ■wljicli  shall  be  commensurable,  and  EhaU 
•  given  forces  and  anus  by  differences  loss  than  any 
:  so  that  if  tlio  tlieorem  were  in  error  for  inconunen- 
t  iurees  and  arms,  it  would  uliu.i  be  in  error  for  certain  com- 
hLs  forces  and  arms ;  but  this  is  impossible ;  therefore  tho 
ia  true  for  incommensurable  as  well  as  for  commensurable 
land  aims. 

•r  Coaitlni  «r(lh  Ike  Hantc  AxU. — COROLLARY.      A 
vf  any  number  0/ couples  having  tite  same  axui  ia  eqiiiva- 
',  to  a  crmpli  valioge  motihent  ia  the  alfftbraioal  rum  of  Ova  momenta 
Ttht  cmnbiited  couples. 
33.    E^alUkriHiB  of  CoaplM  hartas  Iko  floaw  Axi*. — Two  Opposite 

r  i-qual  moment,  having  the  same  axis,  balance  each  other. 
I>er  of  coup]  p.'!,  having  the  same  axis,  balance  each  other 
rmeu  luo  moments  of -the  right-handed  couples  arc  together  equal 
:  tbs  numicnts  of  the  left-handed  couples ;  in  other  wordn,  when 
Jtaat  moment  is  nothing. 
itipimaaiiiiiw  of  Coapica  hj  UmoL — The  nature  and  amount 
V  of  a  couple  to  turn  a  body  are  completely  known 
i.nt  and  direction  of  the  coujJc,  and  the  position  of 
Its  o*'-^   an:  known.      These   circum- 
are  expressed   by  means  of  a 
.  the  following  manner. 
Bg.  5,  from  any  point  O  draw  a 
lit  line  O  M,  piniUel  to  the  axis 
Is,  tiCTpeiidiculiir  to  the  ])lane)  of 
aplc  to  b«  represented,  and  in  such  ^         _. 

rtion,  that  to  an  obscrvcT  looking 

turn  O  towards  M  the  couple  shall  seem  right-handed ;  and  make 
of  the  lino  O  M  represent  tho  moment  of  the  couple, 
I  any  os&igued  scale. 
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Section  2. — On  Couplai  unth  Different  Aret. 

3i7.    ncanllant   of  Two    roupic*    frllk    DlOrrcnt   Axe*. — TrrKORR 
Iftlie  (too  ndcs  of  a  pnralM<><jrani  represent  Oie  potittana  nfthr.  i 
and  die  directions  and  moments,  of  two  cmtples  acting  on  tfte  la 
body,  the  diagonal  of  the  paralMoffram  leill  in  like  nKinuer  repra 
the  position  ofl/ie  orw,  the  direction  and  tJie  ■mortient  of  the  retru' 
\ple,  tdtich  is  equivalent  to  t/um  liw. 

In  fig.  6,  let  the  piano  of  the  paper  represent  a  plane  which  i 

ins  the  axes  of  the  two  couples,  and  is  therefore  |)erpendieular  i 

both  their  planes.     Let  a  e,  cb  he  jiarta  of  the  lines  in  which 

planes  of  the  couples  A  B  respectively  inter 

+«•  the  plane  of  the  p.i{)er.     If  the  couples  arc  : 

already  of  equal  force,  reduce  them  to  e<iujv 

lent  coui)les  of  equal  force ;  let  F  denote 

common  magnitude  of  their  forces,  and  let . 

Lb  denote  tlie  respective  arms  of  the  coupU 

From  c,  the  intersection  of  the  thrco  pla 

already  mentioned,   take  ca  =  L^,  c6  = 

and  join  ab.     Conceive  the  couple  A  (or  on 

equivalent  couple)  to  consist  of  the  force 

acting  forwards  at  a,  and  the  equal  and  opposif 

force  —  F  acting  backwards  at  c ;  also  cone 

the  couple  B  (or  an  equivalent  couple)  to  co 

sist  of  the  force  +  F  acting  forwai-ds  at  c, 

the  equal  and  opposite  force  —  F  acting  bao 

The  forces  +  F,  —  F,  at  c  balance  each  other ; 

F  at  a,  and  -  F  i 


FiR.fi. 


wards  at  b. 

there  are  left  the  equal  and  opposite  forces 

forming  the  remllani  cou}>le,  which  is  equi\iilent  to  the  two 

A  and  B,  and  has  for  its  arm  the  third  .side  ab  =  L,,  of  the  trian 

a  be. 

Now  from  any  point  O  draw  O  M*  perpendicular  to  oc, 
O  Mn  perpendicular  to  6  c,  and  reprcsenting  the  axes,  diivctioa 
and  moments  of  the  couples  A  and  B  :  complete  the  parallelogr 
of  which  those  lines  are  the  sides,  and  draw  its  diagonal  Ol 
This  diagonal  will  be  perpendicular  to  a  6,  and  will  thcrcfore  i 
present  the  axis  and  direction  of  the  resultant  couple  ;  and  bccaii 
of  the  siniilarity  of  the  triangles  a  6  c,  0  Mj,  Mb,  the  following  pp 
portions  will  exist : — 

aH*:0l3B:0Mc, 

::  Li  :  Lb  :  Lc ; 

and  consequently  O  M^  will  also  represent  tlio  moment  of  the 
Bultant  couples. — Q.  K  D. 
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EqaUibrtnm  9€  Tbrvc  CMtpIn  with  DUTcreM  Axr*  l«  Ike  Maa 

-COBOIX-^HV.     A  oAiplt  eqtuil  and  <ypposU«  to  tluU  rtprtaenti 
diagonal  O  Sic  halaneea  iJie  eouplts  repretented  by  the  aid 

W.^,  OMn-     /i  ofher  leords,  three  couples  represented  l)y  tJte  threa  j 

^  o/a  triangle  Udnuce  each  other. 

37.    K«BlUbri«ia  •t  ■■»•  Wumber  of  f'auplM. —  COROLLABT.       ](/  a 

imber  ofwuptea  acting  on  the  tame  body  be  reprtneiUod  by  a  aerietj 
lines  joined  end  to  end,  so  as 
form  sides  of  a  polygon,  and  if 
I  polygon  is  cAwet/,  tJiese  aniples 
tanee  each  other.  To  fix  the 
MS  let  there  be  five  couples, 
be  moments  are  respectively 
PM..  M„  ir„  M,;  and  let 
em  be  reprfsented  by  the  sides 
I  polygon  in  fig.  7  in  such  a 

that 
I  is  lepnaaited  b;  O  A,  and  Menu  right-baniled  looking  from  A  toirarib  O. 

A  B,  —  —  from  B  toworda  A. 

BC.  —  —  from  C  tow«rds  B. 

CD,  —  —  from  D  towards  C. 

Ti,  —  DO,  —  —  from  0  towards  D. 

by  the  theorem  of  Article  35,  tlie  resultant  of  M,  and  M,  ia 

the  resultant  of  this  and  M]  is  O  C  ;  the  resultant  of  this  and 

OD,  right-handed  in  looking  from  D  towards  O,  and  con- 

ently  equal  and  opposite  to  Mj,  -which  last  couj)lo  lialauces  it, 

iucts  tlie  final  resultant  to  nothing. — Q.  E.  D. 

propofiition  evidently  holds  for  any  number  of  couples,  and 

\xer  the  dosed  polygon  be  jtlane  or  gauclte  (that  is  to  say,  not 

toe). 

The  resultant  of  the  couples  represented  by  all  the  sides  of  the 
on,  cxcfpt  one,  is  equal  and  opposite  to  the  couple  represented 
be  excepted  side. 

Sbctiox  3. — On  Parallel  Forces. 

■red  Parallrl  Forces  ia  Geacml. — A  balanced  system  of 

_f|brces  consists  cither  of  juiirs  of  directly  opposed  equal 

or  of  couples  of  equal  forces,  or  of  combinations  of  such 

"  couples. 

leooe  the  following  propositions  as  to  the  relations  amongst  the 

1  of  systems  of  parallel  forces  are  obvious  : — 
I  In  s  balanced  systf-m  ofjuinUlel  forcffi,  the  sums  of  the  forcea 
in  oppoaite  dircctioiiB  are  equal  ^  iit  otlier  words,  tKe  uYge- 
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btaical  som  of  the  magnitudes  of  all  the  forces  taken  with  their 
proper  signs  is  nothing. 

II.  llie  niacrnitude  of  the  resultant  of  airy  combinAtion  of  pu^ 
allel  forces  is  the  algebi-aical  sum  of  the  magnitudes  of  the  forces. 

Tho  i-clations  amongst  tlic  ponWunia  of  the  lines  of  action  of 
balanced  jiarallel  forces  remain  to  lie  investigated ;   and  in  thi* 
inquiry,  all  pairs  of  directly  opiwsed  equal  forces  may  bo  left  out  of 
coniiidcration  ;  for  each  such  {wir  is  indejjoudently  balanced 
soever  its  |K)sition  may  be  ;  so  tliat  the  question  in  each  ca.-> 
be  solved  by  means  of  the  theorj'  of  couples. 

39.    EqaUibrinm  of  Thrvv    Pnrallrl    Force*  ia  Ooe  Plane.      Pria* 

drle  of  ihe  licrcr. — Theorsu.     Jftiiree  parallel farcti  aj/plied  to  ona 

body  baUmee  each  utiier,  tiuy 
mutt  be  in  one  plane;  tlie  two 
extreme /ones  tnust  nri  i,i  the 
same  direction;  the  I ■  ■« 

7niu!l  act  in  the  q]>j 
tion;  and  the  nuupi: 
fvrce  UMst  be  proy,„\^.-i,^ii  i-, 
the  didance  hcluten  Ifie  line*  of 
action  qf  t/ut  other  two.  Let 
a  body  (fig.  8)  be  maintained 
in  equilibrio  by  two  opposite 
couples  having  the  same  axis,  and  of  equal  lunmcuts, 

Fi  Lj  =  Fn  Ln, 
according  to  the  notation  already  used  ;  and  let  those  couples  be  so 
applied  to  the  l)ody  th-at  the  lines  of  action  of  two  of  these  foix-es, 
—  F„  —  Fb,  which  act  in  the  same  direction,  shall  coincide. 
Then  thoisc  two  forces  ore  equivalent  to  the  single  middle  force 
Fo  =  -  (Fji  +  Fn),  equal  and  opposite  to  the  Sum  of  the  cxt -■■-■■ 
forces  +  F^,  +  F„.  and  in  the  same  plane  ^vHth  them ;  and  i 
stmight  line  A  C  B  be  drawn  perpendicular  to  the  lines  of  uci.iuu 
of  the  forces,  then 

Xa=L4;  CB  =  Lo;  AB  =  L^  +  Lgj 
and  consequently  ^M 

F^:Fn:Fo:  :CB:irO:AB;  ■ 

U^  that  each  of  the  three  forces  is  proportional  to  tho  distl^H 
Between  the  lines  of  action  of  the  other  two ;  and  if  any  thW^ 
parallel  forces  balance  each  other,  they  must  be  equivalent  to  two 

^BU]>le8,  as  shown  in  the  figure. 

H  40.  KcMiiuit  of  Two  jparaiki  Forcea. — The  rcsnltont  of  any  two 
cT  the  three  forces  F„  Fn,  Fq,  is  cqii:J  and  opposite  to  the  third. 

^Jleace  tho  icauitaat  oif  two  pai-allel  forces  is  poralkl  ^o  thi-pi^^ 


Fig.  8. 
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awl  in  the  Euno  ploiio  ;  if  Uiey  act  in  the  satne  direction,  then  their 
roultant  ia  their  unim,  acts  in  the  awne  dirtKition,  and  lies  between 
Uioox ;  if  they  uct  in  o{i[Xi.Hit'e  directions,  tboir  resultant  is  tbeii' 
diiTcrcuco,  acta  in  the  (Jirvction  of^  and  lies  beyond,  the  pre|x)n- 
dexating  force  ;  and  the  distioice  betA\-een  the  lines  of  action  of  any 
two  of  those  three  forces — the  resultant  and  its  two  components 
— i«  jtTri|-.irtiouiil  Vj  the  tliird  force. 

r  that  two  optiosite   jKvnillel  forces  may  have  a  single 
it  is  neoewaty  tuat  they  should  be  unequal,  the  residtunt 
htiug  thoir  diffensnoe.     Should  they  bo  equal,  they  constitute  a 
^«on|ilei,  which  has  no  idngle  itsultant 

il.    BcMiluuii  ofa  Couple  and  a  Mingle  Forcr  in  Parallvl  PInnea. — 

et  Jll  denote  the  luuuient  of  a  couple  applied  to  a  body  (iig.  9) ; 

nd  at  a   point  O  let  a  single 

F  be  applied,  in  a  plane 

'el  to  tluit  of  the  couple. 

!  given  couple  subr-itituto 

ivalent  couple,  coiiHistiiig 

—  F  equal  and  directly 

to  F  at  O,  and  a  force 

spplied  at  A,  the  arm  A  O 

;  =  — =,  and  of  course  par- 
r 

to  the  plane  of  the  coaple 

Then  the  forces  at  O  Ixalanco  each  other,  and  F  applied  at 

'  •'•••  i^-fltiltant  of  the  single  force  F  applied  at  O,  and  the  couple 

1  ■<  to  s-iy,  that  if  to  a  single  force  F  there  be  added  a  couple 

.  u-/-.-  plane  is  poruUel  to  the  force,  the  effect  of  that  addition  is 

to  ihift  the  line  of  action  of  the  force  jwimllel  to  itself  through  a 

dbtMioo  0  A  =  -jyi — to  the  left  if  M  ia  right- 
r 

luaded — to  t.he  right  il'  M  is  loft-handtd, 

43.    nvtBoU  of  ■  F«trrr  Willi  n-apcct  lo  an  Axla. 

-Lot  the  straight  line  F  represent  a  force  ajv 

•\  body.     Tjct  O  X  be  any  straight  lino 

liar  in  dLitx-tinn  to  tho  line  of  action 

,  and  n'lf  ••  ' "ting  it,  and  let  AB 

Bion  pet|  iif  those  two  lines. 

'r*rnc*ivo  a  pmi    im  ii[ual  and  din^rtly  op- 
-^«  to  be  applied  in  a  line  of  action 
janUeJ  to  P,  viz.:  P  =  F,  and  -  F=  -  F.    Tho 
application  of  such  a  pair  of  balanced 
'■III  coiirlifion  of  the 


Fig.  9. 


Fig.  10. 


,,;,'/e  force  F,  upplied  in  a  line  tra* 
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vtrsing  A,  is  equivalent  to  the  force  F*  apjiliwi  in  a,  line  trn  vri  '  ■ 

the  point  in  O  X  •which  is  nearest  to  A,  combined  with  tin 
composed  of  F  uud  —  F",  whose  moment  is  F  •  AB.  liiis  la 
called  the  moment  of  the  fitrce  F  nicUiveli/  to  tJte  axie  O  X,  and 
sometimes  also,  tho  ■moment  of  (he  force  F  rdrUh^y  to  the  ])lan» 
which  contains  0  X,  and  is  paj-svllcl  to  the  line  of  action  of  the 
force. 

If  from  tlic  point  B  there  be  drawn  two  stmight  lines  B  D  nnd 
D  E,  to  the  extremities  of  the  line  F  representing  the  force,  the 
aiva  of  the  triangle  BDE  being  =  J  F  •  AB,  represents  oin>-half  of 
the  moment  of  F  relatively  to  O  X. 

43.   EqalUhrinna  of  amj  Sralcu  of  Parallel  F«rrr«  ia  Oar 

— In  order  that  any  system  of  parallel  forces  whose  lines  of  ftc( 
are  in  one  plane  may  balance  ejich  other,  it  is  necessary  and 
ciont  that  the  following  conditions  should  be  fulfilled  : — 

I.  (As  already  stated  iu  Art  38)  that  the  algebraical  snm  of 
the  forces  shall  be  nothing : — 

n.  That  the  algebraical  sum  of  the  moments  of  the  forces  reh»- 
tively  to  any  axis  pei-pentlicular  to  the  plane  in  which  they  act 
sliall  be  nothing: — 

two  conditions  which  arc  expressed  symbolically  as  follows  : — 
let  F  denote  any  one  of  the  forces,  considered  as  jxjsitive  or  mo- 
tive, according  to  the  direction  in  which  it  acts  ;  let  y  be  the  jier- 
jiendicular  distance  of  the  lino  of  action  of  this  force  from  an 
arbitinrily  assumed  axis  O  X,  y  also  lieiiig  considered  as  jxisitive  or 
negative,  according  to  its  direction ;  then. 


Sum  of  forces, 
Siun  of  moments, 


;  .  F  =  0; 

•yF---  0. 


For,  by  the  last  Article,  each  force  F  is  equiralent  to  an  eqnd 
parnllel  force  F  applied  dii-cctly  to  OX,  combined  with  a  ■ 
»/  F  ;  and  the  system  of  forces  F',  and  the  system  of  conpli 
must  each  be  in  equilibrio,  because  when  combineil  they  are  cqjiiva- 
lent  to  the  bitlance<l  system  of  forces  F. 

In  summing  moments,  right-lianded  couples  are  usually  considered 

I  jKotdtive,  and  left-handed  couples  as  negative. 

44.    R««ilinnl  ofaarlVunibrr  orPanUlel  Forcra  in  One  Planp, — Tho 

resultant  of  any  number  of  parallel  forces  in  one  plane  is  :i  forct.i  in 
the  ttame  plane,  whose  magnitude  is  the  algebraical  sum  of  tim 
magnittides  of  the  component  forces,  and  whose  position  is  suuli, 
that  its  moment  relatively  to  any  axis  perju'ndicidar  to  the  tiliuiv  iu 

which  it  acts  is  the  algebraical  sum  of  the  moments  of  tli- 

jionout  forcea     Hence  let  F,  denote  tho  i-csultant  of  any  n^ 

of  jmmMel  forces  in  one  planer  and  y,  the  distance  of  the  lim.'  'H 


J^tiB 


Hid 
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on  of  that  rwiiltaiit  from  the  aaituniwl  axis  0  X  to  wliich  tlie 
itioQS  of  forcfa  arv  rvforred  :  then 


F' 


some  oa-sps,  the  forces  may  liavc  no  single  resMltant.  i  •  F 
=  0 ;  and  then,  unless  the  forces  balance  each  othi'i-  com. 
trly,  their  residtuut  is  a  couple  of  the  moment  2  .  »/  F. 

15,    in*ai«Bla  af  a  Fmrcc  wlih  rrcpcci  <a  n  Pair  of  Itcclaasulor  Axr% 

— In  fig.  11,  let  F  be  any  single 
O  an   arbitnirily-iiasumed 
ItyCalled  the"onjrinof  c<J-o^liIl- 
-X  O  +  X,  -  Y  O  +  Y. 
ar  of  axes  traversing  O,  at 
bt  angU«  to  each  other  and  to 
line   of  action   of  F.       Let 
l  =  y,  be  the  common  iierjiru- 
iJicuhu-  of  F  and  UX  ;  let  AC  =  a-, 
he  common  ])erpendiadar  of  F 
lOY.     randy  are  the  "rcctan- 
co-ordiuates"  of  the  line  of 
1  of  F  rrlativrly  to  the  axes 
.  O  +  X.  -  Y  0  +   Y.  re- 
tirdy.     According  to  the  ar- 
aent    of  the    axes   in   tho 
IT  is   to   be  considerc<l  as 
tive  to  the  right,   and  nega- 
te tho  left,  of  -  YO   +   Y ; 

tivo  to  the  left,  and  negative  t<i  the  right,  of-XO  +  X  ;  right 
1  left  refemng  to  the  spectator's  right  and  lel't  hand.     In  the 
licular  case  represented,  x  and  1/  are  both  positive.    Forces,  in  the 
i;  are  coii-sidercd  as  positive  upwai"ds,  and  negative  downwards  ; 
■ad  in  the  particular  ea.se  reprostMited,  F  is  positive. 

At  B  conceive  a  jmr  of  equal  and  opposite  forces,  P  and  —  1"", 
1  be  applied  ;  F"  being  equal  and  jinrtillel  to  F,  and  in  tho  same 
tion.     Then,  as  in  Article  42,  F  is  equivalent  to  the  single  force 
i  F  applind  at  B,  combined  with  the  couple  constituted  by  F  and 
"^  with  the  arm  »/,  whose  moment  is  »/  F  ;  1x:ing  positive  in  tho 
vsentod,  because  the  couple  is  right-handed.     Next,  at  the 
,  conceive  a  pair  of  eq\ial  and  opijosite  forces,  F"  ami  -  F', 
lied,  F*  being  equal  and  jmi-allel  to  F  and  F',  and  in  the 
tion.     Tla'u   tlie   single  force   F  is  equivalent   to  the 
F*  =  F  =  F  applied  at  O,  combined  with  tho  coup\o 
tuted  by  V  uml  -  /'"'  wjth  the  ami  OB  =  x,  whase  raotnojit  \a 


Fii;.  11. 
and  y  is  to  be  considered  as 
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—  a;  F ;  being  ne^tive  in  the  case  rcpi-esptitcd,  because  the  couple 
is  li^ft-handed 

IIi?nce  it  appears  finally,  that  a  force  F  acting  in  a  line  whoee 
co-ortlinatcs  ■«-ith  respect  to  a  pair  of  rectangular  axes  jwrjiendicnlar 
to  that  lino  are  x  and  y,  is  equivalent  to  on  equal  and  panUlel 
force  acting  through  the  origin,  combined  with  two  couples  whose 
moments  are, 

■1/  F  relatively  to  the  axis  0  X,  and  -  ,r  F  relatively  to  the  lucia 
O  Y ;  right-handed  couplos   being  considered  positive  ;   and    -  T 
lying  to  the  left  of   +   X,  ns  ^^ewcd  by  a  spectator  lookin- 
+  X  towards  O,  with  his  head  in  the  direction  of  positive  !'■; 

4G.     Eqnilibrln m   of  nuT    SrXrm    of   Pamllcl    Forrea.  —  In    ordtT 

that  any  system  of  parallel  force?,  whether  in  one  plane  or  not,  may 
balance  each  other,  it  is  nccessaiy  and  sufficient  that  the  tlttce 
following  conditions  should  be  fulfilled: — 

I.  (As  already  stilted  in  Art.  38),  tliat  the  algebraical  earn  of  tlw 
forces  shall  Ik?  nothing : — 

II.  and  III.  Tliat  the  algebraical  sums  of  the  moments  of  tho 
forces,  relatively  to  a  pair  of  axes  at  right  angles  to  each  other,  and 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  symbolically  as  follows  : — 
•F  =  0;2  yF=0.:2-a;F  =  0; 
for  by  the  last  Article,  each  force  F  is  equivalent  t<:>  an  equal  and 
paralli'l  force  F"  ajipjied  directly  to  O,  combined  with  two  couples, 
y  F  with  tho  axis  O  X,  and  -  a;  F  with  the  axis  O  Y ;  and  tho 
system  of  forces  F",  and  the  two  .systems  of  couples  y  F  and  —  xF, 
must  each  be  in  equilibrio,  because  when  combined  thuy  are  equi- 
valent to  the  balanced  system  of  forces  F. 

47.    Rennllnnt  afniir  IVnmber  of  Parallel  Forcvm. — The  rcmiltaut  of 

any  number  of  pamllcl  forces,  whether  in  one  piano  or  not,  is  a 
force  whose  magnitude  is  the  algebraical  sum  of  the  magnitudes  nf 
the  component  forces,  and  whose  moments  relatively  to  a  pair  of 
axes  perpendicular  to  eiicli  other  and  to  tho  lines  of  action  of  thu 
forces,  are  respectively  eipial  to  the  algebraical  sums  of  the  motncnt* 
of  the  component  forces  relatively  to  the  same  axes.  Hencf  let 
F,  denote  the  resultant,  and  x,.  and  y,.  the  co-ordinates  of  its  lino 
of  action,  then 

F,  =  3-     F. 

2-«  P 


av  = 


~r 


_  ^    y  F 

V'  -  Y'.    F' 


fa  some  cases,  the  forces  may  have  no  single  resulMnt,  »  'M 
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bang  =  0 ;  and  then,  iinless  the  forces  balance  each  other  com- 
pletely, their  resultant  la  a  coaple,  whoae  axis,  directioD,  and 
moiaent  are  found  as  follows  : — 


Let 


M.  =  i.yF;  M,=  -  i.xF; 


be  tiie  moments  of  the  i»ir  of  partial  resultant  couples  relatively  to 
the  axes  O  X  and  O  Y  respectively.  From  O,  along  tliose  axes, 
set  off  two  lines  representing  respectively  M,  and  M,  according  to 
the  role  of  Art.  34  ;  that  is  to  say,  proportional  to  those  moments 
in  length,  and  j-ointing  in  the  direction  from  wluch  those  couples 
most  respectively  be  viewed  in  order  that  they  may  appear  right- 
Complete  the  rectangle  whose  sides  are  those  lines  ;  its 
(as  shown  in  Art  35)  will  represent  the  axis,  direction, 
[maaaent  oi'  the  final  resultant  couple.  Let  M,  bo  the  moment 
'  <f  tins  oonple ,  then 


and  if  4  be  the  angle  which  its  axis  makes  with  O  X, 


COB  i  — XT' 


Sbctiox  L — On  Centres  o/Paralld  Forces. 

i8.   CcMtre  af  a  Pair  sf  Parallel   Forces. — In  iig.    1 2,  let   A  and 

B  imresemt  a  jmii-  of  points,  to  which  a  pair  of  pai-allel  forces,  Fx 

lad  Fb,  of  any  given  magnitudes,  arc  applie(L     In  the  straight  line 

'■"-■"ncj  A  and  B  take  the  point  C  such, 

1:3   distances  from  A  and  B  rcspec- 

lall  be  inversely  proportional  to  the 

t-'ftJ'O'l  at  those  points.     Then  from 

pnneaple  of  Art  40  it  is  obvious  that 

As  reBoltant  of  F^^  and  Fq  traven«s  C.    It 

I  also  oVrvious  that  the  position  of  the  point 

C  depends  solely  on  tlie  proportionate  nuig- 

ntode  of  the  jKirullel  forces  F^  and  F,„  and 

Wt  on  their  absolute  magnitude,  nor  on  the  angular  position  of 

tkctr  lines  of  action ;  so  that  if  for  those  forces  there  be  substituted 

aaother  pair  of  parallel  forces,  /^Jl,  ia  any  other  angular  position, 

■ad  if  those  new  forces  bear  to  each  other  the  same  proportion  with 

the  original  forces,  viz. : — 

/.  :/»::F^:F.  ::BC":AOr 
tt«nno»  C  vriere  the  resultant  cuts  A  B  will  still  be  the  aamc. 
7&  pou>e  is  caJJcJ  tbo  Centre  oj^ Parallel  FoTca,  for  a  pait  ot 


i 
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forcw  ajipliofi  at  A  and  J!   resi>ectively, 
raUo  BC  :  AC. 


ami  liaviijg  the  given 


¥■>.    Ccniro    of   mmt    Sr«trM    •'   Pm«IM 

Fsrcca. — Let   j^arallel   forces,   Fp,   F,,   Iw 
ap])lio<l   at   the   points  Ao  A,  (fig.    IJ" ' 
Draw  the  ntraight  line  A„  A,,  iu  wlj 
take  C„  so  thnt 

F,  :  F.  :  :  CTa;  :  C'Ta;; 

then  will  C,  1)e  the  centrn  of  a  pair 
]mi'HlleI  forces  applied  ul  A^  and  A„  b| 
having  the  piojiortion  Fj  :  F,.    At  a  th| 
point,  Ao,  let  a  tliiid  |iarallel  force,  Fj,  lie  upplied.     Then,  becari 
the  forces  F„,  F,.  .nre  together  equivalent  to  a  jiitrallel  force,  Fq  -»•  ] 
applied  ut  C'„  druw  the  straight  line  C^  Aj,  in  which  take  Cj,  so  l' 

F„+F,  :  F;::C.7As:CjC,  ; 

then  will  C„  be  the  centre  of  three  parallel  furcei)  ap)>licd  at  Aq. 
Aj,  and  having  the  |irojK)rtioua  Fq  :  Fi  :  Fj.  At  ii  fourth  point, 
Ay  let  a  fourth  ]>arsdlcl  force,  Fj,  be  applied.  Then,  becauue  the 
lorces  F„,  F,,  F„  urn  together  equivalent  to  a  ]i!irallel  force,  Fo  + 

iu  which  take 


1.  Ay, 


F,  +  F„  apiilicd  ut  (.'.„  druw  the  htrniglit  line  C. 
Cg,  so  that 

F„  +  F,  +  F,  :  F,  :  :  CTX.  :  CTVl; 

then  will  Cj  bo  the  centre  of  four  ]iarailel  foivcs  applied  at  A,,  A|, 
A„  Aj,  and  having  the  projxirtiou  F„  :  F,  :  ¥■,  :  F,.  By  continuing 
thi.s  pttxx'89  the  ccnti-e  of  any  system  of  idii'alli.l  forces,  how  uuine- 
rous  soever,  may  lie  found;  and  hence  results  the  following 

Theokem.  //'  tliere  be  f/iven  a  ti/gtem  of  points,  and  tlie  vmtnal 

lion  of  a  si/sleni  of  pandlel  forces  applied  to  l/ione  jxiintg,  then  there 
■  point,  and  one  oii/i/,  whidt  ia  Irnverncd  b;/  tlie  line  oj  iidion  of 
'  tifd  of  everi/i^yati'.in  of  j)aruU«lforc<alu>ving  the  yiveit  mutual 
fUHon  and  ajrplied  to  the  ijivvit  si/stem  ofpoiiU^,  tcluilsofver  may  If 
tlt«  ahmhiXc  vut'jndtuki  oflfiose  forces,  and  tiw  angular  position  qf 
their  lines  of  action, 

50.   r»«r<linnKw  of  <'«nure  •(   Parallrl  Forrra. — The    method   of 
finding  ceutix*  of  jiarallcl  forces  descrilied  in  the  pix-eeiiing   \    ' 
though  suitable  for  the  dcinonstratiou  of  the  theoreui  juat 
is  tedious  and  inconvenient  when  the  numlier  of  forces  is  grait,  m 
which  ca«e  the  best  method  is  to  find  the  rectangular  co-oi-diuates  of 
tliJit  {)oint  relatively  to  tlireo  fixed  axes,  sus  follows : — 

I^t  O  be  any  convenient  point,  taken  as  the  origin  of  co-ordi- 
nates, and  OX,  OY,  OZ,  three  axes  of  co-ordinates  at  right  angles 
to  each  othtft 


be  any  one  of  the  points  to  wliich  the  system  of  parallel 
forces  in  qviestion  are  applied.  From  A  draw  x  pai-allel  to  OX, 
and  perjiendiculAr  to  the  plane  Y  Z, 
y  parallel  to  O  Y,  and  perpendicular 
to  the  plane  Z  X,  and  z  parallel  to 
O  Z,  and  perpendicular  to  the  plane 
X  Y.  X,  y,  and  z  are  the  rectangu- 
lar co-ordinates  of  A,  which,  being 
1,  the  position  of  A  is  deter- 
Let  ¥  denote  cither  the 
ide  of  the  force  applied  at  A, 
magnitude  proiwrtional  to 
"itude.  X,  y,  z,  and  F  are 
supposed  to  be  known  for  every  point  of  the  given  system  of 
jKiintA. 

Then  first,  conceive  all  the  parallel  forces  to  act  in  lines  pamllel 
lo  the  plane  Y  Z.  Then  the  sum  of  their  moments  relatively  to 
an  axis  in  that  plane  is 

s-arF; 

consequently  the  distance  of  their  resultant,  and  also  of  tlie 
of  parallel  forces  from  that  plane  is  given  (lis  in  Articles  44 
7),  bv  the  equation 

s  -ajF 


Fig.  14. 


Secondly,  conceive  all  the  jmrallel  forces  to  act  in  lines  parallel 
to  Ute  {dane  Z  X.  Then  tlie  sum  of  their  moments  relatively  to  an 
«zifl  in  that  plane  becomes 

i-yF; 

nod  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  panUel  forces  from  that  plane  is  given  Ly  the  equation 

v.-   J .  j>  • 

TbirdlT,  conceive  all  the  parallel  forces  to  act  in  lines  parallel  to 
H-"  X  Y.  Then  the  sum  of  theii"  moments  relatively  to  an 
'  '■  •*  plane  liecomes 

■ntly  the  distance  of  their  resultant,  and  also  of  the 
.  _    I  allel  forces  from  that  plane  is  given  by  the  equation 

i'zY 
*'~  i-F  ' 
That  ^  foand  ^„  S'r,  -%,  the  throe  rectangulax  co-ordinalea  o? 
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the  centre  of  parallel  forces,  for  a  syBtem  of  forces  applied  to  amy 
given  system  of  points,  and  having  any  given  mutual  ratiosL 

If  the  parallel  forces  applied  to  a  system  of  points  are  all  equal, 
then  it  is  obvious  that  the  distance  of  the  centre  of  parallel  forces 
£com  any  given  plane  is  simply  the  mean  of  the  distances  of  the 
points  of  the  system  firom  that  plane. 
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Sbcttos  1. — Inclined  Forces  appUoi  at  One  Point. 

51.  rMaii<te«niB>  or  rorren. — Thtorem.  1/ two  forces  whoie  linet 
factum  traverse  one  point  be  represented  in  direction  and  magnitude  by 
I  «fe»  of  a  parallelogram,  their  resultant  is  represented  by  the  diagonal. 
vmt  DcaamimiioB. — Through  the  point  O  (fig.  lo),  let  two 
»ct,  wpre8ent«d  in  riireotion 
mil  mngnitndo   by   <JA   and  O  B. 
The  icsoltant  or  equiviilout  singlo 
I  of  those  two  forces  mnst  be  a 
;  snch.  that  its  moment  relatively 
^  axis  whatsoever  pcrpendicu- 
'  to  the  plane  of  O  A  ana  O  B,  is 
■f  the  moments  of  O  A  and 
vely  to  the  same  axis. 
V,  jirst,  the  force  rppreseiite<I  in 
ctiuri  au>l  magnitude  by  the  dia- 
O  C  of  the  parallelogram  A  B 

this  condition.  For  lot  P  be  any  point  in  the  plane  of  0  A 
O  B,  and  lot  an  axis  pcqK-ndiciilur  to  that  planu  traverse  P. 
PA,  PB,  PC.  Thcn^ajdrcady  shown  in  Art  42,  the 
sta  of  the  forces  <JA,  O  B,  O  C,  relatively  to  the  axis  P,  are 
jtied  respectively  by  the  doubles  of  the  triangles  POA, 
P'OB,  POC.  Draw  AD  ||  BE  ||  OP.  and  join  P  D,  PK 
TLen  ^  POD  =  A  PO  A,  and  A  POE  =  APOB ;  but  be- 
cmeOD  +  OE  =  <To; .-.  APOO  =  APOD  +  aPOE  = 
A  PO  A  +  A  POB  ;  and  the  moment  of  ^Tl  relatively  to  P  is 
enual   to  the  sum  of  the  moments  of  O  A  and  O  B  j   and  that 

wh«teoercr  the  position  of  P  may  be.      

Stctrndly.  The  force  represented  by  O  C  is  the  only  force  which 
fcUk  Uiia  condition.  For  let  OQ  represent  a  force  whose  moment 
lAtinlj  to  P  is  equal  to  the  mm  of  the  moments  of  0  A  and  0  B. 


Fig.  15. 


i 


J}jcu^OI'g=  ^FOC,tind.\  CQIIPO; 


BO 


t\iat 
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jp  Q  fvdfils  the  requii-ejl  conditioa  for  those  axes  only  vrliich 
"  unt«d  in  a  lino  0  P  ||  C  Q,  and  not  for  any  other  axis. 

Therefore  the  diagonal  O  C  of  the  parallelogram  A  B  represienfl 
the  resultant,  and  the  only  resultant,  of  the  forces  rcprpsontod  by 
OA  and  OB.— Q.  K  D.  " 

Second  DcmonMniiiaa. — Suppose  n  perpendicular  to  be  firectedi 

the  plane  O  AB  at  the  jiointO,  of  any  length  whatsoever;  call  tln» 
other  extremity  of  that  porpcndiculur  K  ;  and  at  R  conceive  two 
forces  to  be  applied,  re3i)ectively  equal,  pav.allrl,  and  npjvisitc 
O  A  and  O  B.  Then  0  R  is  the  arm  common  to  two  couples  who 
axes  and  nioraonts  are  represented  (in  the  manner  described  in  A4 
34)  by  lines  jHjrpendicular  and  proportional  respectively  to  0  A  an 
0  B.  On  the  lines  so  representing  the  couples,  construct  a  paral- 
lelogram ;  then,  as  shown  in  Art.  35,  the  diagonal  of  that  parallel! 
gram  represents  the  resultant  couple  constituted  by  the  result 
of  O  A  and  O  B  acting  at  O,  and  an  equal  and  opposite  force  at 
and  as  the  piii-allelotjmni  of  couples  1ms  its  sides  peq)endicTdar  and 
proportional  to  O  A  and  O  B,  its  diagonal  must  lie  perpendiculi 
and  pi-oportional  to  O  C,  which  consequently  represents  the  reeul 
ant  of  OA  and  OB.— Q.  E  D. 

[Thei-e  ai-e  various  other  modes  of  demonstrating  the  theorem  of 
the  parallelogram  of  forces,  all  of  which  may  he  studied  with  .id- 
v.antnge  :  especially  those  given  by  Dr.  Wliewell  in  his  Elcmrnta"^ 
Treatise  on  Mechanics,  and  by  Mr.  Jloseley  in  his  Mechanics  of  ' 
gineering  and  Architecture.] 

52.  Eqnillbrinm  ot  Thrrr  Forrc*  nrilnff  IhronKh  On«  Palm  la  Oi 

Flaar. — To  balance  the  forces  O  A  and  O  B,  a  force  is  re<p\ireil 
jual  and  directly  opi>o.sed  to  their  resultant  OC.  This  may  lie 
therwise  expressed  by  saying,   that  if  the  directions  and  ma^- 

nitudes  of  three  forces  be  represented  by  the  three  sides  of  a  triangle. 

(such  OS  O  A,  A  C,  C  O),  then  those  thi-ee  forces,  acting  i 

one  point,  balance  each  other. 

53.  Eqaillkrlom  ofaar  SrMpai  ofForcra  nctlns  Ihronub  ttmr  Pntal 

CoKor.LAKY.   If  a  number  of  /ojre.i  acting  though  the  same j>oint  hf. 

represented  by  lines  equal  and  paraUel  to  the  side/of  a  cloned  j"' 

tliosc  forcts  balance  each  other. 
the  idrnji,  let  there  be  fi  ve  forces 
through  the  point  O  (fig.  16),  .i 
presented  in  dii-ection  oiid  ma;; 
by  the  lines  F„  F„  F,.  F.,  F.. 
are  equal  and  parallel  t^i  thi 
of  tlie  rVrt.'A  xkAvwu  oar  I 
vi».  :— 


riff.  16. 


RESOLUTION  OF  A  FOBCS. 


F,  =  aml||OA; 

F,=  au<l||  AB; 
F,  =  and  II  B  C ; 
F,  =  and  II  C  D ; 
F,  =  and  II  D  O. 

■ln-n  bv  the  theorem  of  Art.  52,  the  ri'sultant  of  F,  and  F,  is  O  B; 
.ut  of  F„  F,  and  F,  is  OC;  the  resultant  of  F,,  Fj,  F,. 
O  D,  equal  and  opiKwite  to  F^,  no  that  the  tinal  residtant 
1  nothing. 

Tlie  closed  polygon  may  be  either  plane  or  gauche. 
54.  rmrait«-iapip«d  mf  Farcn. — Tlie  simplest  gaucho  polygon  if) 
r.rr.i.ir  sides.     Let  O  A  B  CE  FG  H(fig.  17),  beapaiullelopipcd 

igoaal  is  OH,     Tlion  any  three 

•.--..  .V  edges  so  placed  as  to  begin  at  O 

id  end  at  H,  form,  together  with  the  dia- 

oruU  II O,  a  closed  quadrilateral ;  conse- 

acntly  if  three  forces  F„  F,,  Fj,   acting 

jh_0,   h«    represented  by  the  three 

OA,  (i%  OC,  of  a  par^elopiiHKl, 

^  H  repres^ents  their  resultant, 

In  i  ICC  F,  e<iual  and  ojijiosite  to 

IxUaiices  them.  F'g-  '7. 

>.    BdMlaliaa  of  a  Force  inio  Two  t'ompoucnl*. — From  the  theo- 

i  of  Art.  51,  it  i»  evident  tliat  in  oixler  that  a  given  single  force 

be  n-Holvable  into  two  components  acting  in  given  lines  inclined 

each  other,  it  is  necessary,  Jirst,  that  the  lines  of  action  of  those 

mnponents  shoold  intersect  the  line  of  action  of  the  given  force  in 

Be  point ;  and  secondly,  that  those  three  lines  of  action  should  bo 

,  one  plane. 

Rrtuming,  then,  to  fig.  15,  let  O  C  represent  the  given  force, 
rhich  it  is  n^quired  to  resolve  into  two  component  forces,  acting  in 
lines  OX,  O  Y,  which  lie  in  one  plane  with  O  C,  and  intersect 
in  one  poijit  O. 

Tlir-i-i^li  C  draw  C  A  ||  O  Y.  cutting  O  X  in  A,  aod  C  B  ||  0  X, 

"  Y  in  R     Then  will  O  A  and  O  B  represent  the  com- 

■rees  required.  _ 

Two  forces  respectively  equal  to  and  directly  opposed  to  WK. 

OB  will  balance TTC. 

G.  ■csoIhiIoii  or  It  Force  Into  Three  C'oinpouenu. — In  order  that  A 

'    '   rce  may  be  n'solvaWe  into  three  components  acting 

inclined  to  l^a<.•h  other,  it  is  only  necessary  that  tho 

of  the  component*  ahould  iutersoct  the  line  oi  ttctiou 

I  funx  ill  one  point. 
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Returning  to  fig.  17,  let  O  H  represent  the  given  force  whicL  1 
is  required  to  resolve  into  three  comi»neut  furees,  acting  in  tl 
lines  O  X,  0  Y,  O  Z,  which  intersect  O  H  in  one  point  O. 

Through  H  draw  tliree  plaues  parallel  nisjietlively  to  the  pla 
T  OZ,  Z  O  X,  X  0  Y,  and  cutting  i-espectively  O  X  in  A,  O  Y 
B,  O  Z  in  0.     Then  will  O  A,  OB,  0  0,  represent  the  compono 
Ibrwa  required.  

Three  forces  respectively  equal  to,  and  directly  opposed  to  OA, 

O  B,  and  O  C,  will  balance  OTL  — 

57.  Bcciansninr  campoDenu. — The  i^ctangular  Components  of  j 
force  are  those  into  which  it  is  resolved  when  the  directions  ■■ 
their  lines  of  action  are  at  riglit  angles  to  each  other. 

For  example,  in  fig.  17,  -xuiiiknso  O  X,  O  Y,  O  Z,  to  be  three 
of  co-oi-dinates  at  riglit  angles  to  each  other.     Tlien  O  II  is  reeolv 
into  three  rectangular  components  simply  by  letting  fall  from  11 
"ei-peudiculars  on  O  X,    O  Y,   O  Z,    cutting    them  at  A,  B, 
Wpeetively. 

To  express  this  case  algebiuically,  let  F  =  OH  denote  the  foi 
to  be  resolved.     Lot 

«  =  ^XOH,  /S  =  ^Y0II,  y  =  ^ZOH, 

be  the  angles  wliich  its  line  of  action  makes  wth  the  three 
angular  axes.     Then,  as  is  well  known,  those  three  angles  are  i 
nected  by  the  equation 

cos'je  +  cos'/3  +  008*'/  =  1, (I,) 

Let 

F,=0A,  f,=  ob;  Fj=oo; 

be  the  three  rectangular  components  of  F ;  then 

F,  =  F-  cos  « ) 

F,=  Fco8ia }{2.) 

F,  =  F-cosy ) 

In  onler  to  distinguish  properly  the  direction  of  the  resultant  1 
n»  compai*ed  with  the  dii-cctions  of  the  axes,  it  is  to  bo  bomo  f 
nund  that 

the  cosine  of  an  {Xtel-^^Mn^i::} 

From  a  well  known  pi-operty  of  righ(-ai>j;lod  triangleB  (aim  i 
bodied  in  equation  1),  it  follow  !i  that 

r'  =  F?  +  P.  +  n (a.) 

To  express  alguhmically  the  case  in  which  ft  force  is  nsolved  i 
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^         components  in  one  plane  with  it,  let  the  plane  in 
I  le'-Qiat  of  O  X  and  O  Y.     Then  the  angles  are  subject  to 
l4b)lowing  equations : — 

r  =  a  right  angle ;  <•  -i-  /S  =  a  right  angle; 

008  7  =  0  ;  COS  j3  =  gin  »;  cos  «  =  sin  /3L (4.) 

^and  consequently  the  equations  2  and  3  are  reduced  to  the  following : — 

F,  =  F-  cos  «  =  F-  sin  /3  ; ") 

F,  =  F-sin  «  =  Fco8^; h5.) 

F,  =  0;       P=f;  +  F5- j 

In  imng  these  equations,  the  rule  respecting  the  positiye  and 
n^ative  sdgns  of  cosines  is  to  be  obeerred  ;  and  it  is  also  to  be  borne 
in  mind,  that  the  angle  •  is  reckoned  from  0  X  in  the  direction 
towards  Y,  and  the  angle  /3  from  O  Y  in  the  reverse  direction,  that 
is,  towards  X,  and  that 

the  «nc8  of  angles  fronj  {  jgJI  ^  J^JI }  are   {  ^^^^^^  } 

If  a  ajrstem  of  forces  acting  through  one  point  balance  each  other, 

keir  resultant  is  nothing ;  and  therefore  the  rectangular  components 

^  their  resultant,  which  are  the  resultants  of  their  paiallel  systems 

'  roctangular  components,  are  each  equal  to  nothing ;  a  case  rt>- 

Bled  as  follows  : — 

S-F,  =  0;  2  •F,  =  0;  2  •  F,  =  0 (6.) 


loy  f?. — IncUiud  Forces  Applied  to  a  Syntem  of  Pointt. 
56.  V«rc««  •«(««  la  Oae  PUae — CirmpUc  ScluUoa.  —  Let  any 
I  of  forces  whose  lines  of  action  are  in  one  plane,  act  together 
.  rigid  body,  and  let  it  be  re>{uired  to  find  their  resultant. 
Assume  an  axis  perpendicular  to  the  y]a,Tae  of  action  of  the  forces 
ti  any  point,  and  let  it  be  called  O  Z.  According  to  the  principle 
of  Art.  42,  let  each  force  be  resolved  into  an  equal  and  parallel 
force  acting  through  O,  and  a  couple  tending  to  produce  rotation 
about  O  Z;  so  that  if  a  force  F  be  applied  along  a  line  whose  per- 
{wudicular  distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  aad||F 

acting  tlirough  O,  ami  a  couple  whose  moment  is 

M  =  LF, 

and  whicli  is  right  or  left-handeJ  according  as  0  lies  to  the  rigA\l  OT 
left  of  the  dirvctiuu  ofjf". 
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The  moffniiitde  and  direction  of  the  resultant  are  to  be  found  by 
forming  a  polygon  witli  lines  equal  and  parallel  to  those  n-presentiug 
the  faix%s,  as  in  Art  53,  when,  if  the  polygon  is  cIoswhI,  the  forces 
have  no  single  resultant;  but  if  not,  then  the  resultant  is  equal, 
paxallel,  and  opposite  to  that  represented  by  the  liue  which  ia 
required  in  order  to  close  the  polygon.  Let  R  be  its  magnitude 
if  any. 

Tlie  position  of  the  line  of  action  of  the  restiltaut  ia  found 
follows : — 

Let  s  •  M  be  the  resultant  of  the  moments  of  all  the  couples  M, 
distinguishing  right-handed  from  left-handed,  as  in  Arts.  27  aa 
32.      If  s-M  =  0,  and  also  R  =0,  then  the  couples  and  for 
baknce  completely,  and  there  is  no  resultant.      If  i-M  =  0,  wh 
R  has  magnitude,  then  the  resultant  acts  through  O.      If  i  •  M 
and  R  both  have  magnitude,  then  the  line  of  action  of  the  result 
R  is  at  the  perpendicular  distance  from  O  given  by  the  equatioa] 

^'— R-* 

and  the  dii-ection  of  that  pierpendicular  is  indicated  by  the  sign 
2-M.      If  R  =  0,  while  i-M  has  maguitude,  the  only  resultant  ■ 
the  given  system  of  foi-ces  is  the  couple  J-M. 

o9.    Forcra  acting  in  One  Pinnr. — 8«lnlioa  by  Rcclnngnlar  C« 

dlaaiM. — Through  the  point  O  as  origin  of  co-ordinates,  let  any  tn 
axes  be  assumed,  OX  and  OY,  perpendicular  to  each  other  an(I 
to  O  Z,  and  in  the  plane  of  action  of  the  forces  ;  and  in  looking  fixim 
Z  towards  O,  let  Y  lie  to  the  right  of  X,  so  tliat  rotation  from  X 
t«warda  Y  sliall  be  right-handed.  Let  F,  as  before,  denote  any  one 
of  the  forces ;  let  «  bo  the  angle  which  its  line  of  action  makes  to 
the  right  of  0  X ;  and  let  x  and  y  be  the  co-ordinates  of  its  j.)oint 
of  application,  or  of  any  point  in  its  line  of  action,  relatively  to  the 
Assumed  origin  and  axes.  Resolve  each  force  F  into  its  recbuigtiJ 
[  ^mponent«  as  in  Art.  57, 

F,  =F-co8«.;  F5  =  F-8in«; 
thea  the  rectangular  components  of  the  resultant  are  respectit 
parallel  to  OX,  s(F  cos  «)  =  Rj,  1  ... 

parallel  to  OY,  s(F' sin «)  =  R,,  J  ^  •' 

its  magnitude  is  given  by  the  equation 

R'  =  RJ  -I-  R5; (2.) 

and  the  angle  «,  which  it  makes  to  the  right  of  O  X  is  found  by  thu 
~  tinations 

Ri     •          Rt  /o  \  J 

«>8«,=-^ ;  8in«,  =  ^ (a)| 
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1  The  qnadraut  in  which  the  diiiectjon  of  K  lies  is  indicated  by  tlio 
"gobraical  mgos  of  R,  and  R,,  as  already  stated  in  Art.  57. 
TJie  j^-rpendicttlar  distuncc  from  O  of  the  line  uf  action  of  any 
"'ia 

L  =  x  -Bin  •  —  y  -cos  a 
itich  is  {KMitive  or  negative  according  as  O  lies  to  the  right  or  to 
',  tltat  line  of  action  ;  and  hence  tiie  resultant  moment  of 
I  of  forces  relatively  to  the  axis  O  Z  is 
aFL  =  sF  (xsin  « — y  cos  «) 

=  :{xF,-,jF,).. (4.) 

bencc  it  follows,  that  the  perpendicidar  distance  of  the  resultant 
1  from  O  is 

^^^.(.F.-yF.) ^^^ 

Lei  T,  and  y,  be  tlie  co-ordinntes  of  any  point  in  the  line  of  action 
ftbe  r«8ultaut;  then  the  equation  of  thut  line  is 
avK,-y,R,  =  RL,     ) 

ikich  is  equivalent  to  ■  (6.) 

X,  bin  ■,  —  y,  cos  «,  =  L,  I 
As  in  Art  58,  if  s-F  L  =  0,   the  remdtant  acts  through  the 
O  ;  if  J'FL  has  inugiiitude,   and  R  =  0  (in  which  case 
,  =  0,  Ri  =  0)  the  residtant  is  a  couple.    The  conditions  of  equili- 
iuiu  of  the  system  of  forces  are 

R,  =  Oj  R,  =  0;  i-FL  =  0;  ) 

in  other  gymbols  '■ . . .  .(7.) 

'z-F,  =  0;  J-F,  =  0;  ,(xF,  — y F,)  =  0.  ) 
The  moment  of  the  residtant  relatively  to  the  axis  O  Z  can  also 
1  at  liy  considering  the  moment  F  L  of  each  force  as  the 
T  j:  F,,  wliich  is  right-handed  when  x  and  Fj  are  both 
'and  of  —  y  F,,  which  is  left-handed  when  y  and  F,  aro 
aitive. 

Amj  mritm  of  Farrn. — ^To  find  the  residtnnt  .tnil  the  con- 

of  equilibrium  of  any  system   of  forces  acting  through 

stem  of  points,  the  forces  and  points  are  to  be  referred  to 

rTectangular  axes  of  co-ordinates. 

'  A*  in  Art.  57,  let  O  denote  tlie  origin  of  co-ordinates,   and 
IX,  OY,  OZ,    the   three   rectaugidar   axes;  and   let   them  bo 
ajTunged  (as  in  fig.  17),  so  that  in  looking  from 

X  I  (  Y  tiwards  Z  | 

Y  /•  towards  O,  rotation  from  -'  Z  towards  X  )- 
I  (  X  towards  Y  j 

right'handftZ 
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Let  F  denote  any  one  of  the  forces;  x,  y,  z,  the  co-ordinateB  of  a 
poiut  in  it«  line  of  action ;  and  »,  A  V^  the  angles  which  its  (~ 
makes  ■with  the  axis  respectively.      Thoa  the  tliiee 
components  of  F  being  as  in  Art,  57, 


F,  =  F  •  cos  «  along  OX,) 

agOY,  y 


(1) 


I 


F|  =:  F  •  COS  (9  along  \j  x,  > 
F,  =  F  -  cos  '/  along  0  Z,  j 

it  can  be  shown  by  reasoning  similar  to  that  of  Art.  59,  that 
total  moments  of  these  components  relatively  to  the  three  axes 
respectively 

y  F,  ^  ;  F,  =  F  •  (i/  cos  y  — s  cos  (3^  rehitively  to  O  X,  ) 
s  F,  —  a;  F,  =  F  {z  cos  «  —  .^•  cos  y)  i-elatively  to  O  Y,  >  (2.) 
«Fj  —  y  F,  =  F  (a  cos /3  —  y  cos  «)  relatively  to  OZ;  j 

80  tlmt  tlip  force  F  is  equivalent  to  the  three  forces  of  the  form 
1  acting  tlu-ongh  O  along  the  three  axes,  and  the  three  couples 
the  fonnulie  '2  acting  round  tlio  three  axes. 

Taking  the  algebniical  sums  of  all  the  forces  which  act  along 
same  axes,  and  of  all  the  couples  which  act  round  the  same 
the  six  following  quantities  are  found,  which  comixjse  the  resul' 
of  the  given  system  of  forces ; — 

Farces. 
along  OX;  Ri  =  a  •  F  cos  «,  ) 
„     O  Y  ;  K,=  a  •  F  cos  /3,   V  . 
„     OZ;  R,=  3-Fcosy,  j 

Conplrm. 

round  O  X ;  M,  =  s  F  (y  cos  y  —  z  cos  ?) 
„  O  Y;  ir,=  s  F  (s  cos  •  —  xcosy) 
„      OZ  ;M,=  i[f  (XC08/3 -ycos*) 

The  three  forces  R„  E„  R^  are  equivalent  to  a  single  force 

E=  ^/(RJ  +  EJ  +  R,-), (5.) 

acting  through  0  in  a  line  which  makes  with  the  axes  tlie  i 
given  by  the  e<piations 


(3.) 


.(1) 


R 


I         ^      Ri 
;  co8^,  =  -  ^ 


R 


cos  yr  =  ^- 


.(&) 


The  thi-oe  couples  M„  M„  M„  according  to  Article  37,  are  cqu 
valent  to  one  couple,  whose  maguitudc  is  given  by  the  equation 

M  =  ^(MI+MJ  +  MJ) (7.) 
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I  wltosc  axis  makes  with  tlie  axes  of  co-ordinates  the  angles  giren 
eqoationb 

M,  ar,  M. 

009*  =  ^;  co«M  =  ^;  co8»=g-' (8.) 

which   J  M  I    '^^'^o^e  respectively  the  angles    I  ^  -rr  1 
-wiucn  <  /^  I   j^^j^  ^^^.  the  wda  of  M  with   1  o  Z )  ' 

The  C!Mi4iUoaB  Bf  EqHiUbriim  of  tho  System  of  forces  may  be  ex- 
Jnaaed  in  either  of  tlio  two  following  forms  : — 

,=0;  B,  =  0;  E,  =  0:  M.=Oj  M,  =  0;  M,  =  0...(9.) 

E  =  Oj  M  =  0 (10.) 

hen  tho  system  is  not  balanced,  its  resultant  may  fall  under 
>  or  other  of  the  following  coaes  : — 

I. — When  M  =  0,  the  resultant  ia  the  single  force  R  acting 
pughO. 

-When  tJte  axi*  o/il  is  al  riglU  angles  to  the  directum  of 
by  either  of  tho  two  following  eqtiatious : — 

oca  K,  Ct>S  >  4   cos  /9,  cos  It  +  cos  y,  COS  »  =  Oj  )         /1 1  \ 

II,  M, +1?,M,  +  K,  M,  =  0;  ] -V^-) 

altsnt  of  M  and  R  is  a  Binglo  force  equal  and  parallel  to  R, 
[icqM'niliculiir  to  the  axis  of  M,  and  at  a  perpen- 
i«l  iioiu  O  given  by  the  equation 

"■  =  1 ('=^ 

III- — ir/jCTi  R  =  0,  there  is  no  single  resultant j  and  tho 
c«Jt  resultant  is  the  couple  M. 

IT. —  When  the  a.cia  ofM.  is  parallel  to  the  line  of  action  o/R, 
1 2a,  irhea  either 

>i  =  «,;  ^  =  /3,;  »  =  y„ (13). 

't  =  —  "rJ  /» =  —  A.;  »  =  —  y,; (14). 

is  no  single  rewdtiiut ;  and  the  sysUjui  of  forces  is  equiva- 
tl..-  t". ,!..•  R  and  tho  couple  M,  being  incapable  of  being 

F>. — ,,  „.,4  tlte  axis  of  M  is  oblijue  to  the  direction  of  R, 
■^Vmj;  witli  it  the  angle  given  by  tho  equation 

coa  '  ^  cos  A  cos  «,  -(-  cos  ft  cos  /3,  -i-  cos  »  cos  yrt....(15). 

pie  M  is  *o  be  rest)lved  into  two  rectangular  comp<ments, 
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"ilmat  round  an  axis  perpendicular  to  R,  and  in 
the  plane  containing  the  direction  of  B.  and  of 
the  axis  of  M; 

M  cos  i  round  an  axis  parallel  to  B. 


(16.) 


The  force  R  and  the  couple  M  sin  4  are  equivalent,  as  in  Case 
II.,  to  a  single  force  equal  and  parallel  to  B,  whose  line  of  action 
is  in  a  plane  perpendicular  to  that  containing  R  and  the  axis  of 
M,  and  whose  perpendicular  distance  from  O  is 


L  = 


M  sin  t 


K 


.(17.) 


The  couple  M  cos  t,  whose  axis  is  parallel  to  the  line  of  action  of 
B,  is  incapable  of  further  combination. 

Hence  it  appears  finally,  that  every  system  of  forces  which  is  not 
self-balanced,  is  equivalent  either,  (A) ;  to  a  single  force,  as  in  Gases 
I.  and  IL  (B);  to  a  couple,  as  in  Case  III.  (C);  to  a  force,  com- 
bined with  a  couple  whose  axis  is  parallel  to  the  line  of  action  of 
the  force,  as  in '  Cases  IV.  and  V.  This  can  occur  with  inclined 
forces  only,  it  having  been  shown  in  Article  47,  that  the  resultant 
of  any  number  of  parallel  forces  is  either  a  single  force  or  a  couple. 
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OK  PARALLEL  PROJECTIOKS   Df  STATICS. 


61.  Parallrl  Pr«Jrcllaa  Afn  Fl|pire  arflned. — If  two  figures  be  SO 
related,  that  for  each  point  in  one  there  Ls  a  corresponding  point 
in  the  other,  and  that  to  each  pair  of  equal  and  parallel  lines  in  tlie 
one  there  corresponds  a  pair  of  equal  and  parallel  lines  in  the  other, 
thoM  figures  are  said  to  be  parallel  projections  of  each  other. 

The  relation  between  such  a  jiau-  of  figures  may  be  otherwise 
exnreased  as  follows : — Let  any  figure  bo  referred  to  axes  of  co- 
orainates,  whether  rectangular  or  oblique ;  let  x,  y,  z,  denote  the 
co-ordinates  of  any  point  in  it,  which  may  be  denoted  by  A  :  let  a 
second  figure  be  constnicted  from  a  second  set  of  axes  of  co-ordinates, 
otther  agreeing  with,  or  diflering  from,  the  first  set  as  to  rectau- 

Eity  or  obliquity  ;  let  a;',  y*,  z,  be  the  co-ordinates  in  the  second 
e,  of  the  point  A'  which  corresponds  to  any  point  A  in  tlie 
figure,  and  let  those  co-ordinates  be  so  related  to  the  co-ordi- 
I  of  A,  that  for  each  pair  of  corresponding  points,  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresjxmding  co-ordinates  shall  bear 
to  each  other  three  constant  ratios,  such  as 


■  =  o; 


»1 

y 


=  b;  -— =  c; 


tLen  are  these  two  figures  parallel  pi-ojections  of  each  other. 

02.  C;c«BC<riral  Prepertin  ofPKrnllel  Prvjecllona. — The  following 

•re  the  geometrical  properties  of  jmrallel  projections  which  are  of 

most  importance  in  statics.     Being  purely  geometrical  propoKition.>i, 

tl>ey  are  not  here  demon.strated. 

i. — A  parallel  projection  of  a  system  of  three  points,  lying  in 

I,  tat  stnught  line  and  dividing  it  in  a  given  proportion,  is  also  a 

;  of  three  points,  lying  in  one  straight  line  and  di\idi:»g  it  in 

I  nme  proportion. 

"X A  i«irallel  projection  of  a  system  of  parallel  lines  whose 

ths  bnar  given  ratios  to  each  other,  is  also  a  system  of  parallel 
:  whotto  lengths  bear  the  same  ratios  to  each  oUier. 
m — ^A  panllel  projection  of  a  closed  polygon  is  a  c\oBe«\ 
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IV. — A  parallel  projection  of  a  paraHelogram  is  a  parallel- 
ogram. 

v. — A  parallel  projection  of  a  parallelopiped  is  a  parallelopiprrf. 

VI. — A  parallel  projection  of  a  pair  of  jiarallel  piano  sn 
whose  areas  are  in  a  given  ratio,  is  also  a  pair  of  j»arallci  ; 
surfaces,  -whose  areas  are  in  tlie  same  ratio. 

VII. — A  parallel  projection  of  a  pair  of  volumes  haviDg  a  given 
ratio,  is  a  pair  of  volumes  having  the  same  ratio, 

63.  AppiicnUon  la  Pnrniivi  Force*. — It  has  been  shown  in  Chap. 
II.,  Sect.  3,  that  the  equilibrium  of  any  system  of  i>anj.llel  forces 
depends  on  the  mutual  projwrtions  of  the  forces  and  on  those  of  the 
distances  of  their  lines  of  action  from  given  planes.  By  considi-riug 
this  in  connection  with  the  principles  I.  and  11.  of  Article  C2,  it  is 
evident,  that  if  a  balanced  system  of  parallel  forces  be  rcprcscntwl 
by  a  system  of  lines,  then  any  system  of  lines  which  is  .a  ]■  "  ' 
projection  of  the  first  system,  will  also  represent  a  balanced 
of  parallel  forces  ;  and  also,  that  if  there  be  two  systems  of  i 
forces  repn^scnted  by  systems  of  lines  which  are  parallel  pnij' 
of  each  other,  then  are  the  respective  resultants  of  those  systems  of 
forces,  whether  single  forces  or  couples,  represented  by  lioes  which 
jtre  pandlcl  projections  of  each  other  related  in  the  siime  manner 
^rith  the  other  pairs  of  corresponding  lines  in  the  two  systems.  In 
applying  tliis  jjrinciple  to  cmiples,  it  is  to  be  observed,  that  they 
are  rwtiaha  represented  by  single  lines,  as  in  Art.  34,  but  by  pairs 
of  equal  and  opposite  lines,  as  in  the  previoua  articles,  or  by  areas, 
as  in  Articles  42  and  61. 

G4.   Appllcnlioa  la  Cciitra  orPamllrl  Parcc*. — If  two  systems  (if 

points  be  parallel  projections  of  each  other  ;  and  if  to  each  of  those 
systems  there  be  applied  a  sjrstem  of  parallel  forces  bearing  to  each 
other  the  same  system  of  ratios,  then,  by  con.sidering  the  principles 
I.  and  n.  of  Article  62  in  conjunction  with  those  of  Chap.  II.,  Sect. 
4,  it  is  evident  that  the  centres  of  parallel  forces  for  thiv  ■  *—•> 
systems  of  points  will  be  jwrallel  projections  of  each  other,  tc\ 
related  in  the  same  maimer  with  the  other  pairs  of  correspond  inij 
points  in  the  two  systems. 

6d.    Application    lo    Incllaed  Forcca  actlBS  lhraii«h  Oa«   Palm. — 

From  principles  III.,  IV., and  V.,  of  Article  G2,  t;ikpn  in  cr'niuM,-- 
tionwith  the  principles  of  Chap.  III.,  Sect  1, it  follows,  that  if  ^ 
system  of  lines  represents  a  balanced  system  of  forces  acting  t . 
one  point,  then  will  any  parallel  projection  of  that  system  of  liuci 
also  represent  a  balanced  .sy-stem  of  forces  acting  through  one  point  ; 
and  also,  that  if  two  systems  of  forces,  each  acting  thron 
point,  be  represented  by  two  systems  of  lines  which  are  ; 
projections  of  each  other,  then  will  the  respective  resultants  ■ 
tfyo  systems  of  forces  be  represented  by  a  \«ii  of  lines  win    :    m; 
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parallol  projections  of  each  other,  mntually  related  in  the  same 
manner  ■with  other  pairs  of"  corresponding  line* 

66.  Ap^cailaa  ■•  my  SfMem  of  F*rcca. — As  every  system  of 
forces  applied  to  any  system  of  points  can  bo  reduced,  as  in  Art.  60, 
to  a  system  of  forces  acting  through  one  j)oint,  and  certain  systems 
of  parallel  forces,  it  follows  that  if  a  babnced  system  of  forces  acting 
through  any  system  of  points  be  represented  by  a  system  of  lines, 
then  ■will  any  parallel  projection  of  that  system  of  lines  represent  a 
balanced  system  of  forces ;  and  that  if  any  two  systems  of  forces 
be  represented  by  lines  which  are  parallel  projections  of  each  other, 
the  lines,  or  sets  of  line;*,  reiire-scnting  their  resultants,  will  bt<  cor- 
responding parallel  projections  of  each  other  : — it  being  still  ob- 
*  '  as  in  Article  C3,  that  couples  are  to  be  ropre.'sentf.'d  by  pairs 
as  pairs  of  opposite  forces,  or  by  areas,  and  not  by  single 
Bbm  along  their  axe& 


48 


CHAPTER  V. 


ON  DISTRIBUTKD  FORCES. 


67.  Rratririioa  of  Ike  Snbjrci. — In  Article  18  it  Lag  already  been 
explained,  that  the  action  of  every  real  force  is  diistributed  throxigh- 
out  some  volume,  or  over  some  surface.  It  is  alwaj-»  possible, 
however,  to  find  either  a  single  resultcmt,  or  a  resultant  couple,  or  a 
combi'nntion  of  a  single  force  with  a  couple  (like  that  desciibod  in 
Ai't.  fiO),  to  which  a  given  distributed  force  is  equivalent,  so  far  as  it 
aftects  the  equilibrium  of  the  body,  or  part  of  a  body,  to  which  it  is 
a])plied. 

In  the  application  of  Mechanics  to  Astronomy,  Electricity,  and 
Magm.'tism,  it  is  often  necessary  to  find  the  resviltant  of  a  '<' 
buted  attraction  or  repulsion,  whose  direction  is  sensibly  di- 
at  ditterent  points  of  the  body  to  which  it  is  applied ;  ftu<l  probli  lus 
thus  ari.se  of  gi-cat  difliculty  and  complexity.  But  in  the  ap])Iica- 
tion  of  Mechanics  to  Stmctures  and  Machines,  the  only  force  dis- 
tributed throughout  the  volume  of  a  body  which  it  is  necessary  to 
consider,  is  its  weight,  or  attraction  towards  the  earth ;  and  the 
bodies  considered  ore  in  every  instance  so  small  as  compared  with 
the  eartli,  that  tliis  attraction  may,  without  ajjpreciable  error,  be 
held  to  act  in  parallel  directions  at  each  point  in  each  body,  ilore- 
«)ver,  the  forces  distributed  over  .surfaces,  which  liave  to  be  consi- 
dered in  appliefl  mechanics,  are  either  parallel  at  each  point  of 
their  surfaces  of  application,  or  capable  of  being  resolved  into  set* 
of  parallel  forces.  Hence,  in  applied  mechanics,  parallel  (/«/)••'■"''■•' 
forces  have  alone  to  be  considered  ;  every  such  force  is  stji' 
equivalent  either  to  a  single  i-csultant,  or  to  a  resultant  ((.mjm.-  , 
and  the  problem  of  finding  such  resultant  is  comparatively  simple. 

C8.    The  iBImaltr  of  a  Dlntribnied  Farr«  is  the  rutio  which   tho 

maguitadc  of  that  force,  expres-st^  in  units  of  force,  Ijears  to  tho 
space  over  which  it  is  distributed,  exprcs,sed  in  units  of  volume,  or 
in  imit«  of  surface,  as  the  case  may  be.     An  imit  of  Intnunt)/  is  an 
imit  of  force  distributed  over  an  unit  of  volume  or  of  surfiic-. 
case  may  be  _;  so  that  there  are  two  kinds  of  units  n)   ipi 
For  example,  one  potmrl  per  cubic  foot  is  an  unit  i* 
Arve  distrt'lmted  t/iroogliout  a  volume,  suck  as   .> 
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tquam  foot  is  an  unit  of  intemiity  for  a  force  distributed 
mr&t«,  such  as  pressure  or  friction. 

intensity  of  a  force  acting  at  a  single  point  would  be  infinite, 
a  force  were  possible. 

Section  1. — 0/  Weight,  mtd  Centres  ofGravily. 

The  Bpceifle  Giavitr  of  a  body  is  a  number  propoi-tional  to 

light  of  an  unit  of  its  volume ;  for  example,  the  weight  in 

I,  of  a  cubic  foot  of  the  volume  of  the  body.     The  pound  per 

foot  is  the  most  convenient  unit  of  specific  gravity  for  practi- 

rj>ost«  ;  but  in  tables  of  specific  gravity,  a  sjxjcial  unit  is  usu- 

Bployed,  viz.,  the  weight,  at  a  fijced  temperature,  of  unity  of 

t  of  water.     In  Britain,  that  fixed  temperature  is  u-siially 

iluvidieit;    in   France,   and    on    the   continent   of   Europe 

■bb^t  is  the  temperature  at  which  water  is  most  dense,  vi&, 

^■brado,  or  39°- 1  Fahrenheit. 

mSle  at  the  end  of  this  volume  are  given  the  specific 

of  such  materials  ns  most  commonly  occui-  in  structures 

Rchlnes.     So  far  as  this  and  similar  tables  relate  to  solid 

lis,  they  most  be  regarded  as  approximate  only;  for  the 

gravity  of  the  siinio  solid  substance  varies  not  only  in 

t  (.jpocimens,  but  frequently  even  in  different  parts  of  the 

qjcciraeu  ;  still  the  approximate  values  are  sufliciently  near 

ith  for  |)nictical  purposes  in  the  art  of  construction. 

The  Ccmre  of  cirairiix  of  a  body,  or  of  a  system  of  bodies,  is 

nt  always  traversed  by  the  resultant  of  the  weight  of  the 

B_\-8tem  of  bodies, — in  other  words,  the  centre  of  parallel 

or  tlie  weight  of  the  body  or  system  of  bodies. 

't  a  body,  that  is,  to  baluucc  its  weight,  the  resultant  of 
force  must  act  through  the  centre  of  gravity. 

Cmrlly  of  ■  IIOMrogeBeoy*  Bodr  hnring  k  C'enire  of 

body  bo  homogeneoua,  or  of  equal  specific  gravity 
lout ;  let  it  also  be  so  far  eyni/melrical,  as  to  have  a  centre  of 
that  is,  a  point  within  the  body,  which  bisects  every 
er  of  the  body  drawn  through  it;  then  it  is  self-evident, 
le  centre  of  figure  of  the  body  must  also  be  its  centre  of 
'. 

mgiit  the  bodies  which  answer  this  description  are,  the 
the  ellipsoid,  the  circular  cylinder,  the  elliptic  cylinder, 
iirhooe  Loses  have  centres  of  figure,  and  parallelopipeda, 
r  right  or  oblique. 

I»<li«  kavias  Plane*  or  Axes  of  SjiaBKirr. — If  a  homogene- 
iy  be  of  a  figure  which  is  symmetrical  on  either  side  of  a 
tone,  the  centre  of  gravitr  mast  be  in  that  plane.  If  two 
0  tmch  j^anes  q/'symmelry  intersoct  in  one  line,  or  ttxis  of 
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symmetry,  the  centre  of  gravity  mnst  be  ia  that  axi&.  If  tiirce  or 
more  planes  of  symmetry  intersect  each  other  in  a  point,  that  point 
must  be  the  centre  of  gi-avity. 

The  following  are  examples  : — 

I.  In  Hj;.  18,  lut  ABC  be  an  equilateral  triangle,  the  base  of  a 
riglit  equilafernl  triangvlar  prism.  This  prism  has  one  plane  of 
symmetry  parallel  to  its  bases  at  the  middle  of  its  length.  It  Las 
aJso  three  planes  of  symmetry,  A  o,  B  6,  C  e,  each  traversing  one 
edge  of  the  prism  and  bisecting  the  opposite  side^  and  those  three 
planes  intersect  in  an  axis  G,  whose  pci-pendicidar  distance  from 
any  edge  is  two-thirds  of  the  distance  from  that  edge  to  tho  opposito 

aide,  that  ia,  

GA       GB       GC        2 


Aa 


m 


The  centre  of  giarity  of  the  prism  is  at  the  middle  of  this  axi«, 


Fig.  18. 


Fig.  19. 


n.  In  fig.  19,  let  A  B  C  D  bo  a  regular  tetraedron,  or  tr 
pyramid,  bounded  by  four  equilateral  triangles.  Bisect  any  ■ 
D  C  in  E  ;  then  the  plane  A  B  £  drawn  throiigh  tho  point  of  biaefr 
lion  and  the  opposite  edge  is  a  plane  of  symmetry.  There  are  six 
sucli  planes,  and  they  intersect  each  other  in  one  point  G,  which  is 
therefore  the  centre  of  gravity  of  the  teti-acdj-on. 

It  may  be  shown  by  georactrj-,  that  the  point  G  can  be  found  in 
the  following  manner.  Fi-om  any  summit,  such  as  B,  draw  B  E, 
bisecting  one  of  tho  opposite  edges,  such  as  DO.     In  BE  take 

2  3 

BF  =  —  BE.     Join  AF,  in  which  take  AG  =—  AF;  then 

o  4 

is  G  the  centre  of  gravity  sought. 

73,  Rrxen  of  8ftHiaciririii  B«dira. — Let  a  connected  fiyateia  of 
bodies  whose   absolute  or  pro))ortional  weightii  are  kuov  ' 

whoBO  centres  of  gravity  are  also  known  by  i-eason  of  the  sji: 
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and  liomogencity  of  each  body,  be  arranged  in  ktij  manner ;  then 
tho  common  centre  ofgravit;/  of  the  whole  system  of  bodies  ia  tho 
saino  with  the  centre  t>J' jmralld  forces  for  a  system  of  forces  equal  or 
proportioniil  to  the  weights  of  the  bodies,  and  acting  through  their 
tive  centres  of  fpiiWty. 

K-quently,  applying  to  this  case  the  principles  of  Chap.  II., 

I  4,  Article  .10,  the  centre  of  gravity  is  found  in  the  following 

aner.      Let  yz  denote  any  fixed   plane,  a;  the  perpendicidar 

ace  of  the  centre  of  gravity  of  any  one  of  the  bodies  from  that 

»nc,  and  W  the  weight  of  that  l)ody,  wj  that  Wa;  is  the  moment 

the  weight  of  the  body  in  question  with  respect  to  any  axis  in 

be  plane  y  r. 

Let  xo  denote  the  peqiendiculor  distance  of  the  common  centre 

ivity  from  the  plane  y  z.     Then  wo  have,  total  moment  of  the 

[  relatively  to  any  axis  in  the  plane  yz, 


«ad  oonaequcutly, 


«b  = 


2  ■  W 


'  proceeding  in  a  similar  manner,  the  distances  of  the  common 

eeotre  of  gravity  of  the  system  of  bodies  from  two  other  fixed 

either  perpendicular  or  oblique  to  y  a  and  to  each  other,  are 

[lund  so  as  to  determine  its  position  completely. 

The  same  process  b  applicable  to  any  body  whose  figure  is  capable 

'  lieing  divided  into  symmetrical  figures. 

74.   n*ai«|{vii«*a*  B»4r  or  anr  FIgarr. — Let   to  be  the  specific 

avity  of  a  Luniogcneous  body  of  any  figure,  V  its  volume,  and 

=  toV  its  weight.     Conceive  three  fixed  co-ordinate  planes, 

f«,  ex,  and  xy,  j>eq;endiculnr  to  each  other,  and  let  a\h  j/o,  Siu  he 

bo  co-onlinates  of  the  centre  of  gravity,  which  it  is  required  to 

1 ;  so  that  to  V jr„,  to  V y„,  wY s^  are  the  moments  of  the  body 

""rely  to  the  three  co-ordinate  planes  respectively.    Conceive  tho 

I  in  and  near  tho  Kidy  to  be  divided  by  three  series  of  equi- 

titant  plani«  jxarnllcl  to  tho  co-ordinate  planes  respectively,  into 

ijiiaI  and  similar  small  rectangular  molecules,  whose  dimensions, 

parallel  to  c,  y,  and  z,  respectively,  are 

AX,  6.y,  Ai. 

,  y,  g,  be  the  co-ordinatca  of  the  centre  of  one  of  these  mole- 
Then  its  volume  is 


Ijrht 


Ax^y  as; 
to  A  jc  A  y  A  ;, 
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and  its  moments  relatively  to  the  three  co-ordinAte  plan 
spectively, 

ajWAarAj/Ac;  yw^a;AyAs;  swAX^yAj; 

Whatsoever  may  be  the  figure  of  the  body  whose  centre  of  gravit 
is  sought,  a  figure  approximating  to  it  may  bo  built  by  puttinjj 
together  a  proper  number  of  suitably  arranged  rectangular  mo" 
cules ;  BO  that 

V  =  3  •  A  «  A  y  A  s  ««or/y  ; 

W  =  wV=.t«'j'A«AyAS  nMrly; 

w  Vay,=  «;  •  3  •  x ^x  \y  & z iiearly ; 

therefore  omitting  the  common  and  constant  fieu^r  w, 

I  •  X  tkX  \y  tkS 


ab  = 


nearly; 


and  similar  approximate  formidic  for  y^  and  i^- 


.(1.) 


Now,  it  is  evident,  that  the  smaller  the  diiiipnsions  a  x,  a  »/, 
of  each  rectangular  molecule,— or  in  other  wonls,  the  more  minii 
the  subdivision  of  the   space  in  and  near  the  l>ody  into   snii 
rectangles,  the  more  nearly  will  the  approximate  figure,  built  upl 
rectangular  molecules,  agree  with  the  exact  figure  of  the  body,  and, 
consequently,  the  more  nearly  will  the  results  of  the  approxim 
formulie  (1.)  agree  with  the  true  results ;  which,  therefore,  are  1 
limits  towards  which   the   results   of  these  formulte   continna 
approach  nearer  and  nearer,  as  the  dimensions  /\  x,  Ay,  A c,  1 
diminished.    Such  limits  are  found  by  the  process  called  ijilegraiin 
And  are  expressed  in  the  following  manner  : — 


Tolimio 
weight 

moments    • 


Y^fffu.dyd,;  I , 

W  =  V)Y  =  v>  j  j  j  dxdyd:;        J  ' 

Wi)^  =  to  j  j  j  xdxdydz; 

\V2/„  =  wj  f  f  ydxdyds;  \ (3.) 

'W z^  =  U!  I  I  I  sdxdydz; 


*  For  furtb«r  eluchlitlon  of  the  metninii;  of  i^boU  of  inUgraUon,  lod  for  cxplina- 
Itoiu  of  pnccan  of  iiipraximateljr  conipuUng  the  valuoi  of  intt-gnib,  se«  Art.  81  in 
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of  the 

I  ceiitre  of 

gnvity 


a<i  = 


Vo 


.(4.) 


/  /  /  xdxdydz 

f  I  I  dxdydz 
j  j  f  ydxdydz 

f  I  I  dxdydz 

III zdxdydz 
j  j  j  dxdy dz 

ncL  an?  the  general  formulie  for  finding  the  centre  of  gravity  ot 
a  homogeneous  body,  of  any  form  whatsoever. 

75.  Cc««*«  of  CTSTilr  roaad  by  Addilien. — When  the  figure  of  a 
ly  ctmsiatB  of  parta,  whcie  resjiective  centres  of  gravity  are  known, 
'  centre  of  gravity  of  the  whole  is  to  be  found  as  in  Article  73. 

76.  fTcatrc  •rcmriir  tmmad  kr  snbmciJaB. — When  the  figure  of 
bomogeneona  body,  whose  centre  of  gravity  ia  sought,  can  be 

ky  taking  away  a  figure   whose 

)  of  gravity  is  known  from  a  larger 

►  •whoee  centre  of  gravity  is  known 

9,  tho  following  method  may  be  used. 

Let  A  C  D  be  the  larger  figure,  d  its 

Bown  centre  of  gravity,  W,  its  weight. 

A  B  E  be  the  smaller  figure,  whose 

atre  of  gravity  G,  is  known,  W,  its 

eight.    Let  E  B  C  D  be  the  figure  whose 

t»tr«  of  gravity  G,  is  sought,  made  by 

Dg  nway  ABE  from  A  C  D,  so  that 

.  -weight  ha 

W,  =  W,  —  Wr 

Join  G,  O, ;  G,  will  be  in  the  prolongation  of  that  straight  line  be- 
ad Gi.     Li  the  same  straight  line  produced,  take  any  point  O  aa 
.  of  co-ordiaatee,  and  an  axis  at  O  perpendicular  to  O  G|  G,  as 
I  of  momentsL     Make  OG,  =  x, j  OGj  =  a:,,  O  G,  (the  unknown 
HAntity)  =  x. 
Then  the  moment  of  W,  relatively  to  the  axis  at  0  is 


[therefore 


aciW,  =  ar,W, -a5,W„ 
a!.W, -a:.W, 


77.  OcBtre  of 


direction  Go  G, 
by  the  tbimvda 
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GraTUj'  Alirred  br  Tntuspoatiioa. — In  fig.  21,  I< 
A  B  C  D  be  a  body  of  the  weight  W[ 
whose  centre  of  gravity  G,  is  known.  Let 
the  figure  of  this  body  be  altered,  by  trans- 
posing a  part  whose  weight  ia  Wj,  from  th^i 
position  £  C  F  to  the  j>osition  F  D  U,  ij^H 
that  the  new  figure  of  the  body  is  A  B  U  ^IH 
Let  G,  bo  the  original,  and  G,  the  new 
position  of  the  centre  of  gravity  of  the 
transposed  part.  Then  the  moment  of  the 
body  relatively  to  any  axis  in  a  plane  per- 
pendicular to  G|  G,  will  be  altered  by  the 
amount  W,  -G,  G,;  and  the  centre  of  gravity 
of  the  whole  body  will  be  shifted  to  G|,  in  a 

parallel  to  G,  G„  and  through  a  distance  given 


w; 


GoG3  =  G,G, 


78.  CcBina  of  Grnrirr  ofPrlaau  and  Flat  Plnlca. — ^Tho  general : 
mulie  of  Article  74  ore  intended  not  so  much  for  direct  use  ; 
£nding  centres  of  gravity,  as  for  the  deduction  of  fonnuliE  of  a  ma 
simple  form  adapted  to  particular  classes  of  cases.     Of  such  the  fdj 
lowing  is  an  example. 

The  centre  of  gravity  of  a  right  prism  with  parallel  ends  lies  fl 
ft  plane  midway  between  its  ends  ;  that  of  a  flat  plate  of  onifor 
thickness,  which  in  fact  ia  a  short  prism,  in  a  plane  midway  betwe 
its  faces.     Let  such  middle  plane  bo  taken  for  that  of  x»/  :  an^ 

point  in  it  O  (tig.  22),  for  tlie  origin, 
and  two  rectangular  axes  in  it,  0  X 
and  0  Y,  for  axes  of  co-ordinates,  to 
wliich  A  B,  the  transverse  section  of 
the  plate,  is  referred.  Conceive  the 
figure  A  B  to  be  di^^Jed  into  narrow 
bands,  by  equi-distant  lines  parallel  to 
one  of  the  axes  of  co-ordinates  0  Y, 
and  at  tlie  distance  .^  x  apnrt.  Let  t 
be  the  distance  of  the  middle  line 

one  of  these  bands  from  O  Y, 

{/„  J/„  the  distances  of  the  two  extremities  of  that  middle  line  from 
O  X.  Then  the  band  is  approximately  equal  to  a  rectangular  band 
_nfttie  length  y,  -  y„  apd  breadtli  A  x,  the  co-ordinateo  of  whoaa 

IT,  and    '—  -'•     Consequently,  if  «  be  the  uniform  thic 
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neas  of  the  plate,  and  w  its  specific  gravity,  we  have  for  a  aingla 
baud, 

area      =  (y,  -  y,^  a  a:  nearli/ ; 

vol  nine  =      s  {yi—yq  a  x  Marly ; 

weight  =:w  s  (j/i—yC)^x  nearly; 

moment  relatively  to  O  Y, 

=  wsx(y,-y,)  Axnearly; 
moment  relatively  to  O  X, 

y5-y?  , 

=  u>s   — - —  AX  nearly; 

one!  for  the  wLoIe  plate 

area  =  ^  '  (yj  —  yi)  a  x  nearly ; 

volume  V=     z'3  (jfi—yx)  ^3:  nearly ; 
weight  W^ios  ■  3  (t/,—y,)  a  as  luarly; 
i  relatively  to  O  Y, 

«,"W=«e«  •  3*  (y.-yO  axnearly; 
■MBCnt  relatively  to  0  X, 


TO-  ,yi-y?  , 

y,W  =WS!  •  3  — 5 —  A  X  Marty; 

nentlj,  the  co-ordinates  of  the  centre  of 
»vity  of  the  plate  (omitting  the  common  factors 
t*\  are 

3-a!(y,-y,)  a  a: 


flV  = 


'•(y^~y!)  ^x 


nearly  ; 


nearly. 


.(1.) 


^•-2  3-(y.-y,)Aa;' 

more   minutely  the   cross-section  AB  is  subdivided  into 
]  the  more  nearly  do  these  approximate  formulje  agree  with 
fto  truth ;  so  that  the  true  results  are  the  limits  to  which  the 
Its  of  the  approximate  formula}  (1.)  approach  continually  as 
:  beicomes  smaller  ;  that  is  to  say,  in  the  notation  of  the  integral 


area 


=     /(y.-y.)<'«/ 

volume    V=     t({if,-y)dx; 
weight  to  V  =  ws  My,— yi)  dx; 


,(2.) 


I'KI&'aPLES  OF  BTATtCS. 


momeuts 


co-ordinates 

of  the 

centre  of  gravity 


x,Vf  =  v}zj X  {y,-yi)dx; 

/    x(j/,-yt)dx 

X.  =J—j. ; 

J  (y»-y.)«^a: 

y,=    I  (y.-yf)dx 

2J(i/,-V,)dx 


(3.) 


,.(4.) 


The  foregoing  process  ia  what  is  usuaUj-  called  by  writers  ; 
mechanics,  "fiiiding  the  cenlre  of  ffravili/  of  a  plane  gurface  ; '' 
tliis  phrase  ouglit  always  to  be  understood  to  signify  "finding  the 
centre  o/graoitt/  of  a  lutmogeneonia  plate  of  uniform  thtckneas,  thefaoea 
of  which  a/re  plane  sur/acu  of  a  given  figure." 

79.  B*dT  with  Mimiinr  Crox  «cctioB». — Let  all  the  cross-sccUoDS  of 
a  body  made  by  planes  parallel  to  a  given  plane  (say  that  of  x  i/>. 
be  similar  figures,  but  of  different  sizes.     The  areas  of  the  di" 

cross-sections  are  to  each  other  as  the  squares  of  their  corresp 

linear  dimensions.  Let  f  denote  some  definite  linear  dimension  ot 
a  cross-section  whoso  distance  from  the  plane  x  y  is  s,  so  that  it^ 
area  shall  be 


at'.. 


.(1.) 


a  being  a  constant.  Let  Xi,  y„  e,  be  the  co-ordinates  of  the  centre  of 
gravity  of  a  flat  plate  having  its  middle  plane  coincident  witli  the 
given  cross-section .  Then,  by  reasoning  similar  to  that  of  Articles 
74  and  78,  we  find  the  following  results  for  the  whole  lx)dy ; — 


volume 
weight 

moments 


V  o/h  dz; 

W  =  wa/"(»  dz; 


,.(2.) 


ir,  "W  =  wajiTis'.dz; 
l/.W  =  waji/tf'.dz; 
s, W  =  waft  Adz; 


(3.) 
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co-ordinates  of 
ctatre  of  graritv 


X.  = 


V'  = 


1 


^  d 


_/= 


'zed: 


\- 


dz 


.(4.) 


iTjcn  the  centres  of  all  the  cross-sections  lie  in  one  straight  line, 

pyramids,  cones,  conoids,  and  solids  of  revolution  generally, 

tre  of  gravity  lies  in  that  line,  which  may  be  taken  as  the 

of  z,  making  x,  =  0, »/,  =  0 ;  so  that  z,  is  the  only  co-ordinate 

which  requires  to  be  determined. 

80.  r'uTMi  IU4. — In  fig.  23,  let  R  R  represent  a  curved  rod  so 

der,  that  its  diameter  may,  without  sen^iViIe  error,  be  neglected 

compi-arison  with  its  radius  of  curva- 

at  any  point ;    let  a  denote   its 

area,  unifoim  throughout,  and 

Usual,  its  specific  gravity  ;  so  that 

weight  of  an  unit  of  length  of  the 

md  is  voa.     Let  OX,  OY,  OZ  be  rect- 

l.ir  axes  of  co-ordinates.     Suppose 

rrid  to  bo  divided  into  arcs,  so  short 

M  to  be  nearlystraight;  let  the  length  of 

any  one  of  these  area  be  denoted  by  a  ( ; 

lot  S  S  represent  it  in  the  figJire,  and 

let  M  be  the  middle  of  its  length.    Then  '^'S' '*• 

M  is  nearly  the  centre  of  gravity  of  a  f.     Lot  JT  P  =  z  be  the 

perpendicular  distance  from  M  to  the  plane  of  y  s.     Then  for  the 

short  arc  8  S  we  have, 

t        weight 
I  en 
for 


aent  with  respect  to  an  axis  in  the  plane  y^, 

:=  wax  A  t  nearly; 
;  for  the  entire  rod, 

W  ^  (c  a  2  •  ^  , ; 

moment       x^Vf  z=  w  a  "^  •  x  a  »  wnrly; 

co-ordinate  of      \  i'X£i, 

centre  oi graritj  /  ''  —  j.  ^  ,  nearly; 


.(I.) 
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and  similar  equations  for  y,  and  z.     Proceeding  by  the  method 
limits  as  before,  we  obtaiu  as  the  exact  fonnul«e — 


^ 


a,'W  ^u> a  I  xdt; 
j  xd  I 
Id, 


ce,  =- 


.(2.) 


and  similar  equations  for  ;/„  and  s^     Tlie  foregoing  process  is  ■wliat 
is  often  called  by  writers  on  Mecli.intcs,    "Jlnding  the  centre 
gravity  of  a  atrred  line;"  but  what  ought  moro  properly  to 
called,  ''finding  the  centre  of  gravity  of  a  slender  curved  rod 
uniform  thiclmess." 

81.  Appreximnio  CompaiaUon  of  laicgmic — Frequent  referenoo 
having  been  made  to  the  process  of  iTUegration,  as  being  esstiitiii 
to  the  solution  of  most  problems  connected  with  distributed  force, 
the  present  article  is  intended  to  aflford  to  those  who  have  not 
made  that  branch  of  mathematics  a  special  study,  some  elementary 
information  respecting  it. 

The  meaning  of  the  symbol  of  an  integral,  viz. : — 


I  udx. 


is  of  the  following  kind: — 


In  fig.  24,  let  AC  DB  be  a  plane  area,  of  which  one  boundary, 

is  a  portion  of  an  axis  of  abecisss 
OX,  —  the  opposite  boundary, 
C  D,  a  curve  of  any  figure, — and 
the  remaining  boundaries  A  C, 
B  D,  ordinates  perpendicular  to 
■'^  O  X,  whose  respective  abacissw, 
or  distances  from  the  origin  O,  are 


Fig.  24. 


OA  =  o;OB  =  6. 


Let  E  F  =  M  be  any  ordinate  whatsoever  of  the  curve  C  D,  and 
O  E  =  a;  the  coiTespondiug  abscissa.  Then  the  integral  denoted 
by  the  symbol, 


j^udx, 


menns,  the  area  of  the  figure  A  C  D  B.      Tlie  abscissw  a  and 
^^ch  are  the  least  and  greatest  values  ^i  x,  and  which  indicafj 
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longitwliual  extent  of  the  area,  are  called  the  limiU  of  in- 

bat  whi-u  the  vxteut  of  tlio  ares  is  otherwise  indicated, 

ahola  of  those  limits  are  sutnctimos  omitted,  as  in  the  pi-c- 

)  rebttion  between  u  and  x  is  expressed  hy  any  ordinary 

icd  equation,  the  vjilue  of  the  integral  for  a  given  pair  of 

of  its  limits  can  gcneitJljr  be  found  by  means  of  forrauhu 

.  are  contained  in  works  on  the  Integral  Calculus,  or  by  meaus 

jnatical  tables. 

I  may  arise,  however,  in  which  u  cannot  be  so  expressed  in 
~  x;  and  then  approximate  methods  must  be  employed. 
Tho«o  appmximatti  methods,  of  which  two  are  hero  described,  are 

«ide<l  apjn  the  division  of  the  area  to  be  measured  into  bands  by 
lUel  and  (.viui-distant  oi-dLnates,  the  approximate  computation  of 
areas  of  those  bands,  and  the  adding  of  them  together ;  and 
the  more  minute  that  division  is,  the  more  near  is  the  result  to 
Utatnitk 

^^  Firtt  Approximation. 

^^bmcl«  the  area  A  C  D  B,  as  in  fig.  25,  into  any  convenient 
^BBt  of  bands  by  parallel  or- 
^^HH^  'whose  uniform   distance 
ap«xt  is  ^  x;  so  that  if  n  be  the 

nber  of  bands,  jj  -f  1  will  bo  the 

sber  of  ordinatas,  and 

J  —  tt  =  n  ^  X,  -gig.  35. 

length  of  the  figure. 

u,  «',  denote  the  two  ordinates  which  bound  one  of  the 


then  tlie  area  of  that  bond  is 


A  X,  nearly; 


i 


1  consequently,  adding  together  the  approximate  areas  of  all  the 

\»nds,^-<icnotiiig  the  extreme  ordinates  as  follows, — 

B  AC  =  «.;  BD  =  u  J 

tod  the  intermediate  ordinatee  by  u„  we  find  for  the  approximate 
nlaa  of  the  integral — 


j\dx  =  [^-h'l.-hS-u,')^'X,. 


•CM 


wSSm 


CO 
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Seamd  Approxitnatum. 

Divide  the  area  A  C  D  B,  as  in  fig.  2G,  into  an  ei-en  numher  ( 

bands,  by  jtaiulM  ordinatcs,  whoi 
uniform  distance  apart  is  A  x  The 
ordioatesare  marked  alternately  by 
plain  lines  and  by  dotted  linee,  bo  as 
to  arrange  tlie  bands  in  pairs.  Con- 
sidering any  one  pair  of  bonds,  such 
»  "^  as  E  F  H  G,  and  assuming  that  the 
Fig.  26.  curve  F  H  is  nearly  a  parabola,  it 

appeai-s,  frum  the  properties  of  that  cun'e,  that  the  area  of  that 
mir  of  bonds  is 

o 

in  which  w'  and  u*  denote  the  plain  ordi  nates  E  F  and  G  H,  and 
tt"  the  intermediate  dotted  ordinate  ;  and  consequently,  adding 
together  the  approximate  areas  of  all  the  pail's  of  bands,  wc  find, 
for  the  approximate  value  of  the  integral — 

f  M  (/  X  =  f  M.  +  M,  4-  2  2  •  M(  (plain) 

+  4  2  •  K,  (dotted)):^, (2.) 

It  is  obvious,  that  if  the  values  of  the  ordiuates  m  required  in  thcso 
computations  can  be  calcuktcd,  it  is  uuneceasaiy  to  draw  the  figure 
to  a  scale,  although  a  sketch  of  it  maybe  useful  to  assist  the  memory. 

When  the  symbol  of  integration  is  repeated,  so  aa  to  make  a 
dcniile  inUgral,  such  aa 

/  /  u-dxdy, 

or  a  triple  integral,  such  aa 

/  /  I wdxdi/ds, 

it  is  to  bo  understood  as  follows  : — 
Let  f        J 

be  the  %"alue  of  this  single  integral  for  a  given  value  of  y.  Con' 
struct  a  curve  whose  abscissn  are  the  various  values  of  y  within  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  v. 
Then  the  area  of  that  curve  is  denoted  by 


/  V  '  d  y  ^  /  I  u  •  dxdy. 
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Next,  let 


=  j  vd>/ 


bathe  ralno  of  this  double  integral  for  a  given  \-alue  of  z.  C'on- 
ttraot  a  curve  whose  abscisste  are  the  various  values  of  s  •vvithin  the 
ribed  limits,  and  its  ordinates  the  corresponding  values  of  t, 
ben  the  area  of  that  curve  is  denoted  by 

J  t.dz^j  jvdi/dz  =j  lit*  -dxdydz; 

so  on  for  any  nuinlx>r  of  successive  integrations. 

82.  r««irr  of  Gmritr  foBBd  by  Projecdoa. — According  to  the  gco- 

trionl  propertie."!  of  parallel  projections,  as  stated  in  Chap.  IV., 

"  "  I  62,  a  parallfl  projection  of  a  jwiir  of  volumes  having  a  givi-u 

>  it  •  pair  of  volumes  having  the  same  ratio  ;  and  hence,  if  a 

'  of  any  fignrc  bo  divided  by  a  system  of  plane  or  other  .siir- 

fews  into  ports  or  molecules,  either  equal,  or  bearing  any  given 

of  proportions  to  each  other,  and  if  a  second  body,  wliose 

are  ia  a  ]>urallel  ]>n)jectioti  of  that  of  the  first  body,  be  divided 

^the  same  manner  by  a  system  of  plane  or  other  surfaces  which 

the  corres|Kinding  projections  of  the  first  sjrstem  of  ]>lane  or 

"Viliinr  mirfaces,  the  paits  or  molecules  of  the  second  body  will  hear 

r  to  Mch  other  the  same  system  of  ratios,  of  equality  or  otherwise, 

^Tiich  the  ports  of  the  firat  body  do. 

the  centres  of  gravity  of  the  parts  of  the  second  Ixuly  will 
I  parallel  projections  of  the  centres  of  gravity  of  the  jvarts  of 
body. 

fjnd  hfiuoe  it  follows  (according  to  Article  64),  that  if  the  figures 
Z"  tteo  bodies  are  parallel  projections  of  euch  otiier,  tho  centres  of 
gravity  cf  these  iioo  bodies  are  corresponxding  points  in  t/ieae  parallel 
fnjeetions. 

To  express  this  symbolically, — as  in  Article  CI,  let  x,  y,  z,  be  the 
axirdinates,  rectangular  or  oblique,  of  any  point  in  the  figure  of 
lh«  first  body ;  a/,  y,  z,  those  of  tho  corresponding  point  in  the 
teoond  body  ;  x„  y„  «„  the  co-ordinates  of  the  centre  of  gravity  of 
the  first  body ;  3i„  i/„  s!„  those  of  the  centre  of  gravity  of  the 
moad  body  ;  then 


X, 


X 


'A 


y 


"  This  Uieorem  fivcilitates  miich  the  finding  of  the  centres  of  gi-a\-ity 
I  which  are  parallel  projections  of  more  simple  or  more  sym- 
[fignroL 

example: — it  appears,  from  Bjrmmetry,  as  in  Art.  72, llMvt 
tli«  centre  of  gravitr  of  aa  equilateral  triangnhr  prism  is  at  the 
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point  of  intersection  of  the  linea  joining  the  three  angles  of  the 
middle  section  of  tlie  piism  with  the  middle  polnta  of  the  opposite 
sides  of  thttt  section.  But  all  triangular  prisms  are  {tatallel  prc> 
jections  of  each  other  ;  hence  the  al)ovo  described  point  of  inter- 
section is  the  centre  of  gravity  of  any  triiingular  prism. 

Also,  as  in  Art.  72,  the  centre  of  gravity  of  a  regular  t«.<traedron 
is  at  the  point  of  intersection  of  the  planes  joining  c.ich  of  the 
edges  with  the  middle  pc)int  of  the  opposite  edge.  But  all  tctrae- 
drons  are  parallel  projections  of  each  other ;  hence  that  point  of 
intersection  is  the  centre  of  gravity  in  any  tetraedron. 

As  a  thu-d  example,  let  it  be  supposed  that  a  formnla  is  knirwn 
(which  will  be  given  in  the  sequel)  thr  tinding  the  centre  of  gravity 

of  a  sector  of  a  circular  di.-^ 
let  it  be  required  to  find  the  • 
of  gravity  of  a  sector  of  uu  elliptic 
disc.     In  fig  27,  let  A  B'  A  B'  bi; 
the   ellipse,   A  O  A  =  2   o,  and 
B'  O  B'  =  3  6.  its  axes,  and  COD' 
the  doctor  whose  centre  of  ■." 
is  re<[uired.    One  of  the  parai  1  • 
jections  of  the  ellipse  is  a  • 
ABAB,  whose  nuliiis  is  the  sti' 
major  a.     The  ellipse  and  tli' 
being  both  refeixed  to  recti i  „ 
co-oi-dinates,  with   their  centre  as 
origin,  x  and  y  denoting  the  co- 
ordinates p,<irallel  to  O  A  and  O  B  re8[3ectively  of  a  point  in  the 
circle,  and  a/  and  i/  those  of  the  corresjwnding  point  in  the  ellipse, 
those  co-ordinates  are  thus  related  : — 


X 


Thi-ongh  Cand  D'  respectively  draw  EC'C  and  FD'D,  parallel 
to  O  B,  and  cutting  the  circle  in  C  and  D  respectively ;  tli 
cnlar  sector  C  O  D  is  the  iKinillel  projection  of  the  cUiptit 
C  O  D'.     Let  G  be  the  centre  of  gi-aNity  of  the  sector  of  the  circulir 
disc,  its  co-ordinates  being 

OH  =  a-.;  HG  =  y.. 

Then  the  co-ordinates  of  the  centre  of  granty  G'  of  the  sector  of 


the  elliptic  disc  are 


OH  =3^,  =  *,; 
HG'=y',=ly. 
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Further  exaiuploaof  the  results  of  thia  process  will  be  foimd  in  the 
next  Article. 

83.  Ktmmph*  ef  Ccamn  •€  VrmrUr. — ^The  following  examples 
oonaist  of  forrniilie  for  the  weight,  the  moment  with  i-esfiect  to  some 
specified  axis,  and  the  position  of  the  ccnti-e  of  gravity,  of  homo- 
geXMaxis  bodies  of  those  forms  which  most  commonly  occur  in 
practice.  In  each  case,  as  in  the  fonnuliB  of  the  preceding  Articles, 
to  di^uotcs  the  specific  gravity  of  the  body,  W,  its  weight,  and  x„  ic, 
the  co-ordinates  of  its  centre  of  gravity,  which  in  the  diagrams 
is  masked  U,  the  origin  of  co-ordinates  being  marked  O. 

A- — Prisms  axd  Cyllvdei;s  with  Pakallcl  B^vjses. 

The  word  cijHnder  is  here  to  be  taken  in  its  most  general  meaning, 
i  comprehending  aU  solids  traced  by  the  motion  of  a  plane  curri- 
acur  Sgiire  p&r&Uel  to  itael£ 
"lie  ex.imples  here  given  njjply,  of  course,  to  flat  plates  of  uni- 

thickness. 
In  the  fomiulie  for  weights  and  moments,  the  length  or  thickness 
1  8upp<»ed  to  be  unity. 

The  centre  of  gravity,  in  each  case,  is  at  the  middle  of  tlie  length 

thickness)  ;  ond  the  formula}  give  its  situation  in  the  plane 

ire  which  represents  the  cross-section  of  the  prismi  or  cylinder, 

which  is  specified  at  the  comniencempiit  of  each  example. 
I.   Triangle^    (fig-  28)  O,  any  angle,     ili^ect         .o 
dto  aide  B  C  in  D.     Join  A  D. 


or.  =  0G=  5-OD. 


^  = 


v> 


OD 


gC-gin. 
-2" 


ODC 


U.  Polygon.  Divide  it  into  triangles ;  find 
y>e  centre  of  gravity  of  each ;  then  find  their 
common  centre  of  gravity  as  in  Art,  75. 

ni   TrapewUL     (Fig.   29.)  ° 

AB||C£ 

On  at«!sfc  Ineadtfa,  A  B  =  B. 
Ltaex,  .,        C  £  =  £. 

BfaMt  A  B  in  O,  C  E  in  D ; 
join  O  D. 


Fig.  28. 


W=»OD 


B-hi 


^ 
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IV.  Trapezoid.    (Second  aolution.)  (Fig.  30.) 
O,  point  where  inclined  sides  meet.    Let  OF 

2     »J  — ai 


x,=.- 


W  =  w  ^-2"^'  •  sin* 


Fig.  80. 


3  -aj  — aS 

OFR 

(coton  ,^  0  A  B  +  cotan  <ei:  O  B  A). 

«.W  =  w'^^-sin.^OFB. 

(cotan  ^  O  AB  +  cotan  ^  OB  A). 

V.  Parabolic  Jlalf- Segment. 
(OAB,  fig.  31.)  O,  vertex  of 
diameter  OX;  0A=  x,;  AB 
=  y„  ordinate  ||  tangent  O  C  Y. 


«!,  =    -g-    «l- 


y.  =  - 


■W^-^f  'a;, yi  •ain.^XOY. 

VX  Pa/raMk  Spandrii.    (0  B  C,  fig.  31.)   G',  centre  of  gravity, 
3  3 

*.  =  "Jq-  «i  J  y» = "J"  yi- 

W  =  -s-  w  • «,  y,  •  sin  ,^  X  O  Y. 

VII.  Circular  Sector.    (OAC,  fig.  32.)    Let  O  X  bisect  the 
angle  AOC;  OYX  OX. 

Badius  O  A  :=r 

AC 
Half-arc,  to  radius  unity,  o  .  ^  =  ft 

2       8in# 
«.  =  -g-  »•  -j-J  y,  =  0. 


Fig.  31. 


X 

"x- 

X 

SJg.83. 


y(  —  v>t*» 


CENTRES  or  ORAVnr. 


f.3 


VI 1 1 .  Cinuiar  Hal/Segment.    (A  B  X,  fig.  32.) 

2  sm»< 

3  '  -  sill  4  cos  / 


1 


4  stin'-g  —  sin'  i  cos  ' 


3  ('  —  cos  tf  sill  4)  ' 


W  =  -  wr*  (*  -  cos  *  sin  <). 

IX.  Circular  Spandril.    (ADX,  fig.  33.) 
1  sin'  i 


*^=r" 


sin*  —  sin*  cos*—  *' 


,     3  sin'  »  -  2  sin'  loos  *  —  4  sin*  -^ 
^"=1'  2  sin  *  -  sin  *  COS  *  -  <       * 


W 


=:tcr'  •  (i 


sin  * 


1 


sin  *  cos  * 


-D- 


X.  Seelor  of  Ring.    (A  C  F  E,  fig.  32.)  O  A  =  r ;  OE  =  r. 
_2     f*  -r^     gin* 
*»~3"  r-r'^  ■    *   • 
y»=0. 

W  =  w(r'-0*.      ' 
tUiplie  Sector,  Ualf-Segment,  or  Spandrll.    Centre  of  gni\'ity  ' 
ind   by  projection  from  that  of  corresponding  circular 
<^,  •_>  in  Article  82. 

B. — Wedges. 
Wedge  is  a  solid  bounded  by  two  planes  whicli  meet  in  an 
ad  by  a  cylindrical  or  jjrismatic  surface   {cylindrical,  as 
ping  used  in  the  most  general  sense). 

GfTKnU  FcrmulcB  for  Wedges.    (Fig.  33.)    All  wedges  may 
icd  into  parts  such  as  the  figure  here  represented.     O  A  Y, 
es  meeting  in  the  edge  O  Y;  AX  Y,  cylindrical  (or  pris- 
arface  perpendicular  to  the 
""";  OX  A,  plane  triangle 
radicular  to  the  edge  OY;  OZ, 
I  {leqieudicalar  to  XO  Y.    Let  OX 

z.  X. 

t*:  X  A  ^  »i.     Then  x  =  — ; 


«i 


W=w 


«i 


/ 


xy 
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naKcapuB  ar-astaica. 
I  sfydx 

"^^l T' 

j  xy  ax 

j  Kjf'dx 
2j  xydx 


Vo 


z^  :=  ^'    .     (Thia  last  equation  denoting 

that  G  is  in  the  plane  which  traverses  O  Y  and  bisects  A  X) 

In  a  symmetrical  wedge,  if  O  be  taken  at  the  middle  of  the  edge, 
^0  =  O.  Such  is  the  case  in  the  following  examples,  in  each  of 
which,  length  of  edge  :=  2  y,. 

XIIL  Eectangviar  Wedgt.     (=  TriaDgidar  Prism.)    (Fig.  34.) 

W  =  to-r.y,«,. 
2 
Fig.  84.  3 

XIV.  Triangtdar  Wedge.     (=  Triangtilar  Pyramid.) 


Fig.  36. 

XV.  Semicircular  Wedge.    (Fig.  36.) 

EadiuB  OX  =  OY  =  r. 


«o  =    2  *'• 


Ilg.86. 


W=  -5  wr'Zi. 

3* 

«.=  16  »•• 

(«  s=  3  •  1416  nearlif). 
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XVI.  Annular,  or  Hollow  Semicircular  Wedge.     (Fig.  37.) 
Ext«niAl  radius,  r;  intemalj  /. 
2 


W=|«-(r'-^)f 


3s-    r*  — /« 


*«=i(r 


C. — Cones  and  Pyramids. 


Fig.  87. 


Let  O  dcnoto  the  apex  of  the  cone  or  pyramid,  taken  as  the 
ri^ii,  and  X  the  centre  of  gravity  of  a  supposed  prism  •whose 
iddle  section  coincides  with  the  base  of  the  cone,  or  pyramid, 
he  centre  of  gmrity  will  lie  in  the  axis  OX. 

Denote  the  area  of  the  base  by  A,  and  the  angle  which  it  makes 
ith  the  ajds  by  t. 

XVIL  CompkU  Cone  or  Pi/ramxcL     Let  the  height  oX  ^  h; 

3  h. 


"W  = 


to  '  A  /t  sic  A 


Xvill.   Truncaied  Con*  or  Pyramid. 
,  =  *'. 

3      h\  -  h" 


Height  of  portion  trun- 


V  = 


toAA'f  1  -  -^jsin/. 


D. — PoETioss  OP  A  Sphere. 

XIX.  J!on«  or  Ring  of  a  Spherical  Shell,  bounded  by  two  conical 

cee  having  their  common  apex 
;  the  centre  O  of  the  sphere  (tig.  38). 

X,  axis  of  cones  and  zone. 

r.  OXICTDOJ  iBdius  1     f  ^^y^ 

/,  internal  radius  J 
-"XOA  =:  B.half-ancleofless  1 
^XOB  =  ^         ,.^  greater  j*^"'"*"- 
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Xa=    T 


r*  -  /•    cf)s  It  +  cos  0 
r'  -  )•■•  2  ' 


W  =  ^A^  (r'  -  rA  .  (cos  a  -  cos  »). 

XX.  Sector  o/  a  Hemiitpherical  Shell.     (C  X  D,  fig.  39.)    0Y_ 
WseetB  angle  DOC;  i  D  0  C  =  *. 

3      j^-r"* 


"■»  -   8      r»  -  r-"' 

yo 

3  «•    r*  -  r"*    Bin  tf 

•w  = 


T(— ")• 


c 

Fig.  39. 

84,  iieieroirpBem*  Bedy. — If  n  Ixxly  Consists  of  parts  of  defitiit 
figiire  and  extent,  whose  specific  gra\'ities  are  diflerent,  iiltliough 
each  individiml  jtiirt  is  homogeneovLs,  the  centres  of  gravity  of  tlie 
parts  are  to  be  found  ua  in  Article  74  and  the  subsequent  Articloa, 
and  the  common  centre  of  gravity  of  the  whole  as  in  Article  73. 

85.  C'nntrc  of  Omrilr  fanrnd  ExprrimcnluUr.  —  The  centre  of 
gmvity  of  a  body  of  moderate  size  may  be  found  approximately  by 
expeiimont,  by  hanging  it  up  successively  by  a  single  cord  in  two 
diflerent  positions,  and  finding  the  single  point  in  the  body  which 
in  both  positions  is  intersected  by  the  axis  of  the  cord.  For  the^ 
resistanco  of  the  cord  is  equivalent  sensibly  to  a  single  force  actij 
along  its  axis  ;  and  as  that  force  Ijalauce.s  the  weight  of  the 
when  hung  by  the  cord,  its  line  of  action  most,  in  all  positions  of 
the  body,  traverse  the  centre  of  gravity  of  the  body. 


Sectiox  2. — OfSlrr.is,  and  !(■»  linsn/lant.^  ami  Ce)Ure«. 

86.   Sims,  Ita  Nniarc  unit  tutrnmHr- — The  WOrd  ^^TRESS  luw  lice 

adopted  as  a  general  terra  to  comprehend  various  foi-cea  which  arc 
exerted  b<;tweeu  contiguou.s  bodies,  or  pai-ts  of  bodies,  and  whic 
are  distributed  over  tlie  sui-face  of  contact  of  the  mosses  betwe 
which  they  act. 

The  iNTENsnr  of  a  stress  is  its  amount  in  units  of  force,  divid 
by  the  extent  of  the  smface  over  which  it  acts,  in  units  of  up 
T/io  Firncb  and  JBrifisli  units  of  intensity  of  stress  arc  coniixvr 


^^^^F  CtJkmES  OF  STRESS.  GO 

in  a  taWo  aunexed  to  this  ■volume.     The  foUow-ing  table  shows  a 
Bmpariion  between  dilfei'cnt  Britkli  uiiit:!  of  intensity  of  airesa  :— 

H  Pounds  on  the      Founds  od  the 

■  KlO'ira  foot.         tqiutre  luclk 
H      One  poaod  on  the  sqnaro  incll, 144  1 

H  One  pound  on  the  eqiiare  foot, 1  tJx 

H  One  inch  of  iniTcury  (that  is,  wpipht  of  a 

■  column  of  mcTcurv  at  32"  Fabr.,  ono 

■  inch  high), .'. 70-a  0-4')12 

■  Otiefoot  of  wntcr  (at  89°-4  Fahr.), 02  426         0-4335 

■  One  inch  of  water ."i^Oal        OO30125 

H       One    «tmo!<plicrc,    of  '20-d'Ji    inches  of 

H  rocrciiT)-, 2tl(i4  147 

H  87.  C'l««Mw  •r  strcMk — Stress  may  be  chissed  aa  foUowa- : — 
H  1.  Thrust,  or  Pramure,  is  the  force  which  acts  between  two  con- 
Hguous  bodies,  or  parte  of  a  body,  when  each  puslies  the  other  from 
Btsiplf,  and  w]iich  tends  to  compres*  or  shfirten  rnch  body  on  wliieli 
It  act*,  in  the  direction  of  its  action.  It  is  tlio  kind  of  ibrcc  which 
K  pxnrtcd  liy  a  fluid  tending  to  cxjiand,  agniust  the  Iwcliea  wliich 
Kirrnmid  it. 

I  Thrust  may  be  either  normal  or  Miipte,  relative  to  the  smface 
Bt  which  it  acts. 

B  IL  /'(///,  or  Tension,  is  tlie  force  which  acts  between  two  con- 
■guons  iMjdioa,  or  parts  of  a  b<Mly,  when  each  draws  the  other 
H>wArds  itself,  and  which  tends  to  lengthen  each  body  on  which  it 
Beta,  in  the  direction  of  its  action. 

B  Pull,  like  thruBt,  may  be  cither  normal  or  oblique,  relatively  to 
Hif  surface  at  which  it  acts. 

W  III.  Shftir,  or  TaiigctUitd  Stress,  is  the  force  which  acts  between 
ft  L;noiis  Inxlies  or  parts  of  a  body,  when  each  draws  the  other 

bj  ,  in  a  direction  iwirollel  to  their  surface  of  contact,  and 

^vhicb  tends  to  distort  each  body  on  which  it  acts. 
"    In  expressing  a  Thnist  and  a  Pull  in  parallel  directions  algebrai- 
cally, if  one  is  treated  as  positive,  the  other  must  be  treated  as 
^<^ativ&     The  choice  of  the  positive  or  negative  sign  for  either  is 
H  mutter  of  convenience.     In  treating  of  the  general  theory  of 
Bmh^  the  more  nsuul  system  is  to  call  a  pull  positive,  and  a  thrust 
^^HHvo  :   thus,  let  p  denote   the  intensity  of  a  stress,  and  n  a 
oaKun  number  of  pounds  per  sqiuu-e  foot ;  p  ^  n  will  denote  a 
jmOf  and  p  =  —  m  a  thrust  of  the  same  intensity.     But  in  treating 
■■Klftin  special  applications  of  the  theory,  to  cases  in  wliich  thrust 
^^^B  only  or  the  predominant  stress,  it  becomes  more  convenient 
^^^ntrse  this  system,  calling  thrust  positive,  and  pidl  negative. 
^^^B  wnrfl  "  Pressure,"  although,  .strictly  speaking,  equivalent  to 
^^^b>^"  i»  somrtimes  nppVivt]  to  gfress  in  gt-neral ;  and  'wlien  i\sis 
^^KflMm  itii  to  he  anflcjsUxHl  that  thrnat  in  treated  ivs  pos\lv\c. 


TO 
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88,  Bcaniiam  of  (Mnaa  >  in  niaaBiiadr. — If  to  a  plane  STlHuce  I 
any  figure,  whose  area  is  S,  there  l>e  applied  a  stress,  either  numiiil 
oblique,  or  tangential,  and  parallel  iu  du-ection  at  all  points  of  th 
surface  (according  to  the  restriction  stated  in  Art,  07),  then  if  th 
intensity  of  the  stress  be  uniform  over  all  the  surface,  and  donob 
by  p,  the  omoiuit  or  magnitude  of  its  itjsnltant  will  be 


N 


P  =  p8. 


•(I.) 


Fig.  40. 


If  the  intensity  of  the  stress  is  not  uiuform,  that  amount  is  to  be 
found  by  integration.  For  emimple,  in 
fig.  40,  let  A  A  A  be  the  plane  surfiiiee,  and 
let  it  be  referred  to  rectangular  axes 
co-ordinates  in  its  own  plane,  O  X,  O 
Conceive  that  plane  to  be  divided  in 
snaill  rectangles  by  a  network  of  lines 
parallel  to  O  X  and  O  Y  re8{)ectively,  and 
let  ^  X,  -^  y,  be  the  dimensions  of  any  one 
of  these  rectangles,  such  as  that  marked 
in  the  figure.  Conceive  a  figure  approximating  to  that  of  the  give 
plane  surface  to  be  composedof  several  of  these  small  rectangles,  so  tl 

S  :=  2"Aa;Ay  ncor/y; (2.) 

let  ^  be  the  intensity  of  the  stress  at  the  centre  of  any  particu 
rectangle,  so  that  the  stress  on  that  rectangle  is 

•p  sx^y  nearly. 

Then  the  amount  of  the  i-csultont  stress  is  given  approximately  1 
the  eqxiation 

P  =  3  -pAx^y  nearly (3,) 

Then  passing,  as  in  previous  exaniplos,  to  the  integrals,  or  limit) 
towards  which  the  sums  in  the  equations  2  and  3  approncli  as  th  _ 
minuteness  of  the  subdivision  into  rectangles  is  indefinitely  in- 
he  exact  equutions. 


ma 
nt^^ 


Bz=  j  j  dxdy; 
^=  j  jp-dxdy. 


.(*.) 


I  of  the  stress  is  given  by  the  following  equation  > 


p        j  j pdxdy 
^  f  [  dxdy 


.(5.) 


CERTRE  OP  8TREE& 
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A  oonTcnient  mode  of  representing  t»»  the  mind  the  foregoing 
procJijaB  is  as  follows: — In  tig.  41,  let  A  A  be  the  ^vcn  piano 
tattmoe;  O  X,  O  Y,  the  tvro  axes  of  co-onJinatea 
in  its  plane;  O  Z,  a  third  axis  |)cr{)«ndicii]ftr  to 
that  plana  Concoive  a  solid  to  exist,  bounded 
at  ooe  end  hj  the  ^ven  pLuie  suriuco  A  A, 
Jy  by  a  cylindiicil  or  prismatic  surfate 
'  by  the  motion  of  a  straight  line  par- 
i  0  Z  round  the  outline  of  A  A,  and  at 
:  end  by  a  surface  B  B,  of  such  a  figure, 
1  ordinate  z  at  any  point  shall  be  proportional  to  the  intensity 
the  stress  at  the  point  of  the  surface  A  A  &om  which  that 
)  prooeeds,  as  shown  by  the  equatiou 


*  Kg.  41. 


to 


.(6.) 


iTOlmne  of  this  ideal  solid  will  lio 


\  =j  j  z-dxdy.. 


.(7.) 


that  if  it  be  conceived  to  consist  of  a  material  whose  specific 
__  irity  v»  to,  the  amount  of  the  stress  will  be  equal  to  the  weight 
of  the  solid,  that  is  to  say, 

P=«7V (8.) 

If  the  stress  be  of  opposite  signs  at  difToi'ent  points  of  the  ])lane 
BnrfiM^  A  A,  the  surface  £  B  and  the  solid  which  it  terminates 
will  be  partly  at  one  side  of  A  A  and 
]iartly  at  the  opposite  side,  as  in  fig.  42 ; 
and  in  this  ease,  the  two  piirfs  into 
•lolid  AB  AB  is  divided  by 
!  X  U  Y,  are  to  be  rrgarded  as 

'.  1-  si^ns,  and  V  is  to  be 

lit  the  difference  of  their 


Toliir 


Fig.  «. 


Tht.  .  .  roM  of  equation  5  is  evidently 

Po  =  w*6 (9) 

.ich  Sj  ia  the  height  of  a  jiarallel-onded   prism  or  cylinder 
ling  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
i    A  B. 

- .'.  Tbr  r<-ni>«  oT  Scrraa,  or  of  Pmanrc  in  any  surface,  is  the 
pnin:  trivi  i-^id  by  the  iTsidtant  of  the  whole  stress,  or  in  other 
«virft>,  tlio  Centre  of  Parallel  Forces  for  the  whole  strcsa.  From  tAws 
linncii.l'.*  alrtad^  proved  iu  Cliap.  11.,  Section  4,  it  foUovra,  tWt 
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the  position  of  tliis  point  does  not  depend  upon  the  direction  of  the 
stress,  nor  u])on  its  absolute  magnitude  ;  but  solely  on  tlio  form  of 
the  Rurfuco  at  wliicli  the  stress  nets,  and  on  the  proportions  between 
the  intensities  of  the  stress  at  dilTerent  points. 

As  in  Article  88,  conceive  a  figure  approximating  to  that  of  the 
given  plane  surface  AAA  (6g.  40),  to  hn  composed  of  several  snuiU 
rectangles  ;  let  a  /S  denote  the  angles  which  the  direction  of  the  Rtn'« 
makes  with  O  X,  0  Y  respectively.  Then  the  moments,  rehi 
the  co-ordinate  planes,  Z  0  X,  Z  O  Y,  of  the  components  \ 
to  those  planes  of  the  stress  on  Ax^y,  are  given  by  the  approxi- 
mate equations. 

Moment  relatively  to  Z  O  X,     7/  p  tk  x  sv    sin  /3  \  _^    .^^ 
ZOY.-x^^x^y- sin  ./"«'***■ 

Summing  all  such  moments,  and  passing  to  the  integral  or  limit  of 
the  sima,  as  in  fonner  examples,  we  find  the  following  expresaiona, 
in  which  a\,  and  yo  denote  the  co-ordinates  of  the  centre  of  stress  ; 


y 


(1) 


2/n  = 


j/o  P'  sin  /3  =  sin  ^  /  /  yp  -dxdy 
a\,  P  ■  sin  «  =  sin  «  I  /  xp'dxdy  \ 
Consequently  the  co-ordinates  of  the  centre  of  stress  are 

I  I  xp  'dxdy 

"k,  =  Yt ' 

\  j  p-dxdy 

_  j  I  yp-dxdij 
j  j  y-dxdy 

which  ai-e  evidently  the  same  with  the  co-ordinates,  p.nulloI  to 
OX  and  O  Y,  of  the  centre  of  ymvily  of  the  ideal  solid  of  fig.  41, 
whose  ordinates  z  are  proportional  to  the  intensity  of  the  pressure 
at  the  points  on  which  they  stand. 

^  When  the  intensity  of  the  stress  is  positive  and  negative  at 
difl'eront  points  of  the  surface  AAA,  cases  occur  in  which  tho 
positive  and  negative  parts  of  the  stress  balance  each  other,  ao  that 
the  total  stress  is  nothing,  that  is  to  say, 

j  /  pdxdy  =  0. 

In  such  coses,  the  resultant  of  the  stress  (if  any)  is  a  couple,  and 
there  is  no  centre  of  stress.  Tliis  case  will  bo  further  considenid 
in  the  scciucl. 


UXIPORin.T  VARVnfO  STRESS. 


90.  VnMre  mt  tTniiora  Mirea*. — If  the  intensity  of  the  stress  bo 
uniform,  the  fitctor  p  iu  eqiiatjun  2  of  Article  89  becomes  constant, 
and  may  be  n.-movcd  from  both  nmnerator  and  denominator  of  the 

■  -sions  for  x„  and   y,,  -which   then   become  siinply   the   co- 

itcs  of  the  (xntre  oftjrainty  of  a  flat  plate  of  the  figure  AAA. 

TiiiK  albo  ajUKiirs  from  the  considemtiou,  that  the  surface  B  B 

in  lig.  41  liccumes  u  plane  [)arullel  to  A  A,  and  the  solid  AB  A  B, 

a  f»iraUel-rnded  prism  or  cylinder, 

91.  namrnc  of  L'nlfonnljr  Vnxjiag  Sirraa,^By  an  Unifomilt/ 
mri/ing  stress  is  understood  a  stress  whose  intensity,  at  a  given 
fwjint  of  the  snrfiicc  to  which  it  is  applied,  is  proportionrd  to  the 
dtHtuice  of  tliat  point  fi-om  a  given  straight  line.  For  example,  let 
th"  given  straight  line  be  taken  as  the  a.xLs  O  Y  ;  tlien  the  following 
cqiiAtion 

p  =  ax,  (1.) 

I  bring  a  constant,  represents  the  law  of  variation  of  the  intensity 
"  an  uniformly  varying  stress. 
The  amount  of  an  uniformly  varying  stress  is  given  by  t}ie  equu- 


P  =  j  f  p'dxd!f  =  a  j  I  X'dxdy. 


.(2.) 


if  tlie  axis  0  Y  traverses  the  centre  of  gravity  of  a  jtlate  of 
n  qf  the  mrfaee  ofacli'/n  AAA,  becomes  equal  to  nolhimj, 
poaitivo  and  negative  values  of  p  balancing  eacli  other.     In 
lhi»  cute,  O  Y  is  called  a  seutbaj.  axis  of  the  surface  AAA. 

In  fig.  43,  let  AAA  rejirescnt  the  plane  sxirfoce  of  action  of  a 

itxeas;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 

of  a  fl&t  plate  of  which  AAA 

v  the  figure);  -YOY  the 

•  ;il    axis   of   the    stress 

■  •;d;  -XOX  perpendi- 
cuior  to  —  YOY,  and  in  the 
iLirio   of  AAA;  —  ZOZ 

ndicular  to  that  plane. 
'.  .  JL'ive  a  plane  BB  inclined 
to  A  A  A  to  traverse  the 
n,iif.-.1   nxis,   and   to  foi-m, 

r 'lane  AAA,  a  pair  Fig,  43. 

-    bounded    by    a 

!  or  prismatic  surfiwe  parallel  to  —  ZOZ.     The  oitlinate 

.   ,-,vii  from  any  point  of  AAA  to  BB,  will  be  proportional  to 

th-  iu  tensity  of  the  stress  at  that  point  of  AAA,  and  will  indicate 

■  upward  or  downwunl  direction  whether  that  stress  is  positive 
fttive  ;  and  the  nullity  of  the  total  stress  will  be  indicated  by 
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the  equality  of  the  positive  wedge  alwve  AAA,  and  the  negat 
wedge  below  AAA     The  resultant  of  the  whole  stress  is  a  cou 
whose  moment,  and  the  position  of  its  axis,  are  found  in 
following  manner,  by  the  application  of  the  process  of  Chap.  UL, 
Soot.  2,  Article  60. 

Lot  1,  ^, '/.  be  the  angles  which  the  dii-ection  of  the  stress  makes 
with  OX,  OY,  OZ,  respectively.  Let  Axiiy  denote,  as  before, 
the  area  of  a  smidl  rectangular  portion  of  the  sur&ce,  x,  y,  the  co- 
ordinates of  ifos  centre  (for  which  s  =  0),  and  p^-ax,  the  intensity 
of  the  stress  on  it,  so  that 

&F=p  AX  Aj/  =  axAX  iij/ 

is  the  force  acting  on  this  rectangle. 

The  moments  of  this  force  relatively  to  the  three  axes  of  < 
nates,  arc  found  to  be  05  follows,  by  making  the  proper  sabstitutioi] 
in  equation  2  of  Article  60 : — 

round  OX;  AP'ycosy; 
^m  „     OY;  — AP'j;cosy; 

B  „       OZ;  AP(a'co3/3  —  ycos*). 

Summing  and  integrating  those  moments,  the  following  are  found 
to  be  the  total  moments : — 

round  OX;M,  =  M*co8y  f  j  my  ■  dxdi/ 

„      OY;M,=r  —  acosy  f  f  ce'-dxdi/  .(3.) 

„       OZ;  M,  =  o  jco»/3  f  \a?-dxdy-cos»  I  fxy'dxdffl 

For  the  sake  of  brevity,  let 

P  j  jx'-dxdi/=J;j  J  xi/-dxdy  =  K; (3. 

then,  as  in  equation  7  of  Article  CO,  we  find,  for  the  vaotai 
the  resultant  couple, 

M  =  ^  (MJ  +  M?  +  MJ) 
=  a  •  ^  1(1'  +  K')  cos'  y  +  V-  cos'  ^  +  K*  •  cos' 
K                                    —  2  I  K  •  cos  «  •  cos  A I 
~          =a  ^ (P  •  sin' «  +  K' •  sin"  (3 — 2  I  K -cos  «  cos /3);... (4.) 
and  for  the  angles  A,  ft,  »,  made  by  the  axis  of  that  oonplo  with  the 
axes  ai'oo-oi-diuateB,we  find  tlte  angleswhoso  cosines  are  us  follows: 


CO«?k  = 


C0Sf»  = 


M, 


coar=: 


••«•••«■•< 


-(5.) 


MOMEST  or  arsDixo  tmxss. 
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The  foUovfiug  equation  is  ensily  vcrifiLnl : — 

cos«cos?i+cos*Sco8^  +  cos  ycoav^O. (5  a), 

T  '     ite«  -whttt  is  of  itself  obvious;  that  the  axis  of  the  rcaul- 

'  •■  M  is  jicTiienclicular  to  the  du-ection  of  the  stress. 

Tl''  .r  fonu  is  oftoti  the  most  convenient  for  the  constant 

*.     L.  he  intensity  of  the  stress  at  some  iixcd  distance,  Xj, 

from  the  iieuu'al  axi«;  then 


a  =  l'' 


.(G.) 


92.  MiMoM  or  Bcndins  BirMh — It  the  iiniformly  varying  stress 
t<c  normal  to  the  suriuce  at  'svhich  it  acts ;  that  is  to  say  in  symbols, 

cos<i  =  0;  cos/3  =  0;  oo8S'  =  l; (1.) 

then  It  IS  evident  that 

M,  =  0;  cos»  =  0; (2.) 

or  ill  words,  tJiat  the  axis  of  the  residtant  couple  is  in  the  plane  of 
the  surikcc  AAA.  Such  a  stress  as  this  is  called  a  beiulinff  stretit, 
tut  reowns  wluch  will  be  expkinefl  in  treating  of  tlic  strength  of 
iMt«riaIs.  The  equations  of  Article  91,  when  applied  to  this  case, 
become  as  follows; — 

M,  =  ttK;  M,  =  — al, 
J,l  =  a-  J(V.K.'); 
COB  A  =  Ein  ft^         K 


^/  I'  +  K' 

009^:=sinA=:        I 


.(3.) 


I  If  the  figure  A  A  A  ia  symmetrical  on  either  side  of  the  axis 
then  for  every  point  at  which  »/  has  a  given  positive  value, 
klB  a  corresponding  point  for  which  y  has  a  negative  value  of 
itmount ;  so  that  for  such  a  figure 


K=  f  j  xydxdi/=:0, 


atioa  may  bo  fulfilled  also  for  certain  unsymme- 
this  case  we  have 

M,=0;  M  =  M,  =  — ol;^  =  0; (4.) 

■J  tliat  Uw  axi«  (^tbe  oouplo  coincitlea  vrith  the  neutral  axis. 
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93.  nomcni  or  TnrtoiiaK  8i«s»i. — Tf  tho  stress  be  tangential,  its 
tendency  is  ob^ouslj'  to  tieigt  the  surface  AAA  about  the  axis 
O  Z.     Ill  this  case  wt*  have 

cos  y  =  0  ;  cos  «  =  sin  3  ;  cos  ^  =  sin  «  ; ' 

M'  =  0  ;  M,  =  0 .; 

M  ^  M,  =  o  (1  sin  «  —  K  cos  a)  ; 

ci;«  A  =  0 ;  cos  ^  =  0 ;  cos  »  =  1, 

In  tho  cases  referred  to  in  Ai-ticle  92,  for  which  K  =  0,  we  fin<l 

M=:oIfin«; (2.) 

>  that  in  thoKc  cnsos  it  is  only  tlic  cora]ioncnt  of  thn  stress  pamllrl 
the  nt'utral  axis  which  prodcvrea  the  twisting  cou)jU'. 
04.    Crnlrt'  of  tnirarmlr  Vnrjing    Mima. — \Vhrn    the    amount    (if 

an  uniformly  vaiying  stress  hii.s  miignitudc,  lliat  stress  may  be  cou- 
sidered  as  made  up  of  two  parts,  viz. : — 

Fiivt,  an  uniform  stress,  whose  intensity  is  the  tnean  intensity  of 
the  entire  stress,  and  whose  centre  is  the  centre  of  pravity,  C3,  of 
the  surlace  of  action.     As  in  Article  88,  equation  5,  this 
intensity  may  be  represented  by 


Po 


total  stress 


maaJ 


.(1.) 


Secmtdly,  an  uniformlj'-varj'ing  stress,  whose  neutral  axis  tra- 
verses O,  whose  amount  is  =  0.  and  whose  intensity.  //,  at  a  given 
point,  is  the  dmial'wn  of  the  intensity  at  that  point  from  the  mrau; 
.•so  that  the  uiteusity  of  the  entire  stress  is  given  by  the  equation 

p  z=pa  +  p'  =pu  +  ax- (! 

Let  M  be  the  moment  of  this  second  part  of  the  stress :  its  effect, 
as  has  been  already  shown  in  Article  CO,  case  2,  is  to  shift  the 
resultant  P  parallel  to  itself  through  a  distance 


L  = 


P 


(3.) 


to  the  opposite  side  to  that  whose  name  designates  the  tendency  of 
tlie  coiiple  M;  and  the  direction  of  the  line  L  L?  f)erpcndieul;ir  at 
once  to  that  of  the  stre&s,  and  to  that  of  the  axis  of  the  couple  M. 

Tho  co-ordinates  relatively  to  the  point  O  of  the  centre  of  stress 

am  thtia  shifted,  being  the  point  where  the  line  of  action  of  tlii* 

'_    uJhH)  resuhant  cuts  the  plane  of  AAA,  are  most  easily  found  by 

Mnfifing  the  fvjiKiffon  2  of  Art,  80  to  \.\\o  fTeaewS,  caa&,as.  CviUows; — 
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cotan<=i^=. 


pndicnlnr  )  f  fxp'dxdij      a  f  f  j^  ■  dxdy       a  I 

to  the         ^Xs  =  ^-=' =    ■'-^ =  — 

ratral  axis   )  "  P  ^     {  u\ 

[•long  the     ]  jji/p'dxd!/     ajjxydxdij     aK 

iiral  axis  j"  y»  =  p  =  p  =  ~p" 

Tb»  angle  I  whirh  the  line  joining  O  and  the  centre  of  stress 
nwkea  with  the  neutral  axis  OY,  is  that  wliosc  cotAngeiit  is 

0,     T <'■> 

Tbia  line  will  be  called  the  axis  conju/jate  to  the  neutral  axis 
Y  O  Y.     "Wlirn  K  =  0,  it  is  perpendiciilar  to  the  ueutnil  axis. 

95.    aiamcnia  at  Inenla  of  ■  Sorfiuc. — The    integral   I  =  /    /    x* 

Izdy  i*  sometimes  called  the  tmmient  of  inertia  of  the  surface 
L AA  relatively  to  the  neutral  axis  —  Y  O  Y.     Tliis  is  a  term 

^         "  from  the  science  of  Dynamics  for  reasons  which  will  after- 

«anU  .ippear.  The  present  Article  is  intended  to  jtoint  out  certain 
xelations  which  exist  amongst  the  momenta  of  iuei'tia  of  a  plane 
"  »  of  a  given  fignre  relatively  to  different  neutral  axes ;  u 
Ikowledge  of  which  relations  is  useful  in  tlie  determination  of  the 

at  of  a  bending  or  twisting  stress. 
I  Let  A  A  in  fig.  44  represent  a  plane  surface  of  any  figure,  O  its 
Btre  of  gravity,  YOY,  XOX,  a  jiair  of  rectangular  axes  crossing 
ch  other  at  O,  in  any  i>osition. 

[  Taking  YOY  as  a  neutral  axis,  let 
;  moment  of  inertia  relatively  to  it  l)u 

I  the  moment  of  inertia  re- 
jvply  t<i  XOX  n-s  a  neutral 
be 

:iet 

=  I  I  sf/  -dxdy. 

Kow  1ft  T'Oy,  X'OX',  bo  a  new  pair  of  rectangidur  a\c»,  in 
&oy  position  making  tlie  angle 

YOY'  =  XOX'  =  a 


(1) 
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with  tlte  original  pair  of  axes ;  and  let 

J'  =  j  fj/'-dafd,J;       L  (2.) 

K'  =  j  jx'y'-dafdy'. 

The  following  relations  exist  bctwicen  the  original  co-ordinatea, 
ir,  y,  of  a  given  point,  and  the  new  co-ordinates  of,  i/,  of  the  same 
point; 

(e'  =  a;cosi8  —  ywxfi;'\ 

j/  =  XKin/9  +  y  coa /8;  > (3.) 

i"  +  j/'  =  «•  +  y*.  I 


(ThJB  last  quantity,  which  is  the  square  of  the  distance  of  the 
given  Tioint  from  O,  is  whnt  is  called  an  laotmpic  Function  of  the 
co-ordinates ;  being  of  equal  magnitude  in  whatsoenrer  position  the 
rectangular  co-ordiuates  are  phicpd.) 

From  the  equiilions  (3),  tlio  following  relations  are  easily  deduced 
between  the  original  integrals  I,  J,  K,  and  the  new  integrals 
r,J',K':- 

r  =  I  ■  cos"  /S  +  J  •  sin'  /3  —  2  K  •  cos  /3  ain/3;  I 

J*  =  I  •  Bin'/3  +  J  ■cos'(8  +   2K  "cos/Sain/S;  S...(4.) 

K'  =  (I  —  J)  cos  /3  -  sin/S  +  K  (cos/S  _  Bon'iS.)  j 

Also,  the  following  functions  of  those  integrals  are  found  to  be 
isotropic; 

I  +  J  =  r  +  J'=|j'(r'  +  j/^-  dxdy (5.) 

(called  the  polar  moment  of  inertia) ; 

IJ  —  K"  =  I'J'  —  K" (6.) 

Equation  6  may  be  thus  expressed  in  words  : — 

Theorem  I.  The  sum  of  tJie  m^mteiits  of  inertia  of  a  surface 
^relcUiveli/  to  a  pair  of  rectartgular  nmiiral  axes  is  isotropic 

Equations  5  and  6  in  conjunction  lead  to  the  following  conBo* 
quences.  Beaiuse  the  sum  I'  +  J'  is  constant,  1'  must  bo  • 
maximum  and  J'  a  minimum  for  that  position  of  the  rectangular 
axes  which  makes  the  diSercnce  I'  —  J'  a  maximum.     And  beouisfi 

(I'  —  jy  =  (v  +  r)' — i  r  j', 

I'  —  J'  must  be  a  maximum  for  that  position  of  the  axis  which 
Biakea  TJ'  a  miuimiuu.     But  by  cqimtion  6, 1'  J'  —  K'*  is  constant 
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all  positions  of  the  axes;  tk(>refbre  when  K'  =  0,  I' J'  is  a 
iam,  r  —  J'  a  maximuin,  I'  a  inaximum,  and  J'  a  minimum, 
ace  fiillrnvB,  in  tho  iirst  pliico, 
>RB3I  ir.  In  eccnj  platu:  mirface  there  i$  a  pair  of  rtet- 
(tnjidar  neutral  ajcfx  for  one  of  vhkh  the  momerU  of  inertia  it 
yrriiter,  and  for  the  other  less,  limn  far  any  ollurr  neutral  axis. 

These  axes  are  called  PrincijMil  Axeg.  Let  I„  J,,  be  the  maximum 
and  minimum  moments  of  inertia  relatively  to  them,  and  let  ^,  be 
the  angle  which  their  position  makes  ■with  the  originally-assuiucd 
&xe« ;  then  because  K,  =  0,  we  have,  from  the  third  of  the  equa- 

.       ^,         2  cos/3  sin /3       — 2K  ,_ . 

*--^"  2  ^  =  ^,3--sin-3  =  I^TJ (7-) 

nd  because  I,  +  J,  ^  I  +  J,  and  I,  J,  =  U  —  K',  wo  havej  by 
the  solution  of  a  quadratic  equation, 


g  -  j)° 


+  K' 


(8-) 


2  V      (       4 

The  position  of  the  principal  axes,  and  the  values  of  I„  J,,  being 
once  known,  the  integrals  1',  J',  K',  for  any  pair  of  axes  which  make 
lie  angle  /9'  with  the  principal  axes,  are  given  by  the  eqiiationa 

r  =  I,  cos'/J  +  J,  8in';3';      ) 

J'  =  I,5in'/3'   +J,cos'/9';       - (0.) 

K'  =  (I,  —  J,)  cos  /3'  sin  f(.    ) 

•If  I,  =  J„  thfrn  r  r=  J"  =  I„  and  K'  =  0,  for  all  axes  whatao- 
T«.t;  and  Uic  given  fijrure  may  be  said  to  have  its  moment  of 
tia  ccmptetelii  iiolroine. 

,  as  to  ConjugaU  Axet,     By  equation  5,  Article  94,  we  have 
'  the  angle  which  the  axis  conjugate  to  O  Y  makes  with  OY 

cotan  *  =       , 

the  principnl  nxes,  K  =  0,  cotan  <  =  0,  and  4  ia  a  ngi 
from  wliicli  follows — 

III.    The  principal  axes  are  oynjttgale  to  each  otiier: — 
'  eithrr  of  them  be  taken  for  neutral  axis,  tho  other  will 
f  o  axis. 

1  o  e>:iuation  4  of  the  present  Article,  let  us  suppose, 
njiigiite  to  the  originally  assumed  neutral  axis  YOY, 
ned,  and  that  its  position  is  Y'O  Y',  so  that 
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Let  this  coujiigute  axis  be  assumed  as  a  new  neutral  axiii.  Then  tho 
integrals  1',  J',  K',  belonging  to  it  are  determined  by  substitutiDf 
rf  for /3  in  tbr:  equation  4;  that  is,  by  substituting  for  cos  fi  ana 
&in  /3,  the  values  of  cos  i  and  sin  I  in  terms  of  K  and  I,  viz. : — 


O.I8  *  =: 


K 


sin  *  = 


^IV  +  K^  JV  +  K' 

wliich  substitution  having  been  made,  we  find 
,_I(IJ  — K*) 


r  = 


I'  +  K' 


K'= 


—  K(IJ— K*) 

r  +  K' 


Now  let  it  \m  required  to  find  the  angle  0,  which  the  new  con- 
jiu/ale  axis  makes  with  tlie  neio  neutral  axis  Y'O  Y'.     This  an 
is  ^ven  by  the  eqiuition 

K'  K 

cotiin  *■  =  --=  —    _    =  —  cotau  t, 

whence 

i'  =  -S (11.) 

or  ill  wortls, 

TiiEOKEU  IV.  1/  (lie  axis  conjugate  to  a  given  neutral  ax\$  bt 
taken  as  a  new  neutral  axis,  the  orijinal  neutral  axis  will  be  the  new 
"  Wmigate  axis- 

The  following  mode  of  graphically  representing  the  preceding 
theorems  and  relations   depends  on  well 
known  properties  of  the  ellipse. 
.^' 

In  fig.  45,  let  OX,  O  Y,  per[)cn(licular 
to  each  other,  represent  the  priueii>al  oxoa 
of  a  surfiice.     With  the  semi-axes, 


a  =  O  X,  =  ^I. 
6  =  OY,  =   JJ7 


...(12.) 


Fig.  45. 


describe  an  ellipse,  so  that  the  square 
each  scmi-oxis  sliall  n'presont  the  mome 
of  inertia  round  the  other. 


Let  the  semidiatnetcr  OY'  be  drawn  in  the  direction   of  i 
^/issiimo<J  neiitnU  uxLs,  and  let  .^  YjO  Y'  =  /J'.     Dmw  OC, 
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(w-miiliftmctcT  conjugate  to  OY',  so  that  the  tangent  CT  ghall  be 
kRnillel  to  O  Y'.  Lt't  CT  =  r,  and  let  the  normal  OT  =  n.  Tlieu 
Hi  in  wdl  known  thiit 

n'  =  a*  ■  cos'  /J-  +  i'  sin'  3' ;    ) 

aiulllmt  - (13.) 

«  <  ^  (o-  —  6*)  'COS  /S"-  sin  /J";  j 

oouseqncntly,  compring  this  equation  with  the  equation  9,  we  find, 

r  =  »',  1 

]^         f  (14.) 

cotan  *  =  T-  =  -  =  cotan  Y'O  C: 
In  '  } 

m  that  tJic  square  of  the  normal  O  T  represents  the  moment  of 
lA  for  the  neutntl  axis  O  Y',  and  the  semidiametcr  OC  con- 
to  OY'  is  iilso  the  conjugate  axis  of  the  neutral  axis  OY'. 
.mil  vice  ver*A. 

In  finding  the  moment  of  inertia  of  a  surface  of  complex  figure, 
it  may  sometimes  be  desirable  to  diWde  it  into  parts,  each  of  more 
iiinple  figure,  find  the  moment  of  inertia  of  each,  and  add  tho 
r«  suits  together. 

lu  a  ca»'  i:if  this  kind,  the  neutral  axis  of  the  whole  surface  will 

not  n<'cr*sarily  traverse  the  centre  of  gra\'ity  of  each  of  its  parts, 

ami  it  becomes  necessary  to  use  fonnuliE  for  finding  the  moment  of 

'  la  of  a  figure  relatively  to  an  axis  not  traveraiug  its  centre  of 

Let  O  Y  denote  such  an  axis,  x  the  di.stanco  of  any  point  of  tho 

•  Iv.ii  figure  fiijm  it,  and  av,  tho  distance  of  the  centre  of  gravity  of 

vcn  figure  from  tlie  axis  O  Y.    Through  thut  centre  of  gravity 

^•...•-^ve  an.-ixis  O'Y'tobo  drawn  parallel  toOY;  the  point  which 

is  at  the  distauce  x  from  O  Y,  is  at  the  distance 

ftomO'Y'. 

■  Tlie  required  moment  of  inertia  is  ^H 

■  l  =  jj:^dxdy',  I 

Hit  x!  =  aj-f2x,x'  +  a:'';  ^| 

Hertdbre,  ^| 

■  l  =  3i»^23^  j  I  3f-dxdi/+  I  j  x''  -lixdy;  H 
Hid  brc&uM  O"  Y'  trarerses  the  centre  of  gnivity  of  S,  ^M 
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80  that  the  middle  term  of  the  expressiou  for  I  vanislics,  Usaving 

I^a^S  +  ffsf'-dxdT/ ;..._ ,(15.] 

or  in  words, — 

Theorem  V.  77ic  moment  of  inertia  of  a  surface  relalivdylai 
axis  not  traversing  its  centre  of  gravity  is  greater  tlutn  the  nunnenl  of 
inertia  round  a  parallel  axis  traversing  its  centre  of  gravity,  by  tite 
prMluH  of  the  area  of  the  surface  inio  the  square  of  the  distance  bettcem 
t/iose  two  axes. 

The  followiog  is  a  table  of  the  principal  (or  maxima  and  minima) 
moments  of  imrtia  of  8iirfaces-of-action  of  stress  of  those  figures 
■which  most  commonly  occur  in  practice  : — 

Maximnin  I|  Minimum  J  i 

(neutral  axis  0  i}.  (aeiitrai  axis  0  X^ 


Figure. 

L  Rbctangle. — Length  along  OX,  \ 
A;  breadth  along  O  Y,  h J 


n.  Squabk. — Side  =:  A. 


ITT.  Ki.TJPSE. — Longer  axis,  A. 
Shorter  axis,  b, 

1 


(N'.B.--^  =  ; 


nearly). 


64     20-4 
iV.  CacLE. — Diameter,  A 

V.  Hollow  symmetrical  figures;  sub- 
tract I  or  J  for  inner  figure,  from 
I  or  J  for  outer  figure. 

VL  Symmetrical  assemblage  of  reo- ' 
tangles;  dimensions  of  any  one 
A  II  X,  6  II  y;  distance  of  its  centre 
from  O  Y,  a^, ;  from  OX,  y„ 


12 

12 

xA'6 

G4 


G4 


A"  6 
+  s-Aia^ 


12 

A» 
12 

>Ay 
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»A« 


I 


Afi» 

'•IF 
+  i-A6j^ 


Section  3. — Of  Internal  Stress,  its  Composition  and  BeaoliUion, 

96.    Inlemal  Hircn   In  CcneraL — ^If  a   body    bo    COUCcired   tO   be 

tlivided  into  two  parts  by  an  ideal  plane  traversing  it  in  .-uiy 
direction,  the  force  exerted  between  those  two  parts  at  the  plane  of 
division  is  an  inlemal  stress.     Tlic  finding  of  the  resuIUnt,   and 
of  the  centre  of  stress,  for  an  internal  stress,  depend  ii|K>n  the 
principles  relating  to  stress  in  general,  which  hare  hcc- 
in  the  Inst  section.     The  present  section  refers  to  a  dil 
of  f)roh]eina,   viz.,   the    relations  between   tlie   diffcrcut   s 
trJu'cJj  can  exist  together  in  one  body  at  one  yoint. 


SIMPLE  STRESS. 


83 


A  body  may  be  divided  into  two  parts  by  a  plane  traversing  a 
given  point,  in  an  indefinite  number  of  ways,  by  varying  the  angulat 
position  of  the  plane ;  and  the  stress  which  acts  between  the  two 
parts  may  vary  in  direction,  or  intensity,  or  in  both,  as  the  position 
of  the  plane  varies.  The  object  of  the  present  section  is  to  show 
the  laws  of  such  variation  ;  and  also  the  effect  of  applying  dilFi-rent 
stresses  simultaneously  to  one  body. 

The  investigations  in  this  section  relate  strictly  to  stress  of 
tmiyorm  intensity  ;  but  their  residts  are  made  applicable  to  stress  of 
I  Tariable  intensity  to  any  required  degree  of  accuracy,  by  sufficiently 
^^fepntracting  the  space  under  considci-ation,  so  that  the  variations  of 
^Hpe  stress  within  its  limits  shall  not  exceed  the  assigned  limits  of 
^^■eriatiou  from  uniformity. 
^^P    97.    Rlatplc  Mreu  and  II*  Nvrmal  Inlenailj. — A  simple  stress  is  a 

pull  or  a  thru.st.     In  the  following  investigations  a  pidl  will  be 
tr«tt*d  as  j)Ositive,  and  a  thrust  as  negative. 

In  fig.  46,  let  a  prismatic  solid  body,  or  part  of  a 
solid  body,  whose  sides  are  parallel  to  the  axis  0  X, 
be  kept  in  equilibrio  by  a  pull  applied  in  opposite 
directions  to  its  two  ends,  of  unilbnn  iutousity,  and 
of  the  amount  P. 

Let  an  ideal  plane  A  A,  perpendicular  to  O  X, 

oonceived  to  divide  the  body  into  two  parts,  and 
the  area  of  that  plane  of  section  be  S.     That 

h   of  these   parts   may  be   in   equilibrio,   it  is 
that  they  should  act  upon  each  other,  at 

•pUme  of  section  A  A,  with  a  ptill  in  the  direction 

"ij  of  the  amount  P,  and  of  the  intensity 


Fig.  46. 


which  is  the  intensity  of  the  stress  as  distributed  over  a  plane 
'  to  its  dii-ection,  mtiy  be  called  its  normal  hUensily. 

98.   Bedaclian  af  Stniple   Slrena  lo  an   Obllqne   Plane. — Next,  let 

•  plane  of  section  be  conceived  to  have  the  |iositlon  B  B,  oblique 
(OX;  let  O  N  be  a  line  normal  to  E  B,  and  O  T  a  line  at  the 

iction  of  the  planes  B  B  and  X  O  N.     Let  the  obliquUy  of 
\  [ilaDe  uf  section  be  denoted  by 

«=^XON-^TOA. 

The  two  parts  into  which  B  B  divides  the  body  must  exert  on 
other,  aa  in  the  former  ca.sc,  a  pull  of  the  amount  P,  ai\d  m 

•  direction  OX;  but  the  aren  over  which  that  pull  is  distributed. 
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areaBB  =  — • 
cost' 

consequently,  the  intensity  of  tbo  stress,  as  rcducfd  to  the  ohiiq 

plane  of  section,  is 

Pcos< 
P.  =  — g — =p.cf»t. 

^f).  Rraolnllon  of  Obliqur  Hlrrwi  laio  Nvrmal  mihI  TBnc<<nllnt 
c;«mpancnt> — Tlie  oliliijuc  stress  P  on  tlio  plane  of  set'tion  I{L  imiy 
lie  resolved  by  the  principli-s  of  Articles  55,  67,  into  two  conijio- 
uents,  viz.  : — 


Normal  component  a-  j^ 
long  ON j 

Tiingential  component  \^ 
jilongOT ) 


Pco3«: 


Vmit; 


•(I.) 


.(2.) 


unil  the  intcnBities  of  these  conijionetitii  are, 

Normal;       p.  =/>,  cos  <=:p,'co8'<  ;       ) 
Tangential :  //,  =  ;>,  sin  I  =  p/  cos  *  sin  >  ) 

Suppose  another  oblique  jilaue  of  seclion  to  cut  the  body  at  right 
angles  to  B  B,  so  that  its  obliquity  is 

ff  =  90"  — tf; 

and  let  the  intensity  of  the  stress  on  tho  new  jilnne  be  denoted  by 
accented  letters ;  then 

J),  =  p, •  cas'  /=;>,•  siu'  <  ;  \ 

P'i=l>,,  P'+p'.=P.;         i 

80  that  we  obtain  the  following 

Theorem.     On  a  pair  o/ jUaiut*  of  gectum  %vho««  oUupiitm  nrt 
together  equal  to  a  nglU  angle,  tlte  tanijcntinl  com-ixmnnts  o/n 
gtree*  are  of  equal  intensity/,  and  the  inleiutilies  of  the  nnrnvr 
ponmts  are  t/}rfpther  eqtial  to  the  normal  intenmli/  of  the  strrjm. 

1(10.  rarapoHnd  tHmm  is  that  internal  condition  of  a  Ixidy  which 
is  made  by  the  combinetl  action  of  two  or  more  siniplo  stresst-s  in 
different  directions.     A  comiwund  sti-css  is  known  when  the  'Ii>-"'- 
tions  and  the  intensities,  relativrly  t«  given  planes,  of  the 
stresses  composing  it  are  known.     The  .same  compound  stri- 
be  analyzed  (as  the  ensuing  Articles  will  show)  into  git)ups  of 
stresses,  in  dilferent  ways  ;  such  grou|>s  of  .simple  stresses  nv  :-:uii 
to  be  equivalent  to  each  other.     The  problems  of  finding  of  u  gnju)» 
of  sti-eases  equivalent  to  onothcr,  and  of  determining  the  nl 
which  must  exist  between  co-exiKting  strewes,  mv  solved  I 
aiAer'mjt  the  condition.s  of  equilibrium  of  some  int' 
ao/ifl,  of  prismatic  t>r  jiyiimiid.il  figure,  lio\inde<l  bv 
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Fig.  47. 


101.   Pair  9t  Co^imfmtv  BUe—ei THEOREM.     1/  Ifie  slreu  on  a 

fivfn  plane  in  a  liody  he  in  a  given  direction,  the  stress  on  any 
flan".  paraUd  to  that' direction  must  be  in  a  direction  parallel  to 
Itt  jimt-TjKnlufned  plane. 
In  fig.  47,  let  YOY  represent,  in  section,  a  given  plane  tra- 
prwing  a  body,  .ind  let  the  stress  on 
hat  pLinc  be  in  the  direction  X  O  X. 
:)n»idt)r  the  condition  of  a  prismatic 
ortion  of  the  body  represented  in  sec- 
tion by  A  B  C  D,  boundetl  by  a  piir 
of  planes  AB,  D  C,  parallel  to  the  given 
ae.  and  a  pair  of  ]>lune8  A  D,  B  C, 
»IIel  to  each  other  and  to  the  given 
tion   X  O  X,  and   having  for  its 
is  a  line  in  the  plane  Y  O  Y,  cutting 
:OX  in  O. 

Th«  equal  resultant  forces  exei-ted  by  the  other  parts  of  the  body 
the  factfs  AB  and  D  C  of  this  prism  are  directly  oj)po3ed,  their 
Dmttion  line  of  action  travei-siug  the  icds  O  ;  and  they  are  there- 
OTv  indcfM-ndently  balanced.  Therefore  the  forces  exerted  by  the 
ther  p!»rt«  of  the  body  on  the  faces  A  D  and  B  C  of  the  prism 
Host  be  uidependently  balanced,  and  have  their  resultants  diitjctly 
1 ;  which  cannot  be  unless  their  direction  is  parallel  to  the 
[leYOY.  Therefore,  A-c.—Q.  E.  D. 
A  {»air  of  stresses,  each  acting  on  a  plane  parallel  to  the  direction  of 
be  other,  are  said  to  be  co7iju<)a(e.  In  a  rigid  body,  it  is  evident  that 
beir  intensities  are  indciKJndent  of  each  other,  and  that  they  may 
of  the  same,  or  of  opjiosite  kinds: — a  fiair  of  pulls,  a  pair  of 
trusty,  or  a  piiil  and  a  thrust. 

In  those  cases  (of  frequent  occiurence  in  practice)  in  which  the 
liaues  of  notion  of  a  })air  of  conjugate  stres.ses  are  both  perpendi- 
ilar  to  the  ]>lane  ■which  contains  their  two  directions,  their  obli- 
iiity  is  the  same,  being  the  complement  of  the  angle  which  they 
Kkc  with  each  other. 

1U2.  Three  CoHjagaie  sircun  may  act  together  in  one  body,  tlie 
lion  of  each  being  {MLrollel  to  the  line  of  intersection  of  the 
ites  of  action  of  the  other  two;  and  in  a  rigid  body,  the  kinds 
ad  int«neitie8  of  those  stresses  are  independent  of  each  other, 
liuii,  in  fig.  47,  if  X  O  X  and  YOY  represent  the  directions  of 
eoch  acting  on  a  fihine  which  traverses  the  direction 
kotluir,  the  intersection  of  those  planes  (which  may  make  any 
with  X  O  X  and  Y  O  Y),  will  give  a  third  direction,  being 
nt  of  (t  tliird  stress  of  either  kind  aTid  of  any  intensity,  which 
i  on  the  pkuu  X  O  Y,  and  -nill  be  conjugate  to  eacVi  oi  t\va 
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Tinte  is  the  greatest  number  of  a  group  of  conjugate  Btrossffl ;  f  ;>r 
it  is  evidently  impossible  to  intixxliico  a  fourth  stress  which  shall  be 
conjugate  at  once  to  each  of  the  other  three. 

The  relations  between  the  three  angles  which  the  directions  nf 
three  conjugate  Btresses  make  with  each  other,  the  three  dbliquitifs 
of  those  stresses  (being  the  angles  which  they  nuike  with  the  ik-p- 
pendiculara  to  their  respective  planes  of  action),  and  the  thrac  angli^ 
which  those  perpendiculare  miUce  witli  each  other,  as  found  by 
ordinary  rules  of  sphuriciil  trigonometry,  are  given  by  the  folio- 
formuhie. 

General  Case.     Let  k,  y,  e,  denote  the  directions  of  the 
conjugate  stresses; 

AAA, ,      , 

y  e,  zx,  xy,  their  inclmationa  to  each  other; 

M,  i>,  w,  the  directions  of  the  perpendiculars  to  their  plnncs  of 
action,  so  that  «  -L  plane  yz,v-i-  plane  zx,to-^  plane  x  y ; 

AAA. 

vw,  wu,  u  V,  the  inclinations  of  those  perpendiculars  to  ench 
other ; 

AAA 

ux,  vy,  wz,  the  respective  obliquities  of  the  stresses. 
Then  those  nine  angles  are  related  as  follows : — 

A  A  A  A  A  A 

Let  1  —  cos'  y  z  —  cos  zx  —  oos*  xy  +  2  cos  yz  cos  zx  cos  xy 

^  =0; (,-■ 

Then 


.       A 

_         J 

C 

.       A 

A 

vuzx- 

amxy 

A 

ain  wu 

V 

C 

A 

A 

smxy 

sm 

y-= 

A 

smur 

J 

C 

—        A 
sin  ys 

sin 

A 
tx 

CO 

A 

8j«a;  =  — 

JC 

~;  1 

A               A                   A 

A 

ooBvu; 

COS  s  X  •  cos  xy  —  cos  y  s 

A                 A 

sm  zx  '  staxy 

AAA 

A 
COBWU 

cos  xy  cosy  3 C08«« 

A                 A 

sm  xy  '  amy  a 

A               A                   A 

A 
COS  U  V 

COS  y  z  •  cos  zx  —  cos  xy 

A         .       A 

sm  y ; 


A 
sin  ys 


A  JC 

sin  z  x 


A               JC 
COB  WZ=  -^ 


A  • 

sm  «y 


Restricted  Case  I.     Suppose  two  of  the  streaaes,  f«r  i 
those  ]ianillol  tu  x  and  y,  to  be  perpendicular  to  ooch  other,  i 
oblique  to  the  tliiixl.     Then 


cos  xy  -^  0 ;  sin  xy  =  1 ;  1 
0  =s  1  —  cos'  y  z  —  cos'  3  «;  /  ' 


OF  EQUAL  BHEAB. 
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am 


JC 


A  — 


008  UX 


— 

A  > 

sm 

za; 

A 

.     ^/ 

C 

sin 

A   ' 

JO 

cos 

A 

A    ' 

ys'srn 

zx 

_  V 

C 
-^ :  < 

> 

cos  V 


coe  y  z^ 


V  = 


A 

sinsx 

A           _ 

A 

-  coe  zx 

A 
cosy  s 

A 

A 
•  COBS  a: 

■     .     A 
emyz 

A 
'shisx 

^/C 

A 

:  ooBws 

.(«•) 


s  =  V0...(6.) 


Restricted  Case  IL  SupjKisc  one  of  the  ati-esses  (such  as  e) 
to  be  perpendicular  to  Uie  other  two,  wliich  are  oblique  to  each 
other.     Then 


A  A 

cos  j/i  =  0 j  cos  zx  =  0; 

■     ^        t      •      '^        1 

„        .      f^ 
C  =:  Bin*  X  y. 

AAA 

Bin  t)  to  ^  1;  cos  vtt>^  Oj  (or  »«;^  90°); 
sin  uJM  =  1;  cos  wu:=0;  (or  wu  ^  90'): 

A  .        A  A 

ain  uv^  sin  x  i/;  cos  uu  =  —  cos  xy; 
(or,  M  »  +  xy  =  180*). 

A  A  A  .       A  A 

)««;  =  sin  icy;  cos  vy  =  sm  xy;  coe  to 2  = 

A  A  „„„  A         A  „ 

mux  =  »y  =  90'  —  xy;  tot  =  0; 


.(7.) 


.(8.) 


■■}■ 


.(9.) 


identical  with  those  given  at  the  end  of  Article  101. 
JcrEn  Case  111.     All  three  stresses  perpendicular  to  each 
In  tliis  cane  the  normals  to  the  three  planes  of  action  are 
ndicular  to  each  other,  and  coincide  'with  the  directions  of 
istraaea. 

103.  IT«iii  mt  EvMd  Hkcw,  ar  TmugtmUal  RtrcM. — ThEOKEX.  ]/ 
At  ifiMwii  on  a  ffiven  pair  of  plumes  he  tangential  to  those  planet,  and 
foraOd  to  a  third  plane  which  is  perpendicular  to  t/te  pair  qfpkmea, 
AoM  j<r»Mt  muH  be  nf  equal  intmnty. 

ttut,  die  thii-d  plane  bo  n-presented  by  the  place  of  the  ■paper  va. 
i8,  and  let  theptur  of  plauea  ou  which  the  streeaes  are  tbugea- 
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Fig.  48. 


tjal,  and  parallel  to  the  plane  of  the  paper,  be  parallel  respectively 
to  AB  and  AD.  Consider  the  condition  of  a  right  prism  of  any 
length,  represented  in  section  by  A  BC  D,  and 
bounded  by  a  pair  of  parallel  plane-s,  AB,  CI 
and  a  jiair  of  parallel  planes,  A  D,  C  B.  Let , 
denote  the  intensity  of  the  shear  or  tangent 
stress  on  AB,  CD,  and  planes  parallel  to  the 
and  p',  the  intensity  of  the  shear,  or  tangent 
stress  on  AD,  CB,  and  planes  panUlel  to  the 
The  forces  exerted  by  the  other  parts  of  the  " 
on  the  pail-  of  faces  A B,  CD,  form  a  couple  (right-handed  in 
figure),  of  which  the  arm  is  the  jxirpcndiOTlar  distance  EF,  betwa 
AB  and  CD,  and  the  moment, — 

p,  'area  AB  •  EF. 

The  forces  exerted  by  the  other  jMii-ts  of  the  body  on  the  pair  I 
faces  AD,  CB,  form  a  couple  (left-handed  in  the  drawing),  of  wlij 
the  arm  is  the  perpendicidar  distance  G  H  between  A  D  and  Cl 
and  the  moment 

y,' area  AD -OH. 
The  eqiulibrium  of  the  prism  requires  that  these  opposite  moments 
shall  be  equal  But  the  products,  area  AB  •  EF,  and  area  AD  • 
GH  ai-e  equal,  each  of  them  being  the  volume  of  the  prism;  there- 
fore the  intensities  of  tlic  tangential  stresses 

are  equal. — Q.  E.  D. 

The  above  demonstration  shows  that  a  shear  u|)0u  a  given  pla 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  \>e  ec 
biue<l  with  a  shear  of  equal  inti?nsity  on  a  different  plane, 
tendency  of  the  action  of  the  pair  of  sheaiing  stresses  represent 
in  the  figure  on  the  prism  A  BCD  is  obWously  to  di-ntort  it,' 
lengthening  the  diagonal  D  B,  and  shortening  the  diagonal  A  G,  \ 
as  to  sharpen  the  angles  D  and  B,  and  flatten  the  angles  A  and  ' 

104.  flircM  OH  Thr(«  Berlnniiular  PUaea. — THEOREM.  1/ there  bf 
oblujue  alreis  on  tltree  planes  at  rlg/U  angles  lo  eac/i  other,  the  tanf/mitiai 
componeiUa  of  the  stress  on  any  two  of  tJtose  j>lanes  in  dlreciioiU 
jHiralM  to  tfie  t!iird  plane  vnul  be  of  equal  intensity. 

Let  yz,  zx,  xy,  denote  the  three  rectangular  planes  whoso  iii(»>i---.-- 
tions  are  the  rectangular  axes  of  x,  y,  and  z.  Consider  the  oji  i 
of  a  rectangular  portion  of  the  body,  having  its  thi-ce  })(urs  dI  ,.,< .  . 
p.ii-!illel  respectivL'ly  to  the  three  planes,  and  its  centre  at  the  jHpiut 
of  intersection  of  the  three  axea  Let  A  BCD  (fig.  49),  repn-sent 
iiie  sectlou  of  tb&t  rectungukr  solid  by  the  Yilane  of  xy,  the  faoea 
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0 


Fig.  49. 


lB,  CD  being  parallel  to  the  plane  yz,  and  the  faces  AD,  CB, 

the  plane  s  x.     Let  the  equal  and  parallel  lines  XR  repi«sent 

he  intensities  of  the  forces  exerted  by  the  other  ports  of  the  body 

the  pair  of  faces  AB,  CD;  resolve  each  of 
bene  forces  into  a  coiufioueiit  XN,  parallel  to 
Ve  piano  z  x,  luid  a  tangential  comjwnent,  XT, 
fcrHllcI  to  the  axis  of  y;  the  resultants  of  the 

jniponents  X  X  will  act  through  the  axis  of  z,  and  r  «- 

ill  produce  no  couple  round  tliat  axis;  the  com-    .^  „  *^       "    W 
Dnents  XT  will  form  a  couple  acting  round  tluit      f^ 
In  the  same  manner  the  intensities  of  the     /^ 
exerted  on  the  fiices  AD,  CB,  being  re- 
tted by  the  equal  and  parallel  lines,  Yr, 
I  into  the  components,  Y/i,  whose  resul- 
through  the  axis  of  s,  and  the  cuniiw- 
I  Yf.  which  form  a  couple  acting  round  that 
which,  by  the  conditions  of  equilibrium  of  the  rectangular 
ABCD,  must  Ikj  ccjual  and  opposite  to  tJio  former  couple; 
by  reasoning  similar  to  that  of  Article  103,  it  is  shown  that 
I  intensities  of  the  tangential  stresses  constituting  these  couples, 

xt  =  y7, 

\\a  equal;  and  similar  demonstrations  apply  to  the  other 
I  and  Btreesee. 

To  represent  this  symbolically : — lot  p,  sm  before,  denote  the 
ileusity  of  a  stress;  and  let  small  letters  affixed  below  p  be  used, 
bo  first  sioall  letter  to  denote  the  direction  jxjrjjcndicular  to  the 
flano  on  which  the  stress  acts,  and  the  second  to  denote  the  dircc- 
un  of  the  stress  itself: — for  example,  let  p,,  denote  the  intensity 
be  stress  on  the  plane  normal  to  y  (that  is,  the  plane  ex),  in  the 
ction  of  z.  Then  resolving  the  stress  on  each  of  the  three 
Bgular  planes  into  three  rectangular  comjKinents,  we  have  the 
ing  notation : — 


PULXE. 


ex 


X 
P» 


DiBEcrnoN. 

y 

Tn  

p» 

Ph  


P.. 
Pf 
P^ 


intensities. 


Lar 


'itiio  of  the  Tlieorem.s  of  Articles  101  and  102, 'wei 
attr(Mef,j/,„p„p„  cunjugute  and  indeiK:ndeiit  •,  anil 


^u 


OF  STAXICS. 


r.g.  BO. 


in  virtue  of  the  theorem  of  this  Article,  there  are  three  pain  q/ 
tangential  ttnsses  qf  equal  intentity, 

Pr=P-,f  P.=F^'^  Fn=P,^ 

[Tho  rciuler  who  -wishes  to  confine  his  attontion  to  the  mora 
simple  class  of  problems  may  pass  at  once  to  Article  108,  page  95.] 

105.  Trtrncdron  ef  Birrw. —  PbOBIXM  I.  The  int^ngilies  p/  thrf€ 
canjugale  stre.tse.i  on  three  planes  traveridng  a  body  being  given,  it  u 
required  to  Jind  the  Jirection  and  hUen&ity  of  the  strets  on  a  Jintrtk 
j)lcme,  traversing  the  same  body  in  any  direction. 

In  %.  50,  let  Y  O  Z,  Z  O  X,  X  O  Y,  • 
three  planes,  on  wliicli  act  conjugate  stj' 
the  directions  O  X,  O  Y,  O  Z,  of  the  int. 
p„  p^  p,.    Draw  a  piano  paraUel  to  the  i 
plane,  cutting  the  three  conjugate  planes  in  the 
triangle  ABC,  so  as  to  form  with  them  the  tri- 
angular pyramid  or  tetraedron  O  A  B  C.    Then 
must  the  stresses  on  the  four  triangular  faces  of 
that   tetraedron  balance    each  other ;  and  tlie 
total  stress  on  A  B  C  will  bo  equal  and  opjK 
to  the  resultant  of  the  total  stresses  on  O  B  C,  0  C  A,  and  O  A  ] 
On  O  X,  O  Y,  O  Z,  respectively  take 

^^  OD  =  total  stress  on  O B C  =/».  •  area  O B C, 

^B  O  E  =:  total  stress  on  O C  A  =: p,  ■  area  OCA, 

0F  =  total  stress  on  O  AB  =  p- •  areaOAB. 

Complete  the  parollelopiped   0  D  E  F II ;  then  will  ita  diago 
OR  represent  the  direction  and  amount  of  the  total  stress  on  aa 
area  of  the  fourth  plane  equal  to  that  of  A  B  C  ;  and  the  intensity 

of  that  stress  will  be  =r-^      Q.  E.  I. 

areaABC 

Hence  it  appears,  that  if  the  stresses  on  thi-ee  oonjiij 
in  a  body  be  given,  tho  stress  on  any  other  plane  mn; 
mined ;  from  whicli  it  follows,  That  every  pomhle  sijtlcm  oj 
whiclh  can  co-exigl  in  a  body,  ig  capable  of  being  resolved  itUo,  ■ 
pressed  by  means  of,  a  gynt^m  of  three  conjugate  stresses. 

Probleu  II.    The  directions  and  intensities  of  the  stresses  on  three 
reotangtdar  co-ordinate  planes  being  given,  U  is  required  to  Jii 
direction  and  intensity  of  Uie  stress  on  a  fourth  piarte  in  any  _ 
tiwi. 

Let  the  planes  Y  O  Z,  Z  0  X,  X  O  Y,  in  fig.  50,  represent  tho 

rectangjihtr  m-ordinatc  planra,  so  that  OX,  OY,  OZ,  arc  flow  at 

ligit  swglcs  to  each  other  (instead  ot  Wvn^,  «  in.  Problem  L,  in 
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ky  directionH).    Bedace  the  three  given  stresBes,  as  in  Artido  104, 
'liar  conjpononts,  with  the  notatiou  already  explained. 
'■  C,  as  in   Problem  I.,  be  a  triangle  parallel  to  the  fourth 
,  «licio8iDg,  with  three  triHn!;les  in  the  co-ordinate  pLinea,  the 
L  O  A  B  C.     The  total  stress  on  A  B  C  will  be  equal  and 
rpposite  to  the  resnhnnt  of  all  the  rectangular  components  of  the 
total  rtrtjecs  on  O  B  C,  O  C  A,  and  O  A  B. 
Thisrcfore,  on  O  X,  O  Y,  O  Z,  respeotivclj,  take 

OD=/(„areaOBC  +^^areaOCA  +  p„areaOAB, 
OE  =  p,-arwi  OBC  +^„-areaOCA  +  p^-areaOAB, 
OF  =/»„  •  area  O  B  C  +  p^-are&OCA  +  />„-areaOAB; 

the  rectangle  O  D  E F R  ;  then  will  its  diagonal  OB  re- 

t  the  direction  and  amount  of  the  total  stress  on  an  area  of 

le  fiiurth  plane  eqwil  to  A  B  C,  and  the  intensity  of  tliut  streas 

\-b^—^-^     Q.KL 

Mt»ABCr  AAA 

To  cncprcas  tliis  algebraically,  let  xn,  yn,  s n,  denote  the  angles 

,  normal  to  the  fotirth  plane  makes  with  the  three  rectangn- 

f^      ^      f^      . 
axes  respectively  ;  xr,  yr,  z  r,  the  angles  which  the  direction 

the  stress  on  that  plnne  wakes  with  the  three  rectangular  axes 

ctively  j  and  p,  the  intensity  of  that  stress.     Then,  it  is  well 

Icaown  that  a 

srea  0  B  C  =  area  A  B  C  ■  cos  z  n, 

ana  O  C  A  =  area  ABC  •  cos  y  n, 

A 

area  O  A  B  =  area  ABC'  cos  :  n ; 
i  the  rectangular  components  of  the  intensify  p,  are 

AAA 
p^  =  p^  '  COB  xn  +  p^'  COB  y  »  +  p^' cos  zn 

AAA 
p^  =  p^  '  COS  X  n  +  ^„  •  cos  y  «  +  p^  •  cos  s  n 

AAA 

7>„  =  p„  •  008  X  «  +  p^-  cosyn  +  p„  •  cos  s  »»  . 

ho  resultant  intensity  of  the  strem  required  ia  given  by  the 
^nation 

P,=  ^(pZ-^Pi  +Pi) (2.) 

bd  its  direction  by  the  equation 

(.3.V 


•GO 


A         P«  A         p.,  A  p„ 

C06irr=— ;  co8yr=  ■—•    coasr= ■ 

/>  />  pr 
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Hence  it  appears,  that  if  the  rectungular  oomiionents  of  the  stress 
on  tliree  rectangulur  plaues  in  a  body  bo  given,  the  stress  on  any 
foui-th  plane  may  be  determined;  from  which  it  follows.  Thai  every 
potsihle  syttem  of  aireatet  vUdck  can  co-exist  in  a  body,  is  capable  of 
being  resolved  into,  or  expressed  by  means  of,  tlte  three  normal  stresses, 
atid  Uie  six  paira  of  tangential  atreaaes,  on  t/tree  rectangular  co-ordinate 
planea. 

lOG.  Trnnaformatian  of  Sirrw. — For  the  direction  of  the  normal 
to  the  new  jilaiie  of  liction,  ABC,  which  direction  is  denoted  by  n 
in  Problem  II.  of  Article  105,  let  there  be  successively  assumed 
the  direetious  of  three  new  reclangidar  axes  x',  y",  z',  and  let  it  be 
rc((uired  to  express  the  rectanyjular  components,  pjj,  &a,  of  a 
given  compound  stress  relatively  to  those  new  axes,  in  terms  of  the 
rectiingular  components,  ^j„,  ifec,  of  the  same  compound  stress 
relatively  to  the  original  roctangular  axes,  x,  y,  z. 

To  solve  this  question,  let  n  be  taken  to  denote  any  one  of  the 
three  new  axe&  The  three  components,  j»arallol  to  the  original 
axes,  of  the  stress  on  the  plane  normal  to  n,  are  given  by  equation 
1  of  Article  105.  Each  of  these  components  being  further  resolved 
into  its  componeuta  parallel  to  the  new  axes,  and  the  nine  com- 
jMtnent-i  so  found  collected  into  three  sums  of  intensities  parallel  to 
the  new  axes,  the  following  i-esults  are  obtained  : — 

AAA 
pj  =p^  •cosxar'  +  p^-  cosya;'  +  ^j„  'cosia;' ; 

AAA 

P»^=P».'cosxy  ■¥  p^'cosyy'  +  p^coszy'; 

A  A,  A, 

7)„'=/>„-co8a;s' +  ^^^-cosys  +  p^-coazz. 

For  n  are  now  to  be  substituted  successively,  both  in  />,',',  4c.,  ancl 
in  the  values  of  ^,^  &c,  according  to  equation  1  of  Article  105,  th« 
symbols  x',  j/',  s" ;  and  thus  ai*e  obtained  finally  the  foUowi 
eyiiotiona  of  tranaformalicn  :- 
Normal  Stresses. — 

p.'.'  =  ;>„  cos'  X  x  +  p„  cos'  1/  x'  +  p.,  C08«  2  a/ 

•f-  2  p,,coayx'  COB  s  X  -j-  2  p„cos  s  x  COS  XX-  -\-  2  p^  coa  x  x' cos  y  i 

P,','  =  P«  ««'  a;  y'  +  />„  cos*  y  y  +P..  cos' s  y 

.    „  A  A  A  A  A  a] 

-r"^,.cosyy'oo8sy'  +  2/»„cos«y'coaa;y  +  S^j^cosxycosyi 

/>,','  =Pa  cos'  xs'-\-p„  cos'  yz  +  p„  co«'  z  zr 
A.  A.  .    .  N. 


•i-JPf,coByz  cic»zz  +2p,,coass  «»x«-r  iT>„<!Mft«s  cosy*'; 
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A  A  A  A  A  A 

f,','  =  p„'coixi/'coaxs  -\-p„cosi/y  -cosy^f +/>„  cos  sy'cosss^ 

,         A  A  A  A  ^  ^         A  A,  A  A„ 

■  p    (cossycosyy  +  cos yy'coses')  +|j„(co6zy'coess  +  cosay'coga!*^ 

A  A  A  A 

+  ^,  (cos  yy"  COS  a;  y  +  cosiy'cosys') ; 

,  A,  A  A  A  A  A, 

Jp,','=:p„coBxs  cosxx'+/)„cosyrco8yx'  +  p„coBss^  coa  sx 

.         A^  A  A,         A  ,         A,         A,  A  A^ 

+  p^(cD««s cosyz'  +  oosys  cose* ;  +  />„(co8xs  cohzx  +  coss^cosxa^ 

,  A  A  A  A 

+  p,,  (cos  y  s*  COS  X  z"  +  cosxa'cosyx'); 

A  A  A  A  ,  A  A 

p/,  ^/>„  COS  X  x"  COS  X  y+ZJ^  cos  y  aj*  cos  yy  +  p„co8Sx'cos3y' 

,A  A  A  A  A  A  A,  A 

kp^(0O8cxoo8yy  +co8yx'co8«y)  +  ;)„(co8xa;'co8iy  +  cossx  cosxy) 

A  A  A  ,  A  „ 

+/>^(cosy  i'cosxy  +  cos  x  x' cos  y  y). 

he  twn  systems  of  component  stresses,  p,„  Jtc,  relative  to  tliu 
KCfl  X,  y,  J,  and  /;,',',  <tc.,  relative  to  the  axes  x',  ■>/,  sf,  which  con- 
kitute  tlie  same  comjxnmd  stress,  are  said  to  be  equivalent  to  each 
llirr. 

107.  PriMipni  Asca  or  Mm*. — Theoreu.  For  every  state  of 
Y**  in  a  (nnii/,  there  is  a  system  of  thrte  jylanes  perpendiciUar  to  each 
Huv,  on  each  ofwhlrJi  the  stress  is  whMy  normal.. 
Kcferrind  to  the  equation  3  of  Article  10.5,  it  is  evident  that  the 
ndition,  that  tlie  direction  of  stress  on  a  plane  shall  coincide  with 
i  aomiul  to  that  plane,  is  expn^sscd  l>y  the  equations 

A         p„  A  A        ;>.,  A 

cos  X  !•  =  —  =  cos  X  n  ;  cos  yr  =■  —  =  cos  y  n  ; 


A       ;;„  A 

cos  c  r  ^  —  =  cos  s  M. 


-O.) 


Introilucjnf;  these  values  into  the  eqtiation  1  of  Article  105,  we 
in  tlio  following  ; — 


A  A  A 

(|»^— /),)co8X«  +  p^cosyn  +  p„coazn  —  0  ; 

A  ,  A  A 

o^cosxn  +  (/>„  -/>,)cosyn  +  />,. cosan  =  0  ; 

A  A  A 

^M  008  X  0  -f /J.  cnsry  »  +(fi„  -  jt,)  cos  C  n  =  0. 


(2) 
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From  these  equations,  Viy  elimination  of  the  threo  oosinea,  is 
obtained  the  following  cubic  equation  ; — 


Let 


P. 


r»P..  +P.'P»  +P'^Pn  -Pi  -p.l  -Pi  =  B  ; 

.P„P..  +  -P»P.MPn  -P..PI.  -P„PL-PmPK=^'  . 


(3^ 


Then 


p;-a^;  +  Ba-c=o. 


.(4) 


The  solution  of  this  cubic  equatinn  gives  three  rootx,  or  values  of 
the  stress  p„  wliich  satisfy  the  con<lition  of  being  normal  to  their 
planer  of  action;  and  according  to  the  pi-operties  of  conjugate 
stresses  stated  in  Article  102,  the  directions  of  those  three  normal 
sti"esses  must  be  perpendicular  to  each  other. — Q.  E.  D. 

The  tliree  conjugate  normal  stresses  are  called /n-tncipaZ  Hreates, 
ad  their  directions,  principal  axes  of  stress. 

Itpr  denote  the  intensity  of  one  of  those  principal  stresses,  the 
angles  which  it  makes  with  the  originally  assumed  axes  of  x,  y,  t,  are 
fii\ind  by  means  of  the  following  equations,  deduced  by  cliniinBtio& 
from  the  equation  2  of  this  Article  : — 

008  x  n -{^j^;!^  +  0?,  -  p„)  p^  }  =  cos  y  n  {p^p^  +  (p,  - /»„) />„} 

=  cos  s  f»  jp^ /)„+(;>,-;>  Jp,] (5.) 

Let  Pi,  p„  tJj,  d(;uote  the  three  values  of  p„  which  satisfy  equation 
4.  Then,  from  the  well  known  properties  of  equations,  it  follows 
that  tlic  co-efficients  of  that  equation  ha^•e  the  following;  volnua : — 

^=P^■^■P%  +  Pt•,        1 

B  =  ;j,P»+P,p,+P,;j, ;  V (6.) 

C=p^p,py  J 

rienco  it  appeal's,  that  for  a  given  state  of  stress,  the  three  functions 
denoted  by  A,  B,  C,  in  the  equations  3  and  6,  are  the  same  for  all 
positions  of  the  set  of  n.'ctangular  axes  of  x,  y,  z,  or  are  inotropic,  M 
the  sense  already  explained  in  Article  95. 

Let  the  principal  axes  of  strcRs  now  bo  t«kon  for  ax-  ■ 
ular  co-ordinates,  and  denoted  by  x,  y,  •;;  and  let  it  h' 
find  tiic  direction  and  the  int-ensity  p,  of  the  stress  on  n,  pUiue  w  hoso 

AAA 

normal  makes  the  angles  x  n,  y  n,  z  n,  with  those  axes.  For  this 
purfK)Sc  the  equations  1, 3,  and  3,  of  AJticlu  105,  are  to  be  modified 
by  maldug 


f 
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obtain 

A  A  A  A 

p  COB  xp=p,  008  xn;  p  cos  j/p  :=p,  cos  y  b  ; 

A  A 

p  cos  xp  =:  PjCos  2n 


p  =:  ^•1  pj-oos'xn +pj   cos' yn+pj*  cos's  »  V  ...(8.) 


,e  equations  7  are  easily  transformed  into  the  following  :— 

A  A  A  A  A 

O08a;«t_oo8z/;  ,  cosyn     cosy  p.  co8«n_( 

P      ~     Pt      '      P      ~     Pi      '       P     ~ 


A 

COS  zp 


Which  equations  being  squared  and  added,  and  the  square  root  of 
the  sum  extractwl,  give  the  following  value  for  the  reci/voca/ of  the 
intafDaity  required  : — 


1_,/, 


■Al 


l=j)  cos*  xp  ^  cos- yp ^  cob' z'p  (  ^q.) 

^  (      Pf  24  i>!      j 

well  known  equation  of  an  dlipsoid,  in  which  p,,  jOj,  /ij,  denote 
three  semi-axes,  and  p  the  semidiameter  in  any  given  direction. 
"  o  cosine  of  the  dbliqiiUij  of  the  iftrcss  p  is  given  by  the  equation 


P\ 


f\  n  /^ 

:/3  ,  COS*  y/)  ,  cos';  p 


..,..,..-,._ 


-{■ 


Pi 


;>!> 


1  /            '^                   '^ 
=  _  (pi COS* X  n +p»  cos'y  n +Pj COS*  sn) ; (11.) 

P 


mad  this  cosine,  by  being 


positive  J  indicates  (  a  puli  ^ 
nothing  >  that  the  -J  a  shear  > 
negative  )  stress  p  is  (  a  tlu-ust  ) 


■■^  Paraiioi  !■  One  Plane In  most  practical  questions 

ig  the  stTOss  in  structures,  tlie  directions  of  the  stresses 
to  bo  considered  are  parallel  to  one  plane,  to  which  their 
of  action  are  perpendicidar,  the  remaining  stress,  if  any, 
;  a  principal  stress,  and  perpendicular  to  the  plane  to  which  the 
I  are  pamUeL 
problems  concerning  the  relations  amongst  stresses  parallel 
i  one  plane,  might  be  solved  by  considering  them  as  pMi,lcu\at 
I  o/tie  more  geneml problems  respecting  stresses  in  any  dirco- 
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tion,  which  have  been  ti-cdtod  of  in  Articles  103,  106,  and  107 ; 

but   the   complexity  of  tlio  investigJitiona  and   results   iu    those 

Articles,  makes  it  prcfenible  to  demonstrate  the  principles  relating 

to  stresses  pnralh'l  to  one  ])liine,  indej)endeiitljr. 

I'UOBLEM  I.   Tlie  intewfilies  and  directions  vf  a  pair  of  eonjurjnM 

stresses,  parallel  to  a  plane  which  is  jM'jpewUimlar  to  titeir  pi' 

<ietion,  being  ffiven,  it  ii  required  to  find  the  direction  and  intm     ,.  , 

lite  stress  on  a  fourth  2)Uine,  perpcndiadar  also  to  the  first  vtentiontd 

plane. 

lu  fig.  51,  let  the  plane  of  the  piijier  represent  the  plime  to  whicli 
X  the  stresses  are  parallel  ,  let  O  X  and 

O  Y  represent  the  directions  of  the  j>iur 
of  conjugate  stresses,  whose  inten-'''-- 
arc  ;),  and  p, ;  and  let  AB  be  thr  , 
the  stress  on  wliich  is  sought.  Cohmimi 
the  condition  of  a  j)ri8m,0  A  B,  bounded 
by  the  piano  A  B,  and  by  planes  parallel 
*^8' *'•  toOX  and  OYresi)ectively.    The  force 

Exerted  by  the  other  part.s  of  the  body  on  the  face  OA  of  tlie 

prism,  will  l)c  pi-ojwrtional  to 

_  ft-  OA ; 

on  O  Y  take  O  E  to  repi-esent  tliat  foi-ce.  The  force  exerted  by  tlic 
otlier  i«irts  nf  the  body  on  tlio  face  O  B  of  the  prism,  will  be  pro- 
jiortional  to 

_  ;>.0B; 

on  O  X  take  OD  to  represent  tliia  force.  Tlie  force  exerted  by  the 
iither  parts  of  the  body  on  the  face  A  B  of  the  prism,  raiiBt  balance 
the  foi-ces  exerted  on  O  A  and  A  B  ;  there/ore  complete  the  jwral- 
lelogram  OD  R  E  ;  its  diagonal  OR  will  rei)resent  tlie  direction  and 
anuntnt  of  the  stress  on  A  B,  and  the  iideiusily  of  that  strips  will  be 

OR 

^    .(;»;•  OB' +  /.:0A'  + 2p,/.,        

^(  OB'+OA'-20BOAcos 

The  parallelogram  marked  in  the  figure  with  the  capitnt  Icttere 
R,  E,  corrcsjKjnds  to  the  case  in  which  p,  and  p,  art)  of  the-  sanvi 
kind,  both  pulls,  or  both  thrusts,  in  which  case  />,  is  of  tlic  same 
kind  also ;  tlie  paniUelogram  marked  witli  the  small  letters,  r.  ^ 
con'C8p<>nds  to  the  case  in  which  p,  and  p,  ore  of  <>/■,  '  '  ' 
U-itig  a  pull  itiid  the  other  a  thrust ;  in  which  case  ^ 


OB-OAcos^i:XOY 


:XOY. 
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-vitli  Uiut  one  of  the  given  couj  agate  strosses  whose  direction  falk 
■     •':••  same  side  of  A  B  with  it.  .  "When  0,  is  parallel  to  A  B,  p,  ia 
ir,  or  tAngeutiol  stress. 
i'KoULEM  IL     The  intmaitia  and  directwna  of  the  atresies  on  a 
pair  of  planes  perpendicular  to  each  oilier  and  Ic  a  plane  to  whidi  Ota 
Mrettes  are  parallel,  being  ffiven,  it  is  required  to  find  the  irUeiisity 
and  direction  of  the  »tre«»  on  a  pla7ie  in  ani/ ]>o»it!ou  perpendicular  to 
li  plane  to  which  the  sfre^»e«  are  jiaraHel. 
lu  fig.  52,  let  the  j)laue  of  the  paper  represent 
the  place  to  whieh  the  stresses  are  parallel,  and 
(.)  X,  O  Y,  the  |)ttir  of  rectangular  planes  on 
which  the  streaaee  are  given.     Let  those  i 
l>e  icsolved,  as  in  Article  99,  into  rectangul&r 
iii>naal  and  tangential  components.     Let  p^x  de- 
note the  intensity  of  the  normal  stress  on  the 
jikuc  O  Y,  which  stress  is  parallel  to  O  X  ,  let 
•     'l-'note  the  intensity  of  the  noi-mid  stress  on' 
bine  O  X,  whieh  stress  is  parallel  to  O  Y. 
virtue  of  the  Theorem  of  Article  10.3,  the  ''''8-  62- 

iitial  stresses  on  those  two  planes  must  bo  of  equal  intensity; 
iim  tliey  may  therefore  be  denoted  by  one  symbol,  />jy,  which  sym- 
bol may  be  read  as  meaning 

the  intensity  of  { x\   on  a  plane 
the  stress  along  )  ;/  )    :ioiaoul 
Let  O  N  be  a  line  normal  to  the  plane  the  stress  on  which  is 

•oaght,  making  with  OX  the  angle  X  0  N  =  ui.  Consider  the 
eondition  of  a  prism  O  A  B,  of  the  length  unity,  bounded  by  the 
pkne«  O  A  JLy,  O  B  X  a:,  A  B  J.  O  N.  The  areas  of  the  faces  of 
(hat  prixm  have  the  following  proportions  : — 

0B:=  AB  •  cos  a:n;  OA  ^  AB  •  sin  a:»». 

Tlie  forces csprte<l  on  the  faces  OA  and  OB,  in  a  dii-ection  i)ar!illel 
til  7,  consist  of  the  normal  stress  on  O  B,  and  the  tangential  stress 
on  OA  ;  that  is  to  say, 

p„'  O  B  -\-  Ptf'  O  A.  =  AB  •  </?x»*coaa;n  +  p^,"  sin  «»»  \  ■ 

Ll      ■      •  t,.dbyOD. 

^K  I  on  the  faces  OA  and  O  B,  in  a  direction  paral* 

^■H  to  y,  i'i>iui.sl  uf  the  normal  stress  on  OA,  and  the  tangential 
^HtaHi  on  O  B ;  that  is  to  say, 

f  t  A  A     ) 

Pj,-OB -f  p^'OA  =  AB*  <px,'wiixn-{-p„'taVi*n\' 

I  tltia  Ue  tvprmented  l>r  OE 

a 


ine    (y) 
to  \x] 
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Complete  the  rectangle  0  D  R  E  ;  the  amount  and  direction 
the  stress  on  A  6  will  be  reprcsotitfd  by  its  dingonal, 

0R=  ^(oD'-fOE^) 
and  the  inleimty  of  that  strcsa  by 

OR  f  A  A 

?,=■==  ^  j/)„'-cos*xn+py,«-Bin'arn+j»^' 

+  2p»y0'xr+/v»)cosa!tt-8in«»  \ 

From  R  draw  R  P  porpendicular  to  the  normal  O  N ;  tluin  < 
normal  and  the  tangential  components  of  the  total  stress  on  A  B  ' 
be  represented  respectively  by 

A      .     A 

OP  =  OD  ■coRa:»+  OEsin  xn; 

A  A 

PR  =•  OK  'COS  xn  —  ODain  icn; 
and  the  iidensUies  of  these  components  by 


OP 
AB 


A  .        '^     ,    -,  A       .       A   t 

=  pxx  •oos'a:n+j)j^"sm°irn  +  '2pif-cosxii  ■»inxn:\ 


Pi 


PR  A  A  . A         .        A      I 

'=.  =  (/)„y— /jjx)  co8a;»'sina;»t+j9j,(cos'xn  — sin*«»»)./ 

A 
The  oblirptity,  ..ei  NOR  =  n  r,  of  the  stress  on  A  B  is  given  bf 

the  equation 

tann'V  =£l (3.) 

109.  Principal  Aaea  at  Strcu  Pamllrl  lo  One  Plane — ThEORCX. 
'or  eeery  condUion  o/ stress  parallel  to  one  jtlane,  thciv  ara  two  planes 
perpendicular  to  each  ul/ier,  on  ichich  t/tcre  w  no  tangential  stress. 
As  in  Article  108,  let  the  three  rectangular  components, 
PfVf  Pry,  "f  the  stress  on  two  rwtangular  pianos,  O  Y,  OX,  be  giv 
The  condition,  that  there  shall  be  no  tangential  stress  on  a  ph 
normal  to  O  N,  is  expressed  by  making  p,  =  0  ia  the  second  of  ' 
equations  2  of  that  Article ;  and  in  order  that  this  may  bo  fulfille<l, 
yfe  must  hATo 

A       ,     A 
cos  X n  •  Bin  xn  p,^      , 


,   A       .   ,  A 
cos'aw  — Mn'an 

or,  what  is  tho  some  thing, 


P^-Pn 


A 
t&n  2zn 


^JIow  for  two  valnes  of  x  n,  differing  by  a  right  angle,  the  values  of 

^Hr  2xn  are  equal ;  hence  there  are  two  directions  of  the  normal 
^BN  perpendicniar  to  each  other,  which  fulfil  the  condition  of  having 
^^O  tangential  stress. 

'         Those  two  directions  ore  called  principal  axes  of  stress,  and  the 
stresses  along  them  (which  are  conjugate  to  each  other)  principal 

There  may  be  a  third  principal  stress,  conjugate  and  at  right 
angles  to  the  first  two ;  but  as,  with  one  exception,  the  ensuing  in- 
Testdgations  of  this  section  relate  to  stresses  uiwn  planes  parallel  to 
the  direction  of  this  third  princi[>al  stress,  which  does  not  affect 
such  planes,  it  may  be  left  out  of  consideration. 

The  must  simple  mode  of  expressing  the  relations  amongst  inter- 
nal stressee  parallel  to  a  plane  is  obtained  by  taking  the  tn-o  prin- 
dpal  axes  of  stress  in  that  plane  for  axes  of  co-ordinates;  and  thi& 

done  in  the  ensuing  Articles. 

1 10.  K^uml  Priacipal  acraM<«— FInId  PrMonc. — THEOREM  I.    I/a 

^principal  stresses  be  of  the  same  kind  and  ofefjwd  intensity, 

"*^     pa/raUd  to  th»  same  plane  is  oj'tlie  sante  kind,  qfe^ual  in- 

[y,  and  normal  to  its  plane  of  action. 

In  fig.  53,  let  OX,  OY,  be  the  direo- 

of  tbe  given  principal  stresses,  and 

„  their  intensities.     By  the  condi- 

of  the  question,  those  intensities  are 

or 

P'  =  Pr 
it  be  required  to  find  the  direction 
intensity  of  the  stress  on  any  plane  ' 
As  in  Article  108,  consider  the 
itkm  of  the  trian(»ular  prism  O  A  B  ; 
the  length  of  that  prism,  in  a 
n    perpendicular    to    the    plane 
be  unity.     Then  the  total  stresses  ^'8-  *^' 

I  iLe  £aces  OB  and  O  A  wUl  be  respectively — 

p.  •  OB  and  j7,  •  OA. 

i  0  X  and  O  Y  respectively,  take  O  D  to  represent  p,  •  O  B,  and 

"^1  to  represent  p,  •  O  A ;  complete  the  rectangle  0  D  R  E;  then 

I  diagonal  O  B  will  represent  the  amount  and  direction  of  tlie 

i  on  the  face  A  B  of  the  prism,  and  the  intensity  of  that  stress 


r 
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Now,  because  p.  =  p,,  wo  have 

OP     _    0~£    _    OR 
OB    ~    OA    ""    AB' 

and  consequently 

mid  bccAusi?  of  the  similarity  of  the  trinngles  A  O  B,  0  E  R,  0  R 
i*  perpendicular  to  A  B.  Therefore,  the  stress  on  each  plane  pcr- 
)iendicular  to  X  O  Y  is  normal,  and  of  equal  intensity  in  a,ll  direc- 
tions.—Q.  E.  D. 

In  this  case  it  is  obvious,  that  every  direction  in  the  plauc 
X  O  Y  has  the  projjei-ties  of  an  axis  o/slreM,  ^_ 

CoBOliLARV.    If  the  stress  in  all  directions  parallel  to  a  given  pla^^H 
he  nonnal,  it  must  be  of  equal  intensity  in  all  those  directions.     ^^^ 

Theorem  II.  In  a  jterj'ect  Jiuid,  the  pressure  at  a  given  point 
is  normal  and  ti/ifinal  iiittmsitt/  in  all  direclions. 

FinU  is  a  term  opposed  to  solid,  and  conipi-ehending  the  lii]uid 
iind  giuicous  couilitioiut  of  bodies,  which  have  lieen  defined  in  Article  4. 
The  projK'rtj-  common  to  the  liquid  and  the  gaseous  conditions  ia 
that  of  not  lending  to  preserve  a  definite  shape,  oiid  the  possession  of 
this  projx^rty  by  a  body  in  perfection  tliroughout  all  its  ^tarts,  cnn- 
stitutes  that  Ixxly  a  perfeti  fluid.     Tlie  parts  of  a  body  i-esLsttng 
alteration  of  shape  mu«t  exert  tangential  stress;  a  jierfect  fluid  dm-s 
not  resist  alteration  of  shape;  therefore  the  parts  of  a  ]  < 
cannot  exert  tangential  strt-'ss ;  therefore  the  stress  exert, 
and  by  them  at  every  jwint  and  in  every  direction  is  nomuil : 
fore  at  a  given  point,  it  is  of  equal  intensity  in  evciy  din'   .  - 
— Q.  R  D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statics 
called  Hgdroatalies,  which  is  sometimes  treated  of  sepai-ately,  but 
which,  in  this  t.ivatise,  it  has  been  considered  more  convenient  lo 
include  in  the  subject  of  the  statics  of  distributed  forces  in  general. 

Gaseous  fluids  always  tend  to  expand,  so  that  the  stress  in  them 
is  alwajTi  a  pmssitre.     Liquid  fluids  are  capable  of  exerting  to  K 
slight  extent  tension,  or  resistance  to  dilatation,  as  well  as  prr 
but  in  all  cases  of  practical  importance  in  applied  mechani' 
only  kind  of  stres.?  in  liquids  which  is  of  sufficient  magnitude  v<  i»< 
considered,  is  jiressiire. 

The  term  fluid  prcs,fure  is  used  to  denote  a  thrust  which  is  normal 
and  equally  intense  in  all  directions  round  a  point. 

The  idea  of  {>erfoct  fluidity  is  not  absolutely  realized  by  • 
liquids,  they  having  all  more  or  less  a  tendency  in  llioir  jv 
reai.xt  di.stortion,  which  is  railed  fiscosity,  and  wIul! 
jyyvtwi^Zr  totZi<j.w/idcoiidition;  ncvevthelcK",inpri.l 
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m'drostutics,  the  assumption  of  peHect  fluidity  gives  results  near 
lliongh  to  the  truth  for  practical  purjioses. 

I  HI.  OpFMite  PHacipoi  SucMM. — TuEOREM.  If  a  pair  of  prin- 
wipal  utrawf  be  of  eqiud  intensities,  biU  of  opfxmte  kinds,  t/us  utresn 
■n  any  plane  perpendiadar  to  the  plane  of  tli/;  directioma  of  thu 
mrincipal  Urettei  ia  of  tJie  game  inlensili/,  and  the  atujles  tchicJi,  ifji 
K '  iiutieg  tvit/i  the  normal  to  its  jJane  are  bisected  by  the  aaxs 

fc'  d  stress. 

t  ill  liy.  o'.i,  let  the  atii-ssea  acting  ulong  the  i-cctang\ilar  axes  OX, 
K>Y,  be  iw  before,  of  eq\ial  intensity;  but  let  thciii  now  be,  not  as 
■i:fure,  of  the  same  kind,  but  of  opposite  kiiuls,  one  being  a  thrust 
kul  the  other  a  pull : — u  condition  expivsscd  by  the  equation 

bd  let  it  be  required  to  find  the  diix-ction  and  intensity  of  the  stress 

■n  the  jilane  A  B,  to  which  O  R  Ls  nomial.  

§  In  this  case  UT)  is  to  be  taken  as  before,  to  represent  p.  •  OB, 
B>e  total  stress  on  the  face  OB  of  the  triangular  prism  OAB; 
But  intttead  of  taking  OE  in  the  direction  from  O  towanls  B,  to 
Kpresent  the  total  stress  on  O  A,  viz.,  p,  •  OA,  we  are  now  to  take 
De  of  eqwil  length,  but  in  the  contrary  direction.  Complete  the 
kctunglc  0  Dre;  then  the  diagonal  Or  will  represent  the  total  stress 
■>  A  B.     The  intensity  of  this  stress  is  the  same  ns  before,  viz., 

I  P'=P.i 

■tit  ita  direction  Or,  instoail  of  being  pcryH-ndiculur  to  AB,  mokes  an 
Bugle  XOr  on  one  side  of  the  axis  OX,  equal  to  the  angle  XOR 
which  the  normal  O  K  nmkes  on  the  other  side  of  that  axis ;  and 
D  X  bisects  the  angle  of  obliquity  R  O  r. — Q.  E.  D. 
■  The  stress  />,  agrees  in  kind  with  that  one  of  the  principal  stresses 
Bb  •which  its  direction  is  nean-st ;  and  when  it  nmkcs  angles  of  45" 
Britli  osn'h  of  the  axes,  it  is  sheai-ing  or  tangential;  so  that  a  pull 
Bnd  a  thrust  of  equal  intensity,  on  a  pair  of  planes  at  right  angles  to 
B<'h  other,  are  equivalent  to  a  pair  of  shearing  stresses  of  the 
■imp  intenfdty  on  a  jwiir  of  planes  at  right  angles  to  each  other, 
Bnd  making  angles  of  4.5'  witli  tlie  firet  pair. 

I  III'.  Kiiipw  of  ««irr«.. — I'kobu:m  L  A  pair  of  principal  stresses 
Ir  ■'  the  sfimie  or  ojijmsite  kinds,  being  given,  it  in 

»»  ,  !  itm  and  intensity  of  the  stress  on  a  pUtne  in 

Hb|7  '  ng/u  angles  to  the  plane  parallel  to  which  the  Itco 

BBki;  '.'« act. 

W  Let  o  X  and  O  Y  ({)/,'»  £4  titu!  .IS),  be  the  dii-cctions  of  fhe  W< 
l|.i^r»;,»,I  ,.'/r-,«.v-  OX  U-ingthc  diivctioti  of  the  greater  Bttcaa. 
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Lot  p,  be  the  iatensitj  of  the  greater  stress ; 
and  p,  that  of  the  lcs& 


«   X 


Fig.  ai.  Fig.  fiS. 

The  kind  of  stress  to  which  each  of  these  belongs,  pull  or  th 
Is  to  l)e  distingiiishuil  by  means  of  the  algebraical  signs.     If  a  [ 
is  considered  as  positive,  a  tluiist  is  to  be  considered  as  ncgatal 
i  and  vice  vend.     It  is  in  general  convenient  to  consider  that  I  ' 

I  of  stress  as  positive  to  which  the  greater  principal  stress  belo 

'  Fig.  54  represents  the  case  in  which  p,  and  p,  ai-e  of  the  same  kiiwtT 

1  fig.  o5  the  case  in  wliich  they  are  of  opiwsite  kinds.     In  all  the 

^K     following  equations,  the  sign  of  p,  is  held  to  bo  imjdied  iu  that 
^H     symbol 
^H         Consider  the  two  equations 

^H  p.  =  —2-^  +  -T^> 

^"     con 

\  stn 


p,= 


p.  ■*■  P,      P.  —  P,. 


Fmni  these  it  apfjcars,  that  the  pair  of  stresses,  j>.  aud;?^  mayl 
considered  as  made  up  of  two  pairs  of  stresses,  viz : — a  pair 
stresses  of  equal  intensity  and  of  the  same  kind,  whose 

value  is  "',  and  a  pair  of  stresses  of  equal  intensity, 

opposite  kinds,  whose  values  are  +        ,   "'. 

Now  let  A  B  be  the  plane  on  which  it  is  required  to  i 
direction  (lud  intensity  of  the  stress,  and  ON  a  normal  to  that 
nmkjng  wUk  the  axis  of  greatest  stress  the  angle 

A. 
..i^  X  0  N  =  X  a. 
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O  N  take  OM  =  "'  -  "';  this  ■will  represent  a  normal  stress 

on  AB  t'f  tlje  same  kind  with  the  greater  principal  stress,  and  of  i 
an  intensity  which  is  a  mean  between  the  intensities  of  the  two 
principol  stresses  ;  and  this,  according  to  Article  110,  Theorem  I., 

_wUl  be  the  effect  upon  the  pUino  AB,  of  the  pair  of  stresses  ^'  • 

Through  M  draw  PMQ,  making  with  the  axis  of  stress  the  same 
angles  which  ON  makes,  but  in  the  opposite  direction;  that  is  to 
say,  take  SlP  =  M"Q  =  SlO.     On  the  line  thus  found  set  off  from 


M  towards  the  axis  of  greatest  stress,  M  R  = 


p.  -Pf 


This,  ao- 


of 


■rdingto  Article  111,  wiU  represent  the  direction  and  the  intensity 
the  oblique  stress  on  A  B,  which  is  the  effect  of  the  pair  of  stresses 

P.—T, 

2      ■ 

Join  OK.  Then  ^nll  that  line  represent  the  resultant  of  the 
irccs  represented  hj  0  M  and  M  R ;  that  is  to  say,  the  direction  and 
ti-nsity  of  the  entire  stress  on  AB. — ^Q.  E  I. 
Tlie  algebraical  expression  of  this  solution  is  easily  obtained  by 
eons  of  tlie  formulic  of  plane  tiigonometry,  and  consists  of  the  two 
■llowiug  equations: — 

Intensity,  ORorp,  =  J  {|>;" cos" sen  +  pj-sin'icnj (1.) 

tion  which  might  have  been  obtained  by  making  p^  =  0  La 
ion  1  of  Ajticle  108,  Problem  11. 

A 
Obliquity,  .^^  N  O  R  or  n  r. 

=  arc  sin  •  Um  2xn-^-~  ^t\ (2.) 

TIus  obliquity  is  always  towards  the  axis  of  greatest  strtss. 

In  fig.  5i,  p^  and  p,  are  represented  as  being  of  the  same  kindj 

id  MR  is  consequently  less  than  OM,  so  that  OR  falls  on  the 

le  aide  of  OX  with  ON,  that  is  to  say,  n  r  .^  a;  J*.     In  fig.  65, 

»<  and  p,  are  of  opposite  kinds,  M  R  is  greater  than  O  M,  and  0  R 


A 
xn. 


fiJls  on  the  opposite  side  of  OX  to  OM;  that  is  to  say,  nr 
The  locus  of  the  point  M  is  obviously  a  circle  of  the  i-udius 

"'  ^  ^',  and  that  of  the  point  R,  an  ellipse  whose  semi-axes  are 

..  ,.r,ri  ..    .>.,.i  wiucli  may  be  called  the  Elupse  of  Stress,  because 
r  ill  anj  direction  tvpresents  the  intensity  oi  'OdA 
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The  principal  strestet,  being  represented  by  the  scnu-axos  of  i 
clli])se,  jiru  rcsjH?ctivoly  the  grealcat  and  Uaat  of  the  stresses  pamllel 
to  the  pluuu  XOY. 

The  direct  and  nfusaring,  or  lutmwd  and  lani/enlial  component 
O  R  =  /v  are  found  by  letting  fall  a  jjerpendiculiir  from  R  up 
O  N,  and  are  as  foUows: — 

A 


Direct, p^  =  p,  •  cos'nx  4  p^'  mi'xn; (3.1 

I         •  A  A  ^ 

Siteanng,  p,  =  (p,  -  p,)  coa  a:  n  •  sin  a;  n ; (4.J 


equations  which  might  have  been  deduced  iwm  the  equations  ; 
Ai-ticlc  108,  Pi-obkm  IL 

From  equation  3  it  is  obvious,  that  the  sum  of  the  normal  «tr 
on  a  pair  of  planes  at  rigid  angles  to  eac/i  other  is  equal  to  the 
of  the  principal  stresses ;  and  from  equation  4  follows  the  priucip 
already  demonstrated  otherwise  iu  Article  lOi,  of  the  eijuality  of 
the  shearing  stress  on  a  jmir  of  planes  perpendicular  to  each  oth<T. 

Pkobleji  II.    A  pair  of  principal  stresses  being  given,  it  m  reqtiirril 
to  find  the  positions  of  the  planes  on  wkicli  the  shear,  or  toi  ■ 
component  of  the  stress,  is  most  intense,  and  llie  intenAly  oflho: 
It  is  evident  that  the  shear  is  greatest  wheu  MR  is  Ix^rI)o^(li•;tilJlr 
to  0  M;  and  then  M  R  itself  represents  the  inteiisitj-  of  the  slicur; 
that  ia  to  say, 

maximum  p,  =       a        - (♦'•) 

In  tliis  case,  A  B  is  either  of  the  two  planes  which  malce  angles 
of  4.5°  with  the  axes  of  stress. 

I'koulem  in.  To  find  tite  jjlmies  on  which  tlm  obligui/;/  of  Uie 
stress  is  greatest,  the  intensity  of  lliat  stress,  and  the  aiu/l«  qf  its 
vbliquiti/. 

Case  1.  WJien  tlie  pricinpal  stresses  are  of  the  same  kind.  rFig.54.) 
In  this  case  M II  .^  MO,  and  it  is  evident  that  the  angle  o4f 

obliquity,  ^^  M  O  R  =  n  r  is  greatest,  when  M  R  is  perpendicular 
to  O  li,  and  that  it«  \-aluc  is  given  by  the  equation 


muxunum  n  r 


=  arc  •  MD 


arc' 

sin  • 

MR 
OTi 

.£^ 

-P, 

0?f 


I'o  find  the  position  of  the  normal 
consider  tlmt, 

XB  =   i-^  PMN; 


to  tIte  plane  A  B,  we  linve  to 


ELUP8K  or  STRESS — PBOOLEUSs 


102 


but  ^  P  M  N 


icntly  in  this  case, 

A 

xn  = 


r  MRO  +  ^ 

A 

=  90°  +  max  nr; 


90°  +  max.  n  r 


MOR 


,(7.) 


obtuse  angle). 
And  for  the  position  of  the  pLme  AB  itself,  we  have 


XOA  =  90°  — xn 


90°  —  max.  n  r 


•(8-), 


ate  angle).  

juations  apply  to  a  pair  of  planes,  making  equal  angles 
I  sides  of  O  X. 
Re  mtentity  of  the  most  oblique  stress  is  obviously 


-sM 


p,  =  j(om  —  Sir*) 


(p.+p,y    (p.-p,y 


}  =  ^/(P-i>,) (9-) 


a  memi  proportional  between  the  principal  stresses.      This  is 
kenviw;  cviik'nt  from  the  consideration,  that  wln-n  O  R  -L  PRQ, 

lien  OR  =  ^/  (PR    RQ),  and  that  RQ  =  p„  PR  =  p^ 
Case  2.     When  the  principal  strestet  are  of  opposite  kinds  (fig.  oo), 
is  evident,  that  the  most  oblique  stress  possible  is  a  tangential 
,  and  that  tho  problem  amounts  to  finding  the  circumstauccii 

iider  which  O  R  lies  in  the  plane  A  B.     In  this  case  it  is  evident, 
kt  the  triangle  O  M  R  becomes  right-angled  at  O,  and  conse- 

neutly,  that  the  intensity  of  the  stress  is  given  by  the  equation 

-  Ji-P.p,). (lu.) 

,  us  before,  a  mean  pro|.>ortional  between  the  principal  stresses. 
tiprodnct  —  p,  p,  is  a  jiositivo  quantity,  notwithstanding  its 
Bive  sign,  beoiuse  p,  in  thu?  case  Ls  implicitly  negative. 
lie  position  of  the  normal  O  N  is  found  by  considering,  that 

1 

2 

nd  that         -ci  P  M  N  =  .^  M  O  R  +  .^  MRO 


A 
xn 


PMN. 


DO" 


P'  ~  p,' 
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consequently, 

«»»=  -\00°  +  aro*8in 
(an  obtuse  angle) ; 

^  XOA  =  90"  — A  =  1 1 90'  — « 


I) 


p. 
p.+p. 


(H.) 


-  ore  •  am  ■ 

P-  -P, 

(an  acute  angle). 

In  these,  as  in  the  other  formuhe  applicable  to  the  case  in  whic 
p,  andjp,  arc  of  opposite  kinds,  it  is  to  be  borne  iu  luind  tliiit  /y, 
is  impncitly  neyalice,  and  that  consequently  p,  +  p,  means  '' 
difference,  and  p,  —  p^  the  sum,  of  the  aritlnnclical  vaJ,ue»  of 
principal  streaaes. 

pKOBiiEK  rV.     The  inlenntits,  kinds,  and  obliqtiitiet,  of  om 
streaaes  whote  planes  o/aelion  are  perpendicuUir  to  the  plane  i 
directions,  beiinj  ijireii;  it  w  required  toj 
prlndjKd  stresses  am./,  axes  of  sti-as.     CasbI 
W/ieu  the  ijiven  stresses  ore  o/t/ie  same  kin 
anid  unequal. 

In  fig.  5(),  let  A  B,  A'  F,  represent 
given  planes,  0  N,  O  N',  their  normaki,  O^ 
O  E',  the  stresses  upon  them. 

Let  the  intensities  be  denoted  olgebiuically 
by 

p  =  0^1  p  =  0E', 

Fig.  fiC.  and  tho  obliquitiea  by 

NOB  =  nr;  ^  N'OR'=  tA'. 

In  fig.  57,  take  O  N  to  represent  at  once  the  normals  to 
planea 

Make  ^  NOR  =  y/V;  ^NOR' =  n>'; 

O  R  =  p;  O  R'  =  p'. 

Join  RR',  bisect  it  in.  S,  from  which  draw  SM  -L  RR',  ratting 

„  OMinM.  Join  MR,  MR', 
wliich  lines  are  evidently 
cquaL  Tlicn  from  a  coB 
parison  of  the  constructi<i 
of  tlus  figure  with  the  gen 
ration  of  the  ellijtee  of  str 
KB  desciibed  under  Problem 
Fig.  57.  I.,  is  evidcut,  that 
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OM  =  £t  +  P';  Sk  =  MS-  =  5^^; 
and  conseqnently  thut  the  piincipul  stresses  are 

jj,  =  0M  +  M1R;;>,  =  0M-MR; (12.) 

pd  it  is  also  erirlent,  that  the  angles  made  by  the  axis  of  gi-catest 
■with  the  two  nonnfils  respectively,  are 

*n=-i^NMR;  aAi'= -j^NMR'; (13.) 

liich  data  are  sufficii-nt  to  determine  the  position  of  the  axes.— 
Q  E.  L 
Ci^E  2.   Wh^ii  (/m  <;it!«»  ttresMa  are  of  opposite  kinds,  the  con- 
uction  is  the  some  in  every  respect,  except  that  the  lesser  of  the 
;ven  stresses  miist  be  represented  in  tig.  57  by  a  line  in  the  pro- 
ftjalion  of  its  direction  beyond  0,  jiiakLig  au  obtuse  angle  with 
N,  equal  to  tliu  supplement  of  its  obliquity. 
In   cither  of  tlu-  two  coses  that  have  been  stated,  the  angle 
tween  the  nrimial!)  to  the  two  given  planes  must  have  one  or 
of  the  two  following  values  : — 

A.      ( cither «: n' +  «n  =  ..^NMS  I 

'"•  =  'j  A         A  i V-^-) 

(or       X  n  —  xn  — .<:iRMS  J 

ling  as  the  two  normals  are  at  oppouto  sides,  or  at  the  same 
tlie  axis  of  greatest  stress. 
"The  solution  of  cases  1  and  2  is  expressed  algebraically  by  the 
dlowing    equations,   which   are    deduced  from  the  geometrical 
iution  bj  means  of  well  known  formtihe  of  trigonometry  : — 


P-4&  =  oM  = 


P'-P' 


2(p 


cos  n  r  —p  cos  TV 


.(15.) 


^'  =  fi  R  =  sn' 


=  J^(P^±Pl  +  p^-(p,+p,)pcoBnr} 

=  V{^^^^  +  p''-(;>.  +  P,)p'Cos«V}j (16.) 


OOB 


a^^„_2pcosnr-p.-p,. 
P'-P, 


cosZxn  ■■ 


cos  n  r  —p.— 


P'-P> 


f'-P, 


.(17.) 
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In  using  these  equations,  it  is  to  be  observed  that  the  cosine  of 
an  obtuse  angle  is  negative. 

Simplified  Forms  qfCaaea  1  amd  2. 
Cass  3.   When  the  two  given  Besses  are  conjugate,  they  are  of 
equal  obliquity;  and  the  points  0,  R',  S,  R,  in  fig.  67,  are  in  one 
straight  line,  to  which  MS  is  perpendicular ;  the  angle  between 
the  two  normals  being 

^NMS=»'\.'  =  90N>r'r (18.) 

In  this  case,  equation  15  becomes 

£^=olr=^-±£_. (19) 

2  cos  nr 
equation  16  becomes 

Ei^  =  M^=  SIR=  yf[^PfJ^P^'-pp']  = 

j\  rv^—pp} (20.) 


'y'—^i-pp} 

l4cos'nr  j 


A  A 

equations  17  are  modified  only  by  the  equality  of  n  K  to  n  r. 

Case  4  When  tlie  planes  of  action  of  the  ttoo  given  stresses  are 
perpendicular  to  each  other,  M  S  is  perpendicular  and  E.  R'  parallel 
to  0  N,  in  fig.  57,  so  that  we  have,  for  the  tangential  component  of 
each  stress, 

.— -  .A  .A 

MS=:psin»ir=|>'8inn  r'=pp 
Let  the  normal  components  of  the  given  stresses  be  denoted  by 

A  A 

p,  =p cos  nr;  p',-p' cos n  v. 

Then  equation  15  becomes 

J^'  =  P-^; (21.) 

equation  16  becomes 

^=  j{(£-i2:=i'+p? } (22.) 

The  equations  17  become 

cos  2  a  n  =  -  cos  2  a;  ti! ^Pn^-f  : 

or,  what  is  equivalent, 

tan  2  ««  =  -tan  2a!'n'  =  --Pi.. . 

being  the  same  with  equation  1  of  Art\c\e  \Q9. 


,.(23.) 
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H  Problem  V.  77m  Hrets  tn  evtry  dtrecUt/n  being  a  thrugt,  and  Uie 
mktaitgt  obliq%tity  b«iiuj  gtivn,  it  is  required  to  Jiiul  the  ratio  of  two 
^mnjugate  thrutt*  tchote  eomnum  odh'quifi/  is  ffiven. 
K  Let  9  denote  tLc  given  greatest  obliquity.     Then  stccoiiliDg  to 
^>blem  III., 

i  P'~^'=8iu«). 

P.+Pf 

Lot  nr,  which  must  not  exceed  9,  denote  the  common  obliquity 
of*  pair  of  conjugate  thruata,  ho  that,  its  in  Problem  TV.,  cnse  3, 

jihAll  be  the  angle  between  the  normals  to  their  planes  of  action, 

90'  — jTr 

thr  angle  Itctween  those  planes  them.wlvos.  Let  p  be  the  intensity 
of  the  grfoter,  and  p  that  of  the  less,  of  those  conjugate  tliraHtis 
•whose  ratio  ia  sought ;  then  dividing  eqiuition  20  of  this  Article  by 
ei{uatioD  19,  and  squaring  the  result,  we  find 

^'9=(P^')'=  l-ij'^P:S2^J: (24.) 

\p^+p,J  (p+pT 

.ng 

{p+pY^^nr ,2.J) 

ipp        cos"  IP  ^      ' 

H»!nce  it  follows  that  the  ratio  of  the  conjugate  stresses,  p,  p",  is 
that  uf  the  two  roots  of  a  quadratic  equation. 

v' —  Scosnr'  m  +  co8'^=  0 (20.) 

It  IS  to  say,  let  p  be  tlie  greater  thrust,  and  pr  the  less,  then 

^_cosfir — ^(coa'nr  —  cos'*)  /jy  \ 

^     COS  nr  -\-  J  (cos' n  r  —  cos'  9)  ^t 

Wlien  n  r  =  0,  this  becomes  the  ratio  of  the  princi|)al  thrusts,  viz.  :— 

k  />,  _  1  —  sin  9 ^2&) 

P  p,      I  +  sin  9 

when  ■  r  s=  *,  the  ratio  ixvoaies  that  ofcquaJity. 


u4i(.'lo  ya,  each  of  the  redo  ^^ 
or  norninl,  and  a  shearing  or 
(at  funding  to  the  ])ositivi>  and  negativl 
direct  component  stresses  on  the  two  pla 
compute  also  the  sura  of  the  shearing 
the  some  for  each  plane  of  reduction  : ' 
direct  stresses,  and  the  total  shearing 
latively  to  the  assumed  rectangular  i 
as  in  Article  112,  Problem  II.,  case  4,  i 
of  the  resultant  principal  stresses. — Q, 

The  algc1>r;\ical  expression  of  this  sol 
he  taken  to  denote  the  normal  to  one  i 
Txxluction. 

Let  p  denote  the  normal  inieiuity  of  i 

stresses,  and  np  the  angle  wliich  its 
normal  n.  The  symbol  x,  an  in  previ 
operation  of  taking  the  sum  of  a  set  of  c 
to  their  algebraic^  signs,  that  i.s  to  sa; 
subtracting  the  negative  quantities. 

The  direct  and  shearing  componeni 
reduced  to  the  rcct^ingnlar  planes  of  red 
ing  to  the  principles  of  Article  99,  are  a 

N       al  J  *"*  *'*"  plane  norma 
ou  the 
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Tntrodncing  Uiese  values  into  tho  equations  21,  22.  and  23,  of 
Article  1  IS,  and  observing  that 

.    ^  ..A  A  .A  „A 

oor up  +  am'np=  1 ;  ooynp  —  sin' np  =  cos  2 np, 

A       .      A       1  A 

cos  np  •  sin  np  =  - sin  2  »p, 

I  obtain  tJic  foUowing  results  ; — 

^-^  =  ^P (1.) 

^2-^=  J  J  {(3  -pcos  2np)  +  (i  -psin  2»rp)'}-(2) 

,                          .    „  A 
A      1           .      I'p  Bin  2  np  ,„. 

nx=-^  ore-tan^ £ (3.) 

J  "p  008  2  np 

The  equation  2  is  capable  of  being  expressed  in  another  form,  as 
owK.     Let  o,  a'  be  anif  two  onglus.     Then 

cos  a  cos  o*  +  sin  a  sin  flf  =  cos  (a  —  a'). 

the  quantity  under  the  sign  ij,  in  equation  2,  consists  of  the 
classes  of  teiins  : — 

1.  All  tho  squares  p' cos*  2 np  ; 

2.  All  the  products  2  pp' cos  2  np  cos  2  np*; 
1^^',  are  any  pair  of  the  given  stresses ; 

3.  All  the  squares  p*  sin'  2  np ; 

4.  All  tho  products  2  pp*  sin  2  np  sin  2  Tip'. 

Hie  first  and  third  of  these  classes  being  added  together,  make 

I  {f^'f  the  second  and  fourth  make  2  i  (p  p"  •  cos  2 pp) ;  pp  being 
the  aoglo  betAvccn  p  and  p'.     £(]uation  "  thus  becomes 

^^  =  i  V  {«  (P*)  +  2  3  (pp-  cos  2pV)}  (4.) 

From  the  equations  (1)  and  (4)  it  appears  that  the  intensities  of 

be  principal  stresses  p,  and  p,  can  be  rorapiited  without  assuming 

aes  of  reduction ;  for  the  only  angles  involved  in  this  pair  ot 

A 

equtfons  are  tbe  serenl  angles  pp",  wlu'cb  the  giveu  litiessea  maka 
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with  each  other  when  oomixuvd  hj  paita  in  every  possible  coi) 
biimtlon.    To  tiiid  the  direclums,  however,  of  those  principal  st 
l>lrun.>8  of  reduction  must  be  asHumed. 
In  using  the  equation  (4),  it  is  to  be  remembered  that  wh 

A  ^ 

2pp  exceeds  90',  we  luive 

cos  2  p  p- =  —  cos  ( 1 80"  —  2  pp"). 

Seotiox  4. — 0/the  Interrutl  Equilibrium  ofStrest  and  Weight, 
and  Uie  Principles  of  Hydroiitalics. 

114.  TarTiBg  imrraal  iMrcM. — The  investigations  of  the  prec 
iiig  section  have  been  conducted  as  if  the  internal  stress,  whothd 
injnmple  or  compound,  were  uniform  at  all  points  in  the  lx)dy  on  J  " 
consideration ;  but  their  results  are  nevertheless  correctly  applicabli 
to  internal  stress  which  varies  from  point  to  ]X)iut  of  the  body  ; 
for  those  result*)  are  arrived  at  by  considering  the  conditions  of 
itjuilibrium  of  a  pyramidal  or  prismatic  portion  of  the  body  con- 
taiuing  the  jioint  at  wliich  the  relations  amongst  the  component* 
of  the  stress  ait)  to  be  determined;  and  when  the  stress  varies  from 
jjoiiit  to  point,  then  by  supposing  the  pyramid  or  pri.sm  to  l)c  small 
enough,  its  condition  of  stress  may  be  made  to  deviate  from  uni- 
formity to  an  extent  less  than  any  assigne<l  limit  of  deviation  ; 
but  the  truth  of  the  propositions  of  the  preceding  section  for  an 
uniform  stress  is  independent  of  the  size  of  the  prism  or  pvramitl  ; 
therefore  they  can  be  proved  to  deviate  from  the  truth  for  a  rary 
ing  stress  by  less  than  any  assignable  error ;  therefore  they  must 
bo  Imo  for  a  varying  as  well  as  for  an  uniform  stress. 

115.  CMHDca  of  TiuTinii  Sirru. — Tho  internal  stress  exert«d 
uniongst  the  parts  of  a  body,  may  vaiy  from  point  to  ]X)iiit,  fnmi 
thi-eo  clas.ses  of  causes,  \iz. : — 

I.  Mutual  attiuctions  and  repulsions  between  the  parte  of  tho 
V)ody ; 

IL  Attractions  and  repulsions  exerted  between  the  parts  of  tho 
Hpdy  in  question  and  external  bodies  ; 

Wr  III.  Stress  exerted  l>etween  tho  body  in  question  and  ext 
iKHlie.s  at  their  surfaces  of  contact. 

I.  The  tirtit  of  these  classes  of  causes  may  be  left  out  of  consider 
tion  in  tho  present  treatise ;  because  tho  mutual  atti-actions  and 
repulsions  of  the  parts  of  an  artificial  structure  are  too  small  to  be 
of  jjractical  importance  in  the  art  of  construction. 

IL  Of  the  second  class  of  causes,  the  only  force  which  is  «£ 
sufficient  magnitude  to  bo  considered  in  tlie  ai-t  of  constmction,  fl 

flL    The  coimdeveXion  of  the  third  class  of  causes  belongs  M 


ctonudjH 
isidenVH 


nmntNAL  equilibricm. 
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subject  of  tbe  strength  of  muterialH,  which  will  be  treated  of  iii 


Fig.  58. 


[je  subject  of  the  present  section,  therefore,  is  the  relation  be- 

Bcn  the  weight  of  tho  fmrts  of  a  body,  and  the  variation  of  iU 

ifiition  of  stntH  from  point  to  point. 

116.     Gracral  Probl«m  of  Internal  Equlllbriam.  —  Let  W  denote 

the  weight  per  unit  of  volume  of  a  body,  or  part  of  a  body,  and  let 

it  be  required  to  determine  what  mode.s  of  vuriiition  of  intemitl 

stress  are  couBistent  with  that  specific  gravity. 

Conaider  tbe  condition  of  a  rectanguliir 

molecule  A  (tig.  58),   bouuded  by  idwil 

planes,  whose  edges  are  jiamlltl  to  three 

ngular  axes,  OX,  O  Y,  O  Z.     The 

kition  of  this  set  of  axes  is  immaterial 

[tbo  result;  but  the  algebraic  fonnultB 

I  simplified  by  assuming  one  axis  to  l)e 

Vertical;  let  O  Z,  then,  be  vertical,  and 

let  distances  along  it  be  positive  upwards. 

Mhen  wsight  must  be  treated  as  a  negsi- 

^^Ve  force ;  and  the  weight  of  a  portion 

^^Bh<>  body  of  the  volume  "V  will  be  denoted  by 

'  Let  tbe  dimensions  of  the  molecule  A  bo 
A  X  pai-allel  to  0  X, 
Ay  .,  ..  OY, 
Az     „        „      OZ. 

right  is  represented  by 

—  to'Aa;  Ay  A*. 
I  six  faces  will  be  designated  as  follows  : — 
fc^  Foriliett  from  O. 

H    Tbe  pair  parallel  to  Y  O  Z 


ZOX 
XOY 


*;} 


Nearot  to  O. 

—  Ay  AS 

—  A3  AX 

—  ia;  A 
(the  upiter.)  /    (the  lower. 


J-  Ay  A.S 

+   Ai  AX 
+   Ajr  A 


^} 


^f 


r(That  is,  the  horizontal  pair. 

the  six  intensities  of  the  comitoneuts  of  the  sti-ess  be  denoted 
Article  104,  viz.: — 

Normal,  y^x,  p„,  j>u; 
Tangential,  p,„  /v.  I'n- 


for  the  ugu»  of  aamial  etreus,  let  pull  Iw  ixtsitivc  and  \ivt\i3iVi 
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negative.     As  for  the  signs  of  taogcntial  stress,  let  those  slnMBce 
bo  conaiclered  as  \  J ^ y  -which  tend  to  niake  the  pair  of  cor- 


(  negative  j 
molecule  which 


are  nearest  and    farthest  from  O 


N 


ners  of  the 

(  sharper  ) 

\  flatter  f 

In  the  first  place,  let  the  ra4c  of  variation  of  the  strosB,  of  what 
kind  soever,  from  point  to  point,  be  uniform;  that  is  to  say,  for 
example,  if  the  mean  intensity  of  any  one  of  the  components  of 
the  stress  at  the  face  —  A  x  ^  >/  be  p,  then  at  the  face  +  A  x  A  y, 
■whose  ilistance  from  -  A  a;  Ay  is  A  r,  let  the  mean  intensity  of 
the  same  component  be 

in  which  ~_  is  a  constant  co-efficient  or  factor,  meaning  "  (As  nil 

qfrariatiim  of  p  nhmg  z,"  which  is  positive  or  nogativo,  according 
as  the  variation  of  p  is  of  the  saiui-  or  of  the  contraty  kind  to  that 
of*.  Ratea  of  variation  are  also  known  by  the  name  of  difffreidial 
co-ejficifnts.  As  there  are  six  components  in  the  stress,  and  threo 
axes  of  co-ordinaU'S,  there  are  eighteen  possible  diiRTenti.il  co- 
efficients of  the  stress  with  respect  to  the  co-ordinates ;  but  it  will 
presently  appear  that  nine  only  of  those  co-efficients  are  concerned 
in  the  solution  of  the  present  problem. 

The  relations  amongst  the  weight  of  the  molecule  A,  and  the 
vaiiations  of  the  intensities  of  the  cornptmcnt  stresses  on  its  lUffer- 
cut  fiicop,  depend  on  this  principle,  that  the  force  («;•(*<';(//  from  tht 
variations  ofsfreM  mu-nt  Italance  the  uxi'jfU  if  the  mokode;  that  is 
to  say,  the  resultant  force  painllol  to  each  of  the  horizontal  nx<«, 
which  arises  from  the  variation  of  stress,  must  be  tmlhinij,  and  the 
resultant  force  parallel  to  the  vertical  axi.s,  which  arises  from  the 
variation  of  stress,  miust  be  uptcnrfl,  and  etpial  to  the  icdyht  <f  the 
■umlecule — a  principle  cxprtfsscd  by  the  three  following  equa- 
tions : — 


■^ AX- Ay  A 

ax  " 


*^^^!'-AyA 


dz 


•  AX  Ay  =  0; 


-^AX'  Ay  A9  +  '-^^*Ay  •  AST  AX  +  -{i-'As- A*  Ay  =  0; 

ax  ay  ds 


^P^  AX-  Ay  AZ  ^^J^  Ay  '  AZAZ  +  iP^ 
ax  "  dy 


dz 

=  %0-  AX  A1J  AZ, 


-AS-  AX  Ay 


(1) 


STRJUTAL  EQUIUBRIUU. 


116 


£tcb  of  the  nine  terms  which  compose  the  left  sides  of  the  above 

nations  ia  the  product  of  four  factors ;  the  first  being  the  rate  of 

tion  of  a  stress,  the  second  the  distance  between  two  faces  on 

which  that  atresB  aote,  and  the  third  and  foiurth  the  dimensions  of 

thocio  {»txe,  whose  product  is  their  common  area. 

Each  term  of  thcisc  three  equations  contains  as  a  common  factor 

the  volume  of  the  molecule,  j^x  ^y  az-  dividing  by  this,  they  aro 

reduced  to  the  following : — 


dx     ^ 
dx      ^ 


+ 


dy       ^     d 


dpu    _ 


dpf,    _ 


0; 
0; 


dpa  dpf, 

dx  dy 


dpa 

dz 


=    to. 


.  this  second  form,  the  equations  are  applicable  to  rates  of  varia- 
iiu  wliii'h  are  not  uniform  as  well  as  to  those  which  aro  ■uniibrm. 
as  the  rectangular  molecule,  from  the  conditions  of  whose 
n\ulibrium  these  equations  are  deduced,  is  of  arbitiury  size,  it  may 
,  as  small  as  wo  please;  and  when  the  nites  of  variation 
stress  are  not  uniform,  we  can  alwajrs,  by  supposing  the 
small  enough,  make  the  rates  of  variation  of  the  streaseB 

jbotit  its  bulk  deviate  from  unifoi-m  lutcs  to  an  extent  less 

tbn  liny  given  limit  of  error. 

The  equations  '2  can  easily  be  modified  so  as  to  adapt  them  to 
any  diiTeront  arrangement  of  the  axes  of  co-ordinates.  Thus,  if  s 
made  ]"isitive  downwards  instead  of  upward.^,  -  w  is  to  bo  put 
M  in  the  third  equation.  If  x  or  y,  instead  of  z,  be  made  the 
prtical  axis,  u?  Ls  to  be  substituted  for  0  in  the  first  or  the  second 
qiMtion,  08  the  case  may  be,  and  0  for  to  in  the  third  equation, 
the  axes  of  x,  y,  and  c  make  respectively  the  angles  «,  /3,  and  y, 
ith  a  line  pointing  vertically  upwards,  the  force  of  gravity  is  to 
resolved  into  three  rectongiilar  components,  each  of  wliich  must 
be  separately  balanced  by  variations  of  stress  ;  so  that  for 


0, 


0, 


the  first,  second,  and  third  equations  respectively,  are  to  be 
ituU'd 


w  cos  », 


toemfi. 


wcos  y. 


The  equations  of  this  Artich  are  not  in  gcueral  8ufilden\.  ot 


lie 
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themselves  to  determine  the  mode  of  variation  of  the  intensity 
the  stress  in  a  solid  body,  b«>caiisc  of  their  number  not  being 
great  as  that  of  the  nuraljer  of  unknown  quantities  to  be  determine 
They  have  therefore  to  be  combined  with  other  equationa,  deda 
from  the  relations  wliich  are  found  by  experiment  to  exist  bi 
tlie  alterations  of  figure,  wliich  the  parts  of  a  solid  bo<ly  luide: 
when  a  load  acts  on  it,  and  the  stresses  which  at  the  same  time 
amongst  the  disfigured  pxrts.  These  relations  l)elong  to  the  sul>- 
ject  of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statics.  The  remainder  of  the  present  section 
will  relate  to  those  more  simple  problems  which  can  be  solved  by 
means  of  the  equations  2  alone. 

117.  K^utiibriam  af  Fiaida. — It  has  already  been  explained 
Article  110,  tliat  in  a  fluid  the  only  stress  to  be  considered 
practice  is  a  thni.st  or  pressui-e,  normal  and  of  equal  uitensit 
in  all  directions.     Tins  is  expressed  symbolically  in  the  foUowin^j 
manner : — 


M 


the  single  symbol  p  l>eiug  used,  for  the  sake  of  convenience  and 
brevity,  to  denote  the  inUnsity  of  Uie  fluid  prtisure  at  any  given  point 
in  tlie  fluid. 

In  adapting  tlie  equations  2  of  Article  116  to  this  case,  it  is  con- 
venient to  take  X  to  denote  vortical  co-oixlinates,  and  to  make  it 
positive  downwards.  Then,  bearing  in  mind  that  p  is  now  a  tlirust, 
l)eiug  jK)sitive  (and  not  a  pull  when  jxjsitive  and  a  thrust  w^lien 
negative,  as  in  the  general  problem),  wo  obtain  the  foUowi 
equations : — 

dx         ' 


dy-     '  dz-^' 


The  first  of  these  equations  expresses  the  fact,  that  in  a  bcUan 
fluid,  the  pressure  increases  irith  (he  I'trtical  depth,  at  a  rate  exprcs 
by  the  weight  of  the  fluid  per  unit  of  volume ;  and  the  second  and  thii 
express  the  fact,  that  in  a  balanced  fluid,  the  pressure  hat  no  variation 
in  any  /lorizontal  direction ;  in  other  words,  that  the  pressun  u  equal 
at  nil  points  m  the  same  level  surface. 

[The  exact  figure  of  a  level  .surface  is  splieroidul ;  but  for  |»ur« 
2x>nea  of  applii-d  meclianic4  it  may  be  treated  as  a  plane, 
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boeo  principles  mny  also  be  proved  directly.     Let  fig,  59  re- 

icseut  a  vertical  s<-ction  of  a  iluid; 

to  Y  a»iy  Lorizontal  plane,  O  X  a 

axis.     Let  B  H  be  a  hori- 

I  plane  at  the  depUi  i  below  O  j 

'  anotlicr  horizontal  plane  at  the 

ptli  X  +  AX,     Let  A  be  a  small 

ingnlar  molecule  contained  be-  x 

r«.t:n  those  two  horizontal  planes;  ^<S-  S^. 

fd  let  A  y  and  a  s  be  itd  horizontal  dimensions,  »o  that  its  veight  is 

U7  ^  X  A  y  a  r. 

ke  |iressare  exerted  by  tlio  other  portions  of  the  fluid  against  the 

acal  faces  of  this  molecule  are  horizontil,  and  must  balnneo  each 

r;  therefore  there  can  l)e  no  variation  of  pressure  horizoutally, 

•,p„  then,  be  the  uniform  pressure  at  the  horizontal  plane  YO  Y, 

~,  tiat  at  the  plane  B  B,  and  n  +  -ji-  a  x  that  at  the  plane  C  C,  -r^- 

a  X  ax 

Ixung  the  rate  of  increase  of  pressure  with  depth.     The  uiolecule  is 

prcsiied  downwards  by  the  pressure  whose  araoimt  is 

ad  upwards  by  the  pressure  whose  amount  is 

1  difference  between  those  forces,  viz. : — 

dp 

-p-'ASB- Ay  as, 

dx 

to  be  brilauccd  by  the  wciglit  of  the  molecule ;  equating  it 
bich,  and  di\-idiiig  by  the  common  factor  ax  Ay  Ac,  we  obtain 

Vc  first  of  the  equations  2  of  this  Article. 
The  pressure  p^y  at  the  siufaee  Y  Y  being  given,  the  preasuro  p 

I  any  given  depth  x  below  Y  Y  is  found  by  means  of  the  integral, 


=  Pf  +  j    lodx; 


(3.) 


say,  it  is  equal  to  the  pressure  at  the  plane  Y  Y,  added  to 
vertical  column  of  the  flui<l  whose  area  of  base  is 
ii  extends  from  tlie  jilane  YY  down  to  the  given, 
(nil  X  below  that  plane. 

^  ohvivun}^  ueceMHjj  to  the  equilibrium  of  a  fluid,  iWt  VVo^ 
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Sc  gravity,  as  well  as  the  pressure,  should  be  the  laine  at  I 
points  in  the  suine  level  Burface; 

The  preceding  princii>los  arc  the  base  of  the  sdeace  of  Hydro- 
staticij, 

118.  EqBMibriam  of  b  Liquid. — A  liquid  IS  a  fluid  vhaae  parts 
tend  to  preserve  a,  definite  size ;  that  is  to  say,  a  portion  of  a  liquid 
of  a  given  weight  tends  to  occupy  a  certain  dcdnite  volume;  and  to 
moke  it  occupy  a  greater  or  a  less  volume,  tension  or  pressuro,  as 
the  case  may  be,  must  be  applied  to  it.  The  volume  occupied  byaa 
unit  of  weight  is  the  reciprocal  of  the  weight  of  an  unit  of  volume; 
Bo  that  the  preceding  principle  might  otherwise  be  stated  by  i 
ing,  that  a  liquid  tends  to  preserve  a  definite  specific  gravity,  vrl 
may  l)e  increased  by  pressure,  or  diminished  by  U.'nsion. 

The  volume  wluch  a  given  weight  of  a  liquid  tends  to  occuj 
depends  on  its  temperature  according  to  laws  which  belong  to 
'■aence  of  Heat. 

The  alterations  of  the  specific  gravity  of  liquids  produioed  by  i 
prwunies  which  occur  in  practice,  are  so  small,  tliat  in  most  pro- 
blems respecting  the  equilibrium  of  liquids,  the  specific  gravity  v> 
may  be  treated  without  sensible  error  as  a  constiint  quantity,  inde* 
pendent  of  the  pressure  p.  In  the  case  of  watci*,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gra\'ily,  j)roduced  by 
a  pressure  of  one  atmosphere,  or  1 4"7  pounds  per  square  inch,  is  about 

I  ttWn,  or  Minn  for  each  pound  on  the  square  inch. 

^H  If,  then,  the  sjieciiic  gravity  w  1x3  treated  as  a  constant  in  oquatioa 

^B      3  of  Ai-ticlo  117,  it  becomes  as  follows : — 

^B  P  =  Po  +  wa:; (1-) 

^H  that  is  to  say : — let  p„  be  the  pressure  at  the  upper  surface,  Y  O  ifl 
^H  (fig.  59)  of  a  mass  of  liquid ;  then  the  jires-surc  p  at  any  given  dej^H 
^^■■■^  below  that  surface  is  greater  than  the  superficial  pressure  p.-,  ]^| 
^V  An  amount  found  by  multiplying  that  depth  by  the  weight  g^^f 
^H      unit  of  volume  of  the  liquid  ^^^| 

^V  When  the  mass  of  liquid  is  in  the  open  air,  the  supexfidal^^^l 

snre  jOj,  is  that  arising  from  the  weight  of  the  earth's  atmoa^^H 

I  of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  fl^^f 
average  at  14*7  pounds  on  the  square  inch.  In  a  close  ves^H 
the  superficial  pressure  may  be  greater  or  less  than  that  of  l^| 
atniotqihere.  ^| 

119.  Kqnlllbriam  or  dlOcrcnl  Plaid*  In  rontacl  with  cnch  olkfT.-^| 
If  two  dillei-ent  lluids  exist  in  thi-  same  space,  they  may  unite  ^| 
that  each  of  them  shall  be  dLstributetl  tliiviii^hout  the  whole  spacfl 
either  by  chemical  combination  or  by  diU'u.sion  ;  but  in  such  ca4J| 
they  form,  in  fact,  but  one  thiid,  which  is  a  com]x)und  or  mlxtm-e, 
as  the  case  nmy  he.     The  prcsenl  AiligU  has  rtitrcncc  to  the'caae 
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iicn  fluids  of  difierent  kinds  remain  in  contact,  uncombined  and 

teiL     In  thin  case,  tlia  condition  of  oquilibriuiu  is,  thiit  the 

^.-asnres  of  two  fluids  at  each  point  of  their  surfece  of  contact  aboil 

uqnal  to  each  other, — a  couditiou  which,  when  the  two  fluids 

of  diliereut  specific  gravities,  caw  only  be  fulfilled  when  the 

-face  of  contact  is  horizuutaL 

If,  then,  two  or  more  fluids  of  difierent  specific  gravities,  whioh 

not  combine  nor  mix  with  each  other,  be  contained  in  one  yessel 

Biintcmipted  by  partitions,  they  will  arrange  themselves  iu  liori- 

Blital  strata,  the  heavier  fluids  being  below  the  lighter. 

If  two  fluids  of  ditferent  specific  gi'avities  be  contained  in  the 

ro  legs  of  a  tube  shuf)ed  like  the  letter  U  (and  allied  an  "inverted 

i>bon"),  or  if  one  of  the  two  fluids  be  contained  in  a  vertical  tube 

below,  and  the  other  in  the  s|>aco  surrounding  that  tube ;  or, 

Uy,  if  the  two  fluids  be  partially  separated  from  each  other  by 

lical  or  nearly  vertical  partition,  below  which  there  is  a  com- 

aoD  b<;tweeii  the  spaces  on  cither  sitle  of  it;  the  horizontal 

of  contact  of  the  fluids  will  be  at  that  si<le  of  the  partition 

ch  the  lijTJiter  fluid  is  found,  so  that  it  may  be  above,  and  the 

Hiiid  K'low.  that  surfivce  of  contact. 

'  ■  the  common  pressure  of  the  two  fluids  at  their  sur- 

I,  and  let  any  ordinate  measured  from  that  surface 

j;|l9>(lenoted  by  a*.     Let  u/  denote  the  8j)ccific  gravity,  and 

I  fHMUte,  of  the  lighter  fluid;  w"  the  specific  gravity,  and  p" 

sure,  of  the  heavder  fluid.     Then  at  any  given  ele>'ation  x 

)  the  Murtiice  of  contact 


(1.) 


p"  =pa—j^vrdx; 
iUch  equations,  when  the  fluids  are  liquids,  and  u/,  to",  constants. 


p  =  Pa  -  tear;  p"  =  Pa  -  w" x.. 


(2.) 


in  thp  case  of  the  barorootpr,  and  the  mercurial  pressure  gange, 
♦  '  '  at  which  a  liquid  stands  iu  a  tube,  closed  and  emjity  at 

1  end,  above  its  surface  of  contact  with  another  fluid,  may 
!  usod  to  determine  the  pressure  exerted  by  that  other  fluid  at  tho 
>of  oontoct.     In  this  case,  p"  —  0,  or  nearly  so;  consequently 


yb  =  w"*,. 


.(3.) 


f,  }jit  two  heights  above  the  surface  of  contact  at  which 
"jT©  preswures  of  the  lighter  and  the  heavier  fluid  wre 

|th«r  equal  t/i  each  other,  or  loth  equal  to  nothing;  then  p'  — jf^l 

'~  1  vmteqaeatlx,  for  llnids  in  ffeoerai]. 
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/    u/dx  =  l    w'dx (4.)' 

Jf  the  fluids  be  Ixsth  liquids,  this  beooniee, 

wf  X  =  vi'  X, (5.) 

or,  the  height«  are  in^'ersely  as  the  specific  gravities 

If  the  heavier  fluid  be  a  liquid  (such  as  the  mercury  in  the  Iwixi^ 
luctcr)  and  the  lighter  a  gas  (such  as  the  atmosphere)  the  equatiua 
becomes 


/; 


%d  dx  =  10'  x" 


(«•) 


and  on  this  last  foinnula  is  IVmaded  the  method  of  determii 
diflerences  of  level  by  barometric  observations  of  the  atmos])ho 
pressure. 

120.    Eqnllibrinm  of  n  Floating  Bodf. — ThEOREU.     A  Solid 

floating  on  the  surface  of  a  liquid  is  balanced,  when  it  di»ptnff4 
volume  of  liquid  whose  weight  is  equal  to  the  toeiyht  of  the  flonllA 
body,  a)id  tr/ien  the  centre  of  (jraviti/  of  tli«  Umitiwj  body,  ami  th 
of  the  voliivte  from  which  the  liquid  in  disj/iaced,  ure  in  Ote  mti 
vertical  line. 

Let  fig.  60  represent  a  solid  body  fsuch  as  ti  ship),  floating  iu 
liquid,  whose  horizontal  upper  surface  is  Y  Y.     Supj)O80,  in  the  f\i 

]>lace,  that  tliere  is  no  pressure 
the  surface  YY.     Consider  a 
portion  S  of  the  surface  of  the 
mersed  part  of  the  solid  liody. 
liquid  will  exert  against  S  a  nor 
pressiu'e,  whose  amount  will  bo 
pressed  by 


llg.  60. 


S/>  =  Sw*, 


where  S  is  the  area  of  the  small  portion  of  the  immersed  surfa< 
the  depth  of  immersion  of  its  centre  below  the  level  sor&oe  YH 
and  10  the  weight  of  unity  of  volume  of  the  liquid. 

Let  a  denote  the  angle  of  incliimtion  of  the  aroji  S  to  a  horizou| 
plane,  or,  what  is  the  same  thing,  the  angle  of  inclination  of 
pressure  on  S  to  the  vertical.     Conceive  a  vertical  prism  H  S  ^ 
stand  on  the  area  S ;  the  area  of  the  horizontal  transverse  secti) 
of  this  prism  is  what  is  called  the  horisontal  projection  of  the  aitf* 
8,  and  ite  value  is 

S  COS  ■. 

Concave  a  horizontal  pri.'rra  ST  to  have  its  axis  in  the 
*/»tie  which  is  /wrpeudicular  to  S,  and  to  Wv«  lb«  KT«a,  Si 
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the  vertical  tmnsv-erse  Hcotion  of  this  prism  is  what 
the  vertical  projection  of  the  area  S,  and  its  value  is 

S  aiii  «. 

horizontal  prism  cuts  the  iminei-scd  surface  iu  another  small 

T,  whose  projection  on  a  vertical  plane  perpendicular  to  the. 

axis  of  tlic  prism  S  T  is  equal  to  that  of  S,  and  which  is  immersed 

U>  the  same  depth,  and  sustains  pressure  of  the  same  intensity. 

J(eaoIve  the  total  pressure  on  S  into  a  horizontal  component  and 

(rtical  component.     The  horizontal  component  is 
8p  "sin  «  ^  Sicx'sin  «, 
g  equal  to  the  product  of  the  intensity  p  by  the  vertical  projeclicyti 
;  but  this  component  is  balanced  by  an  equal  and  opjwsite  com- 
eut  of  the  totiiJ  jtressure  on  T ;  and  the  same  is  the  case  for 
portion  such  as  S  into  which  the  immersed  surface  can  be 
ided;  therefore  the  resultant  of  all  the  horizontal  components  of 
pressure  exerted  by  the  liquid  against  the  solid  is  nothinrj. 
he  vertical  comjonent  of  the  pressure  on  S  is 

S  p  cos  »  =  S  to  z  cos  «, 

equal  to  the  product  of  the  intensity  p  by  the  Itoriututal 
ion  of  S.  But  a  X  cos  a  is  tlie  volume  of  the  vertical  pruim 
S,  stuiidiug  upon  the  small  area  8,  and  bounded  above  by  the 
izoutiil  surface  YY,  and  to  is  the  weight  of  unity  of  volume  of 
uiil;  therefore  Stozcos  «  is  the  weight  of  liquid  which  the 
S  would  contain;  so  that  the  vertical  conqionent  of  the 
on  S  is  an  upward  force,  eqtutl  and  opposite  lo  the  veight  of  tlie 
'  by  the  pritmatic  portion  of  tlie  solid  body  tohich  $Umdt 
o&oM  EJ.  Then  if  tliu  whole  of  tlie  immersed  surface  be 
into  small  areas  such  as  S,  the  resultant  of  the  pressure  of 
tile  liquid  against  that  entire  surface  is  the  sum  of  all  the  vertical 
Hnponciitts  of  the  pressures  on  tlio  small  areas ;  that  is,  a  force 
Kiui.1  and  opposite  to  the  sum  of  the  weights  of  liquid  displaced  by  all 
Bi  prisni.s  such  as  HS;  that  is,  a  sum  equal  and  op{)osite  to  the 
Bight  of  the  whole  volume  of  liquid  displaced  by  the  floating 
Bdy ;  and  the  line  of  action  of  that  resultant  traverses  the  centre 
Hsmvity  of  the  volume  of  liquid  so  displaced. 
^uLet  C  denote  that  centre  of  gravity,  which  is  also  called  the 
^k(r«  of  Buoyancy,  Let  G  denote  the  centre  of  gravity  of  the 
^^^bg  body.  lict  W  denote  the  weight  of  the  floating  Ijody,  and 
^^PFtrolume  of  liquid  ili.splaced  by  it. 

^niirn  the  omditiona  of  equilibrium  of  the  floating  body  ore  ob- 
Htnsly  the  following: — 
■/*>>«< .- — W  =  10  V ;  or  its  weight  mnst  be  equal  to  tUc  we\^\vl  wt 

^B  VoluiDe  nfliiitii'il rh'snhuuuf  hv it: — 
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Seconaly: — its  ceatie  of  gravity  Q,  and  the  centre  of 
C,  must  be  in  the  same  vertical  lina— Q.  R  D. 

The  precediug  dcinouatratiou  has  rei'ortuce  to  the  case  in  wt 
the  pressure  cpu  tho  horizontal  surface  Y  Y  is  nothing.  In  the  eass 
of  bodies  floating  on  water,  that  surface,  aa  well  as  the  non-inuneraed 
part  of  tho  surface  of  the  floating  Ixjtly,  liave  to  sustain  the  preamire 
of  the  air.  To  what  extent  this  fact  modifies  the  conolusiana 
arrived  at  will  appear  in  the  next  Article. 

121.  Praanre  •■  an  laiacned  Bmir TuEOREJL      If  a  $ol%d  hody 

be  wlMy  immersed  in  afiuid,  the  resultant  of  tJie  pressure  nf  the  fluid 
on  tho  solid  body  is  a  vertical  force,  equal  and  directly  opposed  to  t^^ 

►        vvuht  of  tlie  porti(m  of  the  fluid  which  t/ie  solid  body  disjilaces.         ^^ 
Let  ng.  61  represent  a  solid  body  totally  immersed  in  a  fii^B 
Y T      whether  liquid  or  gaseous.     Conceive  a  smuH 
V  vertical  prism  S U  to  extend  from  a  porti<fl 

f/k^-'^^  ~^T         ^  °'  ^^^  lower  surt'aeo  of  the  body,  to  tlfl 
y         ^        \  portion  U  of  the  upper  suriace  which  is  v(^| 

(          *  j         tically  above  S.     Also  lot  S  T  bo  a  horizontH 

V.  '^        jirism  of  which  S  is  .in  oblique  section,  ana 

fi^ ~^^  UV  a  horizontal  prism  of  which  U  is  aa 

L  n    Ri  oblique  section,  as  in  Article  120.  ^B 

r  Then,  as  in  Article  1 20,  it  may  be  proi^| 

that  the  horizontal  comi>oneut  of  the  pressure  on  S  is  balanced  jH 
an  equal  and  u[ipositc  component  of  the  pressure  on  T,  and  dfl 
horizontal  comjiunent  of  the  pressure  on  U  by  an  erpird  and  oppoa^^ 
conqKinent  of  the  pressure  on  V;  so  that  the  horizontal  compon^H 
of  the  resultant  of  the  pre.ssure  of  tlie  fluid  on  the  entire  bodj^f 

I  nothing,  and  that  resultant  is  vertical.  ^| 

The  vertical  component  of  the  j)ressuro  on  S  is  npw>»rd,  a^l 
eqiial  to  tho  weight  of  the  prismatic  portion  of  tho  tliiid  wli^B 
would  stand  vertically  above  S  if  a  part  of  it  were  not  dis])laced  |H 
the  solid  body.  The  vertical  comjwuent  of  the  pressure  on  UlP 
downward,  and  equal  to  the  weight  of  the  prismatic  portion  of  the 
Aiud  wliich  stands  vci-tically  above  U,  The  vertical  force  arisiaA| 
from  the  pressures  on  S  and  on  U  together  is  u]>ward,  and  eqi^f 
to  the  diiferenco  between  those  two  weights;  that  is,  it  is  eq^H 
and  directly  opposetl  to  the  weight  of  the  portion  of  the  fluid  (^| 
pLiced  by  the  prismatic  portion  S  U  of  tlie  immersed  body.  ^| 

Hence  the  resultant  of  the  prettsure  of  the  fluid  over  the  ent^| 
Burface  of  the  iumiei'sed  body  is  equal  and  directly  opjiosed  to  (^| 
ilfeight  of  the  jiortion  of  fliud  dispkced  by  that  liody. — Q.  E.  D.  ^f 
The  centre  of  gravity  C,  of  the  portion  of  flmd  which  wouM^ 
occupy  the  position  of  the  body  if  it  were  not  immersed,  is  calla<^, 
as  before,  the  centre  of  Inwyancy,  and  is  traversed  by  the  verti^A 
I  J^e  of  action  of  the  resultant  of  Uie  ^t«£siuq  of  the  fluid,  whici^| 
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»ie  hifyancjf  of  tlie  immened  Lody,  aad  aometiiuee  the 
nftoeigfU, 
iiituiii  au  imuened  body  ia  equilibrio,  there  must  he  applied 
rce  or  couj)le,  as  the  case  may  be,  eqxial  and  directly  op- 
the  resultant,  if  any,  of  its  downward  weight  and  upward 
'',  that  rcMuJtiuit  being  determined  according  to  the  piinciplea 
»  31)  and  40. 

a  body  Uoat«  in  a  heaWer  fluid  (as  water)  having  its  upp>er 
nirrounded  by  a  lighter  fluid  (as  air),  its  total  buoyancy  is 
I  ojiposite  i/)  the  resultant  of  the  w^cights  of  the  two  portions 
ipectivo  fluids  which  it  displaces. 

ictical  questions  relative  to  the  •  equilibrium  of  ships,  the 
'  ariiiing  from  the  displaceiueat  of  air  is  too  small  as  com- 
th  that  arising  from  tjie  displucemcnt  of  water,  to  require 
en  into  account  in  calculation. 

iWMiM  Tt>i«h<^ — The  only  method  of  testing  the  equality 
r  two  bodies  wliich  is  sufficiently  delicate  for  exact 
s  is  tliat  of  liaiiging  them  from  tlie  opposite  ends 
*  wiUi  i.qual  arms. 

jMTKscsR  were  performed  in  a  vacuum,  the  bidancing  of  the 
nnld  prove  their  weights  to  be  equal ;  but  as  it  must  be 
•I  in  :iir.  the  balancing  only  proves  the  equality  of  tlio 
he  bodies  in  air,  that  is,  of  the  respective  ox- 
.  ;ibove  tlie  weights  of  the  volumes  of  air  which 
imea.  Tiro  real  weights  of  the  botlics,  therefore,  are  not 
3hiB  their  volumes  are  equal  al»o.  If  their  volumes  are 
■llMawl  weight  of  the  larger  Kxly  must  be  the  greater  by 
lttM{taa]  to  the  weight  of  the  dilference  between  the  volnmca 
ich  they  displace. 

eight  of  u  cubic  foot  of  pure  dry  air,  under  the  pressure  of 
8i)hcro  (117  lbs.  on  the  sq<iare  inch),  and  at  the  temperature 

r(32'  Fahrenheit)  is 
0  '080728  pound  avoirdupois. 
be  denoted  by  w^     Tlien  the  weight  of  a  cubic  foot  of  air 
y  other  pressure  of  p  atmospheres,  and  at  tlie  temperature  t 
uhcit's  scale,  i.s  given  with  a  degree  of  accuracy  sufficient 
I,  by  the  formula, 

493'-2 


w  =  u)^p- 


.(1.) 


«  +  46r-2' 

be  the  weights  of  a  given  volume  of  air,  under  the 

p,p',  and  at  the  temperat\u*s  t,  i,  of  Fahrenheit's 


^  —P    <  +  ■tCl°-2 


\i-^ 
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Let  Wi  deaote  the  true  weight  of  a  body,  Vj  its  volume,  tOi  its  weij 

per  iinit  of  volume,  to  the  weight  of  unity  of  volmae  of  ain     Then 

iind  the  apparent  weight  of  the  same  body  in  air  is 


"W'  =  (u),  —  w)  V,  = 


w, 


W,. 


.(3.) 


Let  this  body  now  be  balanced  against  another  body  in  an  accurate 
j^wLr  of  scales,  and  let  their  apjmrcnt  weights  be  equal.  TLeu,  if 
W,  denote  the  true  weight,  and  Wj  the  weight  per  lujit  of  vols 
of  the  second  body,  we  have 


w,  —  w 


W, 


W,. 


.(4.) 


«7j  UJ, 

I  that  the  proportion  between  the  real  weights  of  the  bodies  ia 
W,      Wi  Wj  —  tOjU} 
W,  ~  w,  lOi  —  10,  m' 

123.    RelBIIre  Bpeclllc  Grmrilica. — If  the  true  weight  of  0,  SoUd 

body  be  known,  and  that  body  be  next  weighed  while  immenied  in 
a  lii]uid,  the  proportion  of  the  specific  gra\'itie8  of  the  solid  body 
iiud  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  v.   ' 
which  is  the  weight  of  the  volume  of  liquid  displace<l  by  tht- 
Let  W|,  as  in  equation  3  of  Article  122,  denote  the  true  •■ 
of  the  solid  bo<ly,  tc,  its  weight  per  unit  of  volume,  Wj  the  wi  i 
an  unit  of  volume  of  the  liquid  in  which  its  apjuvreut  wr 
found,  and  W"  the  apjiarcnt  weight;  then  by  the  equation  i>i 
i-efeiTed  to 


W"  = 


and  consequently 


lOj  ICj 


W, 


=  0-3 


-W'i 


(1.) 


^  _  w,  —  w 

Wi  '         W.      

Let  the  first  weighing  take  place  in  air  and  the  second  in  the  liquid, 
and  let  W  be  the  apparent  weight  in  air ;  then 


and  consequently 


W  = 
W" 


to,  — 

"'w 

10, 

_  ^<  ■ 

—  to,. 

.(2.) 


eo  tbut  it' —  ia  known,  —  mar  be  found  by  the  e<]uatioQ 
w>  to, 
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W  — W" 


Wt 


(3.) 


W  —  W" 

When  the  object  of  wrigliing  of  this  kind  is  to  determine  tho 

Jiecific  gravities  of  solids,  the  liquid  usually  employed  is  pure  water; 

kud  the  reaiilts  obtained  are  the  ratios  of  the  specific  gravities  of 

r>lid  Ixxlies  to  that  of  pure  water.     If  these  ratioB,  or  relative  spe- 

Blic  gruvities,  be  multiplied  by  tho  w^cight  of  »  cubic  foot  of  pui-o 

r,  the  weight  of  a  cubic  foot  of  the  solid  is  obtained. 

The  weight  of  a  cubic  foot  of  jnire  water  nt  the  teinjierature  of  its 

roaximum  density  (Ix-itig,  according  to  Playfair  and  Joule,  39°- 1 

Fahrenheit)  is,  accortling  to  the  best  existing  data, 

6'2-i25  pound.s  avoinlujM>i3, 

•  any  other  temperature  I  on  Fahrenheit's  scale,  the  weight  of  a 
ibic  foot  of  pure  water  is 

62-42^ (.1.) 

V 

I  V  denotes  the  volume  to  wliich  a  miussof  water  measuring  one 
I  foot  at  30°-l  e.xpanils  at  t";  a,  volume  which  may  be  computed 
ar  temfierattires  from  32''  to  77"  Fahrenheit,  by  moans  of  the  foUow- 
;  empirical  formula,  extracted  from  Prof.  W.  H.  Miller's  paper  on 
Standard  Pound  in  the  Philosophical  I'ratimctiona  for  1856: — 

log.  e-101  (<  —  391)«  — 0-0369  («  —  391f-=- 10,000,000.  (5.) 
TIk'  ivlative  R[)ecific  gravities  of  two  liquids  are  determined  by 

-  the  same  solid  body  immersed  in  them  successively  and 

'  g  its  apparent  loswcs  of  weight 

li4.   Pri— n  oa  an  Immmml  Plaac — If  a  horizontal  plane  BUT- 


i  of  any  figure  be  immersed  in 

i  fluid,  the  pressure  on  that  s\ir- 

ia  vertical,  and   uniformly 

libnted  ;  its  amount  is  tho 

act  of  the  intensity  of  tho 

ssure  at  the  depth  to  wliich 

be  plane  is  immersed  by  the  area 

the  plane;  and  the  centre  of 

re  (as  already  shown  in 

,.90)  is  the.  centro  of  gravity 

""a  flat  plate  of  the  figure  of 

tie  pLine  surfiice,  or,  as  it  is 


Fig.  68. 


Hually  termed,  tho  centre  of  gnivity  of  the  plane  surface. 

If  an  iucliucd  or  vertical  plane  .suifacc-  be  immersed  in  a  liquid, 
et  O  Y  (fig.  02),  represent  a  sectifin  of  the  horizontal  \)\ajvc  vv\. 
fhlch  the  i>re!<finv  is  iiothitig,  tutd  BF  n  vertical  aectiou  ot  \,\i« 
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iramcTsed  plane.  Lot  as,  =  BE  be  the  depth  to  •which  the  lower 
edge  of  this  plane  is  immersed  below  O  Y.  From  B  draw  JBD  = 
BE,  and  -L  BF;  produce  the  pliiue  BF  till  it  cuts  the  horizoutiil 
plane  of  no  pressure,  O  Y,  in  the  line  represented  in  section  by  O; 
through  O  and  D  draw  a  plane  O  H  D,  and  conceive  tlie  prism 
B  D  H  F  to  stand  normally  upon  the  base  B  F  and  to  he  bounded 
above  by  the  plane  DH.  The  pressure  on  the  plane  BF  will  be 
normal  j  its  amount  will  be  equal  to  the  weight  of  fluid  contnined 
in  the  volume  B  D  H  F ;  that  is  to  say,  let  a;^  denote  the  d>  ' '  '' 
the  centre  of  gravity  of  the  plane  BF  below  O  Y,  and  w  the 
of  unity  of  tho  volume  of  liquid;  then  the  mean  intmsUy  ot  Lhu 
pressure  on  B  F  is 

JJo  =  VJXt, (1.) 

and  the  amount  of  the  pressure 

P  =  wsBo-aieaBF (2.) 

Let  C  be  the  centre  of  gravity  of  the  volume  B  D  H  F;  then  the 
cattre  of  pressure  of  the  surtaco  B  F  is  the  point  where  it  is  cut  by 
the  perpentUcular  C  P  let  fall  on  it  from  C. 

As  the  intensity  of  the  pressure  on  any  point  of  BF  is  propoT- 
tinnal  to  its  depth  below  O  Y,  and  consequently  to  its  distance  fixmi 
O,  this  is  a  case  of  wnif&rmly  virifinrj  strcKx,  and  the  formnlie  of 
Article  94  are  applicable  to  it.  In  the  api)lication  of  those  formul.-v 
it  is  to  be  observed,  that  the  ordiuatcs  y  are  to  be  measured  hori- 
zontally in  the  plane  BF,  whose  centre  of  gravity  is  to  be  tak«in  a* 
the  origin;  that  the  co-onlinates  x  are  to  be  measured  in  tli' 
plane,  along  the  direction  of  Heepeet  dedivity,  and  reckoned  i 
do\v-nward.s ;  and  th.at  the  value  of  the  constant  a  in  the  equations  of 
Article  94  is  given  by  tho  formula 

a  =  to  sin  « „ ''•(^) 

whoi-e  »  is  tho  angle  of  inclination  of  the  plane  B  F  to  a  horizontal 

l)liuic. 

125.  Prcaaan  Im  an  Indrflaiie  trnifamilr  dlaplag  StolM. — Conceive 
a  mass  of  homogoueou.s  solid  mate- 
rial to  be  indefinitely  extended 
laterally  and  downwarids,  and  to 
be  bounded  above  by  a  plane  tot- 
faoc,  making  a  given  angle  of  de- 
clivity t  with  »  horizontal  plane. 
In  Jig.  63,  let  Y  O  Y  rejiresent  ;i  » i  r- 
tical  section  of  that  upjter 
Riirfinv  iihnig  its  diivction  "t" 
•  l.vlMty,  and  O  X  a  v. 
Fig.  CI.  ^ll■l•^K;nl\ic\\W  Vj  'Qor  ^Uua,  <,.  , 


r^RAIXEL  PB0JECTI05  OP  STRESS  AXD  WaOHT. 


127 


tion  ■which  is  represented  by  the  paper.  Let  w  be  the  uniform 
eight  of  wnity  of  volame  of  the  substance.  Let  B  B  be  any 
Mjo  parallf  1  to,  anil  at  a  vertical  depth  x  below  the  plane  Y  Y. 
the  substance  in  exposed  to  no  external  force  except  its  own 
eight,  tlii^  only  pwssure  which  any  portion  of  the  plane  B  B  can 
kvc  to  siistiiin  ia  the  weight  of  the  material  directly  above  it. 
Icoce  follows — 
Theouem  L  In  an  ind^nite  homogeneous  solid  bounded  above  hy 
\  slopin/j  plane,  the  preKure  on  any  plane  parallel  to  tJuti  sloping 
%rfaee  in  txrtircd,  n>vl  of  an  uniform  irdensifi/  eqwd  to  the  weight  of 
vertical  prism  tohidi  stands  on  unify  of  area  of  (lie  given  j>lane. 
The  arra  of  the  hotazoutal  section  of  that  prism  is  cos  i,  conse- 
icntly,  the  intensity  of  the  vertical  pressure  on  the  plane  B  B  at 
|ie  depth  x  is 

p^  =  war  COS  tf (1.) 

,  the  aboTo  theorem,  combined  with  the  principle  of  conjugate 
I  of  Article  101,  there  follows — 
'  Thxobzii  IL    The  stress,  if  any,  on  any  rertical  plane  is  parallel 
I  tk»  thping  fwrfaee,  and  conjugate  to  the  stress  on  a  plane  parallel 
\lluit  mrfaoe. 

Consider  now  the  condition  of  a  prismatic  inolecido  A,  bounded 
are  and  below  by  phines  B  B,  C  C,  parallel  to  the  sloping  surface 
■  Y,  and  lat<?rally  by  two  yiairs  of  parallel  vertical  planes.     Let 
tton  area  of  the  nppfr  and  lower  sm-faws  of  this  prism  bo 
and  its  height  A  x ;  then  its  vohmie  is  A  ac  •  cos  9,  and  its 
VI  £k,x  -cos  </,  which  is  equal  and  opfwsite  to,  and  balanced 
the  excess  of  the  vertical  pressure  on  its  lowej  face  above  the 
ical  pressure  on  it.s  upper  face.     Therefore,  the  pressures  paral- 
to  the  sloping  sinf:ici',  on  the  vertical  faces  of  the  prism,  must 
i  each  other  iudi'pi'ndcntly  ;  therefore  they  must  be  of  equal 
1  intensity  throughout  the  whole  extent  of  the  layer  between 
I  B  B,  C  C  ;  whence  follows — 

IIL     The  strtte  of  stress,  at  a  given  uniform  depth  below 
J  rurfftce,  is  uni/brni. 
U^   •«  Ibc  Parmlld  rrai««ll«B  •€  StrcM  aad  Wrlgbl. — In  apply- 

"Ing  the  principles  of  parallel  prciji.-ction  to  distributed  forces,  it  is 
I  bo  borne  in  mind  that  those  principles,  as  stated  in  Gliapter  IV., 
plionble  to  lines  representing  the  anumnts  or  rtsnltnnls  of 
ited  forces,  and  not  their  intmsities.     The  relations  amongst 
intensities  of  a  system  of  distributed  forces,  whose  resultants 
»T0  been  obtained  by  the  method  of  projection,  arc  to  bo  arrived 
.  by  a  subsequent  process  of  di\'iding  each  pRijected  resultant  by 
IIP  priii.rff'cl  >])ace  over  which  it  is  distribuU^d. 
E^  the  apj)li  cation  of  processes  of  this  kind  to  pTO.cV\sa\ 

wr  in  the  Second  Part 
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127.     fllnhir   and    Viuljiblc   Equilibrium    mf  a  Vm  Bs^r. — Sll 

IHjfw  a  Kjily,  wliich  is  in  equilibrio  under  a  balanced  system  of  forct-R, 
to  be  free  to  move,  and  to  be  caused  to  deviate  to  a  small  ■ 
from  its  position  of  equilibrium.     Then  if  the  body  tends  to  ' 
further  from  its  original  position,  its  equilibrium  is  said  to  Iw 
liable;  and  if  it  tends  to  return  to  its  original  position,  its 
librium  is  said  to  be  stable. 

Cn.ses  occur  in  which  the  equilibrium  of  the  same  body  is 
for  one  kind  or  direction  of  deviation,  and  nnst&blc  for  another. 

When  the  body  neither  tends  to  deviate  further,  nor  to  recovwf 
its  tiriginal  jmsition,  itsequilibrium  is  said  to  be  indifferent 

The  Bt^luticin  of  the  question,  whether  the  equilibrium  of  a  gi 
Ixnly  under  given  forces  is  stable,  unstable,  or  indifferent,  for  ii 
given  kind  of  deviation  of  position,  is  effected  by  supposing  thr 
deviation  made,  and  finding  the  resultant  of  the  forces  which  act 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount,  in 
jM>aition,  or  in  both.  If  this  resultant  acts  towards  the  same  direc- 
tion with  the  deviation,  the  equilibrium  is  unstable — il'  towards  the 
o|>po8ition  direction,  stable — and  if  the  resultant  is  still  nothing, 
the  equilibrium  is  indifferent. 

The  disturbance  of  a  free  body  from  a  ]>osition  of  stable  eqni- 
librium  causes  it  to  oscilhite  about  that  position. 

12d  Riabiiiir  «r  ■  Fixed  Bodr. — The  term  "stability,"  as  ftp- 
plied  to  the  condition  of  u  body  forming  ])art  of  a  sti-ucture,  has,  in 
most  coses,  a  meaning  dilferent  from  that  explained  in  the  last 
Article,  viz.,  the  property  of  remaining  in  eijiiUibrio,  without  sen- 
sible deviation  of  position,  notwithstanding  ccrtuiu  deviations  oL, 
the  load,  or  externally  applied  force,  from  its  mean  amount  or  i 
tion.  Stability,  in  this  .sense,  forms  one  of  the  |>rinci{ial  subjoci 
the  second  part  of  this  treatise. 
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THEORY  OF  STRUCTURES. 


CHAPTER  I. 


OBFnnnoKs  ahv  gexeral  puinciples. 

fkntrnn:* — Pierc»— Joinia. — Stnictures    hftve    already,    iu 
Arliole  15,  beea  tlistinpiishcJ  from  machines.     A  Htriiotiire  coii- 

•  'I  two  or  more  Bolid  botlies,  called  its  pieces,  wliidi  touch  eacli 
.  iuid  are  connected  at  portions  of  their  surfaces  culled  Joi'«<i. 

'  >.  SBpp«rii> — Fonndniiona. — Although  the  pieccft  of  a  structure 
\wl  relatively  to  each  other,  the  structure  as  a  wholo  may  be 
i-iUwr  fixed  or  moveable  relatively  to  the  earth. 

A  fixed  struotui-c  is  sufi|x>rted  on  a  jurt  of  the  solid  material  of 
thei  e«rth,  called  the  ftrundation  of  the  structure  ;  the  pressures  by 
which  the  structure  is  supfwrted,  being  the  resistances  of  the  various 
]xul8  of  the  foiindatiou,  may  be  more  or  less  oblique. 

A  moveable  structure  may  be  supported,  as  a  ship,  by  floating  in 
waUT,  or  as  a  carriage,  by  resting  on  the  solid  ground  through 
■  ■  •  It.  When  such  a  structure  is  actually  in  motion,  it  partakes 
iTtain  extent  of  the  proj)erties  of  a  machine  ;  and  the  deter- 
p;iiii:iiion  of  the  forces  by  which  it  ia  supported  recjuires  the  con- 
«idcT»tion  of  dynamical  as  weU  as  of  st<itical  principles ;  but  when  it 
is  not  in  actual  motion,  though  capable  of  being  moved,  the  \ive&- 
txirea  which  support  it  arc  determined  by  the  principles  of  statics  ; 

I  a  is  obvious  that  they  mast  be  wholly  vertical,  and  have  their 

•  mt  equal  anil  directly  opposed  to  the  weight  of  the  structure. 
.    Tbr  CaBdlUoii*  vf  equilibrium  of  a  Ctlruclare  are  the  three 

,>mg:— 

1 .  TImI  tJie  forces  oxrted  on  l/te  whole  slritclure  hy  extei'iml  bodiea 

rftnff.  btdanct  ench  other.     The  forces  to  Ije  considered  under  this  head 

(1.)  the  Attraction  of  the  Earth,  that  is,  the  weight  ot  the 

■  lire  ;  (2.)  the  Ejiifmal  Load,  arising  from  the  pres.iurcs  exerted 

'.:•  stnictiu-e  by  bodies  not  fonniiig  jMirt  of  it  nor  of  its 

■  ■  n  ;  (these  two  kinds  offerees  constitute  the  gross  or  toUU 

(;V)  the  Supporting  Pressures,  or  resistance  of  the  fouuda- 

Those  three  classes  of  foiros  will  bo  spoken  of  togelUct  aa 

Extemtd  Forcu. 
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n.  That  the  farces  ererted  on  each  piece  of  the  glruelure  gfuiU 
balance  each  other.  These  consist  of — (1.)  the  Weight  of  the  piece, 
and  (2.)  iheExlerTialLocui  on  it,  muking  together  theGroML(x'd :  and 
(3.)  the  Resistances,  or  stresses  exeited  at  the  joints,  l)ctwecn  the 
piece  under  consideration  and  the  pieces  in  contact  with  it 

in.  Thni  t/ie  forces  exerted  on  each  of  the  parts  into  which  the 
pieces  of  tlie  structure  can  be  conceived  to  be  divided  sImII  balance 
each  other.  Suppose  on  ideal  surface  to  divide  any  part  of  any  one 
of  the  pieces  of  the  structrire  firom  the  remainder  of  the  piece ;  the 
forces  which  act  on  the  part  so  considered  are — (1.)  its  weight,  and 
(2.)  (if  it  is  at  the  external  surface  of  the  piece)  the  extemid  stress 
applied  to  it,  if  any,  making  together  its  gross  load;  (3.)  the  ^resa 
exerted  at  the  ideal  surface  of  division,  between  the  part  la  quee- 
tion  and  the  other  parts  of  the  piece. 

132.  euabuii;,  8mn«ih,  and  suaich. — It  is  necessary  to  the  pOT- 
manence  of  a  structure,  that  the  three  foregoing  condition*  of 
equilihrium  should  be  fulfilled,  not  only  under  one  amount  and 
one  mode  of  distribution  of  load,  but  under  all  the  variation.s  of  the 
load  as  to  amount  and  mode  of  distribution  which  con  occur  in  the 
use  of  the  structure. 

Stahility  consists  in  the  fulfilment  of  the  first  and  ttoond  condi- 
tions of  equilibrium  of  a  structure  under  all  variationa  of  load 
within  given  limits.  A  structure  which  is  deficient  in  stability 
;jives  way  by  the  displacement  of  its  pieces  from  their  proper  poni- 
tions. 

Strength  consists  in  the  fulfilment  of  the  third  condition  of  eqni> 
librium  of  a  structure  for  all  laids  not  exceeding  prescribed  limits ; 
that  is  to  say,  the  greatest  internal  stress  produced  in  any  pnrt  of 
any  piece  of  the  structvuv,  by  the  prescribed  greatest  load,  must  Iw 
such  as  the  material  can  bear,  not  merely  without  immediate  break- 
ing, but  without  such  injury  to  its  textore  as  might  endan^r  its 
breaking  in  the  course  of  time. 

A  piece  of  a  structure  may  be  rendered  unfit  for  its  purposo  not 

merely  by  being  broken,  but  by  being  strct,chcd,  coraprcised,  Ijcnt, 

twisted,  or  otherwise  strained  out  of  its  proper  slmpe.     It  is  neo(s»- 

^jary,  therefore,  tliat  each  piece  of  a  structjire  should  be  of  such 

■dimensions  that  its  alteration  of  figure  under  the  greatest  lewd 

Happlied  to  it  shall  not  exceed  given  limits.     Thi»  pi>operty  is  calUid 

^^jfrtesa,  and  is  so  connected  with  sti-ength  that  it  is  neoMMary  to 

consider  them  together. 

From  the  foregoing  considerations,  it  is  evident  thnf  the  tho^ry 
of  stnictures  nmy  be  divided  into  two 
to  srAnruTY,  or  the  property  of  resi>!titi  ,• 
nnd  the  second  to  sTRF.voTit  and  si:i  i    i    %  or  tho  |>" 
/>/ece  to  njtfiat  t'mcturo  and  diatlguviuvi  \ii.  ^^ 
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133.  SPMltaM  «rMB  iMmi. — The  mode  of  distnbntion  of  the 

n«ity  of  the  load  upon  a  given  piece  of  a  stnicturo  affects  the 

L-ugtli  and  stiffness  only.     So  far  as  slabilitt/  alone  is  concerned, 

1 18  sufficient  to  know  the  magnitude  and  position  of  the  resultant 

'  that  lottd,  which  is  to  be  found  by  means  of  the  principles  ex- 

'  in  the  First  Port  of  this  work,  and  may  then  be  treated  aa 

Je  force. 

Oaire  of  RcjiiMaacc  mf  m  JsIbl — In  like   manner,  when 

bilitj  only  is  in  question,  it  is  .'mfficient  to  consider  the  position 

Utude  of  the  residtaiit  of  the  resistance  or  stress  exerted 

F"two  pieces  of  a  structure  at  the  joint  where  they  meet, 

I  treat  that  resultant  as  a  single  force.     The  point  where  its 

"  action  travei'ses  the  joint  is  culled  the  centre  of  resialajice  of 

at  joint. 

A  Line  of  ttrmiaiaun  is  a  line,  Straight,  angular,  or  curved, 
I  the  centres  of  resistance  of  the  joints  of  a  structure.    It 
ae  in  mind,  that  the  direction  of  this  line  at  any  given 
ydocs  not  nwessarVy  coincide  with  the  direction  of  the  resist- 
that  joint,  although  it  may  so  coincide  in  certain  cases. 
1 36.   J«i««  c\nmmtA. — Joints,  and  the  stmctures  in  which  they 
oemir,  may  be  divided  into  three  classes,  according  to  the  limits  of  the 
variation  of  position  of  which  their  centres  of  resistance  arc  capable. 
L  Prttmework  joints  are  such  as  occur  in  carpentry,  in  frames  of 
■Mtal  ban,  and  in  btnicturcs  of  ro{K>s  and  chains,  lixing  the  ends 
I  or  more  pieces  together,  but  offering  little  or  no  resistance 
in  the  relative  angular  positions  of  those  pieces.     In  a 
this  class,  the  centre  of  rcsint'inco  is  at  the  middle  of  the 
Ar»^  not  admit  of  any  variation  of  position  consistently 

':  jmntf  ore  mich  aa  occur  in  masonry  and  brickwork, 
of  contact,  of  conrideraUe  extent  as 
IS  of  the  pieces  which  they  connect, 
tic  of  rwarting  a  thrust  muro  or  less  obliritie,  acconlin^  \x> 
I  be  atterwareb  explained,  but  not  of  resisting  a  pull  ol  BViS- 
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ficicnt  intensity  to  be  token  into  account  in  practice.     In 
joints  the  jxwition  of  the  centre  of  resistance  may  be  varied  witl 
certain  limits. 

III.  Fnstencfl  joimU,  at  which,  by  means  of  some  sti-ong  cemunt, 
or  of  bolts,  rivets,  or  other  faateiiings,  two  pieces  are  so  cuimecttHl 
that  the  joint  fixes  thoir  relative  angular  ]>osition,  and  is  ca]»aVplo  <.>f 
resLstiug  a  pull  as  well  &»  a  thrust  In  this  case,  the  centre  of 
resistance  may  be  at  any  distance  from  the  centre  of  the  joint ;  and 
there  may  even  be  no  centre  of  resistancf;,  when  the  resultant  of 
the  stress  at  the  joint  is  a  couple,  as  explained  in  Articles  91,  92, 
ad  93.  It  is  obvious  tJiat  the  eflect  of  a  joint  thus  cemented  or 
»tened  is  to  make  the  two  pieces  which  it  connects  act  a«  one 
piece,  and  that  the  resistance  which  it  is  capible  of  exerting  is 
a  question  not  of  stability  but  of  strength. 

Section  1. — Eq^iUibrium  and  StabUity  o/Framts. 

137.  VnmK  is  here  used  to  denote  a  structure  comixjsed  of  bars, 
rods,  links,  or  cords,  attached  together  or  supported  by  joints  of 
the  firet  class  described  in  the  last  Article,  the  centre  of  reaistauec 
being  at  the  middle  of  each  joint,  and  the  line  of  reaishmce,  con- 
sequently, a  polygon  whose  angles  are  at  the  centres  of  the  joints. 
The  condition  of  a  single  bar  will  be  considered  fii-st,  then  that  of  a 
combination  of  two  bars,  then  of  thi-ee  bars,  and  then  of  any  uuiulier. 
j-n  138.  Tie. — Let  fig.  C4  repnwent  a  single  bar  of  a 
frame,  L  the  centre  of  resistance  where  the  load  is  ap- 
plied, and  S  the  centre  of  resistance  where  the  support- 
ing force  is  apiplied  ;  so  that  the  straight  line  L  S  is  tlie 
"  line  of  resistance." 

The  bar  is  reirt-esented  as  being  straight  itself,  that 
Wing  the  figure  which  connects  the  ix)int«  L  and  S,  and 
gives  adequate  stiffness  and  strength,  M"ith  the  least  ex- 
penditure of  material.  But  the  l>ar  may,  consisteiiily 
with  the  principles  of  this  Ai-ticle,  Iw  of  any  otiier  h'.mn. 
connecting  those  two  points,  provided  it  is  sutficiently  stroii 
stifl'  to  prevent  their  distance  from  altering  to  an  extent  incou.^io;.. 
with  the  purposes  of  the  structtire. 

The  condition  of  the  bar  is  the  same  with  that  of  the  solid  : 
Article  23;  and  it  is  obvious  that  the  load  P,  and  the  8Up|)orting 
resistance  R,  must  be  equal  and  directly  opposed,  and  must  both 
act  along  the  line  of  resistance  L  S, 

In  the  present  case  those  foi-cea  are  supjiosed  to  be  directe.I     r 
ward,  ov  from  eacli  other.     Tlie  )iar  Ijetween  L  and  S  is  in  x\ 
of  terufinn,  and  the  stress  exerted  between  any  two  .!     '  ' 
a/fu/^  equal  and  opposite  to  the  lomliug  and"  suppi  : 
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>v  in  this  condition  is  called  &  tie.     It  is  obvious  that  a  n>/>«  or 
Utin  will  answer  the  pur] nine  of  a  tie. 

T?if.  njiiUibriuiii  of  a  tie  is  stable  ;  for  if  its  angular  position  be 
Bviiited,  thv  equul  forces  P  and  R,  which  originally  were  directly 

«ie<«-d,  now  coimtitute  a  couple  tending  to  restore  the  tie  to  its 
"igiiuil  p()sition. 

139.  Birai. — If  the  equal  and  opposite  forces  applied  to  the 
ro  ends,  L  and  S,  of  the  line  of  resistance  of  a  bar  be  direct- 
1  (as  in  fig.  65)  inwanlii,  or  towards  each  other,  the  bar,  be- 
recn  L  and  S,  is  in  a  state  of  compre.ssion,  and  the  stress 
nerted  between  any  two  divisions  of  it  is  a  thrust  equal  and 
pposite  to  the  loading  and  supporting  forces.    It  is  ob^-ious 

»t  a  flexible  boily  will  not  answer  the  pui-pose  of  a  strut. 

The  eipiUibrium  «fa  moveable  stnU  is  unstable;  for  if  its 
ngular  posdtion  be  deviated,  the  equal  forces  P  and  R, 
rhich  originally  were  diit>ctly  ojJiKJsod,  now  constitute  a  y    jj 
Tiuple  tending  to  make  it  deviate  still  farther  fi-otu  its 
iginal  position. 

In  onlfT  that  a  strut  may  have  stability,  its  ends  must  lie  pre- 
Fut«d  from  deviating  lateraUy.  Pieces  connected  with  tlic  ends 
'  a  strut  for  this  purpose  arc  called  sfai/s. 

1  40.    Trraimcai  of  iho  WclshI  af  a  Bar. — In  tho  two  preceding 

tides,  the  weight  of  the  bar  itself  has  not  been  taken  into  ac- 

tt,     But  the  principles  of  those  Articles,  so  far  as  they  rdate  to 

libriurn  o/ the  bar  as  a  vhole,  continue  to  be  applicable  when 

eight  of  the  bar  is  treated  in  the  following  manner.     Resolve 

Iiat  weight,  by  the  principles  of  Articles  39  and  40,  into  two  parol* 

comijononts,  acting  thi-ough  L  and  S  respectively.     Let  P  now 

epresent  not  merely  the  external  load,  but  the  resultant  of  that 

\A,  and  of  the  component  of  the  weight  which  acts  tlirough  L. 

vt  K  represent  not  merely  the  supporting  force,  but  the  resultant 

■  tliat  force  and  of  the  component  of  the  weight  which  acts  tlirough 

Then  P  and  E,  as  before,  must  be  equal  and  directly  opjKjsed. 
In  many  cases,  the  weight  of  a  strut  or  tie  is  too  small  as  com- 
with  the  load  applied  to  it  to  i-equir«  to  be  specially  con- 
idercd  in  practice. 

141.    BniDi    aadcr   Pamllrl   Farces. — A    1>ar    supported    at    two 

nints,  and  loaded  in  a  direction  per{)endicular  or  oblique  to  its 

pngth   is  called  a  beam.     In  the  first  place,  let  the  supporting 

xures  be  parallel  to  each  other  and  to  the       *, 

ctiou  of  the  load  ;  and  let  the  load  act 

the  jxiiiit^  of  support,  as  in  fig.  66 ; 

P  represents  tlie  resultant  of  the  gross 

k1,  including  the  wri^dit  ot  thf  beam  itself, 

'  '•point  wbeiv  tJie  liiur  of  itction  of  that  ^'B-  ^^' 


d 
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resultant  intersects  the  axis  of  the  beam,  B,,  R„  the  two 
porting  pressures  or  resistances  of  the  projw  parallel  to,  and  in  the 
same  plane  -with  P,  and  acting  through  the  points  S„  Su  in  the 
axis  of  the  beau. 

Then,  according  to  the  Theorem  of  Article  39,  each  of  those 
three  forces  is  proportional  to  the  distance  between  the  line^  of 
action  of  the  other  two ;  and  the  load  is  eqoal  to  the  sum  of  the 
two  supporting  pi-essures  ;  that  is  to  say, 


P:  E. 


and 


LS,. 


I 


ng.  67. 


1 


(1.)      . 

vaU  ™ 


::  S,S,  :  LSt 
P  =  R.  +  R,.. 

Next,  let  the  load  act  beyond  the  points 
support,  OS  in  lig.  G7,  which  represents  a 
lever  or  projecting  beam,  held  up  by  a  w 
other  prop  at  S„  held  do^'n  by  a  notch  in  a  maai 
of  masonry  or  otherwise  at  S,,  and  loaded  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  the  beam.  Then  the  projioitii  mal 
equation  (1)  remains  exactly  as  before;  but  the  load  is  equal  to 
the  difference  of  the  8up{x>rting  pressures ;  that  is  to  say, 

P  =  B,-  B, (3.) 

In  these  examples  the  beam  is  represented  as  horizontal ;  bnt 
same  principles  would  hold  if  it  were  inclined ;  for  the  projKirti' 
amongst  tlie  distances  Ijetween  parallel  lines  in  the  same  plane 
the  same,  whether  they  be  measured  in  a  direction  perpendici 


or  oblique  to  those  lines. 

142.   Bcooi  aadcr  iBClliied 


Farm. — Let  the  directions   of  the 


./c 
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supporting  forces  R,,  Rj,  be  now  inclinetl 
to  that  of  the  resultant  of  the  load,  P,  as 
in  fig.  68.  This  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Artie 
51  and  32 ;  and  consequently  the  foUowio 
principles  apply  to  it 

I.  The  lines  of  action  of  the  supp 
forces  and  of  the  resultant  of  the  load  mo 
^''8-  68.  be  jn  one  plana 

II.  They  must  intersect  in  one  jx)iut  (C,  fig.  68).  < 

III.  Those  three  forces  must  be  profiortioual  to  the  three  sides 
triangle  A,  rcs]«ctively  jiarallel  to  their  directions;  or  in  &' 
words,  to  the  sides  and  diagonal  of  a  iksrallelognun. 

I'roulem.     Given  tlie  r«>uitatU  of  Ut«  load  in  maffnituda 
position,  P,  the  line  of  action  nfone  of  the  tv]>portiny  fnreeg,  R„ 
ii« etn/r» q/re»iHane«  qf  tJie  other,  8,;  required  tin  line  nf  action^' 
"  f  taivmi tup/jorting  forte,  and  \i\»  mogniiwle*  o/  boUv. 


lOAD  StTPrORTED  BT  THBEE  FORCES. 
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Prcnlncc  the  lint  of  action  of  R  till  it  cats  the  line  of  action  of 
P  at  the  point  C  ;  join  C  Sj ;  this  will  be  the  lino  of  action  of  R,; 
constrtict  a  triiuigle  A  with  its  sides  respectively  parallel  to  those 
three  lines  of  action  ;  the  ratios  of  the  sides  of  that  triangle  will 
give  the  ratios  of  the  forces. — Q.  E  I. 

To  express  this  algebraically,  let  i,,  i,,  be  the  angles  made  by  the 
lini^t  of  action  of  the  supporting  forces  with  that  of  the  resultant 
load  ;  then  because  each  side  of  a  triangle  is  proportional  to 
aiue  of  the  angle  between  the  other  two, 


P :  Ri ;  Rj : :  sin  (»i  -r  t,) :  sin  ij :  sin  i,. 

143.   LaMI    ■■pp«rtc^   br  Three  ParaUel  Forces  —  THEOREM.     1/ 

aralUl  forces  bakiiice  each  other,  lei  tJieir  lines  of  adion  be  inter- 
^  J  a  plane,  and  let  the  four  poind  of  intersection  be  joined  63 

"tie  itralght  lines  to  M  to  form  four  triangles;  each  force  wiU  be  pro- 
ontd  to  tlte  area  of  the  IriarnjU  10/ioM  angles  are  in  the  liiies  of 
I  of  the  other  three. 

.  6g.  69,  let  the  plane  of  the  paper  represent  the  plane  which 
I  cut  by  the  lines  of  action  of  the  four  forces 
the  i>oints  L,  S„  S.,  S,;  let  P,  K,,  R,,  R« 
denote  the  four  parallel  forces.     Join  the  four 
ointa  by  six  lines  as  iu  the  figure,  and  pro- 
acv  each  of  the  three  lines  S  L  till  it  cuts  the 
i»«i  line  S  S  in  one  of  the  points  B. 
nraso  the  forces  kxlauce  each  other,  the 
it  of  Ri  and  II),  whose  magnitude  is 
}'Rt,  must  tni'NTrse  Bij  and  bcauise  the 

It  of  that  resultant  and  Rj  is  equal  and  opposite  to  P,  we 
,  have  the  following  pro[M)rtion : — 


Fig.  69. 


P:B,::S.B,:LB,::.iS.S.S.:AS,LS,; 

id  applying  the  nme  reasoning  to  the  forces  R,,  R,,  we  find  the 
aportions, 

P :  R, :  R, :  R,  i :  A  S,  S,  8, :  A  S,  L  S, :  A  S.  L  S, :  4  8,  L  B» 

-Q.  E  D. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion 
which  the  load  of  a  ^vcn  body  is  distributed  amongst  three 

>»[«(,  exerting  parallel  Hupi>orting  forces. 

Hi.    Lasd  mufparfn*   hj  Thra;   Inrllned  Fare«& — The  case  of  n 

lond  ."mpjKjrted  by  three  iucUtied  forces  is  that  considered  in  Articles 

The  lines  of  action  of  the  three  supporting  forces  nuiKt 

'  hat  of  the  load  in  one  {K>int ;    and  tiie  magnitudes  of  the 

i;  ;„,r;iriL;   1  ovi  ^  are  represented  Fiy  tbo  three  edsea  oi  ?k 


!■ 


■  /'/j;-,/,  i>V/i/«  <u;igoDal  rvpivaents  the  loiuL 
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Ii5,   Frame  •€  Two  Ban— Eqaillbrinm. — PROBLEM.    FigOKe  70, 

71,  and  72  represent  three  cat^es  in.  which  a  fi^amo  cousisting  of  two 


Fig.  TO.  Fig.  71.  Tig.  T2. 

liars,  jointed  to  each  otlior  at  the  point  L,  is  loaded  at  that  point  wjtii 
11  given  force,  P,  and  is  Bupported  by  the  connection  of  the  bars  at 
their  farther  extremities,  S,,  Sj,  with  fixed  bodies.  It  is  requin^d 
to  find  the  stress  on  each  bar,  and  the  supporting  forces  at  Sj  and  Sj. 

Re.solvc  the  load  P  (as  in  Article  r>5)  into  two  components,  R,,  R«, 
noting  along  the  resjx'ctive  Unci  of  resistance  of  the  two  barn. 
Those  component.s  are  tho  loads  borne  by  the  two  bai-s  respectively ; 
to  which  loads  the  8up]x>rting  forces  at  S|,  Sj,  are  equal  and  directly 
op]X)8ed. — Q.  E  I. 

The  symbolical  expression  of  this  solution  is  as  follows : — let  t,,  i„ 
lie  the  respective  angles  made  by  the  lines  of  resistance  of  tlic  bars 
with  the  line  of  action  of  tho  load  ;  then 

P  :  R,  :  R]  : :  edn  (i ,  +  i,)  :  sin  t,  :  sin  t,. 

Tho  inward  or  outward  direction  of  the  forces  acting  along  each 
Iwr  inilicatos  that  the  stress  is  a  tlirust  or  a  pull,  and  the  bar  a. 
strut  or  a  tie,  jis  the  case  may  be.  Fig.  70  represents  tho  case  of 
two  tics ;  fig.  71  that  of  two  stmts  (such  tm  a  jMiir  of  ral'tcrs  abutting 
against  two  walls) ;  lig.  72  that  of  a  stnit,  L  S„  and  a  tie,  L  Sj  (sucli 

I  the  gib  and  the  tie-rod  of  a  crane). 

14fi.    Frame  of  T>t«   Ban  —  Mabllllr. — A  filtme   of  two  ban  IS 

[ible  as  regfirds  deviations  in  the  ](l:ine  of  its  lines  of  resistance. 

With  respect  to  lateral  deviations  of  angular  poaitiou.  in  a 
direction  poi-pendicular  to  that  plane,  a  frame  of  two  tics  is  >'  ' ' 
so  also  is  a  frame  consisting  of  a  stmt  and  a  tie,  when  the  dii  ■ 
of  the  load  inclines /row  the  line  S,  S„  joining  the  points  of  supiK.rt. 

A  frame  consisting  of  a  stmt  and  a  tie,  when  the  direction  oi'  the 
load  inclines  Imearth  the  line  8,  S„  and  a  frame  of  two  struts  in  I 
iii.ses,  are  unstable  laterally,  unless  llro^•i^led  witli  lateral  stays. 

These  principles  are  true  of  any  pair  of  adjacent,  bar>i  icIiMe/urlh 
rrrUres  of  resistance  are  Jixcd  ;  whether  forming  h  fi'aine  liy  thci 
wives,  or  a  purt  of  a  more  complex  I'ninie. 

147.  Tmimrnt  of  Diniribaiea  tMuAm. — Before  applying  the  prii 
iv/>)e.i  of  Article  145,  or  those  of  the  following  Articles,  to  frau 
i/j  which  the  load,  M-Jiether  extcmnl  or  anatiL^  tswn.  tW  <«rei^ht  | 
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l)«»r>,  is  <liiitributeil  over  their  length,  it  is  necessary  to  reduce 

1  t.iittd  Iciftfl  to  an  wjuivalent  load.orseriesoflouds, applied  at 

of  ri'iiisUuice.    The  st<.*ps  in  this  piixx'ss  are  as  follows : — 

I.   Find  the  resultant  load  on  each  single  bar. 

IL  jResolve  that  load,  as  iu  Article  141,  into  two  paiiUlel  comix>- 

it«  acting  through  tlie  centresof  resistance  at  the  two  ends  of  the  iMir. 

III.  At  each  centre  of  rosi.sUincc  where  two  Ijara  meet,  combine 
^o  comjxment  loads  due  t<i  the  loads  on  the  two  Imrs  into  one 

niltant,  which  is  to  Ix!  considered  as  the  total  load  acting  tlu-ongk 
»t  centre  of  resistance. 

IV.  When  a  centre  of  resistance  is  also  a  point  of  support,  the 
"iponent  load  acting  through  it,  as  found  by  step  II.  ol  the  pro- 

,  is  t<:>  lie  left  out  of  considemtion  until  tlie  su[)p<)rting  force 

'  by  the  system  of  loads  at  the  other  joints  has  been  detei^ 

. ;  with  this  supporting  force  is  to  Ixi  comjiouudi'd  a  foi-co 

t|iuil  and  opposite  to  th(;  comfK)nent  load  acting  diivctly  through  the 

Bint  of  support,  and  tht?  resultant  will  bo  the  total  supiwrting  force. 

In  the  fidlowing  Articles  of  this  section,  all  the  frames  will  be 

■I^>ris<-d  to  be  loaded  only  at  those  centres  of  resistance  which 

not  ]iointfi  of  .sup[)ort  ;  and  therefore,  in  those  cases  in  ■which 

nents  of  the  loail  act  directly  through  the  points  of  support 

Broes  ei|ual  and  opjwsito  to  such  comixiuents  must  be  com- 

ne«l  with  the  sup|)orting  forces  as  determined  in  the  following 

\-\nf,  in  order  to  complete  the  solution. 
14-&    Triaii«uiar  Fninir. — Let   fig.    73   ivprcsent  a   triangular 
DC,  cousistiug  of  the  three  l>ars  A,  B,  C,  cou-  / 

eted  at  thi-  three  joiut.><  1,  2,  3,  viz. :  C  and  .\  at     Cy 
A  and  B  at  2,  B  and  C  at  3.     Let  a  load  I',  be 
jilied  at  the  joint  1  in  any  given  ilirection  ;  let  ' 
ipporting  forces,  P,,  P,,  be  applied  at  the  joints 
3  ;  the  lines  of  action  of  those  two  forces  must 
in  the  »ame  plane  with  that  of  P„  and  uuist  either  be  parallel 
it  or  intersect  it  in  one  point.     The  latt^-r  case  is  taken  first, 
»usc  its  solution  comprehends  that  of  the  former. 
Tlie  three  ext<'nial  forces,  in  virtue  of  Article 
51,  CJjndiUon    I.,  Imlanco  each  other,  and  ai-e 
brrefore  (iroportional  to  the  three  sides  of  a  tri- 
"  I  n-Kiiectivcly  parallel  to  their  directions.    Iu 
~''  let  A  B  C  bo.  such  »  triangle,  in  which 

CA  reprcHfuts  P„ 
AB  P„ 

BC  P.. 


Fig.  73. 


hen  Viy 
clc  J 


of  equilibrium  of  a  frame  of  two  ^>w* 
it/bive  r,  H[)pUed  at  the  joint  \,  aiiA  t.\v« 
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resistances  or  stresses  along  the  bars  C  aiid  A  which  meet  at  that 
joint,  are  represented  in  magnitude  by  the  sides  of  a  triangle  re- 
spectively parallel  to  their  directions.  Therefore,  in  fig.  7S*,  draw 
C  O  parallel  to  the  bar  C,  and  A  O  parallel  to  the  bar  A,  meeting 
in  the  point  O,  and  those  two  lines  will  represent  the  stresses  on 
the  bars  C  and  A  rcs])cctively.  In  the  same  manner  it  is  proved, 
that  B  O  repi-esents  the  stress  on  the  bar  B.  The  three  lines  C  0, 
A O,  BO,  meet  in  one  point  0,  because  the  componeatti  along  th» 
line  of  direction  of  a  given  Imr,  of  the  external  foroea  applied  at 
its  two  extremities,  are  equal  and  directly  opposed. 

Hence  follows  the  following 

Theoeeu.  l^  tfiree  forces  be  repnmnted  ht/  the  three  tidet  <^  • 
triangle,  and  if  three  slrait/hl  lines  radiating  from  one  point  be  drawn 
to  the  three  anglet  of  tluU  triangle,  tJien  a  triangular  Jranu:  toliott 
linei  (fretistance  are  parallel  to  the  three  radiating  lines  will  be  in 
equilibrio  under  the  three  gii>en  forces,  each  force  being  applied  to  iha 
joint  lehere  tlie  two  lines  of  resistance  meet.,  vihicli  are  paralM  to  tht 
radiating  liites  contiguous  to  that  side  oft/te  original  Iriangle  tohiok 
rtjpreeents  the  force  in  questifm. 

Alto,  Hie  lenytJis  of  tfie  three  radiating  lines  will  repretmt  the 
ttreuea  on  the  bars  to  tohicft  tliey  are  respectivelij  paralleL 

149.   Triaacalnr  Franc  HBdrr  Pamllrl    Farces. — Wlien  the  three 

extei-nal   forces   are   pintllel    to   each   other,   ths 
triangle  of  forces  A  B  C  of  tig.   73*  becomes  a 
straight  line  C  A,  as  in  fig.  74*,  divided  into  two 
segments  by  the  point  B.    Let  straight  lines  radiate 
-    from  O  to  A,  B,  C ;  and  let  fig.   74  represent  a 
triangular  frame  whose  sides  I  2  or  A,  t2  3  or  D, 
3  1  or  C,  are  respectively  parallel  to  O  A,  J£B,  O  C  ; 
then  if  the  load  0  A  be  api)liedat  1  (fig.  74),  ABapplied 
at  2,  and  B  C  applied  at  3,  are  the  supporting  forcfls 
required  to  Imlunce  it ;  and  the  radiiiting  lines  O  A, 
OB,  OC,  represent  the  stresses  on  the  bars  A,  B,  C, 
respectively. 

From  O  let fiill  OH  perpendicukr  to  0  A,  the 
mon  direction  of  the  external  foi^cea.  Then  that 
will  represent  a  component  of  the  stress,  which 
etjual  amount  in  each  bar.  When  CA,  as  is  usually  the  case,  i» 
vertical,  OH  is  horizontal;  and  the  force  represented  by  it  is 
called  the  "  Itorizontal  thrust "  of  the  frame.  Horizontal  Stress  or 
Betislance  would  be  a  more  precise  term;  because  the  force  in 
question  is  a  pull  in  some  parts  of  the  frame,  and  a  thrust  in  othoi. 
-&  £g.  74,  A  ujkI  C  arc  «<ntte,  and  B  a  tie.    If  the  fi«mo  were 
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tly  inverted,  all  the  forces  would  bear  the  same  proportions  to 
.  other ;  but  A  and  C  would  be  tien,  and  B  a  strut, 
he  trigonometrical  expresaioa  of  the  relations  amongst  the  forces 
ig  in  a  triangular  fnuue,  under  parallel  forces,  is  as  follows  : — 
et  a,  b,  e,  denote  the  respective  angles  of  inclination  of  the  bare 

A,  B,  C,  to  the  line  O  H  (that  Ls,  in  general,  to  a  horizontal  line). 

Xhm,  Load  CX  =  OH  •  (tan  czizUua); 

L   Supporting  I  AB  =  OH  •  (ton o rpi  tan  6) ;    (1.) 
Fort:e3      (  fiC  =  OH    (tan  6  =±:  tan  c)  ;  J 
^^  <  +  )  is  to  be  used  when  the  two  )  opposite  directions 
^^  \  —  j         inclinations  are  in         /  the  same  direction. 

oa  =  oh: 

0B  =  (JH 

OG  =  OH 

CA 

0H  = 


StKOM 


•SCO  a 

•  sec  6 

*  sec  0 


,.(2.) 


tan  c : 


:  tan  a 


.^3.) 


150.  PoiTsonai  Ftmaie— Equuibrinn.— The  Theorem  of  Article 
118  is  the  8iiui)lest  case  of  a  general  theorem 
re^NiCtiug  polygomU  frames  consisting  of  any 
omnber  of  Lars,  which  is  arrived  at  in  the  fol- 
3g  mAuncr.  In  hg.  75,  let  A,  B,  C,  D,  E,  be 
I  lines  of  resistance  of  the  bars  of  a  {Kilygunal 
Bc,  coimect^l  together  at  the  joints,  whose 
of  re»istance  are,  1  between  A  and  B,  2 
reen  B  and  C,  3  between  C  and  D,  4  between 
I)  and  £,  and  5  between  £  and  A.  In  the  ligure, 
the  feixne  conaista  of  five  bars;  but  the  demonstra- 
nti(an  is  applicable  to  any  number.  From  a  point 
fig.  75*  (which  may  be  called  the  IHaffram 
Vorctt),  draw  ra<Iiating  lines  OA,  OB,  OC,  OD,  OE,  pai-allel 
ctively  to  the  lines  of  resistance  of  the  bars;  and  on  those 
kting  lines  take  any  lengths  whatsoever,  to  represent  the  stresses 
[tbo  several  bars,  which  may 
'  magnitudes  within  the 
Tstrength  of  the  matcrioL 
points  thus  found  by 
lines,  BO  as  to  form  a 
aygon  A BCDEA ;  then 
dost  thut  A  B  w  the  CX-  Fi^  76. 
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ternal  force,  which  bting  applied  at  the  joint  1  of  A  and  B,  will 
produce  the  stress  U  A  on  A  and  OB  on  B  ;  that  BC  iatlieoxtemij 
force  which  lx;iug  applied  at  the  joint  2  of  B  and  C,  will  prod\itc 
the  stress  OB  on  B  (already  mentioned)  and  OC  on  C;  and  wj 
on  for  all  the  aides  of  the  jwlygon  of  forces  A  B  C  D  E  A  Henuo 
follows  this 

TllKoKEM.     Jf  liiie-i  ratliniintj  from  a  point  be  draicn  par 
tjie  linai  of'  ranataiice  of  the  biira  of  a  jxJiiyonal  frame,  thru,  llf 
of  uny  polygon  tchom  <m<//e/i  lie  iit  those  rnditUinij  lines  ■uyill  tcj'i  ^  ^  ,  ' 
a  aynteiii  oj/orces,  irhich,  beimj  iipidied  to  the  joiiU-g  of  thejrarn- 
balaiire  e<ich  vther ;  enck  much  J'vrre  beiiiy  npplied  lo  tJte  juirU  ' 
the  bars  whose  lines  ofrvgiftnnca  nrc  paraUd  to  the  pair  o/'ntu..,   ..^, 
lines  that  enclose  Uie  side  o/l/ui  polyi/mi  of /threes,  reprcjientiiuf  thefvrei 
in  questum.     Also,  the  lent/t/ui  of  the  radinling  lines  will  rcpreaent  the 
stresses  along  the  bars  to  whose  lines  n/ resistance  they  are  resjxcticel,tf 
parallel. 

lt)l.  Open  PoirKouoi  PmitM-. — When  the  p>lygonul  frame,  iusteiul 
of  Ijeing  closed,  as  in  fig.  75,  is  converted  into  un  Open  fnn  '  - 
the  omission  of  one  bar,  such  as  E,  the  corresponding  nnxli^ 
is  miulc  in  the  diagram  of  forcct  by  omitting  the  lines  (.)  K,  L>  ii,, 
E  A.  Then  the  jwlygon  of  external  forces  Incomes  A  B  C  D  O  A ;  and 
D  O  and  O  A  repre8«'nt  the  supjxirting  forces  respectively,  equal  axid 
directly  opjiosed  to  the  stresses  along  the  extreme  Iwrs  of  the  fi-niiie, 
D  and  A,  wliich  must  be  exerted  by  the  foundations  (called  in  this 
case  abiUmciits),  at  the  points  4  and  5,  against  the  ends  of  those 
bars,  in  order  to  maintain  the  eqiulibriiim. 

152.  Poi;|[anai  Frami;— sutbiliir.— The  stability  or  instability  of 
a  poh'gonal  fmnie  depends  on  the  principles  already  statrd  in 
Aj-ticles  138  and  139,  viz.,  that  if  a  bur  be  free  to  change  its 
angular  position,  then  if  it  is  a  tie  it  is  stable,  and  if  a  stmt, 
unstable ;  and  that  a  strut  may  be  rendered  stable  by  fixing  ita 
ends. 

For  example,  in  the  frame  of  fig.  15,  E  is  a  tie,  and  stable ;  A,  B, 
C,  and  D,  are  struts,  free  to  cluuigc  their  angular  position,  and 
therefon'  unstable. 

But  these  stmts  may  be  wudcred  stable  in  the  ]ilane  of  the  fn 
by  means  of  stays  ;  for  example,  let  two  stay-bai-s  connect  the  jc 

1  with  4,  and  3  with  5  ;  then  the  jwinta  i,  2,  and  3,  are  all 
80  that  noue  of  the  stmts  can  chiinge  their  angular  jjositionsL 
same  effect  might  be  produced  by  two  stay-bill's  connecting  the  joint 

2  with  5  and  4. 

The  frame,  as  a  whole,  is  tmstable,  as  being  liabl*  to  overtnm 
latc-fiMr,  i)d1i'»m  j)rovided  witli  lateral  stays,  connecting  its  joinu 
vith  dxed  points. 


tL,  and 


rOLTOOKAL  FRAUE  UKDER  PABALLEL  FORCES. 


141 


fow,  supijoee  the  fnune  to  be  exactly  inverted,  the  loads  at  1,  2, 
3,  and  the  supporting  foi-ces  at  i  and  5,  lieing  the  siune  as 
before.  Then  E  beromes  a  stmt ;  but  it  is  stjible,  because  its  ends 
^B  fixed  in  position ;  and  A,  B,  C,  and  D  1>ecome  ties,  and  are 
^Bble  without  Iwing  stayed. 

■  -  An  o{)en  polygon  consisting  of  ties,  such  da  is  formed  by  A,  B,  C,i 
and  D  when  inverted,  is  called  by  mathcuiaticiaus  uy«)jie!</nr /w/y- 
gon,  becHuse  it  may  be  made  of  rojies. 

It  is  to  be  obsen'ed,  that  the  stability  of  an  unstayed  jwlygon  of 
ties  is  of  the  kind  described  in  Article  127,  auii  admits  of  osdllatiwi 

Ind  fro  about  the  ])osition  of  equilibrium.     Thi.s  oscillation  may 
njtirious  in  practice,  and  stays  may  be  rt^<iuii'ed  to  prevent  it, 
63.     P«l7||anal    Vrnmc    midcr    Pamllrl    Forcra. — 
en  the  external  forces  are  parallel  to  each  other, 
polygon  of  forces  of  fig.  75*  becomes  a  sti'uight 
line  A  D,  as  in  fig.  75**,  ilivided  into  segments  by 
t  nuliating  lines  ;  and  each  segment  represents  the  of 
al  force  which  acts  at  the  joint  of  the  l«ir8 
Qes  of  resistance  are  [anillel  to  the  iiidiating 
sit  bound  the  segment     Moreover,  the  seg- 
of  the  straight  A  D  which  is  intercepted  1:>e- 
the  radiating   lines  parallel  to  the  lines  of 
nee  of  ani/  two  bars  whether  conligtufus  or  not, 
ents  the  resultant  of  the  external  forces  which 
^st  jioints  betvxfn  t)ie  ham. 

Iiu9,  A  D  repit'sents  the  total  load,  consisting  of  the  throe  i>or- 
» AB,  B  C,  C  D,  ai)plied  at  1,  2,  3  re.spectively.    DA  represents 
total  siipporting  foi-ce,  equal  and  opjiosite  to  the  load,  consist- 
iof  the  two  portions  D  E,  E  A,  applied  at  4  and  5  respectively, 
rejjresent*  tlu?  i-esidt.int  of  the  loud  applied  Ix'twecn  the  bars 
ad  C;  and  similarly  for  any  other  jKiir  of  Imrs. 
Dm  O  draw  O  H  peq>endicular  to  A  D  ;  then  that  line  re- 
nts a  component  of  the  stress,  whose  amount  is  the  same  in 
hw  of  the  frame.     When  the  load,  as  is  usually  the  case,  is 
UcmJ,  that  component  is  called  the  "horizontal  thrust"  of  the 
BC,  and,  as  in  Article  149,  might  more  correctly  he  called  hori- 
JftiBKg  or  regiatnnce,  seeing  that  it  Ls  a  pull  in  some  of  the 
I  AOd  a  thrust  in  others. 

rigonc'metrieal  expression  of  these  |)rinciples  is  as  follows: — 
be  force  O  11  he  denoted  simply  by  H. 
ft »',  r,  denote  the  inclinations  to  OH  of  the  lines  of  resistance 
riy  ttoo  fxxrs,  eontignoiis  or  not 
pt  B,  R,  be  the  respective  stresses  vrbich  act  along  those  \wu». 


Fig.  76»* 
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The- 


)  of  the  tangents  of  the  inclinations  is  f  opposite  ) 
1  J     to  be  iwed  according  as  they  are     (  nmilor  /  ' 


Let  F  be  the  resultant  of  the  external  forces  acting  through  the 
joint  or  joints  between  those  two  bus. 

Then  R  =  Hsec»;   R'  =  H-secir; 

Pr=H(tan  i:±:tan  t^). 
f      sum 
I  difference 

154.  Open  Polfgoaal  Frsmti  andrr  Parallel  farces. — When  Uie 
frame  becomes  an  open  polygon  by  the  omission  of  the  bar  E,  the 
di^nun  of  forces  75**  is  modified  by  omitting  the  line  O  E. 

Then  the  supporting  forces  exerted  by  the  tibutmetits  at  4  and  5, 
are  no  longer  represented  by  the  Regments  I)  E  and  E  A  of  ti 
AD,  but  by  the  inclined  lines  DO  and  O  A,  cqiiaJ  and  <\f 
opposed  respectively  to  the  stresses  along  the  extieme  ban  uf  the 
frame,  D  and  A. 

Let  »j  and  i,  denote  the  angles  of  inclination  of  those  bare. 

Let  R^  =  O  D  and  R.  =  O  A  be  the  stresses  along  theia. 

Let  2  - P  =  AD  denote  the  total  load  oa  the  &ame.  Then  by 
the  equations  of  Article  153, 


H  = 


1  tM^^^B 


tan  it  +  tan  »,' 
R4  =  H  •  sec  f<;  R.  =  H  'sect, 

155.  Bracing  ef  Vrmmtm. — A  brace  is  a  stay-l«r  on  which 
is  a  permanent  stress.  When  the  external  forces  applied  to 
gonal  h-ame,  although  balancing  each  other  as  an  entire  syst. 
distributed  in  a  maimer  not  consistent  with  the  equilibrium  ot  <>uch 
bar  separately,  then  by  connecting  two  or  more  joints  together  by 
means  of  braces,  which  may  bo  either  struts  or  ties,  the  n'sistanocs 
of  those  braces  nxay  be  made  to  supply,  at  the  joints  which  thry 
connect,  the  forces  wanting  to  produce  eqidlibrium  of  each  bor. 

The  resistance  of  a  brace  introduces  a  pair  of  equal  and  opposite 
forces,  acting  along  the  line  of  resistance  of  the  brace,  upon  the 
pair  of  joints  which  it  connects.  It  therefore  does  u'  *  '•  ••  •'■- 
reguitarU  of  the  forces  applied  to  that  pair  of  joints  in  : 
in  position ;  but  only  the  dintribtUion  of  the  componenia  1  n  i.i 
resultant  on  the  pair  of  joints. 

Tlie  same  remark  applies  to  any  number  of  joints  connected  1 
system  of  bmccs. 

To  exemplify  the  use  of  braces  and  the  mode  of  det«M 
stresses  on  them,  let  fig.  7G  n-prcsent  a  frame  such  a- 
occurs  in  iron  roofe,  consisting  of  two  strut«  or  rafters,  A  tiiiti 
and  three  tie-bars,  B,  0,  and  D,  forming  a  polygon  cf  tirr  »id 
jointed  at  1,  2,  3,  4,  5,  loaded  vei-tiwilly  at  l.and 
rerticnl  rcsistaxice  of  a  pair  of  wivWs  at  2  and  6.     'J 
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)  hariog  do  Icwda  applied  to  them,  are  oooaected  with  1  bj  tbe 


aJ> 


RC.D 


Fip.  76. 
I  4  and  13.     It  is  required  to  find  the  stresses  on  tho 
,  and  on  the  other  pieces  of  the  fiame. 
To  make  the  diagram  of  forces  (tig.  7*i*),  draw  the  rertical  lino 
1  A,  «»  in  Article  153,  to  represent 
be  direction  of  the  load  and  of  the 
tpportiog  forces. 
The  two  segments  of  that  line,  AB 
nd  CE,  are  to  be  taken  to  represent 
ke  8ii]>porting  forces  at  2  and  5 ;  and 
tbe  whole  line  £  A  will  represent  the 

lead  at  1.     From  the  ends,  and  from  the  point  of  division  of  the 

■  extemrd  forces  E  A,  draw  straight  lines  parallel  respectively 

I  lines  of  rcsistunce  of  the  frame,  each  line  being  drawn  from 

[tint  in  E  A  that  is  marked  with  the  corresponding  letter. 

'.  a  and  B  b,  meeting  at  a,  b,  will  represent  the  stresses  along 

tad  B  reapectiTelj ;  and  E  e  and  D  d,  meeting  in  d,  e,  will 

rat  the  stresBes  along  D  and  £  respectively ;  but  those  four 

K,  iniiteftd  of  meeting  each  other  and  C  c  parallel  to  G  in  one 

at,  leave  gapt,  which  are  to  be  filled  up  by  drawing  straight  lines 

iillol  lo  the  braces:  that  ia  say,  from  a,  b,  to  c,  parallel  to  13; 

from  (/,  e,  to  e,  parallel  to  4  1.     Then  those  straight  lines  will 

ijirewnt  the  stresses  along  the  braces  to  which  they  are  respectively 

"el;    and  Cc  will  represent  the   tension  along   C.      Upon 

ing  the  diagram  of  forces  so  constructed,  it  will  be  found 

ill  joint  in  the  frame,  fig.  76,  there  corresponds  in  fig. 

ogle,  or  other  closed  jwlygon,  having  ita  sides  respec- 

^amllel,  and  therefore  proportional,  to  the  forces  that  act  at 
Dint.     For  example. 

Joints.        1,  2,  3,  4,  5, 

Polygons,  EAaceE;  AB6A;  Bc6B;  DrfeD;  DE«D. 
order  of  the  letters  indicates  the   directions  in  which  tho 
I  act  relatively  to  the  joints.* 
Tbe  method  of  arranging  the  positions  of  braces,  and  determining 
tit  etKfeea  along  them,  of  which  an  example  has  been  ^ven,  may 
lia  thus  descrihe<l  in  general  terms. 

If  the  distribution  of  the  loads  on  the  joints  of  a  polygonal  fraovQ, 
dno^  oonaisteDt  with  it?  eqailibrinm  aa  a  whole,  be  not  consVe^AU^ 

l^V^  S^^'fJr'''"F,  ''""^'  ^'o™  contains  an  imptwOTusat  wvfr 
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with  the  equilibrium  of  each  Uir,  then,  in  the  diagram  of  forces, 
when  converging  lines  respectively  panillei  to  the  lines  of  resistAuco 
are  drawn  from  tlie  angles  of  the  jKilygon  of  external  forces,  those 
converging  lines,  instead  of  meeting  in  one  point,  will  Ije  found  to 
have  gu|)s  between  them.  The  lines  uecessai-y  to  fill  np  those  gapH 
will  indicate  the  forces  to  be  supplied  by  means  of  the  resia 
of  bi-aces. 

loG.   Riyidlty  of  a  Tntu.— The  word  truss  is  applied  in  car])enti 
and  iron  framing  to  a  triangular  frame,  and  to  a  polygonal  frame 
which  rigidity  is  given  by  staying  and  bracing,  s<n  that  ita  fijj 
shall  be  inca()able  of  alteration  by  turning  of  the  Iwi-s  al>out  ttie 
joints.     If  each  joint  were  abmltUely  of  the  kind  described 
lintt  class  in  Article  136,  that  is,  like  a  hinge,  incapable  of  ui 
liny  resistance  to  alt.eiivtion  of  the  relative  angular  i>osition  ol  the 
luii-s  connected  by  it,  it  woiJd  be  necessary,  in  order  to  fulfil  the 
condition  of  rigidity,  that  every  polygonal  frame  should  Ije  A'w  idcd 
by  the  lines  of  resistance  of  stays  and  braces  into  trianglc-s  and  ot" 
jiolygons  80  arranged,  that  every  polygon  of  four  or  more  idd 
KhoiUd  be  surrounded  by  triangles  on  all  but  two  sides  and 
included  angle  at  farthest.    For  every  unstayed  (wilygon  of  four  sid 
or  more,  with  flexible  joints,  Ls  flexible,  unless  all  the  angles  i 
one  be  fixed  by  being  connected  with  triangles. 

Sometimes,  however,  a  certain  amount  of  stiffiicss  in  the  joiiitsi 
tt  frame,  and  sometimes  the  resistance  of  its  bars  to  bemling,  is  rel 
upon  to  give  rigidity  to  the  firame,  when  the  load  upon  it  is 
ject  to  small  variatioas  only  in  its  mode  of  distiibutiou. 
example,  in  the  truss  of  fig.  81  (for  wliicli  sec  Artielc  ICl,  farth 
on),  the  tie-beam  A  A  is  made  in  one  piece,  or  in  two  or  ma 
l)ieces.  so  connected  together  as  to  act  like  one  piece  ;  and  jiart  of 
its  weight  is  suspended  from  the  joints  C,  C,  by  the  rods  C  B,  C  Bk 
These  ro<Js  also  serve  to  make  the  resistimce  of  the  tie-beam  C  C  f^ 
being  bent,  oct  so  as  to  prevent  the  struts  AC,  C  C,  C  A,  fp 
deviating  from  their  proper  angular  positions,  by  turning  on  tho 
joints  A,  C,  C,  A.  If  A  B,  B  B,  and  B  A,  were  thivc  distil 
pieces,  with  flexible  joints  at  B,  B,  it  is  evident  that  the 
might  be  disfigutX'd  by  ilistoi-tion  of  the  qu;«lnvngle  B  C  C  B. 

157     VariaiUnn   of  liOad   on  Tmaa. — The    object   of  StifVeniug  1 
truss  by  braces  is  to  enable  it  to  sustain  loads  variously  distribut 
for  were  the  load  always  distributed  in  one  w.iy,  a  fmme  might  1 
designed  of  a  figure  exactly  suited  to  that  load,  so  that  there  shod 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  »tre>B  on  all 
pieces  of  the  frame,  but  e.sjieeially  on  the  bincos  ;  and  each  nifl 
must  be  suited  to  withstjind  the  greatest  stivjis  to  which  it  is  bahj 
Stmie  pleofs,  and  esjiecially  l>races,  may  Lave  to  act  sometimes  j 
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Strata  and  Bometimea  as  ties,  uccordiug  to  the  mode  of  distribution 
of  tik«  lond. 

\6&.  Bar  cvmmsa  M  •rTemi  Franiea, — When  the  same  bar  forms 
be  aame  time  part  of  two  or  more  diflerent  frames,  the  stress 
j  it  i»  determined  by  the  aid  of  the  following 
lEOREH.     The  stresn  on  a  bar  common  lo  two  or  more  Jrames,  is 
of  the  different  slresics  lo  wltic/t  it  ia  subject,  in  virtue  of 
I  in  the  different  framei, 
trations  of  this  will  be  found  in  the  following  Articles. 
toO.  BMcndarr  Trawiiim. — A  secondary  truss  is  a  truss  which  is 

3rted  by  another  truss. 
^Tien  a  load  is  distributed  over  a  great  number  of  centres  of 
■tanoe,  it  may  be  advuutageous,  instead  of  connecting  all  those 
I  by  one  polygomil  frame,  to  Biistaiii  thorn  by  means  of  severul 
1  tzvnes,  which  arc  supported  by  larger  trusses,  and  so  on,  the 
ble  Btructnre  of  secondaiy  trusses  resting  finally  on  one  large 
,  wMch  may  be  cilled  the  primary  truss.     In  such  a  combina- 
,  Uie  game  piece  may  often  form  pai-t  of  different  trusses  ;  and 
I  stress  upon  it  is  to  be  determined  according  to  the  Tlieorem 
•le  168. 
fmmjilf.  I.  Fig.  77  represents  a  kind  of  secondary  trussing  com- 
the  fi-amuwiirk  of  iron  roo& 


he  entire  frame  is  supported  by  pillars  at  2  and  3,  each  of  which 

kins  in  all,  half  the  weight. 
,  2  3  is  the  primary  Iruts,  consisting  of  two  rafters  1  3,  1  2,  and 

-r«d2  3. 

lie  weight  of  a  division  of  the  roof  is  distributed  over  the 

^n. 

lir  middle  point  of  each  rafter  is  supported  hy  a.  secondary  Iniss; 
I  of  those  is  marked  14  3;  it  consists  of  a  strut,  1  3  (the  rafter 
If),  two  ties  4  1,4  3,  and  a  slnit-bracc,  5  4,  for  transmitting  the 
1,  applied  at  5,  to  the  point  where  the  tics  meet. 
i:-li  of  the  two  largi.T  secondary  tru.sses  just  described  support.s 

gmallfT  tccondarij  trusses  of  similar  form  and  construction  to 
JIf ;  two  of  tJiose  are  marked  1  7  o,  5  G  3j  and  the  subdivision  of 
\UmA  tnighf  1m>  carried  still  further, 

X  the  streAvcM  nn  tije /neces  of  this  structuic,  xt  \a 
-.» miUhvnmtiail  accuracy  is  conccniccl,  wliclVvCT:  V.O 
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commence  with  the  primAiy  tnus  or  with  the  aecondaiT'  trosaes; 
bnt  by  commencing  -with  the  primarj  truss,  the  process  is  rendered 
more  simple. 

(1.)  Primary  Trtm  12  3.  Let  W  denote  the  -weight  of  the  roof; 
then  1^  W  is  distributed  aver  each  rafter,  the  rttoltants  acting 
through  the  middle  points  of  the  raflers.  Divide  eacli  of  those 
resultants  into  two  equal  and  parallel  components,  each  equal  to 
^  W,  acting  thi-ough  the  ends  of  the  rafter ;  then  4-  W  is  to  lie 
considered  as  directly  supported  at  3,  J  W  at  2,  and  i  W  +  ^  W 
=  ^  W  at  1 ;  therefore  the  locui  at  the  joint  1  is 

P  =  iW. 

Let  i  be  the  inclination  of  the  rafters  to  the  horizon  ;  then  by  the 

equations  of  Article  149 

^"W  _     W 

!  tani        4  tan  t' * "" 


H  = 


.(L) 


This  is  the  puH  upon  the  horizontal  tie-rod  of  the  primaiy  tnuS| 

2  3  ;  and  the  thrust  on  each  of  the  rafters  13,  1  3,  is  given  by  ihs 

equation 

„       _        .       Woosec*  „. 

B  =  H8ect  = J (2.) 

(3.)  Secondary  Truss  14  3  5.  The  rafter  1  3  has  the  loa<l  ^  W 
distribute*!  over  it;  and  reasoning  as  before,  we  are  to  leave  two 
quarters  of  this  out  of  the  calculation,  as  being  directly  supfporttxl 
at  1  and  4,  and  to  consider  one-lialf,  or  J  W,  as  being  the  vertical 
load  at  the  point  5.  The  tniss  is  to  be  considered  as  consi^ing  of 
a  polygon  of  four  pieces,  51,  1  4,  4  3,  3  5,  two  of  which  happen  to  be 
in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  which  exerts 
obliquely  upwards  against  5,  and  obliquely  downwards  against  4,  a 
thrust  equal  to  the  component  perpendicular  to  the  rafter  of  the 
load  i  "W;  which  thrust  is  given  by  the  equation 

R,4  =  iWco8» (3.) 

Then  we  cosily  obtain  the  following  values  of  the  stresses  on  the 
rafter  and  tics,  in  which  each  stress  is  distinj^shed  by  having  affixed 
to  the  letter  R  the  nnmbeis  denoting  tlio  two  joints  between  which 
it  acts. 

Pulls  /  _         „  R,4  1  w     ^    • 

on  ties  i  Ri»  =  R«.  =  sriTi  =  8  ^«"t«i»; 


Thnists 


on 
nfier 


R,i  = 


?tam' 


1 


1 


—  ■2'W8ini:=  T-Vrfcoeeci-Saint) 


(4.) 
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Tho  diiTereiioe  between  tho  thmets  on  the  two  diriaioni  of  the 
nifter, 

R,.  — R.,  =iWsmi 

I  the  component  along  tk«  rafter  of  the  load  at  the  point  fi. 
(3.)  Smaller  Secondary  Trusses,  17  6,  6  6  3. — ^These  trusses  are 
uilur  in  erery  respect  to  the  larger  secondary  trusses,  except 
I  the  lokd  oa  eadl  point  is  one-half,  and  consequently  each  of 
I  gtreww  is  reduced  to  one-half  of  the  corresponding  stress  in  the 
•qoatinns  3  and  4. 

(4.)  Rcsutcznt  Stresset.  The  pull  on  the  middle  division  of  the 
great  tie-rod  3  3  is  simply  that  due  to  the  primary  truss,  12  3.  Tho 
pnll  on  the  tie  4  7  is  simply  that  due  to  the  secondary  truss  14  3. 
The  polla  on  the  ties  5  7,  5  6,  are  simply  those  due  to  the  smaller 
secondary  trusses,  15  7,563.  But  agreeably  to  the  Theorem  of  Art 
1 6(1,  tlic  pidl  on  the  tie  1  7  is  the  sum  of  those  due  to  tho  larger 
aeoondoiT  truss  14  3,  and  tho  smaller  secondary  truss  17  5.  The 
'  on  6  4  is  the  sam  of  those  due  to  the  primary  truss  12  3  and  to 
■  secondary  tnws  14  3.  The  pull  on  6  3  is  the  mm  of  those 
•  primary  truss  1  2  3,  to  the  larger  secondary  truss  143,  and 
)  amaller  secondary  truss  6  6  3.  The  thrust  on  each  of  tho  four 
of  the  rafter  1  3,  is  the  sum  of  three  thrusts,  due  re- 
Jy  to  the  primary  truss,  the  krger  secondary  truss,  and  one 
'  of  the  smaller  seoondiuy  trusses. 
Example  IL  Fig.  78  represents  another  form  of  truss  common  in 
roofsk     Xiet  W  be  the  weight  of  the  roof,  as  before,  distributed  over 


4 


the  raAers  1  2, 1  3.    2  3  is  the  great  tie-rod;  1  7,  6  6, 8  9,  suspension- 
rods;  7  6.  7  8,  5  4.  9  10,  struts. 
(1.)  Primary  Truss  12  3.    The  load  at  1,  as  before,  is  to  be  taken 
-  iW. 

(2.)  Secondary  TViwcs  7  6  3,  7  8  2.   Tho  load  at  6  is  to  be  held  to 

of  one-half  of  the  load  between  6  and  1 ,  and  one-half  of  the 

1  between  6  and  3 ;  that  is,  one-half  of  tho  load  between  1  and 

or  -J  W.     The  trusses  are  trioiipdar,  each  consistingof  two  strute 

Dd  a  tio,  find  the  stresses  are  to  be  found  as  in  Article  149. 

iiin-rod  1  7  supports  two-tliirda  of  the  load  oti  1  ^  ^> 
of  the  load  on  78  2;  tiiat  is,  }  'l  -"W  =  \\?',  axA. 
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tills,  together  with  i  W  which  resta  directly  on  1,  makes  np  tbe 
load  of  4  W,  already  mentioned. 

(3.)  SmoUler  Secondary  Trug«a  3  4  5, 9  10  2.     Each  of  the  points 

4  and  10  sustains  a  load  of  i  W,  from  which  the  stresses  on  the  bars 
of  those  smaller  trusses  can  be  detoniiined. 

One-half  of  the  load  on  4,  that  is  i'«  W,  hangs  by  the  suspension- 
rod  6  5 ;  and  this,  together  with  i  W,  which  rests  directly  on  G, 
makes  up  the  load  of  i  W  on  tliat  jwint,  formerly  mentioned.  The 
sainc  remarks  apply  to  the  suspension-rod  8  9. 

(4.)  ReauUarU  Stresses.  The  pull  between  5  and  9  is  the  sum  of 
those  due  to  the  primary  and  larger  secondary  trusses;  that  between 

5  and  3,  and  between  9  and  2,  is  the  sum  of  the  pulls  due  to  the 
primary,  latter  secondary,  and  smaller  seoondaty  trusses. 

The  thrust  on  1  G  is  due  to  the  primary  truss  alone ;  that  on  G  4 
to  the  primary  and  larger  secondary  truss ;  that  on  4  3  to  the 
primary,  larger  secondary,  and  smaller  secondary  trusses ;  and 
similarly  for  the  divisions  of  the  other  rafter. 

Example  III.  Sui)|)ose  that  instead  of  only  three  divisions,  thi 
are  »  divisions  in  each  of  the  rafters  1  3,  1  2,  of  iig.  78 ;  so  that 
sides  the  middle  suspension-rod  1  7,  there  are  r»  —  2  suspension-rods 
under  each  rafter,  or  2  n  —  4  in  all ;  and  n  —  1  sloping  stniUi 
under  each  rafter,  or  2  n  —  2  in  alL  There  will  thus  be  2n  —  1 
centres  of  resistance;  that  is,  the  ridge-joint  1,  and  n  —  1  on 
each   rafter ;  and   the   load  directly  supported  on  each  of  thusu 


b^^ 


j>oint8  will  be  -. 


W 

2«' 


W 


The  total  load  on  the  ridge-joint,  1,  will  be  us  before,    ., 

W     .  W   /  1\ 

to  say,  ^  directly  supported,  and  -^-  (1 1  hung 


^H      middle  suspenalon-rod. 

^H  The  total  load  on  the  upper  joint  of  any  secondary  truss, 

^H      from  the  ridge-joint  by  m  divisions  of  the  rafter,  will  be,  - 

^^H  "TtT  ^  ___  I 

^H     that  is  to  say,  5—  directly  supported,  and W  hung  by 

^H     a  suspension-rod. 

^P         The  stresses  on  the  struts  and  tie  of  each  tmss,  primaij  and 
^^      secondary,  being  determined  as  in  Article  149,  are  to  be  combined 
as  in  the  preceding  examples. 

1 60.  c«np«an<i  TntMw  — Several  frames,  without  Ijeing  distil 
ffuiabnble  into  primary  and  secondary,  may  be  combined  and  ooi 
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oected  in  such  a  manner,  that  certain  pieces  are  common  to  two  or 
Bore  of  them,  and  require  to  have  their  stresses  determined  by  the 
lieorcra  of  Article  158. 
Example  I.  In  fig.  79,  8  9  represents  part  of  the  horizontal  plat- 
I  of  a  suspetifiiou  bridge,  sup|iorted  and  balanced  by  being  hnng 
om  the  top  of  a  central  pier,  1,  by  pairs  of  equally  inclined  rode  or 
Tii  :— 1  8  and  1  9;  1  0  and  1  7;  1  4  and  1  6;  12  and  1  3. 


Here  8  1  9  is  to  be  congidered  as  a  distinct  triangular  frame, 
sisting  of  a  strut  8  9,  and  two  ties  1  8  and  1  9,  loaded  with 
equal  weights  at  8  and  9,  and  supported  at  1.     Let  x  denote  the 
height  of  the  point  of  suspension  1  above  the  level  of  the  loaded 
int*,  y,  =  r/t,  the  di.stance  of  those  points  on  either  side  of  the 
ddle  of  the  pier,  P  the  load  at  each  point,  Bg  =  Rs  the  pull  on 
•h  of  the  ties,  1  8, 1  9,  T^,  the  thrust  between  8  and  9  along  the 
.Ubrm.     Then  we  have 


id  similar  equations  for  each  of  the  other  distinct  frames  G  1  7, 
4  1  5.  2  1  3. 

Then  using  a  similar  notation  in  each  case,  the  thrust  along  the 
ilatform 

between  8  and  6  )  .    »,         », 
„       7  and  9  r*-^"  "^  ^" 

"       5  fi^d  7  }  •*  '^"  ^  '^•'  •*■  ''^«" 

ad  so  on  for  as  many  pairs  of  divisions  as  the  platform  consists  of. 
BxampU  TL  Fig.  80  represents  the  framework  for  supporting 


'  a  timber  bridge,  resting  on  two  piera  at  1  and  k.    \\i 
f  four  dutJDCt  tnisses,  viz., 


i:io 
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^■^  12  3  4  loaded  at  2  uid  3, 

HP  17  84  7    „   fi^ 

■^  194        ^        9; 

^m      but  all  thoM  tmans  have  the  same  tie-bcun,  I  4 ;  and  tbs 

^B       aJong  that  tie-beam  ia  the  sum  of  the  pulls  due  to  the  four  truMe^ 

^  161.   Bedauuue  af  Fnma  M  •  SecUan. — THEOREM.      If  a 

he  acted  upon  by  any  si/stem  of  external  forces,  and  if  that  frame 
^_      oaneoKtd  to  be  completely  divided  into  two  parts  by  an  ideal  sw/a 
^B     the  ilrestes  along  the  bare  tohich  are  intereeded  by  that  surface, 
^H     the  exlemai  forces  vihidi  act  on  each  of  the  two  parte  of  timeframe. 
^H  This  theorem,  which  requires  no  demonstration,  furnishes 

^*      Bome  cases  the  most  convenient  method  of  determining  the  stresses 
along  the  pieces  of  a  frame.     The  following  consideration  shows  to 
^B       what  extent  its  use  is  limited. 

^P  Case  1,  When  the  lines  of  resistance  of  the  bars,  and  the  lines 

^^  of  action  of  the  external  forces,  are  all  in  one  pLine,  let  the  &ama 
be  supposed  to  be  intersected  anywhere  by  a  pliinc  at  right  angles 
to  its  own  plau&  Take  the  line  of  intersection  of  these  two  phuMs 
for  an  asds  of  co-ordinates  ;  say  for  the  axis  of ;/,  and  any  convenienft 
point  in  it  for  the  origin  O  ;  let  the  axis  of  z  be  perpendicular  to 
thin,  and  in  the  piano  of  the  frame,  and  the  axis  of  z  per^iondicular 
to  both,  and  in  the  plane  of  section. 

The  external  forces  applied  to  the  part  of  the  frame  at  one  si^ 
of  the  plane  of  section  (either  may  bo  cho»<?n)  btdng  treated  as 
Article  69,  give  throe  data,  viz.,  the  total  force  along  «  =  F,;  tl 
total  force  along  y  =.  F,,  and  the  moment  of  the  couple  act; 
round  s  =  M ;  and  the  bars  which  are  cut  by  the  plane  of  sectii 
must  exert  resistances  capable  of  balancing  those  two  forces  and 
that  couple.     If  not  more  than  three  bars  arc  cut  by  the  plane 
section,  there  are  not  more  than  three  unknown  quantities,  ai 
throe  relations  between  them  and  given  quantities,  so  thot 
problem  is  determinate ;  if  more  than  three  bars  are  cut  by 
plane  of  section,  the  problem  ia  or  may  be  indeterminate. 

The  formulas  to  which  this  reasoning  leads  arc  as  follows : — Let 
(B  bo  positive  in  a  direction  &om  the  plane  of  section  towards  thi 
port  of  the  structure  •which  is  considered  in  determining  F„  F,,  am 
M ;  let  -+-  y  lie  to  the  right  of -f  a;  when  looking  from  z ;  let  angL 
measured  from  O  x  towards  -|-  y,  that  is,  towards  the  right, 
positive ;  and  let  the  lines  of  resistance  of  the  three  bars  cut  by  tho 
jilane  of  section  make  the  angles  i|,  ij,  ^,  with  x.  Let  ti],  n,,  tij,  bo 
the  perpendicular  distances  of  those  three  lines  of  resistance  from 
O,  distances  towards  the 

^J*|  of  0  a;  being  cowiderwl  «8 {^^^  | . 


I 
I 


thoH 

Let      1 

% 
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Let  Ru  B»  R„  be  the  leaktaneea,  or  total  streeses,  along  the 
thne  fasn,  pnlls  being  positive,  and  thni8t«  negative.     Then  «v 
,hajm  the  following  three  equations  : — 

F,  =  Ri  008  ^  +  Rt  cos  t,  +  R,  COB  i,; 

F,  =E,8int,  +  Bjsinit  +  Rjaini|;    (I.) 

-M=R,n,  +  R,n,  +  E,n,;       J 

om  which  the  three  quantities  sought,  R|,  B^  Rj,  con  be  foimd. 

Speaking  with  reference  to  the  given  {)Iane  of  section,  F,  may  be 

OtUed  tho  nomtal  streat,  F,  the  shearing  stress,  and  M  the  momenl 

I  or  heiuling  stress;  for  it  tends  to  bend  the  frame  at  the 

ider  consideration. 

:  2.  When  the  bars  of  the  frame,  and  the  forces  applied  to 

,  act  in  any  direction,  the  forces  applied  to  one  of  the  two 

divisions  of  the  ixaoie  are  to  be  reduced  to  lectangidar  components; 

nsA  the  three  resultant  forces  along  these  rectangular  axes,  F„  ¥„ 

¥„  aad  the  three  resultant  couples  round  these  three  axes,  M„  M^ 

Me  mn  to  be  found  as  in  Article  60.     Those  forces  and  couples 

laxut  be  eqn&l  and  opposite  to  the  corresponding  forces  and  couples 

^idng  from  the  stre«s(!s  along  tbo  bars  cut  by  the  section ;  and 

IpoB  are  obtained  six  equations  between  those  stresses  and  known 

■uantities ;  so  that  if  the  section  cuts  not  more  than  six  bars,  tho 

woblem  is  determinate ;  if  more,  it  is  or  may  be  indeterminate. 

W  The  equations  are  obtained  as  follows  : — Let  R  denote  the  stress 

Wong  any  one  of  the  btirs,  pull  being  positive  and  thrust  ncgativa 

B<et  a^  A,  y,  be  the  iuclinatious  of  the  line  of  resistance  of  that  bar 

Wp  the  axes  of  x,  y, :.     Let  n  be  its  perpendicular  distance  from  O. 

BoBceive  a  pkne  to  pan  through  O  and  through  the  line  of  resistance 

pf  tlie  Inr,  and  a  normal  to  be  drawn  to  ttmt  plane  in  such  a  direc- 

nan,  that  looking  from  the  end  of  that  normal  towards  O,  the  bar 

is  Men  to  lie  to  the  right  of  O,  and  let  a,  ft,  a,  be  the  angles  of 

on  of  that  normal  to  the  thn^e  axes.     Let  2  denote  the 

1  of  six  corresponding  quantities  for  the  six  bars.     Then 

jbr  nx  equations  are, 

F,=  j-Rcoa*;  F,  =  a-Rcos/3;  F,  =  s-Rcos'/; 
I        — M,  =  2'Rnco8X; — M,  =  s  •  Rn  co8/«;  (2). 

—  M,  =  s  •  R  »  cos  »  ; 

rem  which  the  six  stresses  sought  can  be  computed  by  elimination. 
I  Tlie  pluneof  V  zbeing  as  before,  that  of  the  section,  F,  is  the  Mai 
Eroir^  rCreta  on  it;  F,  and  F,  are  tJio  total  shearing  stresses ;  M,  and 
It,  are  btmding  couples,  and  M,  a  twitting  couple. 
'  RHMARKa — Every  problem  respecting  the  equilibrium  of  framtA 
Jliich  caa  bo  adred  by  the  met/wd  o/  tectWM  explained  in.  ^^v^^ 


I 
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Article,  can  also  be  solved  by  the  melliod  ofpolygmvs  expUinod  i 
the  previous  Articles ;  and  the  choice  between  the  two  methodii  ] 
a  question  of  convenience  and  simplicity  in  each  particular  caw. 

The  following  is  one  of  the  simplest  examples  of  the  solution  of 
a  problem  in  both  ways.     Fig.  81  represents  a  truss  of  a  form  very 
^.  e  common  in  cai-pentry  (already  ivfernxl 

to  in  Article  156),  and  consisting  of 
three  struts,  A  C,  C  C,  0  A,  a  tie- 
Warn  A  A,  and  two  suspension-rods, 
IC  B,  C  B,  which  sei-^-e  to  susjiend  (lart 
of  the  weight  of  the  tie-boam  fi-om 
*^'8-  *'•  the  joints  0  C,  and  also  to  stiffen  the 

truss  in  the  manner  mentioned  in  Article  156, 

Let  t  denote  the  equal  and  opposite  inclinationn  of  the  rafUm 
AC,  C  A,  to  the  horizontal  tie-beam  A  A  ;  and  leaving  out  of 
consideration  the  jwrtions  of  the  load  directly  supjiortcd  at  A  A, 
let  P,  P,  denote  equal  vertical  loads  applied  at  C  C,  and  —  P, 
—  P,  equal  upward  vertical  supporting  forces  applied  at  A  A,  by 
the  resistance  of  the  props.  Let  H  denote  the  jndl  on  the  tii'- 
beam,  R  the  thrust  on  each  of  the  sloping  rafters,  and  T  the  tlunist 
on  the  horizontal  strut  0  C. 

Pi-oceeding  by  the  method  of  polygons,  as  in  Article  153,  wo  find 
at  once,  ^ 

H  =  — T  =  Pcot«nt;)  ■ 

^  .         - (3) 

E  =  —  P  cosec  t.        ) 

(TliruBts  being  considered  as  negative.)  H 

To  solve  the  same  question  by  the  metluxl  of  tectums,  supposeiH 

vertical  section  to  be  made  V>y  a  plane  traversing  the  centre  of  t^| 

right  hand  joint  C ;  take  that  centre  for  the  origin  of  co-ordinatefl 

let  X  be  positive  towunis  the  right,  and  y  positive  downwards  ;  kfl 

^1,  y\>  he  the  co-oixlinates  of  the  centre  of  resistance  at  the  rigfafl 

hand  point  of  support  A.     When  the  plane  of  section  traverses  Ibfl 

centre  of  resistance  of  a  joint,  we  are  at  liberty  to  suppose  «l|lfl| 

of  the  two  bars  wliich  meet  at   that  joint  on  opposite  aioHH 

the  plane  of  section  to  be  cut  by  it  at  an  insensible  distance  frc^| 

the  joint.  ■ 

First,  consider  the  plane  of  section  as  cutting  C  A.     The  foroH 

and  couple  acting  on  the  part  of  the  frame  to  the  right  of  t^| 

section  are  H 

F.=  0;F,  =  — P  ^M 

M  =— Px,.  ■■ 

Then,  observing  that  for  the  stmt  A C,  n  =  0,  and  that  for  tneuT' 

A.A,  ti  —  t/,,  we  have,  by  the  e(^ua.tioQ»  1  of  this  Article 
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RcoBi  +  H  =  F,  =  0; 

Raint  =  — P; 
Hy,=  — M=  +  Pi,; 
ace  we  obtain,  from  the  last  equation, 

yi 

,  the  first,  or  from  tiie  •second 

R  =: ■.  := P  COSC'C  t. 

cost 

Next,  concfive  the  section  to  cut  C  C  at  an  insensible  distance 
I  the  left  of  0.  Then  the  equal  und  o[iposite  applied  forces  +  P 
.  C,  «nd  —  P  ut  A,  liavc  to  be  taken  into  account ;  so  that 

F.  =  0;  F,  =  0;  M  =  — Pxij 

:  the  first  of  which  equations  we  obtain 


.(4.) 


H  +  T  =  F,  =  0,  and 
T  =  -  H  =  -  Pcotani. 


.(5.) 


In  the  example  just  given,  the  method  of  sections  is  tedious  and 
complex  as  compared  with  the  method  of  polygons,  and  is  intro- 
doot»d  for  the  sake  of  illustration  only;  but  in  the  problems  which 
ape  to  follow,  the  reverse  is  the  case,  the  solution  by  the  method  of 
sections  being  by  fur  the  more  simple. 

163.  A  Hair-EjuUcc  Ciirder,  sometimes  called  a  "Wairen  Girder," 
is  represented  in  fig.  82.  It  consists  essentially  of  a  horizontul  upper 
bw,  a  horizontal  lower  bar,  and  a  series  of  diagonal  bars  sloping 
altemAtely  in  opjKisite  direc- 


and  dividing  the  space 
en  the  upper  and  lower 

I  into  a  series  of  triangles. 

the  example  to  be  cond- 
thc  ^rder  is  supposed 


i\AAAAyVV\7| 


Fig.  83. 


supported  by  the  vertical  resistance  of  piers  at  its  ends  A  and 
kd  loaded  with  weights  acting  at  or  through  the  joints  at  the 
I  of  the  several  triangles. 

1  girder  might  be  treated  as  a  case  of  secondary  trussing,  by 

lering  the  upper  and   lower  and  cndmost  diagonal  bars  as 

;  a  polygonal  truss  like  fig.  81,  but  inverted,  supporting  a 

'  erect  truss  of  the  same  kind,  which  supports  a  still  smaller 

which  supports  a  stiJJ  smaller  ercct  truss,  atiA  ao  otv 

:  truss,  wbJch  is  the  middle  triangle.    Bv\t,  it  \a  laova 


4 
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simple  to  proceed  by  the  method  of  sections,  which  must  be  applied 
successively  to  each  division  of  the  girder. 

The  load  at  each  joint  being  known,  the  two  supporting  foi 
at  A  and  B,  are  to  be  determined  by  the  principles  of  the  eq' 
brium  of  jjarallel  forces  in  one  plane  (Articles  43,  44).     Let  Pj 
Pb,  denote  those  supporting  forces,  upward  forces  being  treated 
positive,  and  downward  as  negative ;  and  let  —  P  denote  the  li 
at  any  joint,  which  may  be  a  constant  or  a  varying  quantity  f( 
different  joints. 

Suppose  now  that  it  is  required  to  find  the  stress  along  any  oi 
of  the  diagonals,  such  as  C  £,  along  the  top  bar  immediately  to  t' 
right  of  C,  and  along  the  bottom  bar  immediately  to  the  left  of 
Conceive  the  girder  to  be  divided  by  a  vertical  plane  of  seel " 
C  D,  at  an  insensibly  small  distance  to  the  right  of  G ;  take 
intersection  of  this  plane  with  the  line  of  resistance  of  the  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
the  plane  of  section,  from  that  plane.  Let  x,  be  the  distance  of  the 
point  of  support  A  to  the  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bivr,  y  ^  0,  and  for 
those  of  the  lower  bar,  y  =  —  h,  h  denoting  the  vertical  dep( "' 
between  the  lines  of  resistance  of  the  upper  and  lower  bars. 

Let  i  be  the  inclination  of  the  diagonal  C  £  to  the  hoiizon 
axis  of  as.  In  the  present  instance  this  is  positive ;  but  had  C 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  —  sj  •  P  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  support  A, 
(fie  load  at  the  joint  C  behtff  indnded.     Then  for  the  total  forces 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plai 
of  section,  we  have, — direct  force,  F,  =   0,  because  the  applii 
forces  are  all  vertical ; — ehearing  force,  F,  =  P^  —  *o  •  P ;  a  force 

which  is  <    ^1.  1^  ,>  according  as  the  plane  of  section 

(  negative  or  downward  J  —^  r 

lies  'j  f  ^L      fL.       \  the  point  of  support  A,  than  a  plane  which 

divides  the  load  into  two  portions  equal  respectively  to  the  support- 
ing pressures; — bending  couple  M  =  P^ai  —  io'I**>  which  ia 
upward,  and  right-handed  with  respect  to  the  axis  of  & 

Now  let  B]  denote  the  stress  along  the  upper  bar  at  G,  Bf  that 
along  the  lower  bar  at  D,  and  B,  that  along  the  diagonal  0  £  j 
then  the  equations  1  of  Article  IGl  become  the  following  : — 

Ri-»-R,  +  RiCO8t  =  0;orR,-#-E,eoat=  —  Bj...(a.) 

that  Ls,  <2ie  5treBBabqg  the  apperbai,  Slid,  the  horizontal  egmj 
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along  the  dkgosud,  are  eqaal  and  oppodto  to  the  stress 
tlM  lovcir  bur ; 


B,  sin  »  =  F,  =  P»  —  >J  •  P ; . 


(fi.) 


It  ia,  the  vntiml  oompouent  of  the  Btztea  along  the  diagonal, 
aam  the  shearing  force ; 


—  E,  y  =  R,  A  =  M  =  Pi  X,  —  as  •  Pa?;., 


.(c) 


ia,  the  coaple  formed  by  the  equal  and  opposite  horizontal 
I  of  equation  (a),  acting  at  the  euda  of  the  arm  h,  balances 
the  ben(fing  coaple. 

Finally,  from  the  equations  (o),  (6),  (c),  are  deduced  the  following 
nines  of  (ho  stresses : — 

fuB  on  io»^  bar, 

t  «i«  ditigonal. 


K,  =  -J(Pi«,  — jJ-P*)j 


R,=  co8ect(P4  — 2SP); 
bar, 

Bi  =  —  E,  —  B,  COB  « 


1 


(1) 


=  —  y  (P*x,— iS -Paj)— cotan*  (Pi  — aj  •?). 


Another,  and  wimutimes  a  more  convenient  form,  can  be  found 
the  second  and  third  of  those  expressions.     Let  a  denote  the 
of  the  diagonal  C  E,  and  x^  the  horizontal  distance  of  its 
rer  end  £  from  the  point  uf  support  A;  then 


indalso 


.=  ^(/i'  +  (x,'-x,)'), 

»  .         ■       x'  —  Xi 

coseo  »  =  T ;  cotan  t  =  -^ — ■ 
h  h 


.(2.) 


'      «Ueh  snlstitutions  having  been  made,  give 

^  b,  =  ^(p,-jS-p) 

a,-  — ijp**.— iS-p«  +  (*.'-*,)(P.-iS-p)} 


(3.) 


\ 
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in  which  Z*  is  taken  to  denote  the  horieonlal  dUtance  of  any  joint 
to  die  lefl  of  a  verlical  plane  traver»ing  E  The  last  expreesiou  for 
R,  is  exactly  what  would  have  been  obtained  by  supposing  tho 
plane  of  section  to  traverse  £  instead  of  0. 

Any  given  diagonal  is  |  ^"^Jj^^^  j  according  ns  it  slopes  |  ^^  | 

the  direction  of  the  shearing  force  F,  acting  on  a  plane  of  section 
traversing  it 

163.    Ilnir-I.AUicti   Girder— L'nirorui    L.»ad CaSE    1.    Every  joint 

loaded.  When  the  joints  of  a  half- lattice  girder  are  at  cquid  dis- 
tances apart  horizontally,  and  loaded  with  equal  weights,  the 
equations  take  tho  following  form : — 

Let  N  denote  the  even  number  of  divisions  into  which  vertical 
lines  diawn  through  the  joints  divide  the  total  length  or  »paii 
between  the  points  of  support.  Let  I  be  the  length  of  one  of  these 
divisions,  so  that  N  i  is  the  total  sjkih.  The  total  number  of 
loaded  joints  is  N  — 1 ;  this  must  be  an  odd  number,  and  there 
must  be  a  middle  joint  dividing  the  girder  into  two  halves,  sym- 
metrical to  each  other  in  every  respect,  figure,  load,  support,  and 
stress,  so  that  it  is  sufficient  to  consider  one  half  only ;  let  the  left 
Iiand  half  be  chosen.  Let  the  middle  joint  be  denoted  by  O,  and 
the  other  joints  by  numbers  in  the  oi-der  of  their  distances  from  the 
middle  joint,  so  that  the  joint  numbered  n  shall  be  at  the  distance 
n  I  from  O.  The  even  numbers  denote  joints  on  the  same  horizontal 
liar  with  O;  the  odd  numbers  those  on  the  other. 

The  total  load  on  the  girder  in 

-(N-l)P, 
of  which  one-half  is  supported  on  each  pier ;  that  ia  to  say, 


p.=p.=?iiip. 


.(1.) 


the  lower  bar  a  puU.     Diagonals  which  \  e_,,  !■  from  the  middle 
towards  the  ends  are  <    .     ^    > . 


The  stress  on  the  upper  bar  is  everywhere  a  thrust ; — that  on 

{z} 

By  these  principles  the  kind  of 

stress  on  each  piece  is  determined  j  it  remains  only  to  compnte  the 
atnoutU. 

Let  n  be  the  number  of  any  joint ;  it  is  required  to  find  the  stre^^ 
along  the  diagonal  which  runs  from  that  joint  towards  the  i 
of  the  girder,  and  the  stress  along  that  jtart  of  either  of  tin- 
enataJ  bars  which  is  opposite  the  joint. 
Suppose  a  vertical  <iectiou  to  \>e  mw!ic  &t  mv  Insensible  distance 
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tlie  joint,  intersecting  the  diagonal  in  question  and  the  hori- 
atad  ban. 

N 
Between  O  and  either  pier  there  are  -^ 1  loaded  joints  ;  bc- 

O  and  the  plane  of  section  in  question,  there  are  n — 1 
ats ;  hence  between  the  plane  of  section  and  the  pier  there  are 

—  —  n  joints.     Conseqiientlv 


.tp=(«_.)p, 


(2.) 


the  thearinff /<nve  is 

F,  =  P.-.-P=(n-^).P; 

that  it  increases  at  an  uiufonn  rate  fi'om  the  middle  towards 
lends. 

The  distance  of  the  n'*  joint  from  the  pier  ia  x,  =  ( n\  •  I. 

Hence  the  upward  moment  of  the  8uj)i)ortiiig  forct!  « 

downward  moment  of  the  load  at  the  joints  between  tlm 

^of  section  and  the  pier  is  fmnid  from  the  consideration,  that 

leverage  of  the  nearest  portion  of  that  load  is  nothing,  and 

.  of  the  farthest  (^  —  1  —  n)  I,  so  that  the  mean  leverage  is 

l/N  \  .  .  * 

il  —  —  1  — nj  I ;  which  being  multiplied  by  the  load  x  '  F  as 

ad  above,  gives  for  the  moment 

->-K7-'-)(^»)" 

I  the  bending  couple  is 

4(t"-V'''-- w 

that  is  to  say,  it  is  proiwrtionnl  to  tlio  product  ofllie  geymmtti  into 
teUe/t  the  jifaiie  qf  tection  divider  the  leiujlh  qf  Uie  girder,  and  is 

^rnatcat  at  the  middle,  wliere  it  w  —■'PL 
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The  nnifbrm  inclination  of  the  diagonals,  in  one  direction  or  Um 
other,  being  denoted  by  t,  we  have 


coeco 


*  =  A A—' 


and  hence  the  amounts  of  the  stresses  are, 
Al(mg  the  diagonal, 

E'  =  F,-coseo<  =  i(«-i)p; 

Along  the  liorisonlal  bar, 

M       /N'        ,\     PZ 

These  Btreeses  are  stated  irrespective  of  their  signs,  which  axe  to 

be  determined  by  the  rules  laid  down  after  equation  1. 

The  least  value  of  R'  is  for  the  diagonals  next  the  middle  point, 

»P 
for  which  n  =  I,  and  B'  =  ;7-r.     Its  greatest  value  is  for  the  dift- 
2  A 

.X,.      .       J.       X.  -L        N       ,^,    (N-1)«P  .    ,    , 
gonals  next  the  piers,  for  whjch  n  =  -j-,  and  R  =  i — ^. i  in  lact, 

these  diagonals  sustain  the  entire  load. 

The  least  value  of  the  horizontal  stress  R  is  at  tho  divisions  of 

N 
one  of  the  horizontal  bars  next  the  piers,  for  which  n  =  -^  —  1,  and 

"  2A       • 

The  greatest  value  of  R  is  at  the  division  of  one  of  the  horizontal 

N'Fl 

l»t8  opposite  the  middle  joint,  for  which  n  =  0,  and  R  =  -      ,  ■. 

o  A 

Cask  2,  Even/  aUemaie  joint  loaded.    Suppose  those  joints  only 

to  be  loaded  wliich  arc  diKtant  by  an  even  number  of  divisions  from 

N 
the  piera.     The  total  number  of  loaded  joints  is  -^ —  1,  tho  load 

m 

on  the  girder  -  (  ^ —  V  ^'  ""^  *^®  supporting  pressures 

^^  =  ^-=(t-i)^ ('•> 

liet  n  be  the  number  of  any  loadad  joint,  n  —  1  that  of  the 

unloaded  joint  nearest  to  it  on  the  side  next  the  middle  of  the 

girder,  O.    If  a  plane  of  sectlou  taravewfe  Uvc  giiiler  at  an  in 
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I  from  eitber  of  those  jointo  on  the  eide  next  O,  the  ahmiuig 
is  the  same,  being  the  excesii  of  the  supporting  pressure,  P^ 
loatiou  5)  above  the  load  on  n,  and  the  other  loaded  joints 
it  and  A,  whose  number  ia  one-h&lf  of  what  it  was  in 


case  1,  that  la  -^  ~  -s- 


w 


Hence  we  find 


.(6.) 


^The  upward  moment  of  the  supporting  force  is 

H  *t  the  joint  n,  P^  «,  =  (—  _-j  (-^-n)«  Pi; 

Igthejointn-  1,  P^  (x.+  Q  =  (^  -  1)  (^_n+l)pi, 
W  Tbc  downward  moment  of  the  load  from  the  joint  n  inclusive  to 
me  pier,  relatively  to  the  plane  of  section  near  that  joint,  is  found 
Dy  considering  that  the  leverage  of  the  nearest  portion  of  that  load 
Is  nothing,  and  that  of  the  farthest  (—  —  3  —  n  j  Z;  bo  that  the 

man.  lerasge  ia  -^  (-^  -  2  -  n\  I,  which  being  multiplied  by 
die  load  —  (  T  ~  9" )  ^'  8'''^*  ^°^  ^^^  moment, 

-^.P,=  -> (I -.-„).(«-„), PI 

The  oorrosponding  moment  for  the  joint  n  —  1  ia 

Hcsieo  the  bending  couples  are — 
At  the  loadod  joint  n, 

■'=H^-)(|-)-=r(?-')-> 

At  the  unloaded  joint  n  —  1, 


(7) 
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Using  these  data,  wr?  obtain  for  the  stress  along  the  diagonal  con- 
necting the  joints  n  and  n  —  I, 

»»  —  1     »  P  ,a  .  J 


R'  =  F.  cosec  i  = 


^The  stress  along  the  diagonal  connecting  tlio  joints  n  —  1  and 
^—  2  is  of  equal  amount  and  opposite  kind). 


ri 


Along  the  hur  opjmsile  the  loadeil  jmiU  n, 

M_l/N'_    \ 

Alrmg  tlie  bar  opposite  the  unloaded  joint  n  —  I , 


...(9.) 


The  last  two  stri'sscs  are  of  opjmiite  kinds ;  and  the  kind  of  eacli 
stix'ss  is  to  be  dctcnnined,  as  before,  by  the  rule  given  after  eqiu- 
tion  1  of  this  Article. 

1C4.  Lniiicc  Ginicr— Any  i.Mid.— In  a  lattice  girder,  as  in  a  half- 
lattice  girder,  there  are  a  hori- 
zontal upper  and  lower  Ijur: 
but  whereass  half-lattice  girder 
contains  but  one  zig-zag  set  of 
diagonal  bars,  a  lattice  girder 
contains  two  or  more  8etB,CT0B- 
ing  each  other,  usually  at  equal 
inclinations    to    the    horizfin. 


n 


f>^yyyyyxxi. 


n 


Fig.  83. 


Fig.  83  rcpro8ent«  the  simplest  form  of  a  lattice  girder,  in  whic-h 
there  are  two  sets  of  diagonals,  crossing  each  other  midway 
between  the  upper  and  lower  liorizontal  bars. 

The  loud  is  supposed  to  be  applied  at  the  joints. 

Suppose  the  girder  to  be  cut  by  a  vertical  plane  of  section  C  D, 
traversing  one  of  the  joints  where  the  diagonals  cross.  The  shearing 
force  and  1  lending  couple  at  this  plane  of  section  are  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  girder,  in 
Article  162. 

In  the  present  case,  because  the  phme  of  section  C  D  cuts  f(/ur 
bars,  tiie  problem,  in  a  strict  mathematical  sense,  is  indetemiinate, 
according  to  the  principles  stated  in  Article  161  ;  but  it  is  solve<l 
by  taking  lor  granted  what  is  tlie  fact  in  well-constructed  lattice 
girders,  tluat  each  of  the  two  diagonals  which  cross  each  other  i 
the  fectJon  CD  bears  one-half  of  tiie  shearing  force;  and  in  '"" 
omuaer,  when  several  pairs  of  d\&goi\a.\s  crQ«&  eswiV  oUvec  at 


^E&e  cross  He 
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section,  it  is  assumed  that  the  resistance  to  the  shearing 
force  is  equally  distributed  amongst  them. 

To  fulfil  this  condition  where  a  pair  of  diagonals,  as  in  fig.  83, 
eroBi  each  other,  with  equal  and  opposite  inclinations,  the  stresses 
along  them  must  be  equal,  and  of  opposite  kinds.  Then  let  R'  and 
«—  K'  be  the  stresses  along  the  pair  of  diagonals,  and  i  and  —  t 
llieir  inclinations  to  the  horizon,  we  shall  have  for  the  vertical 
Mmponent  of  the  force  sustained  by  them 


|.  Will 


F,=  R'  sin  »  —  R'  gin  (—  0=  2  R'  sin  i; (1.) 

and  for  the  horizontal  component, 

R'  cos  t  —  R'  coa  (—  »)  =  0 ; 

ao  that  the  horizontal  components  of  the  stresses  along  the  two 
diagonals  at  the  plane  of  section  balance  each  other. 

Let  2  fl»  be  the  niunber  of  diagonal  bars  which  crosis  each  otlier 
at  a  given  vertical  section,  the  amount  of  the  stress  along  each  bar  is 


b 


P ,  _  F,  cosec  i 


•(a 


»lucL  18  a  I  ^P^^  I  for  bars  which  slope  |  ^^^  |  the  shfaring 

forcfe 

Tlie  pull  along  the  lower  bar,  and  the  thrust  along  the  upper  bar. 
at  the  given  vertical  section,  must  constitute  a  couple  which  balances 
tbe  bending  couple  M  ,  hence  their  common  amount  is 


R       ^ 
R  =  _ 


.(3.) 


LatUce  Oirdrr— iTairarm  i,<mi<i. — If  N  denote  the  even  num- 
ber of  equal  divwion-s  into  which  the  length  of  a  lattice  girder  is 
divided  by  vertical  lines  travei'sing  all  the  joints,  whether  of  meeting 
of  diagonal  and  horizontal  bars,  or  of  crossing  of  diagonal  bars,  and 
I  Uie  length  of  one  of  those  divisions,  so  that  N  ^,  as  before,  is  the 
span  of  the  girder,  then  the  eflfect  of  a  load  equally  distributed 
amongst  all  those  vertical  lines,  or  amongst  the  alternate  lines, 

^Ky  he  found  by  means  of  the  formulte  for  a  half-lattice  girder, 

^■^ide  163,  as  follows  : — 

^■L  When  the  load  is  distributed  over  all  the  vertical  lines,  the 
fi>nnaLe  for  case  1,  equations  1,2,  3,  i,  are  to  be  applied  to  vertical 
sections,  such  as  C  D,  traversing  the  joints  of  crossing  of  diagonalE*, 
observing  only,  that  the  resistance  to  the  shear'mg  force  is  distriWlei 
unongst  the  tUagoDals  as  shown  by  equation  2  of  Article  164. 
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TL  When  the  load  is  distributed  over  those  vertical  lines  only 
whicli  traverse  jointa  of  meeting  of  diai^^nal  and  horiwintAl  liais, 
the  fonuulie  of  case  2,  etyuations  5,  tj,  7,  H,  9,  an  far  ni  'I  ■  ■• 
nlale  to  MCtiont  made  at  v/nt<>n<kd  jcirttg,  arc  to  be  applied  to  ^ 
sections,  such  as  C  D,  traversing  the  jointa  of  crossing  of  din;_>  - 
attending  as  before  to  the  dLstribation  of  the  stress  among-t  r  ., 
diagonals  by  cqimtion  2  of  this  Article. 

1C6.  Tranarermation    a€  Fmaur*. — The  principle  explained] 
Article  66,  of  the  transformation  of  a  set  of  lines  representing  i 
balanced  system  of  forces  into  another  set  of  lines  representii 
another  system  of  forces  which  is  also  bolanced,  by  means  of  ■ 
is  called  "  Pakallel  Pkojectiok,"  bring  applied  to  the  theory  ( 
frames,  takes  obvioasly  the  following  form  : — 

Theorem.     I/a  frame  icftose  lines  o/ restatanee  comlitute  a  ffirfn 
fi'jure,  be  balanced  under  a  sygtem  qf  external  forcc-i  repregeu/ 
given  gi/ftcm  of  lirte*,  iJien  icUl  a  /rame  tehoee  linfso/re^'atn 
gtilnte  afignrr.  which  w  a  parallel,  projection  o/tlte  origii 
baJ.anced  under  a  system  of  forces  represented  by  the  c^ 
jHiralld  projer.liim  of  tlie  given  st/stcni  of  lines ;  and  the  lines  repre- 
senting the  stresses  along  the  bars  of  tjie  new  frame,  will  be  tlte 
corresjxmding  parallel  projections  (flhe  lines  representing  the  streiua 
rdong  the  bars  of  tin  original  f  ramie. 

This  Theorem  is  called  the  "  Principle  of  the  Transformation  of 
Frames."  It  enables  the  conditions  of  equilibrium  of  any  unsym- 
metrical  frame  which  happens  to  be  a  parallel  projection  of  a 
symmetrical  frnme  (for  example,  a  sloping  lattice  ginler),  to  hv 
deduced  from  the  conditions  of  equilibrium  of  the  syrometrirAl 
frame, — a  proccs.s  which  is  oftca  much  more  easy  and  simple  than 
that  of  finding  the  conditions  of  equilibrium  of  the  nnsymmetrical 
flume  directly. 

Sectiok  2. — Eguilihrium  of  Chains,  Cords,  Kihs,  and 
Linear  Arches. 

167.  Evinibrhnn  afa  Cord. — Let  D  A  C  in  fig,  Si  repr«eimt  s 

flexible  cord  supported  at 
the  points  0  and  D,  and 
loaded   by  forces  in  any 
direction,  constant  or rarj*- 
ing,   distributed  over  its 
whole   length   with    con- 
stant or  varjing  int«nj«ity. 
Let  A  and  B  bo  any 
two  pointa  in  this  cord ;  from  those  points  draw  tangents  to  tho 
cord,  A  P  and  B  P,  meeting  in  P.     The  load  acting  on  the  airJ 
between  the  pointa  A  and  B  »  "baAanceA.  Vj  \i»  ^^xJla  along  tho 


Fig.  84. 
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t  thorn  two  points  respectively ;  those  pulls  must  respectively 
:  the  taitgmta  A  P,  B  P ;  hence  follows — 

L  Tha  rettiltanl  of'  the  load  hetiocen  two  ffivm  points 
I  a  haUmeed  eord  aelt  iMougk  the  point  of  inlernKtion  of  the  fangentB 
t  the  tord  at  ihott  point*;  mid  that  rttuliarU,  and  tite  pulls  along  Ae 
card  at  Iha  two  given  pointa,  are  proportional  to  t/te  sides  o/ a  triangle 
lehieh  ar«  refpsetiotli/  parallel  to  their  directiong. 

The  more  the  number  of  loaded  points  in  &  funicular  polygon  (as 
itdaied  in  Article  loO)  is  increased, — or,  in  other  words,  the  more 
the  noinVier  of  sides  in  the  polygon  is  multiplied, — the  more  nearly 
doe*  it  Approximate  to  the  condition  of  a  cord  continuously  loaded ; 
while  at  the  same  time,  the  number  of  lines  radiating  from  the 
O  in  the  diagram  of  forces  (exemplified  in  fig.  75'*)  increases 
"he  Dumber  of  sides  of  the  funicular  polygon,  and  the  polygon 
pmal  forcvw  of  £g.  75*  approximates  to  a  continuous  line, 
^rved  or  struight. 

.diogram  o//orces  for  a  continnonsly  loaded  cord  may  be  con- 
"  in  the  following  manner  (fig.  Si*),  Let  radiating  lines  be 
.  from  the  jxiint  O  parallel  to  the  tangents  of  the  cord  at  any 
which  may  be  under  consideration : — for  example,  let  O  C, 
I D,  be  pandlel  to  the  tangents  at  the  points  of  8up[>ort,  and  O  A, 
I  B,  pArallel  to  the  tangents  at  the  points  A  and  B  of  fig.  84  re- 
ectively.  Let  the  lengths  of  those  radiating  lines  represent  the 
along  the  cord  at  the  points  to  whose  tangents  they  are 
, ;  and  let  a  line  D  A  B  C,  curved  or  straight,  as  the  case 
Ftw,  bo  drawn  so  as  to  poss  through  the  extremities  of  all  the 
ndiatiiig  lines  which  rcpreicnt  the  pulls  along  the  cord  at  diflerent 
pints.  Then  from  Theorem  L  it  appcai-s,  that  a  straight  line 
from  B  to  A  in  fig.  84*  will  represent  in  magnitude  and 
ion  the  resultant  of  the  load  on  the  cord 
A  and  B  (fig.  84).  Now,  s\ippose  the 
at  iDArked  A  in  fig.  84  to  be  taken  graduaUy 
r  and  nearer  to  B;  then  will  OA  in  fig.  84* 
ich  gradually  nearer  and  nearer  to  OB; 
I  while  the  direction  of  the  straight  line  drawn 
to  A  gradually  approaches  nearer  and 
'  to  the  direction  of  the  tangent  at  the  point 
i  the  line  0  B  A  D  in  fig.  84*,  the  resultant 
bad  between  B  and  A  represented  by  that 
fltrai^t  line  gradually  approaches  nearer  and 
aoucr  in  direction  to  the  direction  of  the  load  at  the  point  B  in  fig. 
§4;  tbereforr,  the  direction  of  the  load  at  any  point  B  of  the  cord 

8^  84),  is  represented  by  the  direction  of  a  tangent  at  B  (fig.  84*), 
tl»  fin*  C  B  A  D.     Hence  follows— 
InoMPt  II.    ^a  Iffu  (coiled  a  line  of  loads)  b»  drawn,  sud^ 
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that  while  its  radiut-vector  from  a  given  poittt  it  parallel  to  a  tangmtt 
tn  a  loaihd  cord  at  a  ffivcn  point,  ila  own  tangent  «  jianMel  tn  tin 
direelitni  of  the  Imid  tU  the  point  in  the  cord ;  then  xctU  the  length  of 
a  nulnu-vectfit  of  tlir-  fine  (f  loads  represent  tite  piUl  at  the  corre- 
itjyo'nding  point  if  the  cord;  and  a  straight  line  drawn  (>vtt':een  ang  txtxt 
jHiinta  in  the  line  of  loads  mil  represent  in  riuignUmJe  and  direction 
the  resultant  load  belioeen  the  two  corresponding  points  in  the  cord. 

The  supporting  forces  required  at  the  ]>oiuts  C  and  D  (fig.  84), 
are  obviously  representwl  in  mugnitudo  and  direction  by  the  ex- 
treme radiating  lines,  OC,  oTj. 

A  loaded  cord,  hanging  freely,  is  obviously  stable,  but  capable  of 
oscillation. 

166.  Card  nndrr  Pamllrl  l,aad>. — If  the  direction  of  the  load  be 
evei-j-where  ]iaralle]  and  vertical,  the  line  of  loads  be- 
comes a  vertical  straight  line,  as  C  B  A  D  (fig.  8't**). 
To  express  this  case  algebraically,  let  A  in  tig.  S4 
Ih)  the  lowe.st  point  of  the  cord,  so  that  the  timgcnt 
A  P  is  honzontal.  Theu  in  fig.  84**,  O  A  will  b« 
horizontal,  and  peqwndicular  to  C  D.     Let 

H  :=  O  A  =  horizontal  t,ension  along  the  cord  at  A; 
R  =  0  B  =  pull  along  the  cord  at  B; 
Fig  84"  p  _  XB  =  load  on  the  coi-d  bc^tween  A  and  B; 

i  =  ^^  X  P  B  (fig.  84)  =  ^^  A  O  B  (fig.  84**)  =  inclination 
of  cord  at  B; 
then, 

P  =  Htani;  R=  ^(F  +  H*)  =  Hsec* (1.) 

To  deduce  from  these  formul®  an  equation  by  which  the  form  of 
the  curve  assumed  by  the  cord  can  be  determined  when  the  distri- 
bution of  the  load  is  known,  let  that  cun'e  be  referred  to  rectangular 
horizontal  and  vertical  co-ordinates,  measured  from  the  lowest  puiut 
A,  the  co-ordinates  of  B being,  A X  =  a;,  XB  =  y ;  then 


rhenco  we  obtain 


taai  = 

dy 
dr. 


das' 


P 


(2.) 


n  diiTerential  equation  wliich  enables  the  form  assumed  by  the  cord 
to  be  determined  when  the  distribution  of  the  load  is  known. 

]  69,   Card  aader  Valfara  Vertical  tioad. — By  an  Uniform  veiiical 

/oitd  is  bpre  meant  a  vertical  load  uiufonuly  distributed 


CORD  rXDER   nciFOnX   TEBT1CAL  LOAD. 


10.5 


ItortAMttii]  stmight  line ;  so  tliAt  if  A  (fig.  85),  be  the  lowest  point  of 
the  Tx>pe  or  conJ,  the  load  8uep<.'iided  between  A  and  B  shall  bo 


Fig.  6h. 

^Hiojm!  to  Ax  =:  X,  tlie  horizimtnl  distance  between  those 
intu,  and  capable  of  being  expre-sscd  by  the  equation 

P  =  />a^; (1.) 

virrc  /)  IS  ii  c.jii<!tant  quantity,  denoting  the  iixtensUy  of  the  load  in 

<i(  vxi{fht  ]xr  vnit  of  horizonlcd  lemjth:  in  poumls  per  lineal 

fool,  fjf  exHiiij»le.     It  is  required  to  find  the  form  of  the  curve 

D  A  B  C,  and  the  relations  amongst  the  load  P,  the  horizontal  pull 

ill  at  B  (R),  and  the  co-ordinates  A X  =  a;,  BX  =  y. 

". — Bc-caiise  the  loud  between  A  and  B  is  uniformly 

i'uU'd,  Its  resultant  bisects  AX;  therefore,  the  tangent  BP 

•.s  A  X  :  this  is  a  ])rojK.'rty  characteristic  of  a  pakabola  whose 

>i  rt>.x  IB  at  A  J  therefore,  the  curve  assumed  by  the  cord  is  such  a 

{»r.il><:ila. 

\\m,  the  proportions  of  the  load,  and  the  horizontal  and  oblique 
'■  n-i-iai  are  as  follows: — 

P:H:B::BX:XP:PB::y:|:v(y'  +  f) 


px 


i-^-^'('%T> 


.(2.) 


iioluUon.- 


In  the  present  case  equation  2  of  Article  168 


dy 
fix 


px 
H 


.(3.) 


vliicli  bring  integrated  with  due  regard  to  the  condition  tlmt  when 
X  =  0,  y  =  0,  gives 

px'' 
y=2H 


.(4.) 


t'  II  of  a  parjibola  wliose  focal  di.stance  (or  modulus,  to  use 

i;  lopted  in  Dr.  IJ<xitjr8  paperon  the  "Trigonomctiy  of  the 

Furebolu,"  Reports  of  the  British  Association,  1856),  is, 

4y        2p  ^    ' 
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For  a  parabola  we  hare  also  the  inclination  »  to  tho  horiaou 
lated  to  the  co-orditiates  \>j  tlie  following  equations : — 


ax       im        X 


(«.) 


•whence  we  Lave  the  proportions 

P:H:E::tant:l;8ect::^:l:V(l  +  ^ 

t  Icfore. 

The  following  arc  the  solutions  ofeome  useful  problems  respecting 
unifonnly  loaded  cords. 

Probleu  I.  Given  the  dwaivont,  y,,  y„  of  ike  tieo  poifttt  of  tuppcrt 
of  the  cord  above  it*  lowest  point,  and  also  the  iiorizontal  distarife,  or 
span  a,  betuxen  t/w»e  points  of  support;  it  u  required  (o  Jintl  th^ 
horveontai  distancm,  x,,  x,,  of  the  lutcest  point  from  the  twopomtt  qf 
support;  afno  the  modtUiu  m. 

In  a  parubolo, 

therefore, 


(Ti  =  o' 


-J?/y 


also 


~~l 1 i —  >    *i  =  <* 


Jf/l 


Jl/i  +  Jt/i 


Sr; (8") 


^, 


4yi 


rr?  +  3!2 


■I'/,       4y,       4(y.-i-yj)       4y,  +  4y,+ 8  ^y,y, 
F7i«n  t?ie  points  of  support  are  at  the  same  level, 


T=r--(9-) 


.(10.) 


yi  =  y.;*.=  2J'»  =  -[6^ 

Fhoblxh  H.     Given  the  same  data,  to  fmd  ilui  inelinatiofts  i„ 

of  the  cord  at  the  points  of  swpport. 
By  equations  6,  we  have, 

t„n,--^y'— ^y'+^^7y^'.tttnt.=^y'=^y'+^^^'.(in 


wLia 


y,  =  y„  tan  t,  =  tan  H  =  — . 


.(12.) 


I'ahadcpi.ic  cord. 

nX.     C/c'/i  Ihf  sniiii-   iliiln,  and  the  load  per  unit  of 
*ir«d  the  horiiouUd  Unaiott  II,  aiui  tite  tetttioru  R],  B^ 
at  the  point*  o/gttpp<>rt. 
Bjr  oquation  5,  we  find, 

H  =  2pm  = ^ ==; (13.) 

StAft  proportional  equation  7, 


=  H,(,+J|). 


Wlien  y,  =  y„  those  equations  become 


oy. 


■+f) 


F  Problem  IV.    Cii-en  tAe  game  data  at  in  Problem  L,  to  find  the 

nf/tJi  of  the  cetrd. 

TUe  fuUowing  are  two  ■well  known  formulie  for  the  length  of  a 

kralvilic  air,  comnicnciiig  at  the  vertex,  one  being  in  terms  of  the 
«)-ordiiu<tc«  X  and  y  of  the  fai-ther  estrrmity  of  the  arc,  and  the 
other  in  tomu  of  the  modulus  m,  and  the  inclination  i  of  the  farther 
Fxtreiaity  of  the  arc  to  a  tangent  at  the  vertex. 


X 

2 


=  m{tui  t  ■  sec  t  +  hyp.  log.  (tan  i  +  sec  *)}... (16.) 

iTbe  length  of  Hia  card  \s.  »,  +  s^  vrhere  »,  is  found  bj  putting  x, 

id  y,  in  the  first  of  the  al)ove  formula,  or  t,  in  the  second,  and 

I  hj  putting  X,  and  y,  in  the  first  formula,  or  i,  in  the  second. 

The  foUowtng  apprnximate  formula  for  the  length  of  a  parabolic 

!  is  IB  nukoj  cases  sufficieutly  near  the  truth  for  practical  purposes  ; 


•  =  a:  +  5^  nearly;. 
\  gir«e  for  the  total  length  of  the  cord 


.(U.) 
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»,+«,  =  a  +  K^  +  ?i)  n^ly. O^-)     • 

ftud  when  y,  =  ;/„  this  becomes 

2#,  =  a  +  I-  •  'ii  nearly; (19.) 

O  Of 

PRODLEit  V.  Gwen  lite  same  data,  to  find,  (tpproxirfuUdy,  thettnail 
elongativn  of  the  cord  d  (s,  +  s,)  rcqiiirtd  to  j/roduee  a  given  mudl 
depression  d  y  of  the  lowest  point  A,  a»d  conversely, 

Difierentifttiiig  equation  18,  we  find 

.(.,+^=*(t.+  |).„ ,«.) 

which  servos  to  compute  the  elongation  from  the  depression ; 
conversely, 

dy=^-iSfi±b}; (21. 


y. 


which  serves  to  compute  the  depression  of  the  lowest  poiut  Irom 
the  elongation  of  the  conl.     When  y;  =  y^i  those  forniuhe  become. 


2d  Si 


dy  = 


^  l%i 

_3rt 
1%." 


•  d  ij 


■2ds, 


(22.) 


The  preceding  formuJ»  serve  to  compute  the  deprestsiuu  which 
the  middle  point  of  a  susjiension  bridge  undergoes  in  couHcqucnce 
of  a  given  elongation  of  the  cable  or  chain,  whether  caused  by  heat 
or  by  tension. 

170.  Saaprnslan  Bridge  wiUi  Vmical  Bod*. — In  a  suspension 
bridge  the  load  is  not  continuous,  the  |>latform  being  hung  by  rods 
from  a  certain  number  of  points  in  each  cable  or  chain  :  neither  is 
it  uniformly  distributed  ;  for  although  the  weight  of  the  platform 
jKjr  unit  of  length  is  uniform  or  sensibly  so,  the  load  arising  &x>m 
the  weight  of  the  cables  or  chain!*  and  of  the  suspending  rods  is 
more  intense  near  the  piers.  Nevertheless,  in  most  cases  which 
occur  in  practice,  the  condition  of  each  cable  or  chain  approachi 
sufficiently  near  to  that  of  a  cord  continuously  and  nuifomi 
loa<led  to  enable  the  formulae  of  Article  1(J9  to  be  npplied  without 
timierial  error. 


SUSFEKSiON   BRIDGE — FLEXIBLE  TIE. 


ICO 


When  the  pien  of  a  suspension  bridge  are  slender  and  vei-tical 
I  is  nsti&lly  the  case),  the  resultant  pressure  of  the  chain  or  oal>le 
I  the  top  of  the  pier  ought  to  Ije  vertical  also.  Thus,  let  C  E,  in 
85,  rejireseut  the  vertical  axis  of  a  pier,  and  C  G  the  portion  of 
I  ctiain  or  cable  behind  the  pier,  'which  either  8up{)ort8  another 
~ '  of  the  platform,  or  is  made  fast  to  a  mass  of  rock,  or  of 
•,  or  otherwise.  If  the  chain  or  cable  passes  over  a  curved 
on  the  top  of  the  pier  called  a  saddU,  on  which  it  is  free  to 
the  tensions  of  the  portions  of  the  chain  or  cable  on  either 
10  badJlc  will  l)e  equal ;  and  in  order  that  those  tensions  may 
a  vertical  pressure  on  tlie  pier,  their  inclinations  must  bo 
tt\\xf<\  and  opposite.  Let  i  be  the  common  value  of  tho.se  inclitm- 
tions  ;  R  the  common  value  of  the  two  tensions  ;  then  the  vertical 
presEure  on  the  pier  is 

V  =  2Rsint  =  2Htani  =2px; (1.) 

that  is,  twice  the  weight  of  the  portion  of  the  bridge  between  the 
jrier  and  the  lowest  point,  A,  of  the  cxirve  C  B  A  D. 
(^  But  if  the  two  divisions  of  the  chain  or  cable  D  A  C,  C  G,  which 
ot  at  C,  Ije  nuuie  fast  to  a  sort  of  truck,  which  is  suppoi-ted  by 
Hers  on  a  lutrizonUil.  cast  iron  filatform  on  the  top  of  the  pier, 
rn  tl>e  pressure  on  the  pier  will  be  vertical,  whether  the  iuclina- 
18  of  the  two  divisions  of  the  cliain  or  cable  be  equal  or  unequal; 
it  is  only  necessary  that  the  hwizontal  components  of  their  ten- 
sliould  be  equal  ;  that  is  to  say,  let  t,  i,  be  the  inclinations  of 
two  diusions  of  the  chain  or  cable  in  opposite  directions  at  C, 
UmI  R,  R',  their  tensions,  then 

R  =  H  sec  i ;  R'  =  H  sec  t'; 
V  =  R  sin  t  +  R'  sin  *  =  H  (ton  »  +  ton  t^ (2.) 

171.  Vicxibic  Tie. — Let  a  vertical  load,  F,  be  applied  at  A,  tig.  6G, 


F.g.86.  '*  ^W'- 

___       .  by  means  of  a  horizontal  strut,  A  B,  abutting  against 
I  'hoAj  at  B,  and  a  sloping  nipe  or  chain,  or  other  flexible  tie, 
A  D  C,  fixed  at  C.     The  weight  of  the  strut,  A  B,  is  sup|x>8ed  to 
divided  into  two  components,  one  of  which  is  supported  at  B, 
le  the  other  is  includa/  is  the  load  P.     The  weight,  ^V ,  o^t  ^.Vvo 
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flexible  tie,  A  D  C,  is  snppoaed  to  be  kso'n'n,  and  (o  be  considered 
aeparately  ,  and  with  tht^o  data  there  is  proposed  the  following 

Fbodleu.  W  bein</  siruiU  cmnpared  with  P,  to  find  approximateljf 
the  vertical  depression  Y,D  of  tiie  fiexibU  tie  bdoto  A»  itraighi  lin» 
A  0,  (/m!  ptdU  along  it  at  A,  D,  and  C,  witd  the  ktrieontM  tknut 
along  A  B. 

BticAuse  W  is  small  compared  with  P,  the  currainre  of  tlie  tie 
will  he  smnll,  and  the  distribution  of  its  xccight  along  %  hori- 
zontal line  may  lie  taken  as  appraximatdy  uiulbrm  ;  therefore  its 
ii;;ure  will  be  iiearli/  a  parabola  ;  the  t&ngeut  at  D  will  be  sensibly 
parallel  to  A  C,  and  the  tangents  at  A  and  C  will  meet  in  a  point 
which  will  be  near  the  vertical  line  £  D  F.  which  line  bisects  A.G^ 
and  is  binected  in  D.    Hence  we  liai-e  the  following  constructioix  >— 

Di-aw  the  diagram  of  forces,  fig.  86*,  in  the  following  manner. 

W    — 

On  the  vertical  line  of  loads  b  c,  take  b/=^P;  6«  =  P+— j  be 

r=  P  -|-  W.  From  b  draw  6  O  parallel  to  the  strut  A  B ;  that  is, 
horizontal ;  from  c  druw  e  O  pindlul  to  C  A,  cutting  6  O  in  O  ; 
join  c  O,  /O.    • 

In  fig.  80,  bisect  AC  in  E,  through  which  draw  a  vertical  line ; 
through  A  and  C  respectively  dm%v  A  F  |{  O/,  C  F  ||  O  c,  cntting 
that  vei-tical  liuc  in  F ;  bisect  E  F  in  D.  Then  will  A  F  and 
G  F  be  tangents  to  the  flexible  tie  at  A  and  C,  D  will  bo  its  most 
depi-essed  point,  and  1)  E  its  greatest  depression  ;  and  the  pulla 
along  the  tie  at  C,  D,  and  A,  and  the  thrust  along  the  strut  A  3, 
will,  in  virtue  of  the  principle  of  Article  168,  bo  represented  by 
the  radiating  lines  Oc,  0  e.  Of,  and  06,  in  fig.  80*. 

This  solution  ia  in  general  sufBcientl)'  near  the  truth  for  practi- 
cal purposesL  To  express  it  algobraically,  let  R.,  Ilj,  R.,  bo  the 
tcnBJons  of  the  tie  at  A,  D,  C,  i-capectively,  and  H  the  horizontal 
thrust;  then 

\  '2/   be        \     ^   2;  jjo' 


R.=  Y^(h'+p); 

E.  =  /y/  {h'-|-(P  +  W)'}; 

_     w 

DE=iEF= JBO 


PHr? 


•a) 


BD8PENSI0N  BaiSGK  WITH  SLOPINO  BODS. 


in 


The  dijiretux  o/lemgth  between  the  curve  ADO  and  the  straight 
' .  £  C  ia  found  very  nearly,  by  substituting,  in  the  second 

AB-Fl, 

of  equation  19,  Article  169,  AC  for  a,  and      -r^       «>r  y, ; 


.  is  to  any, 
[-AEC  = 


AC 


S.AB'DE' 
3        AC»      ' 


2i' 


(2.) 


Fig.  87 


1T3L   •■■piiiaioa  Bridge  wuk  siopiag  wtm4». — Let  the  imiformly- 
,  platform  of  a  suspension  bridgu  be  hung  from  the  chains  by 
"  sloping  rods,  making  an  unitbrm  angle  j  with  the  verticuL 
ndition  of  a.  chain  thus  loadt^]  is  the  same  with  that  of  a 
in  loaded  vertically,  except  in  the  direction  of  the  load ;  and 
be  form  assumed  by  the  chain  is  a  parabola,  having  its  axis  paral- 
Ifl  to  the  direction  of  the  siisjicnsion  rods. 

li»  6g.  87,  let  C  A  rejn-esent  a  chain,  or  portion  of  a  chain,  sup- 
ported or  fixed  at  C,  and  horizontal  at 
t-  lowest  point.     Let  All  bo  a 
utol  tangent  at  A,  representing 
■rm  of  the  bridge  ;   and  let 
I -ion  rods  be  all  parallel  to 
•ftiiii-h  makes  the  angle  .^:  E  C  H 
with  the  vertical.     Let  B  X  re- 

i  any  rod,  and  suppose  a  vertical  load  v  to  be  supported  at 

t  X.    Then,  by  the  principles  of  the  equilibrium  of  a  _/ra7JJ* 

(Article  145),  tlus  load  will  produce  a  pull,  j>,  on  the  rod 

ft  thrust,  q,  on  the  platform  between  X  and  il ;  and  the 

foTWS  V,  p,  q,  will  be  proportional  to  the  sides  of  a  triangle 

"  to  theii-  directions,  such  as  the  triangle  C  E  H  ;  that  is  to 

w:p:y  ::  CH  :C1:EH::  1:  secj:  tan/ (1.) 

Next,  instead  of  considering  the  load  on  one  rod  B  X,  consider  the 

mtire  vertical  load  V  between  A  and  X.     This  being  the  sum  of 

he  loads  supported  by  the  ro<ls  between  A  and  X,  it  is  evident 

»t  the  proportional  equation  (1)  may  be  applied  to  it;  and  that 

^represent  the  amount  of  the  pull  acting  on  the  rods  between 

1  A,  and  Q  the  total  thrust  on  the  platform  at  the  point  X, 

11  have 

V  :  P :  Q  ::  CH  :  CE  :  EH  ::  1  :  sccj  :  tanj. (2.) 

The  cUupte  load  P  =  V  sec  7  is  what  hangs  from  the  chain  between 
A  Biwl  B.  Being  uniformly  distributed,  its  resultant  bLsccts  A  X 
in  P,  which  is  also  ttie/toJnt  of  intersection  of  the  tangcnla  A.Y, 
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BP;  and  the  ratio  of  the  ohliqae  loud  P,  the  Loi-izonUd  tcnann 
H  along  the  chain  at  A,  and  the  t<'nBion  R  along  the  cliain  at  B, 
is  tliat  of  the  sides  of  the  triangle  B  X  P ;  that  is  to  say, 


P:H;R::¥X:XP  = 


AX 

2 


BP. 


(3.) 


('oniparing  this  with  the  case  of  Article  169  and  fig.  85,  it  is  evi- 
dent that  the  form  of  the  chain  in  fig.  87  must  be  similar  to  that 
of  the  chain  in  fig.  85,  with  the  exception  that  the  ordinate  X  B 
^  ;/  is  oblique  to  the  abscissa  AX  =  x,  instead  of  pcr]>ondicular  ; 
that  is  to  say,  C  B  A  is  a  parabola,  having  its  axis  parallel  to  tlte 
inclined  suspen-sion  rods. 

Tlie  I'quation  of  such  a  parabola,  referred  to  its  oblique  co-ordi- 
nates, with  the  origin  at  A,  is  as  follows  : — 


y  = 


Xf  •  COST  J 


im 


(Ml 


whvi'o  7»,  as  In  Article  169,  denotes  the  nwduiut  of  the  parabola, 
given  by  the  equation 

^-^^^     (5.) 


m  = 


4y 


X  and  y  being  the  co-ordinatos  of  any  huywii  jwint  in  the  curve. 
The  length  of  the  tangent  B  P  =  t  is  given  by  the  following  equa- 
tion : — 


«  =  \/(|  -f-y'  +  xysin;) (G.) 


Hence  are  deduced  the  following  formuhe  for  the  rclatioi 
amongst  the  forces  whieli  act  in  a  8uspcn.iii.iu  bridge  with  inclined 
rod.s.  Let  v  now  l>e  taken  to  denote  the  intensity  of  the  vertical 
load  per  unit  of  length  of  horizontal  platform — per  foot,  for  ex- 
ample ;  p  the  intensity  of  the  oblique  load  ;  q  the  rate  at  which  the 
thrust  along  tlie  platform  increases  from  A  towards  H.     Then 


i^P 


V  = 


vx\ 


V  =  px  =  y 


^i  =  qx=z  vx'  tan  j \ 


=J.l 


(7) 


■0.  =  —=^^  = 


',pm 


2y        2y        co«'j 


=  5, 


■see*/ 


tV      2lJl     ptx 


R  =  — = 


•(^). 


•(9)1 


KXTRAOOS   ASX>  nTTRAJXIS. 
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Tito  horizontid  pnll  U  nt  the  point  A  mnj  he  snxtained  ia  three 
ilifliTTut  ways,  viz.: — 

I.  The  chain  may  be  aiuAortd  or  m&de  fast  at  A  to  a  maas  of 

rock  or  masonry. 

If.   It  mny  be  attached  at  A  to  another  equal  and  similar  chain, 

'  ifly   loncled  by  means  of  oblique  rods,  sloping  at  an  equal 

1     lu  th«  direction  opposite  to  that  of  the  rods  BX,  kc,  so  that 

A  may  l*  in  tlio  middle  of  the  span  of  the  bridge. 

III.  Tlie  chain  may  be  mode  fast  at  A  to  the  horizontal  plntfoi-m 

A  H,  to  that  the  pull  at  A  shall  be  balanced  by  au  equal  and  op- 

f.isit.-  tliiiLit  along  the  platform,  ■which  must  be  strong  enough  and 

I  to  sustain  that  thnists    In  this  case,  the  total  thru.<it  at 

_..  I ,  X,  of  tlxe  pLitform  La  no  longer  simply  Q  =  ja;,  but 


:  «  (2  »n  •  Bec^j  +  X '  tan  J). 


(10) 

The  UngUi  of  t)ie  parabolic  arc,  A  B,  is  given  exactly  by  the 
following  formulK.  Let  i  denote  the  inclination  of  the  parabola 
at  the  point  B  to  a  line  perpendicular  to  its  axis.     Then 


I  =  arc  •  cos 


(2V""' j)- 


.(11.) 


ich,  when  B  coincides  with  A,  becomes  simply  »'=/     Tlien 
the  known  formulie  for  the  lengths  of  parabolic  arcs,  we  have 


parabolic  arc  A  B  =  wi  <  tan  i  sec  t  —  tan  j  sec  j 
tan  1  +  sec  t 


+  hyp.  log. 


tan  J  +  sec  J 


} 


(12.) 


■iH  which  occnr  in  practice,  however,  it  ia  sufficient  to 
Obwing  approximate  formula : — 


arc  AB  =  a-  +y  'txaj-\- 


2     y*  •  cos*  J 


3    a+yain/ 


,  nearly. (13.) 


formula)  of  this  Article  are  a[iplicablc  to  Mr.  Dredge's  sus- 
don  bridges,  in  which  the  Busj)ending  rods  are  inclined,  and 
;h  not  exactly  parallel,  are  nearly  so. 

EzuadM  nBd  intraU**.— When  a  cord  is  loaded  with  parallel 

icnl  forces,  and  ordinates  are  drawn  downwards  from  the  cord, 

'  lengths  proportional  to  the  intensity  of  the  vertical  load  at  the 

«uta  of  the  coni  trota  which  they  are  drawn,  a  line,  8t\-aV_^\i  ov 
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cnrved  oa  the  ease  may  be,  which  trarenes  the  loirer  ends  of  all 
these  ordinates,  is  called  the  extrados  of  the  given  load.    The  curve 
formed  by  the  cord  itself  is  called  the  intradoii.    The  load  suHf"""'''' 
between  any  two  points  of  the  cord  is  proportional  to  the  •■ 
plane  area,  bounded  laterally  by  the  vertical  ordinates  at  tho 
points,  above  by  the  cord  or  intrados,  and  below  by  the  extr  li-  - 
and  may  be  regarded  aa  equal  to  Uie  weight  of  a  flexible  slic-ut  ui 
some  heavy  aubstivnce,  of  nuifonn  thickness,  bounded  above  by  the 
inti'ados,  and  below  by  the  extrados.     The  following  is  the  alge- 
braical expresaion  of  the  relations  between  the  extradoa  atid  the 
intnidos. 

Assume  the  horizontal  axis  of  a;  to  be  taken  at  or  below  the  Icrcl 
of  the  lowest  point  of  the  extrados;  and  let  the  vertical  axis  of  y, 
as  in  Articles  l'J8,  109,  and  170,  traverse  the  iK>int  wlicr<>  th?- 
intrados  is  lowest.     For  a  given  abscissa  x,  lot  y  be  the  ordi: 
the  extrados,  and  i/  that  of  the  intrados,  so  tb.at  i/  —  j/  is  thi 
of  the  vertical  ordiuute  intercepted  between  those  two  lisivn,  tv 

^  which  the  intensity  of  the  load  is  proportional.     Let  to  be   the 
rcight  of  unity  of  area  of  the  vertical  sheet  by  which  the  ' 

Fconsidereil  to  be  represented     Then  we  lisiw  for  the  load  ^ 
the  axis  of  y  and  a  given  ordinate  at  the  distance  x  firom  that  axis. 


P=  w  |[(y  -tf}dx; 


.(1.) 


the  integral  representing  the  area  between  the  axis  of  y,  the  given 
ordinate,  the  extrados  and  the  intrados.  Combining  tliis  equation 
with  equation  2  of  Article  1 68,  we  obtain  the  following  equation  :— 

'•°'=^^^s/>-«■'•^ « 

an  equation  which  affords  the  means  of  determining,  by  an  indirect 
prooess,  the  oqxiation  of  the  intrados,  when  the  horizontal  tcnaon  M, 
and  the  equations  of  the  extrados  are  given,  and  also,  by  a  some- 
what more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  when  the  equation  of  the  extrados  and  ono  of 
the  [>oints  of  the  intrados  are  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy. 

—  obviously  represents  the  area  of  a  portion  of  the  sheet  abovo 

mentioned,  whose  weight  is  equal  to  the  horizontal  tension.  Let 
that  area  be  the  square  of  a  certain  line,  a;  that  is,  let 


H 


=<iP:. 


.(3.) 
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175 


lino  i«  called  tiie  parameter  of  the  intnulos,  or  cnrve  in 
■rtirti  the  card  hangs, 

When  the  vertical  load  is  of  unifonn  intensity,  aa  in  Article 
10'.',  io  that  the  intnulos  Ls  a  pambola,  it  is  obvious  that  the  cxtrados 
ii  an  equal  and  similar  parabola,  situated  at  an  uniform  depth 
below  the  introdos. 

[The  reader  who  has  not  studied  the  properties  of  exponential 
functions  may  pase  at  once  to  Article  17(J.] 

17i.    t'anl    wilk    DariaoBlnl    Kxtrudom. — If   the    extrados    be    a 

horizontal  straight  line,  that  line  may  itself 
bo  taiien  for  the  axis  of  x.  Thu.s,  In  fig. 
87  A,  let  OX  be  the  straight  liorizontal 
extrados,  A  the  lowest  point  of  the  intrados, 
and  lot  the  vertical  line  O  A  be  the  axis  of 
y.  Denote  the  length  of  O  A,  which  is  the 
It—.«t  ordinate  of  the  intrados,  by  y,.  Let 
-  y  be  any  other  ordinate,  at  the  end 
.,  ....  abscissa  OX  =-  x.  Let  the  area  0  A  B  X  be  denoted  by 
a.     Then  eqaationa  1  and  2  of  Article  172  become  the  following: — 


.(1.) 


Fig.  87  A. 


>  = 

10  W  =:  t« 

/: 

ydx; 

dx 

(i*U 

p 

H 

u 

The  general  integral  of  the  latter  of  these  equations  is 


.(«.) 


M=Ae» — Be     • 

in  which  A  and  B  are  constants,  which  are  determined  by  tho 

■peciol  conditions  of  the  problem  in  the  following  manner.     When 

«         _  *_ 
r=0,  «*=«      *  =  1;  but  at  the  same  time  i*  =  0,  therefore 
A.  z=  B,  and  equation  (o,),  may  be  put  in  the  form, 

w  =  aU* — 9*J 

This  givoe  for  the  ordinate, 

y=A(e^4-e-|) (a) 

2  A 

■wiiicb    lor  X  =  0,  becomes  y^  =  ;  and  therefore 
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which  value  being  introduced  into  the  varioua  preceding  equations, 
givc8  the  following  reeults,  as  to  the  geometrical  [iropTties  of  th« 
iDtrados ; — 

Ordinate,  y  =  ^°  (« *"  +  e~  •); 
Slope,  tant  =  y^=-5=.Y-V«*  —  «     •  )  ■ 

Devialuyn,  ^  =  ^  =  i^  (<,^  ^.  e  ~  ^  ). 

Tlie  relations  amongst  the  forces  which  act  on  the  cord  are  given 
by  the  equations 

ax 


(S.) 


R  (tension  at  B)  =  ^P"  +  H'  =  H  a/  1  +  j^, 

111  the  course  of  the  application  of  these  principles,  the  following 
problem  may  occur: — given,  the  extrados  OX,  the  vertex  A  of  the 
tniradoa,  cmd  a  point  of  support  B;  it  %»  required  Co  complete  the 
figure  of  the  inlrados.  For  this  purpose  it  is  necessary  and  sufficient 
to  find  the  parameter  a ;  so  that  the  problem  in  fact  amountii  to 
this  ;  given  the  least  ordinate  t/a,  and  the  ordinate  y  corresponding 
to  one  given  value  of  the  ahecissa  x,  it  is  required  to  find  a,  so  as  to 
fulfil  the  equation 


«  •  +  a 
~2 


=  hijperholie  cosine  of 


(4)  J 


OS  this  firaction  is  called.     Supposing  a  table  of  hyperbolic  cosines 
to  be  at  hand,  -  is  found  by  its  being  the  niunber  whoso  h}-per- 

bolic  cosine  is  —  ;  so  that 


a  =- 


ntunber  to  hyp.  cos. 


.(5.) 
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Imt  euch  a  table  is  nrelj  to  be  met  with ;  and  in  its  absence  a  m 
foanrl  as  follows: — 
The  value  of  «  is  given  in  terms  of  y  by  the  equation 


'•^-°«-(|;+\/S-0' (^•) 


and  hence 


o  = 


hyp.log.  (y  +a/2^,_i)' 


.(7.) 


175.  Cmimmmrj  is  the  name  given  to  the  curve  in  which  a  cord  or 
lin  of  uniform  material  and  sectional  area  (so  that  the  weight  of 
By  port  is  proportional  to  its  length)  hangs  when  loaded  with  its 
"own  weight  aloye. 

Let  fig.  87  A,  serve  to  represent  tliis  cur^-e;  but  let  A  be  taken  as 

the  origin  of  co-ordinates,  so  that  the  axis  of  x  is  a  horizontal  tangent 

at.  A.     Let  »  denote  the  length  of  any  given  are  A  B.     Then  if  p 

:n  weight  of  an  unit  of  length  of  the  cord  or  chain,  the  load 

:  •  iided  between  A  and  B  is  V  =  ps.     The  inclination  t  of  the 

curve  at  B  to  a  horizontal  line  is  expressed  by  the  equations 


006t  ^ 


dx 
57 


dm        \  diC 


tan  I 


(1.) 


dx 
da 

Let  the  horizontal  tension  be  equal  to  the  weight  of  a  ceiiaxn 
'.  qfcltatn,  vi.  so  that 

H=pm (3.) 

From  these  equations,  and  from  the  general  equation  2  of  Article 
I6ti,  we  deduce  the  following : — 


tan  t  := 


.  V^-"/. 


dx 
d7 


H 


(3.) 
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which,  by  a  few  reductions,  is  brought  to  the  following  form: — 

dx 
dl 


(4) 


Jmr  +  g' 

the  integral  of  which  (paying  doe  regard  to  the  couditions  that 
when  «  =  0,  a;  =  0)  is  known  to  be 

x  =  m-hy^.  log.  (A  +  ^  1  +  ^) (5.) 

This  oqxmtion  givea  the  abscissa  a?  of  the  extremity  of  an  arc  A 1 
=  s,  when  the  jiaranieter  of  the  catenaiy  (as  m  is  called)  is  known. 
Trunsforming  the  equation  so  aa  to  bare  s  in  terms  of  a;,  we  obCaia 

*=r  ^  fe"  —  «~") (<5-) 

The  ordinate  y  is  found  in  terms  of  z  by  integrataag  the  eqxiation 

?[»  =  ^/1?rr=i-=^  {e'-e-^\  (7) 

dx         V    dx'     '      m       2\,  *       )' ^^'^ 

which  gives 


^+  m*  —  »»•>...  (8.)| 


the  term  —  2  being  introduced  in  order  that  when  a;  =  0,  y  may 
be  also  =  0.  This  is  the  equation  of  the  catenary,  so  far  as  its  form 
is  CQUoerned.     The  mechanical  condition  is  given  by  the  equatiaua 


H  =  pm;  P  =ps; 


(0.) 


80  that  lite  tension  at  any  point  is  equal,  to  the  weight  of  a  piece  of 
the  chain,  whose  length  is  Uie  ordinate  added  to  the  parameter. 

Suppose  the  axis  of  x,  instead  of  being  a  tangent  at  the  ■ 
of  the  curve,  to  be  situated  at  a  depth  AO  =  m  below  the  \ 
and  let  y  denote  any  ordinate  measured  from  this  lowered  axis; 
then 


.(10.) 


which,  being  compared  with  tlie  expression  for  the  ordinate  m 
eqiMtioas  2,  Article  173,  shows,  tliiai/ieviitrtt<Z'M/«r  a/wrisi//. 
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traJoM  when  iJit  least  ordmatfis  equal  to  the  parameter  (j,,  =  a),  hecome* 
identieal  ztnt/i  a  oatenanj,  luunng  the  eame  parameter  (m  =  a  =  y^). 
Problem.  G-iven,  tioo  points  m  a  eaiemiry,  and  the  length  of 
tilt  between  them;  required  the  remainder  o/tJie  curve. 
Let  k  be  the  horizontal  distance  between  the*  two  points,  v  their 
iliflierence  of  level,  I  the  length  of  chain  between  them.  Those  three 
quantities  are  the  data. 

The  unknown  quantities  may  be  expressed  in  the  following 
manner.  Let  z„  y„  be  the  co-ordinates  of  the  higher  given  point, 
and  »,  the  arc  terminating  at  it,  all  measured  from  the  yet  unknown 
vertex  of  the  catenary,  and  x„  y„  «„  the  corresjjonding  quantities 
for  the  lower  given  point  (The  i>articular  case  when  the  points 
are  at  the  same  level  will  be  ailerwai-da  considered).  Also  let 
X,  -\-  X,  ^  h  (afa  unknown  quantity), 
we  have 

h  +  k             h  ~  k  ,, ,  . 

«i  =  -^i  a;,  =  —^— (11.) 

itting  these  values  of  z  in  the  eqaationq  6  and  8,  we  find 

v  =  y,  —  y,=  m  (e'^  +  e~^\(e'^  —  e-'A 
qnare  ihaaa  two  equations  and  take  the  difference  of  the  squares ; 


...(12.) 


J'l*—^  =  m(e^—e~^; (13.) 

.  this  equation  the  only  imknown  quantity  is  the  parameter  m, 
\uch  is  to  be  determined  by  a  series  of  apjiroximations. 
Next,  divide  the  sum  of  the  cquAtious  (1^)  by  their  difference. 
" '  I  gives 


[  ocuiisequentl  J 


"    -l-v 
h=m-  hyp.  log.  — — . 


.(U.) 


or  lx)th  of  the  abacissie  x,  and  x„  being  computed  by  thfi 
11,  wo  find  the  position  of  the  vertical  axis.     T\ieTi  com- 


'  by  equation  8,  cither  or  both  of  the  onliimtes,  2/„  i/a  "we 
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the  vertex  of  the  catenniy,  Trliich,  together  witli  the  p&ramet 
being  known,  completely  detennines  the  curve. — Q.  K  I. 

When  the  given  points  are  at  the  same  level,  that  in,  vrheu  v  =  ( 
the  vertical  axis  must  be  midwnj  between  them,  so  tliat 


x,  =  —  x,  =  ~;h  =  0. 


.(15.)' 


In  this  cnse  equation  13  becomen 


I  ^m  fe'"  —  e    • "  ) . 


.(16.) 


from  which  m  is  to  be  found  by  successive  approximations, 
the  computation  of  y,  =  ?/,  by  means  of  equation  8  determines  1 
vertex  of  the  cune,  and  completes  the  solution. 

The  following  ore  some  of  the  geometrical  properties  of  tfco 
catenary : — 

1.  The  radius  of  curvature  at  the  vertex  is  equal  to  the  parap 
meter,  and  at  any  other  point  is  given  by  the  equation 


r  ^ »(»  •  scc-i.. 


.(17.) 


II.  The  length  of  a  normal  to  the  catenary,  at  any  point,  cut  i 
by  a  horizontal  line  at  the  depth  m  below  the  vertex,  is  equal  to 
radius  of  curvature  at  that  point 

III.  The  involute  of  a  catenary  commencing  at  its  vertex,  is  ' 
tractory  of  the  horizontal  line  before  mentioned,  with  the  con 
tangent  pu 

IV.  If  a  parabola  Iw  rolknl  on  a  straight  line,  the  focus  of  i 
parabola  traces  a  catenary  whoso  parameter  is  equal  to  the  focal 
dLstance  of  the  parabola. 

176.  Cralra  at  OrnrilT  •f  ■  FInlble  Bintclarr. — In  every  Cftse  ia" 

which  a  perfectly  flexible  structure,  auch  as  a  cord,  a  chain,  nrj 
funicular  polygon,  is  loaded  with  weights  only,  the  figure  of  sUl 
equilibrium  in  the  structure  is  that  which  corresponds  to  the  low< 
possible  position  of  the  centime  of  gra\-ity  of  the  entire  load, 
principle  enables  all   problems  resjiecting  the  equilibrium  of 
ticatly  loaded  flexible  structures  to  be  solved  by  means  of 
"  Calculus  of  Variations." 

177.  TniMr«malioa    of  Cerda   and   CtuUnii. — The    principle 

Transformation  In/  Parallel  Projection  is  applicable  to  continuous 
loaded  cords  as  well  as  to  polygonal  frames ;  it  being  always  bomfl 
mind,  that  in  order  that  forces  may  bo  correctly  transformed  ] 
parallel  projection,  their  magnitudes  must  be  represented  by 
ie/iSf//is  f/ straight  Ihui  parallel  to  their  directions,  so  that  if  in  any  c 
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iitnde  of  a  force  ia  represented  by  aa  area  (as  in  Articles 

73  and   174)  or  by  the  lenglli  of  a  curve  (as  in  Article  175), 

e  must,  in  tiniialbrming  that  force  by  projection,  first  consider 

hat  length  and  poeitiou  a  straight  line  should  have  in  order  to 

present  it 

Some  of  the  cases  already  given  might  have  been  treated  as  ex- 
ples  of  transformation  by  parallel  projection.     For  instance,  the 
dge-chaiu  with  sloping  rods  of  Article  172  might  be  treated  as 
parallel  projection  of  a  bridge-chain  with  vertical  rods,  made  by 
bstituting  oblique  for  rectangular  co-ordinates ;  and  the  iiitrados 
AluDSoutal  extrados  of  Article  174,  where  the  least  ordinate  y„ 
leter  a  have  any  ratio,  might  be  treated  as  a  pamllel 
deducetl,  by  altering  the  j)roportious  of  the  rectangular 
co-ordinates,  from  the  corresponding  curve  in  which  the  least  co- 
ordinate is  equal  to  tlio  parameter  j  that  is,  from  the  catenary. 
The  algebraical  expressions  for  the  alterations  made  by  pnirallcl 

Irojection  in  the  co-ordinates  of  a  loaded  chain  or  cord,  and  in  the 
brees  ai>plicd  to  it,  are  as  follows  : — 
In  the  onginal  figure,  let  y  be  the  vertical  co-ordinat»i  of  any 
loint,  and  x  the  horizontal  co-ordinate.  Let  P  be  the  vertical  loud 
|)plied  l>etwcen  any  point  £  of  the  chain  and  its  lowest  point  A ; 
dV 
etp=  -J-  be  its  intensity  per  horizontal  unit  of  length ;  let  H  be 

(IX 

be  horizontal  component  of  the  tension;  let  K  be  tlie  tension  at 
lie  point  R 
Suppose  tliat  in  the  transformed  figure,  the  vertical  ordinate  y', 
ud  the  verticiil  load  F,  which  is  represented  by  a  vertical  line,  ore 
1  in  length  and  direction,  so  tltat  we  have  * 


y'  =  y;F  =  P;. 


.(1.) 


for  eftofa  horizontal  co-ordinate  x,  let  there  be  substituted  an 

co-ordinate  x',  inclined  at  the  angle  j  to  the  horizon,  and 

a/ 
in  length  by  the  constant  ratio  -  =  o.     Then  for  the  hon- 

,  tension  H,  there  will  be  substituted  an  oblique  UtmionW, 
el  to  a/,  and  allei-cd  in  the  Hanie  proportion  with  that  oo 
ftte;  that  is  to  say, 


ai  =ax;  E!  =  a  H. 


.(2.) 


he  original  tension  at  B  is  the  residtftnt  of  the  vertical  loatl  P 
id  the  huri/xintat  tension  U.     Let  R  be  its  amount,  and  i  its  in- 

lination  to  H ;  then  

R=JF'  +  H.'; V^.^ 
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and  the  ratios  of  tLoee  three  foroes  are  expiened  by  the 

P  :  H:B:  ;tant ;  1  :Bec«  :  :Bta»:coe«  :L. ...... (4.) 

Let  E'  he  the  amount  of  the  tension  at  the  point  B  in  the 
Btructme,  coiresponding  to  B,  and  let  i"  be  its  inclinntion  to 

I     oblique  co-ordinate  a! ;  Uien 
K'  =  ^  (F'  +  H"*  =4=  2  FH'  sin/) (5.) 
F:H':R':  :ain»  :  co6(t"r*r7) :  cosj ......(6.)j 
The  alteraative  signs  rt:  are  to  be  naod  according  as  i  anil 
<  '^fl^*'  !•  in  diivctiou, 


difl'ei-  ) 

The  intmtgity  of  the  load  in  the  transformed  straoture  per  tmit  of 

]i(jue  length  measured  along  c/iC,  is 

P  =t:j  —  »' Vv) 


dni 


hut  if  the  intensity  of  the  load  ho  estimated  ptr  v/nii  qf  i 
length,  it  becomes 

P 

p  stxj  = 


..(a) 


a 'COS/ 

178.  K.iii«ar  Archrii  or  Uihm. — Conceive  a  cord  or  chain  to  be. 

exactly  inverted,  st)  tlmt  tliu  loud  iipjilicd  to  it,  unchanged  in 
tion,  amount,  and  ditftribution,  BhiiU  act  inwards  instead  of 
wai-ds;  suppose,  further,  that  tlie  cord  or  chain  is  in  some  manti 
stayed  or  ^iHened,  W)  as  to  enable  it  to  preserve  its  figure  and  I 
resist  a  thrust ;  it  then  becomes  a  linear  arch,  or  opiilibrated  i 
and  for  the  puU  at  each  point  of  the  original  cord  is  now  suh 
tuted  an  exactly  equal  thrust  along  the  rib  at  the  correspond 
point. 

Linear  arches  do  not  actually  exist ;  but  the  propositions  rcsp 
ing  them  are  applicable  to  the  lines  of  resistance  of  real  arches  i 
arched  ribs,  in  those  cases  in  which  the  flirection  of  the  thrust 
each  joint  is  that  of  a  tangent  to  the  line  of  reaistanoe,  or  en 
connecting  the  centi-cs  of  pressure  at  the  joints. 

All  the  propositions  and  equations  of  the  prccetling  Articla 
respecting  cords  or  chains,  are  applicable  to  linear  arches,  subs 
tuting  only  a  t/tnut  for  a  jrull,  as  the  stress  along  the  line  of  i 
once. 

The  principles  of  Article  1 G7  are  applicable  to  linear  arches  i 
general,  with  estemal  forces  ."ippliod  in  any  direction. 

TJic  prhic'iplfs  of  Article  H!8  arc  iipj)licablc  to  lineiir  nrchi 
liudcr  iiara/Zcl  tonds :  and  in  8ne\v  atc\iCB,  tW  c^\a.uUty  denoted 
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IT  rn  th^  formnltp  rnpresentB  «  eontUmt  thrugl,  in  a  direction  per- 
loiwi. 
.  Ill  for  a  linear  aroh  under  an  uniform  Icmd 
I M  /Hiralioia,  ■uiiiliii'  to  iiiat  described  iu  Article  1 69. 
_ln  the  case  cf  a  linear  arch  under  a  vertical  load,  intrados  denotaB 
jtui>  of  the  arch  itself,  und  exlratloa  a  line  traversing  the  vjiptr 
I  ef  ordinates,  diavv-n  upirards  from  the  intrados,  of  lengthg  pro- 
poriional  to  the  intensities  of  the  load  ;  and  the  principles  of 
173  are  applicable  to  relations  between  the  intrados  and 
[lea. 

I  of  Artide  174  is  the  figure  of  equilibrium  for  a  linear 
ch  with  a  horizontal  extrados  ;  and  from  Article  175  it  appears, 
,  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
by  inverting  it  and  altering  its  horizontal  and  vertical 
iuates  iu  given  constant  proportions  for  each  case. 
10  princi[ilcs  of  Article  177,  relative  to  the  transformation  of 
I  and  chains,  are  applicable  also  to  linear  arches  or  ribs.     This 
will  be  further  considered  in  the  sequel, 
(•receding  Articles  of  tliis  section  contain  propositions  which, 
bough  applicable  lx)th  to  cords  and  to  linear  arches,  are  of  impor- 
in  practice  chiefly  in  relation  to  cords  or  chains.    The  foUow- 
j  Articles  contain  propositions  which,  though  applicable  also  to 
ard»  ai  wrll  an  linear  arches,  are  of  importance  in  practice  chiefly 
relation  to  lincsir  arches. 

179,     CircBlar  Arch  for  t'nlfara  Fluid  Prnwarc. — It    is    evident 
at  a  linear  arch,  to  resist  an  ttnifomi  normal  pres.sure  from  with- 
alioiilii  lie  circular ;  liecausc,  as  the  force  to  which  it  is  sub- 
ted  is  similar  all  round,  its  figure  ought  to  he  similar  to  itself 
aU  ronnd — a  property  possessed  by  the  circle  alone. 

In  fig.  88,  let  A  B  A  B  be  a  circular  linear  arch,  rib,  or  ting, 


Fig.  88. 


:  is  0,  pressed  upon  from  without  by  a  normal  prennre 
^       I  intensity. 

I«  oraer  that  the  intensity  of  th.-it  pr«'.ssnrc  may  W  cotrroinwAVj 
'  in  uxiito  o/'  Joroe  par  uiut  of  area,  conceive  tike  xmg,  m 
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question  to  represent  a  vertical  section  of  a  cylindrical  shell,  wbofl 
length,  in  a  du-cction  perpendicular  to  the  plane  of  the  figure,  is 
unity.  Let  p  denote  the  Intensity  of  the  external  pressure,  in 
unite  of  force  per  unit  of  area  ;  r  the  radius  of  the  ring  ;  T  the 
thrust  exerted  roimd  it,  which,  because  its  length  is  unity,  is  a 
thrust  per  unit  of  length. 

The  uniform  normal  pressure  p,  if  not  actually  caused  by  the 
thrust  of  a  fluid,  is,  similar  to  fluid  pressure  ;  and,  according  to 
Article  1 10,  it  is  equivalent  to  a  pair  of  conjugate  pressures  in  any 
two  dii-ections  at  right  angles  to  each  other,  of  equal  intensity. 
For  example,  let  x,  be  verticiil,  y  horizontal,  and  let  p„  p^,  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  then 

P.-P,=P\ (1-) 

and  the  same  is  true  for  any  pair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  Xa->  be  divided  into  two 
parts  by  any  diametral  plane,  such  as  C  C.  The  thnist  of  tlie  ring 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T,  must  balance 
the  component,  in  a  direction  perpendicular  to  the  diameter,  of  the 
pressure  on  the  ring;  the  normal  intensity  of  that  component  is  p, 
as  already  shown  j  and  the  area  on  which  it  acts,  projected  on  the 
plane,  C  C,  which  is  normal  to  its  direction,  is  2r ;  henco  we  have 
the  equation 

2T  =  2pr;  or  T=pr (2.) 

for  the  thmst  all  round  the  ring ;  which  is  expressed  in  words  hy 
this 

Theobek.  The  thntst  round  a  (Areolar  ring  under  cm  uniform 
■normal  preggwre  is  the  product  of  (he  pressure  on  an  unit  a/cinrum- 
ferenee  i»/  the  radius. 

180.    Elllriicnl  Arclaca  fl>r  ITaUarm  Preunrca. — If  a   linear  aroU 
has  to  sustain  the  pressure  of  a  mass  in  which  the  pair  of  conjugate 
thi-usts  at  each  point  are  uniform  in  amount  and  direction,  but  not 
equal  to  each  other,  all  the  forces  acting  parallel  to  any  given  direc- 
tion will  be  altered  from  those  which  act  in  a  fluid  mass,  by  a  given 
constant  ratio  ;  so  that  they  may  be  represented  by  parallel  projec- 
tions of  the  lines  which  represent  the  forces  tliat  act  in  a  fluid  mass. 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  sjrstem  of 
pressures  as  that  now  considered,  must  be  a  parallel  projection  of  a 
circle  ;  that  is,  an  ellipae.     To  investigate  the  relations  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  under  a  ]i(ur 
of  conjugate  pressures  of  unifonn  intensity,  let  A'  "B  A'  B',  B"  A"  B^ 
in  fig.  88,  represent  elliptic  ribs,  transfoimed  from  the  circular  r0B 
A  B  A  B  hy  parallel  projection,  the  vertical  dimensions  being  u^| 
changed,  aaJ  the  hor'uoiiial  dimcnaiotiA  dtlvet  expanded  (as  B"  BV 
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'  contracted  (ns  B'  B'),  in  a  given  uniform  ratio  denoted  hj  e  ;  ao 

kt  r  shall  be  the  vertical  uiid  c  r  the  horizontal  semi-axis  of  the 

;  and  if  *,  y,  be  respectively  tlie  vertical  and  horizoutiil  co- 

[inatcs  of  any  point  in  the  circle,  and  a/  i/,  those  of  the  corre- 

onding  (K>int  in  the  ellipse,  we  shall  have 

af  =  x;  j/  =  e}f. (1.) 

If  C  C,  D  D,  be  any  pair  of  diameters  of  the  circle  at  right  angles 
to  each  other,  their  projections  will  be  a  pair  of  conjugate  diameters 
of  the  elUpse,  as  C  CT,  D'  D'. 

Let  P,  be  the  total  vertical  pressure,  and  P,  the  total  horizontal 
pnasnre,  on  one  quadrant  of  the  circle  A  B. 

Tlicn 

V.  =  F,  =  T=pr. 

Let  P',  l)c  the  total  vertical  pressure,  and  P'jthe  total  horizontal 
[Tis^siire,  on  one  quadrant  of  the  ellipse,  as  A' d,  or  A"  B";  and  let 
T,  \«-  the  verticul  thrust  on  the  rib  at  B'  or  B',  and  T',  the  hori- 
zontal thrust  at  A'  or  A". 

Then,  by  the  principle  of  transformation, 

T'.  =  F.  =  P.  =  T=;.r;  > 

r,  =  P,  =  c  P,  =  cT  =  cp  r ;  ; ^-> 

or,  t/(<!  Mai  thnult  are  as  Oie  axet  to  which  they  are  paralUl. 

Further,  let  P  ^  T  be  the  total  pressure,  parallel  to  any  semi- 
diameter  of  the  ellipse  (as  O"  D"  or  O"  D")  on  the  quadrant  D'  C  or 
D*  C,  which  force  is  also  the  thrust  of  the  rib  at  C  or  C",  the  ex- 
tremity of  the  diameter  conjugate  to  C  D*  or  O'  D"  j  and  let  O*  D' 
or  O*  D'  =  r  ;  then 


P  =  T  =  -T=pr;. 

r 


.(3.) 


. ,  ;/«:  l4)lal  thrueU  are  aa  Ute  diameters  to  which  they  arc  jxiraUel. 

Next,  let  p„  Pf,  be  the  irUeitgUies  of  the  conjugate  horizontal  and 

vertical  presBurea  on  tho  elliptic  arch  ;  that  is,  of  the  "  principal 

asa"  (Articles  109,  112),    Each  of  those  intensities  being  found 

ilividing  the  coiTcsjionding  total  pressure  by  the  area  of  the 

to  which  it  is  normal,  they  are  given  by  the  following  equa- 


.(4.) 
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80  that  the  itUentitiet  of  the  prindpal  pretauru  art  as  the  tquant  of 
the  awes  o/tlte  elliptic  arch  to  ichich  thry  are  paruUd. 

Hence  the  "  eUipse  of  stress  "  of  Article  112  is  an  ellipse  whoae 
ajces  are  proportional  to  the  squares  of  the  axes  of  the  elliptic  arch ; 
and  to  adapt  an  elliptic  airch  to  uniform  vertical  and  horiaontel 
pressures,  ttie  ratio  of  the  axes  of  the  arch  vitut  he  t/ie  square  root  qf 
t/ie  ratio  of  the  intensities  of  the  principal  pressures  ;  th&t  is, 


-V^- 


(5.) 


The  external  pressure  on  any  point,  D'  or  D",  of  the  elliptic  arch, 
is  directed  towards  the  centre,  O  or  O',  and  its  intensity,  per  unit 
of  area  of  the  plane  to  vrhich  it  is  conjugate  (0'  G  or  O"  0"),  is  givm 
by  the  following  equation,  in  which  r"  denotes  the  Bcmidinmeter 
(O'  D'  or  O"  D")  parallel  to  the  pressure  in  question,  and  r"  the  ron- 
jugate  semidiameter  (O'  O  or  O"  C")  : — 


p=.-,  =  p--;. 


.(6.) 


that  is,  the  intensity  oftlte  pretsfuxe  in  the  direction  of  a  given  dia- 
meter is  directly  as  that  diameter  and  inversely  as  tlte  conjtigalt  dia- 
■meter. 

Let  p'  be  the  intensity  of  the  external  pressure  in  the  directioa 
of  the  seraidimncter  r''.     Then  it  is  evident  that 


P  ■  P" 


(7.) 


that  is,  iJie  intensities  of  a  pair  of  conjugate  pnsntra  are  to  each  othsr 
as  the  squares  of  the  conjugate  diameters  of  the  dUptie  rib  to  vMA 
they  are  respect  ive/;/  parallel. 

These  results  niiglit  also  have  been  arrived  at  by  means  of  tha 
principles  relative  to  the  ellipse  of  stress,  wliich  have  been  explained 
in  Article  112. 

181.  Dhtortrd  Eiuptic  Arch. — To  adapt  an  elliptic  linear  arch 
to  the  Bustaining  of  the  prcsaiire  of  a  mass  in  which,  while  the  state 
of  stress  is  nniforni,  the  pressure  conjugate  to  a  vertical  pressure  ii 
not  horizontal,  but  inclined  at  a  given  angle  j,  the  figtire  of  the 
clli])9e  must  be  derive<l  from  that  of  a  (dicle  by  the  sahstitatiou  of 
inclined  for  horizontal  co-ordinates. 

In  fig.  89,  let  B  A  C  be  a  semicircular  arcli  on  which  the  0T« 
tenial  pressures  are  normal  and  unifoi-m,  and  of  the  ini  .^s 

before;  the  radius  being  r,  and  the  thrust  round  the  a»i  I'  "1 

on  a  quadnuit,  being  as  before,  F  =  T  =pr.     Let  D  be  any  pjmt 

the  circle,  whose  co-ordinatea  w»,  ■vwXiciA,  ^  E.  ■=  «,  horizontal, 
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I  D  =  »/.     Let  B'  A-'C  be  a  semi-elliptic  arch,  in  which  the  verti- 
]  ordiiuitcs  are  the  same  with  those  of  the  circle,  while  for  each 


fig.  89. 

ontal  ordinate  is  snbstittited  an  ordinate  inclined  to  the  hori- 
by  the  constant  angle  j,  and  bearing  to  the  corresponding  hori- 
Btal  ordinate  of  the  circle  the  constant  ratio  c ;  tliat  is  to  foj, 


•0.) 


^EEJy  =j.  J 

Then  for  the  vertical  semidiametcr  of  the  circle  OA  =  r,  will  be 

suhstitutGd  the  eqnal  vertical  semidiametcr  of  the  elUpse  O  A'  ^ 

and  for  the  horizontal  diameter  of  tlio  circle  C  B  :=  2  r,  will  be 

ibstituted  the  inclined  diameter  of  the  ellipse  CB'  :=  2  c  r,  which 

^conjugate  to  the  vertical  semidiaraeter. 

forces  applied  to  the  elliptic  arch  are  to  be  resolved  into 

1  and  inclined  components,  parallel  to  O'  A'  and  C  B',  instead 

and  horizontal  components.     Let  P',  denote  the  total 

ickI  piv^ure,  and  P,  the  total  inclined  pressure,  on  cither  of  the 

tic  qtuulrants,  C  A ,  A'  B' ;  T',  the  inclined  thrust  of  the  arch 

•t  A',  T.  the  vertical  thrust  at  B'  or  C.     Then 


T.  =  P.  =  T  =  P  =j,r; 

cT  =  cP  =  cpr 


r   =  P   = 


.} 


.(2.) 


■'     '•  forces  are,  as  before,  proportional  to  the  dux- 
'irc  ]>anUld. 
Lti  {/,  lie  fiiu  intensity  of  the  vertical  pressure  on  the  elliptic 
»frh  fUT  unit  of  area  of  the  inclined  plane  to  which  it  is  conjugate, 
p,  he  tlie"  inU'nsity  of  tho  inclined  pres-suro  pet  \]jui  ol 
reriicttJ pluBii  to  which  it  in  conjugate  ;  then 
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I'f 


-r  =  "P' 

r 

a/5. 


.{!) 


so  that,  as  before,  the  iutensUtei  of  lite  conjwjcUe  presmtv*  are  at 
the  »qiiM-e^  of  the  diameters  to  vohich  timy  at*  parallel. 

The  tlirust  of  the  arch  at  any  point  D'  is  as  before,  proportional 
to  the  diameter  conjugate  to  O'  D'. 

It  is  sometimes  convenient  to  express  the  intensity  of  the  verti- 
cal pressure  per  luit  of  area  of  the  horizontal  projection  of  tlie  space 
over  -which  it  is  distributed  ;  this  is  given  by  the  equation 


pf.  •  sec  J 


•cosj 


.(4.) 


It  is  to  be  borne  in  mind,  that  this  is  not  the  preanre  on  unity 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  as  the 
liorizontal  diameter  of  the  ellipse  and  directly  as  the  diameter  con- 
jugate to  that  diameter,  to  which  latter  diameter  it  is  parallel),  but 
the  pressure  on  that  area  of  a  plane  inclined  at  the  angle  j,  whose 
homontal  projection  is  unity. 

The  following  geometrical  constroction  serves  to  determine  the 
major  and  minor  axes  of  the  ellipse  K  A'  C 

Draw  O'  o  -L  and  =  O'  A' ;  join  B*  a,  which  bisect  in  m ;  iu  Ra 
pi-oducod  both  ways  take  mp  =  mq  =  O'm  ;  join  O'p,  O' q ;  these 
lines,  which  are  i)erpendicular  to  each  other,  are  the  direetions  of 
the  axes  of  the  ellipse,  and  the  lengl/u  of  the  semiaxcs  are  respectively 
equal  to  the  segments  of  the  line  7)7,  viz.,  "B'p  =  aq,TS  q  =  a  p. 

The  following  is  the  algebraical  expression  of  this  solution.  Let 
A  denote  the  major  and  B  the  minor  semi-axis  of  the  ellipse. 

Then  

A-^B  =  2O'm  =  r7(l  +  c*+2c•c08J); 

A-B=B^  =  r^(l+c'-2ccosi); 


whence  we  have  for  the  lengths  of  the  semi-axes, 

A  =  ^|  ^{l+c»  +  2c-co8J)+  ^(l-t-c'-2c-C08j)|; 


(5.) 
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The  angle  .^^  B'  O'p  =  h,  which  the  nearest  axis  makes  with  the 
etcT  C  B',  is  found  by  the  equation 


k  o 


cr 


Dg  as  that  axis  is  the  longer ; 


the  shoi-ter. 


jThe  axes  of  the  elliptic  arch  are  parallel  to,  and  proportional 
the  square  roots  of,  the  axes  of  the  ellii>so  of  stress  in  the 
'  Dg  mass ;  so  that  they  tuight  be  found  by  the  aid  of  case 
of  Problem  IV.,  Article  112. 

J  182.   Arrhrs  for  Nor^nl  PrcMure  in  Oenrml. — The   condition  of 

llinear  arc-h  of  any  figure  at  any  point  where  the  pressure  Ls  nor- 

is  siuiilar  to  that  of  a  circular  arch  of  the  same  curvature 

'a  pressiire  of  the  same  intensity;  and  hence  modifying  the 

of  Article  179  to  suit  this  case,  we  have  the  following : — 

OREM  L    Th«  thrust  at  any  normally  ]>ressed  jmnt  of  a  linear 

it  the  product  of  the  radius  of  curvature  by  the  intensity  of 

prantre;  that  is,  denoting  the  radius  of  curvature  by  {,  thf 

pressure  per  unit  of  length  of  curve  by  p,  and  the  thrust 


T=y«. 


.(I.) 


ExawpJe.  This  Theorem  is  verified  by  the  vertically  and  hori- 
zootally  pressed  elliptic  arches  of  Article  180 ;  for  the  radii  of 
nirrature  of  an  ellipse  at  the  ends  of  its  two  axes,  r  and  e  r,  are 
rtspGctively, 

c'r* 
At  the  ends  of  r ;  ;,  =  —  =  (?r ; 


At  the  ends  of  c  r ;  {,  = 


r 
r» 
cr 


.(2.) 


Introducing  these  values  into  the  equations  of  Article  180,  and  into 
equation  1  of  this  Article,  we  find, 


T*,  =  jf,t,  =  cp  ■  -  =  pr  aa  before ; 


.(3.) 


T',  =  p'ttt  -   -  '  c'r  =  cpr  aa  before. 

It  is  farther  evident,  that  if  the  pressure  be  normal  at  every  point 
arcb  (wliich  it  is  not  in  the  cases  cited),  the  thrust  must  be 
.^  :jat  »t  every  point ;  for  it  can  vary  only  by  the  application  of 
s  tangential  pressure  to  the  arch;  and  hence  follows 
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n.  /n  a  linear  arek  nutaimng  a  prtmun  wkieh  it 
everytchen  normal,  the  tfiruiC  is  uni/nrm,  and  the  radmt  of  carva- 
lurc  it  inverteli/  at  the  pretture — a  theorem  expressed  syniboUcoily 
thus: — 

T  =  p(  =  constant (4.) 

The  only  arch  of  this  class  which  has  hitherto  been  considered  is 
the  circular  arch  under  uniform  normal  pressure.  Another  iiurt>nc9 
will  be  given  in  the  following  Article. 

183.  The  Brdroaiaite  Arch  is  a  linear  arch  suited  for  sostaining 
normal  pressure  at  each  point  ])ix)[iortional,  like  that  of  a  liquid  in 
rejiosc,  to  the  depth  below  a  given  horizoutal  pkne  ;  and  is  some- 
times called  "  the  arch  of  Yvon-VUlarceaux,"  fi-om  the  name  of  iba 
muthumatician  who  first  thoroughly  investigated  the  properties  e£ 
its  Kgure  by  the  aid  of  elliptic  functions. 

The  radius  of  curvature  at  a  given  point  in  the  hydrostatic  arch 
being,  in  virtue  of  Theorem  IL  of  the  last  Article,  inversely  pr«por- 
tiuiiul  to  the  intensity  of  the  pressure,  is  also  inversely  proportional 
to  tlie  depth  below  the  horizontal  plane  at  which  vertical  ordinutta 
tepreeentlng  that  intensity  commencek 

In  fig.  UU,  k't  Y  O  Y  represent  the  level  surface  from  which  Um 


Fig.  90. 

pressure  increases  at  an  uniform  rate  downwards,  bo  as  to  be  nimil^r 
to  the  pressure  of  a  liquid  having  its  upper  surface  at  Y  O  Y.  Let 
A  be  the  crown  of  the  hydrostatic  arch,  being  the  jKiint  where  it  is 
nearest  the  level  svuface,  and  consequently  horizontal  Let  co-ordir 
nates  be  measured  from  the  point  O  in  the  level  aurfiicc,  directlj 
above  the  crown  of  the  arch ;  so  that  OX  =  Y  U  =  x  shall  be  the 
vertical  ordinate,  and  O  Y  =r  X  C  =  r/  the  horizontal  ordinate,  of 
any  point,  0,  in  the  arch.  Let  O  A,  the  least  depth  of  the  orch 
below  the  level  surface,  bo  denoted  by  «,„  the  radius  of  c;u^-aturo 
at  the  crown  by  r„,  and  the  radius  of  curvature  at  any  point  C  by  r. 
Let  w  he  the  weight  of  an  tmit  of  volume  of  the  liquiil,  to  whoKe 
pressure  the  load  on  the  arch  is  equivalent.  Then  the  intensities  of 
the  external  normal  i)n.>.'<sure  at  the  crown  A,  and  at  any  jwint  0, 
arc  exptvssed  respectively  by 
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2V  -  wa^,-  p  =  wx. (!•) 

Aa  f&mst  of  the  arch,  which,  in  virtue  of  the  principles  of  Ai'ticlo 
188,  ia  a  constant  quantity,  is  given  by  the  equation 

T  =  /'o'"o  =  «'=^o^o  =  pr  =  wxr; (2.) 

from  which  follows  the  following  geometrical  eqAiation,  being  that 
which  chancterizes  the  figure  of  the  arch : — 

Kr  =  a>,r^...„ (3.) 

When  r„  and  r.  are  given,  tho  [iroperty  of  huving  the  radius  of 

flirmtnre  inversely  proportional  to  tho  vertical  ordinate  from  a 

::ontal  axis  enables  the  curve  to  be  drawn  approximately, 

r  lion  of  a  number  of  short  circular  arcs.     It  is  found  to 

I  !■•'■.  ut  some  resemblance  to  a  trochoid  (with  which,  however,  it  is 

I      '  ■•  means  identical).     At  a  certain  point,  B,  it  becomes  vertical, 

ifi  which  it  continues  to  turn,  until  at  D  it  becomes  horizontal; 

■;  point  its  depth  below  the  level  surface  is  greatest,  and  its 

-  of  curvature  least     Then  ascending,  it  forms  a  loop,  crosses 

.Lii-mor  course,  and  proceeds  towards  E  to  form  a  second  arch 

Jar  to  B  A  B.    Its  coils,  consisting  of  alternate  arches  and  loops, 

•Q  similar,  follow  each  other  in  an  endless  scries. 

It  is  obvious  that  only  one  coil  or  division  of  this  curve,  viz., 
from  one  of  the  Iriwest  jxjints,  D,  through  a  vertex,  A,  to  a  second 
point,  D,  is  available  for  the  figure  of  an  arch  ;  and  that  the  poi^ 
Da  BAB,  above  the  points  w^here  the  curve  is  vertical,  is  alone 
ilable  for  supporting  a  load. 

i*i>  Vu^  ^*^  co-ordinates  of  the  point  B.     The  vertical  load 
\  the  semi-arch  A  B  is  represented  by 

wi    xdy; 
J  0 

this  being  sustained  by  the  thrust  T  of  the  arch  at  B,  must 
iously  be  equal  to  that  thrust ;  whence  foUows  the  equation 

«»•  =  *o»'o  =  /  ^■'^y (*•) 

•'  0 

ia  to  say,  the  area  of  the  fiqwre  h^tweea  the  shortest  vertical 
iinate,  and  the  vertical  tangent  ordinate,  is  equal  to  t/ie  consta/nt 
Juct  vf  tine  vertical  ordinate  and  radlue  o/ curvature. 
I  The  Tertical  load  above  any  point,  C,  is 

to/    xdyi 
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and  thu  IB  snstained  by  and  equal  to  the  vertical  component  of  the 
thrust  of  the  arch  at  C,  ■which  is  T  *  sio  t  (i  being  the  inclination  of 
the  arch  to  the  horizon). 
Hence  follows  the  equation 


/   xdy 

■'  * 


»  =  ViT 


d^ 


.(5.) 


That  is  to  say,  (h^  area  of  tJie  figwrt  betteeen  tlte  t/torleat  vertical 
ordinate  and  any  vei'tical  ordinate,  varies  03  ttie  sine  of  lh«  angle  of 
inclination  to  tJte  }u)rizo7i  of  the  curve  at  Hie  latter  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  from  B  to  A 
is  the  same  with  that  on  a  vertical  plane,  A  F,  immersed  in  a 
liquid  of  the  specific  gravity  w  with  its  upper  edge  at  the  depth 
X,  below  the  smfacc  (see  Article  124),  so  that  its  amount  is 


n\     pdx  = 


=  in  •  —1 ?  • 


2 


and  this  is  balanced  by  the  thrust  of  the  arch,  T,  at  the  crown, 
llfnce  follows  the  equation 


a^ — 3^ 
xr  =  ai^r^  =  —j—. 


.(6.) 


Tliat  L<i  to  say,  Iwdfthe  difference  of  the  tqua/res  of  the  leait  vertical 
ordinate  and  of  the  tangent  vertical  ordinate  is  equtd  to  the  amdant 
product  of  the  vertical  ordinate  and  radius  of  curvature. 

Equation  6  gives  for  the  value  of  the  vertical  t«ngent  ordinate. 


«i  =  J'^+  'i^t^f 


.(7.) 


The  horizontal  external  pressure  between  B  and  any  point,  C,  (s 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  to  on  a  "ver- 
tical pliuic  X  F  with  its  up])er  edge  immersed  to  the  depth  x,  to 

that  its  amount  is 


jdx==W-L^; 


and  this  is  balanced  by  the  horizontal  component  T  •  cos  i  of  the 
thnist  of  the  arch  at  C  ;  whence  follows  the  equation 


x]-af 


ra^r,  •oo«»;. 


•m 


which  gives  for  the  value  of  any  verticaX  otAxiuAk, 
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«=  ^(af— 2*^r,-co8«)=  7|a^  +  2x,r„(l— cost)  I 


-Vii 


a;  +  4x.r, -ain' 


in-i). 


■I?) 


IXet  X,  a!,  be  auy  two  vertical  ordinates.     Then  from  equation  8 
'fr>11(iw«  tliat 

X* —  3?  ■=:  Sx^r^  (cos  i  —  cos  «') (10.) 

\  dtjj'rrcii'-f.  of  tine  squarea  of  two  ordiiuUea  varies  aa  the  difference 
C'dtuj  if  the  respective  inclinationa  of  the  arc  at  titeir  lotcer 


]uution  9  is  dcdaced  the  following  expression  of  the  iu- 
ition  in  terms  of  the  vertical  ordinate  :— 

1 

>,™..-  =  ,-«.i  =  i-y'7~g=|=^....(..., 

The  various  properties  of  the  figure  of  the  hydrostatic  arch  ex- 
ed  by  the  preceding  eqimtious  are  thus  siuumed  up  in  one 
aalA : — 


>•  J  I,       "  Bin*  2  2co8t' 


,.(12.) 


'To  obtain  expressions  for  the  horizontal  co-ordinate  y,  whose 
imum  value  is  the  half-spau  y,,  and  also  for  the  lengths  of  arcs 

■  the  curve,  it  is  necessary  t<)  use  elliptic  functions. 

[The  reader  who  has  not  studied  elliptic  functions  may  here  pass 
at  once  to  Article  184.] 

In  the  use  of  elliptic  functions  the  notation  employed  wll  be 
tb.it,  of  Legendre ;  and  the  classes  of  functions  referred  to  will  be 
iti./-<'  called  by  that  author  the^r«<  and  secoiul  kind  respectively, 
auil  Ubulatcd  by  him  in  the  second  volimie  of  his  treatise. 

Let  t  denote  a  constant  angle,  called  the  modtdtia  of  the  func- 
tions ;  9,  a  variable  angle  called  the  amplUvide ;  then  an  elliptic 
function  of  the  first  kind  is  expressed  by 

F  (»,9)  =  j  ^J{l—aa'l-Bm'(f) ("•) 

and  an  elliptic  function  of  the  second  kind  is  expressed  by 

K  (t.(p)  =|*V(1  — sin'«-sin'f)df (6.\ 

o 
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The  values  of  those  functions,  when  tlie  upper  limit  of  integra- 
tion is  9  =  ^,  or  90  degrees,  are  callod  complete  functions,  and  de- 

■noted  respectively  by 

r  F,  (0  and  E.  {S) (,-.) 

In  order  to  apply  those  functions  to  the  case  of  the  hydroet«tie 
arch,  let  the  amjilitude  be  half  the  supplement  of  the  inclination  of 
the  curve;  that  is,  let 

»  =  90'-^ (i) 

BO  that  at  D,  *  =  0,  at  B,  f  =  45°,  and  at  A,  ^  =  90'.  Let  the 
vertical  ordinate  and  radius  of  curvature  at  the  point  D  be  denoted 
i-espectively  by  X,  K  j  then 

X=  ^(fl:J+4ro«o);and  )  . 

RX  =  rx  =  r,x,;  / ^'^^ 

for  the  modulus  i  toko  an  angle  such  that 

.  ,         4E  4ro«i,  ,  . 

Then  equation  9,  the  expression  for  the  vertical  ordinate,  becomes 
a;  =  'Y/(*«+*'^o'-o-Bin'iWx-'y^  (l— 8in*tf-Bin'<>y(14.) 
The  values  of  this  for  the  points  B  and  A  are  respectivelr 

k      «.=xy'(i-?!|L');^=x>^(i-«u'*) 

I  =  X  •  cos  i. (14  A.) 

HhteioBOg  tiM  altove  value  of  x  into  equation  5,  -we  obtain  for  the 
HPatbCfliimn  O  A  and  any  other  vertical  ordinate, 

■  J    s<2y  ^a^ro 'siat  =  2XB -ooaf  sin  f 

I  X*Bin.'« 

■^  — 2 eoB^sin^ (15.) 

The  Tolne  of  this  expression  for  the  point  B  ia 

y^*dy  =  a!,r,  =  XB= ^— ?.. (15  a.) 

T^aw  differentiate  the  area  (15)  vitli  respect  (o  the  amplitude  9, 
and  divide  by  x;  this  givea 


dy 


=  X 
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<l9  2      ^(1— sin'*- sin' ^) 

Thi»  differential  being  integrated  between  the  limits  9  =  90' 
'Hudi  corresponds  to  yj  =  0,  and  9  =  90° — s,  which  corresponds 
to  the  required  value  of  y,  gives 

,  =  X  •  {  (l  -  ">-*)  (f.  (0  -  F  (tf,f))  -  E,  (*)  +  E  (#,  <p)  J  (17.) 

for  the  point  B,  this  gives  for  the  half-epan  of  tins  arch 

k  =  X  •  {  (l-'-^*)  (f.(<)-F(*,45^)  -E.(0+E(*,45=)  }  (18.) 

Let  t  denote  the  length  of  any  arc  of  the  curve,  A  0,  commenc- 
:  at  the  crown.     Then 

09-) 


'z=f'rdi=:2(    rdp. 
J  t  J  f 


The  value  of  the  radios  of  curvature  r  in  terms  of  the  modolns 
and  amplitude  is 

_rx X    sin'<  .„q  . 

•""   X  "4^(1— sin'* -Bin*  «>)' ^     ' 

this  being  introduced  into  the  integral  (19),  gives  for  the  arc 

X-8in'| 


'AC, 


^{F,{t)-F(l,f)} (21.) 

bo  length  of  the  semi-arch  A  B  is 

,=^:|^'{r,(o-F(tf,45")}.... 


(22.) 


^^bo  hydrostatic  arcL  Numerical  results  can  cosily  be  computed 
^^pntn  them  by  the  ud  of  Legendre's  tables  of  the  functions  F 
^^Ttod  E. 

The  relation  between  the  thrust  of  the  arch,  the  specific  gravity 
of  the  load,  aad  the  modulus  is  given  by  the  equation 


k 


j--„rg_«'^''"n'^_«'W-^^*''''^)^"'*^  m> 
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184.  GcOTiaiic  Archca.— It  is  proponed,  hy  the  term  "Geostatie 

Arch,"  to  denote  a  linear  arch  of  a  figure  suited  to  sustain  a  pressure 
gijuilar  to  that  of  earth,  which  (as  will  be  shown  in  Section  3  o( 
this  Chapter)  conaisto,  in  a  given  vertical  piano,  of  a  pair  of  con- 
jugate pressures,  one  vertical,  as  in  Article  12<5  of  Part  T. .  anil 
proportional  to  the  depth  below  a  given  plane,  horizontal  or  si 

and  the  other  parallel  to  the  horizontal  or  sloping  plane,  and  bi ^ 

to  the  vertical  pressure  n,  certjiin  constant  ratio,  depending  on  the 
nature  of  the  material,  and  other  circumstances  to  be  explained  in 
the  sequel.  In  what  follows,  the  liori7iOntal  or  sloping  plane  will 
be  called  the  conjugate  pfan«,  and  ordinatcs  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  13 
horizontal,  conjugate  ordiiutten.  The  intensity  of  the  vertical  pres- 
sure will  be  estimated  per  unit  of  area  of  the  conjugate  plane:  and 
the  pressure  parallel  to  the  line  of  steepest  declivity  of  that  plane, 
when  it  slopes,  or  to  any  line  in  it,  when  it  is  horizontal,  will  l)e 
called  the  conjugate  pressure,  and  its  intensity  will  be  estimated  per 
jjnit  of  area  of  a  vertical  plane. 

Let  the  origin  of  co-ordinates  be  Uiken  at  a  point  in  the  conju- 
gate plane  vertically  alxjve  the  crown  of  the  proposed  arch  ;  let  x 
denote  the  vertical  co-oi-dinato  of  any  jwint,  and  y'  the  conjupiti" 
co-ordinate.  Lct^  be  the  angle  of  inclination  of  the  conjugate  plune 
■to  the  horizon.  Let  to'  be  the  weight  of  unity  of  volume  of  tin- 
material  to  which  the  pressure  is  due,  and  whose  upjior  surfaoj  is 
at  the  conjugate  ]>laue.  Tlien  the  intensity  of  the  vertical  pn^-wuro 
at  a  given  depth  af,  according  to  Theorem  I.  of  Article  1 2^,  i!» 

■p'.  =  \t{  X  •  coej: (1.) 

and  that  of  tlie  conj  agate  pressure 

p',  =  c' i>,  =  c'  to' of  -cos  j; (S.) 

c*  being  a  constant  ratio,  expressed  in  the  form  of  a  square,  for  a 
reason  which  will  aftenvards  npi>t'ar. 

Conceive  a  hydrostatic  nrch,  whose  verticAl  and  horizontal  ci>- 
ordinatee  are  x  and  y,  and  which  is  subjected  to  the  prcworci  of  a 
xoaterial  whose  weight  per  cubic  foot  is 

w  =  euycoBJ (3.) 

Then  at  any  given  point  in  that  hydrostatic  arch,  whost?  il' jrtli 
below  the  surface  Ls  «  =  «?',  we  shall  havi>  fur  thr  intensities  "i'  il  •■ 
vertical  and  horizontal  pressures 


p,  =  v!x  =  e\dx-  ooej  =  ep'^ 


'i w 


A'on'  Jet  the  figure  of  an  arch  be  traiutfiynwad  from  tliat  ■ 
hydrostatic  arch  by  iMurallel  \>rojeclvott,  \u  such  a  manurr  tliA 
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ftttical  oc>-ordmaC«   of  auj  point  in  the  new  arch   shall  be  the    1 
Ktnc  with  that  of  the  corresponding  point  in  the  hydrostatic  arch, 
Kid  th&t  tho  conjugcU«  co-ordutale  of  any  point  is   the  new  arcli 
Hball  bear  to  tho  horizontal  co-ordinate  of  the  corresponding  {)oint     I 
J^  the  hydrostatic  arch  the  constant  ratio  c;  that  is  to  say,  let  J 

■  i!  =  x;i/=ey (5.)        I 

I  The  totol  vertical  and  horizotUal  pressures  on  tho  arc  between 
^*ro  given  ]>oints  in  the  hyibostatic  ai-ch  are  respectively  I 

i\=  j  P.dy,  P,  -  j  p,dx. (6.)        I 

The  total  vertical  and  conju.gate  pressures  on  the  arc  between  tho 
Wfio  corresponding  points  in  the  new  arch  are  respectively  J 

I  F.=  /  P.dij;  P,=  /  p;dx; (7.) 

Ktd  if  into  these  two  exprt'ssions  we  introduce  the  values  of  y„  p',,     j 
m^,  and  d  y,  deduced  from  equations  4  and  5,  viz.  : —  I 

^H  I 

vc  find  the  following  relations   between  the  total   vertical  and 
Mrizontal  prcssorcs  in  a  given  arc  of  the  hydrostatic  arch,  and  the 
Kttul  vertical  and  conjugate  pressores  on  the  corresponding  arc  of 
^^^UUDifonncd  arch, 
^■Sr  P'.  =  p.;  F,  =  c  P, ; (8.) 

■eing  the  same  with  tho  relations  which,  according  to  equation  5, 
fcust  between  the  co-ordinate*  respectively  parallel  to  tho  pressures 
■d  question.  Therefore  the  transfoi'mcd  arch  is  a  parallel  projection 
B^^e  ociginal  arch  under  forces  represented  by  lines  which  arc  the 
^■^mi^ding  parallel  projections  of  the  lines  representing  the 
^mMTMting  on  the  original  arch:  therefore  it  is  in  equilibrio. 
The  conclusions  of  the  preceding  investigation  may  be  summed  up  I 
^»  tho  following 

I   TuEOKEM.     A  geo$talic  arch,  Iramformed  from  a  hydroitatic  arch     j 
mmwnKrving  the  vertical  co-ordinateg,  and  aubgtiliiting  for  the  kori-     I 
^^Hrf  co-ordinatet,  eonjugale  co-ordinalca,  either  horizontal  or  inclined,     I 
^^^t/lltered  in  a  given  ratio,  giis/ains  vertical  and  conjugate  pretsureii, 
^^^Uio  o/t/te  intensitij  of  the  conjwjale  pretsure  to  tliat  o/tiie  vertical 
^^Hhir«  being  (At  tujuare  of  tlie  ratio  cfthe  conjugate  co-ordinates  to 
^^^figiiuU  horizontal  co-ordinal(a.  I 

WTnis  ti-ansfoiTnation  is  exactly  aniilogous  to  that  of  a  circular     I 
■rch  into  an  elliptic  arch,  in  Articles  180,  161.  ' 

■  Let  To  bo  the  thrust,  hori/ojitnl  or  inclined  aa  the  csuse  TOa'jV*, 
w  Ujp  civuii  ofagnvitAtic  aivli.  and  T,  the  >*ertica\  t\vrtt!*.  ttX  ^V« 
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points  where  the  arch  is  vertical,  which  in  this,  as  in  other 
is  the  vertical  load  of  the  semi-arch ;  then 

To  =  eT, (10), 

All  the  equations  relative  to  the  eo-ordinate»  of  a  hydrostatic 
given  in  Article  1S3,  are  made  applicable  to  a  gecxttatic  arch,  I 

Bubetitutiiig  ar*  for  «,  and  —  for  y.    This  principle,  however,  is  up 

cable  to  co-ordinates  only,  and  not  to  angles  of  inclination,  radii  i 
curvature,  nor  lengths  of  arcs.     The  modulus  i,  and  amplitude^ 
arc  therefore  to  be  considered  as  functions,  not  of  inclinations, 
of  radii  of  curvature,  but  of  vertical  ordinates ;  that  is  to  say,  I 
Xq  be  the  least  vertical  ordinate  at  the  crown,  x,  the  vertical  * 
ordinate,  and  X  the  greatest  vertical  ordinate  at  the  loop  (^ 
are  the  same  in  both  kinds  of  arch),  then 


I  =  arc  cos 


Xa 


=  arc  COB 


aV) 


arcain 


X-sin* 


^/2«f— «J' 


(11 


and  r- is  the  same  function  oTt  and  9  for  a  geoetatic  arch,  that  J 

is  for  a  hydrostatic  arcL 

185.  gtere»«taiie  Arch. — This  term  is  employed  to  denote  a  line 

arch  sustaining  the  pressure 
material  in  which,  at  any  gi\ 
point,  there  are  a  pair  of  conjug 
pressures,   one    vertical,  and 
other  in  a  fixed  direction,  he 
ziiutal  or  inclined,  but  not  beari^ 
to  each  other  any  constant  prop 
tion,  nor  following  any  inva 
Law  as  to  their  intensities,  cxc 
that  of  being  of  tlie  same  intensil 
throughout  each   plane   which 
conjugate  to  the  vertical  pressui 
— a  condition  which  involves 
symmetrical  distribution  of  the  vfl 
ticftl  load  on  cither  side  of  a  ver 
cul  axis  traversing  the  crown  of  I 
aix'h. 

The  principal  questions  whi<( 
''^'  ''■  arise    respecting  any  st 

Mivi  are  compivheniod  under  iho  (oVlomn^ 
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Oivm,  Ihe  mode  of  dvAnbution  o/Ous  verClfol  prumre, 
X  figure  of  the  arch;  rojuired,  lite  mode  of  ditttdfUlum  oftkt 
^  ugatt  prettwre  neceasart/  in  order  to  produce  equilibrium,  and 
0,  tJu  Ihnut  at  eadh  point  of  the  arclu. 

^ASE  1.    When  tfte  direction  of  the  corijiigcUe  pregaure  it  Itorieonlal. 
IB  represcutcd  by  the  upjier  cUagmm  in  fig  1)1.     Lot  O, 
crown  of  the  arch,  be  taken  as  the  origin  of  co-ordinates ;  let 
Iks  vertical  and  Y  O  Y  horizontal     Both  the  figure  of  the  arch 
ud  the  forces  acting  ou  it  are  Eyiuinetrical  on  either  side  of  the 
vertical  axis  OX.      Let  p,  denote  the  intensity  of  the  vertical 
at  the  point  O,  and  r„  the  radius  of  curvature  of  the  arch 
\  that  point     Then  because  at  the  point  O  the  pressure  is  normal 
iiha  arch,  the  horizontal  thrust  along  the  arch  at  that  point  is 


1t=Pt,ro. 


(1.) 


Let  P,  denote 


C  be  any  point  in  the  arch,  whose  co-ordinates  are  O  X  =  a-, 
)  ^  y,  and  let 

kdy 
»  =arccotan-r- 
dx 
tlie  inclioaticm  of  the  arch  at  C  to  the  horizon. 
E  vertical  load  on  the  arc  between  O  and  C. 
From  C  draw  the  vertical  line  CW  to  repi-esent  P„  and  the 
ngcnt  C  T  forming  the  diiigonal  of  the  rectangle  C  W  T 11. T])cn 

fcT  wiU  represent  the  thrust  aloug  the  arch  at  C,  and  C  H  the 
ontal  comjionent  of  that  thrust;  and  if  this  be  dilfci-ent  from 
the  difference  must  be  made  up  by  means  of  the  horizontal 
iro  applied  to  the  arch  between  O  and  C.     To  express  this 
nbolically,  let  P,  be  the  amount  of  that  horizontal  pressure,  and 
*  the  thrubt  C  T  along  the  arch  at  C ;  then 


I 

Ktaeq 


T  =  ^  =  P.-coseci  =  P.  •  4^. 

smi  ax 


fhere  dt  denotes  the  increment  of  the  arc  0  C). 
The  horizontal  component  0  H  of  this  thrust  is 


T  •  cos  »  =  P,  •  cotan  t  =  P. 


dx' 


^ucntly  the  horizontal  pressure  which  must  be  applied  to  the 
between  O  and  C  to  maintain  equilibiium  is 


P,  =  T,  —  P,  •  cotan  i  =  Tj  —  P, 


Mm 


dy 
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and  if  this  equation  b«  fulfilled  at  every  jwint  of  the  arch,  it  will 
•ibe  balanced.— Q.  E.  L 

When  P,  is  poaitive,  it  represents  intoard  preanure,  such  as  may 
arise  from  the  resistance  of  the  materials  of  the  eparulril  of  an  arch 
to  compression.  When  P,  is  negative,  it  repi-cscnts  outward 
ymmre,  such  as  may  arise  from  the  resistance  to  compression  of 

portion  of  material  situated  below  tho  crown  of  the  ideal  Uiie:ir 
O  C,  or  tension,  such  as  may  arLse  fix)m  tenacity  in  the  gpandril, 
and  in  the  materials  connecting  it  with  the  arch, 

The  intensity  of  the  horizontal  pressure  is  found  by  taking  two 
jKjints  in  the  arch  indefinitely  near  to  each  other,  and  finding  the 
ratio  which  the  fwrtion  of  the  horizontal  presjure  applied  between 
them  bears  to  the  difference  of  their  vertical  ordinates.  Let  the  in- 
tensity required  be  denoted  by/),;  then 

„_^. «f(P.-cotani)_       ±(y^      ail 

^•-d»-  dx  -~  dx\'dx)-^^^\ 

(This  equation  comprehends  the  cases  already  coiisidere<i  in  Artid 
168,  of  a  cord  \indcr  vertical  loads,  or  an  arch  whose  figure  ia  tL 
of  such  a  cord  inverted ;   for  in  that  case,  P.  =  T,  tan  i,  and' 
P,  CO  tan  t  =  To  =  constant,  so  that  p,  =  0.) 

If  it  be  re<iuired  to  express  the  intensity  of  the  horizontal  presauro 
in  terms  of  that  of  the  vertical  pressure,  let  the  latter  intensity  ' 


P.= 


then 


p,= 


=  -rMl'-'>) w, 


JUttrided  Ca»«.     Let  the  arch  have  a  Iwrizmdnl  extmdos,  at  th" 
height  a  above  the  crown  O,  and  let  the  vertical  pressure  be  due  to 
the  weight  of  material  below  that  cxtrados;  then 

Pa  =  w a ;  p^  =  w  {a  +  x); 

and  the  vertical  load  becomes 

J^.=  J  P.dy  =  w  j  (a  +  x)d>/-^ 


tteing  proportional  to  tho  area  between  the  introdos  and  ext 
and  the  vertical  ordinates  at  O  and  C. 

Example,     L<?t  the  linear  arch  Iw  [lart  of  a  ciivlo  of  tho  radim 
n  itii  A  horizontal  extmdos  at  the  (.WHtawci;  r  +  a  from  its  contrr. 
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III  this  caao  it  is  convenicDt  to  express  all  the  variables  in  terms 
of  the  inclination  i  of  the  arch.     Thus  we  have 


a>  =  r  (1  —  cos  t) ; 
y  =  r  •  sin  i ; 
dx  =  r  'sin  idi; 
dy  z=  r  •  cos  i  d  i. 


■••■■•■«»ta«* •••••• 11*1 


It  is  nls<i  useful  to  make  a  =  mr,  m  being  the  iiitio  which  the 
depth  of  lo:i(I  at  the  cix)wti  bears  to  the  mdius.  Then  we  have  for 
the  thrust  at  O, 

To  =  f»wr'; (8.)_ 

au<l  for  the  vertical  load  between  O  and  C, 

T.  =  wf(n  +  x)di/  =  wr^  [{in+l — cos  »)  coaidi 

,  ( ,,        .    .     .       cos » sin  t       i    )  ,- , 

=  wr'|(l+m)sin» ^;} (9.) 

which  value  being  introduced  into  equation  4,  gives  for  the  inten- 
uty  of  the  horizontal  prcasnre 

_  dP,  _       (/(P,cotant)_ I_  _d(P,cotanO 

"        dx  d  X  rsint  d  i 

*"  *■      ^  i  It        \         •       cos*  t       ♦  cos  i  I 
sin  I    di  \^  J  2sintJ 

-                           ft                     ■       » —  cosisimX  „.^ 

=  ,o,(^l+,„_co8» 2sin't      )  (^^•) 


TTie  value  of  the  horizontal  prefsure  itself  is  given  by  introducing 
tho  ralnes  of  T„  and  F^  fi-oni  equations  8  and  9  into  eqimtion  3,  and 
w  as  follows  : — 

^  .1  /.    .      .         -1   cos'  i   ,   i  cos  i )       ., ,  . 

V,  =  wi'\m-{\  -V  «.)  cos  I  +  ^-  +  2^^.  j  ...(11.) 

horizontal  component  of  tho  thrust  of  the  arch  at  C  is  given 
tbo  equation 

'co8i  =  T4  — P,  =  ior'|(l  +7n)cos» ^ sHiTr  f  ^     ^^ 

When  1  =  0,  that  is,  for  the  crown  of  the  arch,  p,  takes  the  foJ- 
lowing  vulue: — 


""■('"-j)' 


SOS 
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80  that  for  every  circular  linear  ardi  iu  which  the  depth  of  loatl  at 
the  crown,  m  r,  is  less  than  ono-third  of  the  radius,  p,  has  neij'ii.lcs 
values  at  and  near  thu  crown,  showing  that  outward  horizi.>iiul 
prossurti  or  tension  is  required  to  preserve  equilibriiua.  In  such 
cfl3C8,  there  ia  a  certain  vaJue  of  the  angle  »  for  which  />,  =  0.  At 
the  point  where  this  takes  place,  P,  consequently  attiiius  a  7uy<Uiv« 
maximum,  and  the  horizontal  component  T  •  cos  t  of  the  thrust 
along  the  arcli  attains  a  positive  fiutximum,  greater  than  To,  liccauso 
of  P,  being  negative.  Let  this  jwint  be  allied  C„  and  let  the  in- 
clination of  the  arch  at  it  be  denoted  by  He  This  angle  must 
satisfy  the  transcendental  equation 


l-htn  —  cos  ^ 


—  cos  t.  Bin  ii, 
2  sin'  »■„ 


and  can  therefore  be  found  by  approximation  only, 
approximation,  may  be  taken 

3m+l 
t,  =  arc  •  cos  •  — ^ —  '' 

and  then  by  successive  substitutions,  nearer  and  nearer  approxi- 
niiitions  may  bo  found. 

Supposing  I,  to  have  been  thus  determined  to  a  sufficient  degree 
of  accuracy,  its  sul>stitution  for  i  in  tho  equation  12  will  give  the 
maximum  value  of  the  horizontal  component  of  the  thrust  of  the 
arch. 

By  expanding  or  contracting  the  horizontal  dimensions  of  a  cir- 
cular areh,  it  citn  be  transformed  into  an  elliptic  arch,  wliich  will 
be  balanced  under  forces  deduced  from  those  applied  to  the  circular 
arch  according  to  the  principles  expl.nined  in  Articles  ISO,  i"*' 
In  adapting  tho  equations  from  7  to  13  inclusive  to  an  • 
arch,  it  is  to  be  olKscrvcd  that  t  repre«*nta  not  tho  inclination  ui  im 
elliptic  arch  itself  at  a  given  point,  but  that  of  the  cirexilar  arch 
from  wliich  the  elliptic  arch  is  derived  at  the  corresponding  )■     ^ 

Case  3.  W/um,  the  direction  of  the  cmijvr/ate  pressure  if  «j. 
This  case  is  repivsentcd  in  the  lower  diagniui  of  fig.  91.  Tlio  ui- 
clincd  axis  of  co-ordinates,  Y'  O'  Y',  is  feiken  parallel  to  the  direc- 
tion of  the  conjugate  pressure,  and  touching  the  arch  at  the  point 
O',  wliich  is  now  its  crown.  Each  double  ordinate  of  the  arch, 
(7  X'  C  =  2  y",  is  bisected  by  the  vertical  axis,  on  either  side  of 
wliich  the  vertical  load  is  symmetrically  distributod. 

Let  _;"  denote  the  inclination  of  the  conjugate  pressure  to  the 

horizon,    Constnict  a  fmrallel  iirojoction  of  the  given  arch,  like  tho 

ii/ijier  diagram  of  the  tigure,  having  its  vertical  onlinattjs  equal  to 

ihoso  of  tho  disttirted  arch,  and  iVm  hu\:uj;>u.Uil  ordinatua  less  in  Uis 
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P,8ecj; 


....(14.) 


COS  J  :l ;  conoeivo  it  to  be  under  a  vertical  load,  of  equal 
at  to  that  on  the  distorted  arch,  and  similarly  distributed ; 
aino  th«  horixoDtaJ  pressures  required  to  keep  it  in  equilibrio; 
wUl  the  proficr  projection  of  thoee  pressures  keep  the  dis- 
ced arch  in  equilibria 

~lxe  relations  amongst  the  co-ordinates  of  the  two  arches,  and 
amoiuittt  and  magnitudes  of  the  vertical  and  conjugate  pres- 
snrea,  are  as  follows,  quantities  relating  to  the  distorted  arch  being 
distinguished  by  accented  letters : — 

of  =  x;  y'  =  y  sec  J*  J 

P.  =  P.jr,  =  T,8ecyjF,: 

//.  =  p^  cos  j ;  p',  =  p,  ace  / 

'  denote  the  conjugate  componenC  of  the  thrust  of  the  di»- 
,  arch  nt  any  point  C ;  then  we  have 

H-  =  T.  -  P,  =  (T,  -  P,)  seci; (15.) 

!  if  T  be  the  thrust  along  the  distorted  arch  at  C,  then 

r  =  J(F;+  H"  rt  2  H'  F,  •  cos  j) (IC.) 

poiutive  or  negative  sign  being  used  according  as  the  poiut  C 
the  di'pnssed  or  the  ele^-ated  side  of  the  arch. 

Poiutrd  Arches. — If  a  Unoar  iircli,  OS  in  fig.  92,  consLits  of 
i«,  B  C,  C  B,  meeting  in  a  point  at  C,  it  is 
'  to  equilibrium  that  there  should  be  cou- 
I  the  [x>int  C  a  load  equal  to  that  which 
I  been  diatributcil  over  the  two  arcs  AC, 
'  A,  eitoading  from  the  point  C  to  the  respective 
A,  A,  of  the  curvea  of  which  two  poi'tions 
lie  pointed  arch. 
T*Ml  Conjasaie  Tbnial  mt  liinear  Arcliri. — TllO  total  COn- 

I  thrust  of  an  arch  is  the  conjugate  component,  horizontal  or 
1,  as  the  case  may  be,  of  the  entire  pressure  exerted  between 
acmi-arch  and  its  abutment,  whether  directly,  at  the  poiut 
from  which  the  arch  springs,  or  above  that  point,  through  the 
jM«f  liiil  of  the  qmndriL 

~  |When  a  linear  arch  is  of  such  a  fijjnre  as  to  be  balanced  under  a 

of  which  the  pressure  is  wholly  vertical  (as  in  the  case  de- 

bbcd  in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 

lick  a  cord  would  hang,  loaded  with  the  same  weight  distributed 

he  same  manner,  its  conjugate  thrust  is  exerted  simply  at  the 

it  from  which  it  springs,  and  is  equal  to  the  conjugate  com- 

flf  the  thrust  along  the  arch,  which  is  a  constaat  c^vukiiU.Vj 

at  its  whole  exteuL 


A  Jk. 


Fig.  92. 
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When  an  areli  springs  vertically  fxom  its  abutments,  the 
of  springing  sugtains  the  vertical  load  of  the  semi-sirch  only ; 
the  conjugate  thi-ust  is  exerted  wholly  through  the  spantlril. 

In  other  cases,  the  conjugate  thrust  is  exerted  partly  »t 
point  of  springing  and  partly  through  the  spandril. 

Theorem.    Tlie  anumnC  o/tlie  conjugate  thrust  is  equal  to  ike  i 
Ljugale  eompoTtent  of  tJie  thrust  alcmg  Ute  arrJt  at  Oie  poiiU  witere  I 
VeompongrU  ig  a  maxijnum;  for  at  that  {xjint,  as  api)i-ai«  fr<)}n  the 
I  reasoning  of  Article  185,  the  intensity  of  the  conj^igate  pres^ur* 
f  between  the  arch  and  its  spandril  is  nothing :  it  is,  therefore,  en- 
tirely below  that  [>oiut  that  the  conjugate  thrust,  whether  ihniugli 
the  spandril  or  at  the  point  of  springing,  is  exerted ;  and  conse- 
quently tlic  amount  of  that  thrust  must  be  equal  to  the  maximum 
conjugate  component  of  the  thnist  along  the  arch,  which  is  balanoeil 
by  it.     The  point  of  the  arch  where  the  conjugate  component  of  the 
tlirust  along  it  is  u  maximum,  is  called  the  point  of  rupture, 
■  reasons  which  will  afterwards  appeal-.     It  may  bo  at  the  crown  J 
it  may  be  in  a  lower  jwsition,  to  lie  determined  by  solving  the  i 
tion   formed   by  making  the  intensity  of  tlie  conjugate  presenro 
lietween  the  arch  and  spandril,  as  found  by  ihv.  niL-thod  of 
185,  equal  to  nothing  :  that  is, 

f  -.-.^.'-Li^-'S-' 0 

This  equation  having  been  solved  so  as  to  give  the  position  of 
point  of  rupture,  the  corresponding  value  of  P„  being  the  vert 
load  supported  at  that  point,  is  to  be  computed ;  and  then  the  coi^a- 
gate  thrust  is  given  by  the  equation 

H,  ^max.  value  of  P,'^- ( 

(Where  the  conjugate  pressures,  as  is  generally  the  case,  are 

d  y 
zoutal,  -J-  =  cotan  » ;  and  the  value  of  t,  the  inclination  of  the  i 

which  fiUtUs  eqiution  1,  is  called  the  aivjle  of  rupture). 

When  the  point  of  rupture  is  the  crown  of  the  ai-ch  (as  in  hyi 
static  and  geostatic  arches),  equation  2  gives  no  result,  becau 

P.  vanishing  and  y   increasing  indefinitely;  but  it  has  alrmdy 

pl>een  shown  by  other  methods  that  in  this  case,  where  the  conjugnto 
pressnrea  are  lim-iztmtal — 

Ho=T.=/.„r„; (3^ 

jb  being  the  inteaiaiy  of  the  vertical  Votud,  «.ntl  r^  the  ntdiuH  of  ^H 
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» ;  but  in  order  to  form  an  equation  which  shall  be  applicable 

bcther  the  conjugate  prcssorea  and  co-oi-dinat<s  are  horizontal  or 
clined,  the  above  equation  must  be  converted  into  one  expressed 
t  terms  of  the  coK>rdinBte8 ;  that  ia  to  say, 


Ho  =  To 


(for2/  =  0)  =  -^(fory  =  0)...(4.) 


d      dx 

dy    dy  d y* 

d'x       1  _ 

•Tectanmiliir  co-ordiimtcs  -r—„  =r  —  nt  the  crown  of  the  arch,  so 
dy      ro 

tiiBt  equation  4  is  converted  into  equation  3. 

Thus  far  aa  to  finding  the  anuninC  of  the  conjugate  thrust     To 

find  the  pofitum  nf  it*  resuilant,  that  is  to  say,  the  depth  of  its  lino 

of  action  below  the  conjugate  co-ordinate  plane,  we  must  conceive 

it  to  act  against  a  vertical  plane,  extending  from  tlie  depth  of  the 

point  of  rupture  below  the  conjugate  co-oi-dinate  plane,  down  to 

the  depth  of  the  point  of  8j)ringing  below  that  plane,  and  find,  by 

the  method!)  of  Article  89,  the  vertical  co-ordinate  of  the  centre  of 

frretmire  of  the  plane  so  acted  upon.     That  is  to  say,  let  x,,  denote 

the  depth  of  the  point  of  nipture,  and  x,  that  of  the  point  of  sjiring- 

ing  below  the  conjugate  co-ordinate  plane  ;  p,  the  intensity  of  the 

conjugate  pressure  between  the  arch  and  sjiandril  at  any  point 

l*tween  those  points,  and 


H|  =  Hj  ■ 


I^P,*^*.- 


.(5.) 


the  conjugate  component  of  the  thrust  of  the  arch  at  the  poiut  of 
springing;  also,  let  x„  be  the  depth  of  the  resultant  conjugate 
thrust  below  the  conjugate  co-ordinate  plane ;  then 


a'n  = 


(" xp,  -dar  +  Hia:, 
=     ~  Ho 


.(6.) 


L    Circular  arcft  under  uniform  normal  pressure  of 
fty;  p.  183  (Art  179). 

— ■  n^  z=p  ■^p;  and  the  point  of  rupture  is  at  the  crown, 
(&e  horizontal  thrust  is 

Ho  =  T=pr (7.) 

Iict  tho  crown  be  taken  for  origin  of  co-oi-dinates,  so  that  Kg  =  0, 
Cask  1.  Semidrd*.     Here  x^=.r•,  H,  =  0;  and 

4p*i       ^ 


Xa  = 


2 


^>\ 
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Case  2.  Sogrnent     Inclination  at  spriaging,  t^     Hero  Xi  ^ 
(1  —  COB  i);  H|  =  p  r  •  cos  i;  and 


Xa' 


Jpa?  +  pr«,  "cosi 


pr 


=  r  n  (1  —  COS  i)'  +  COS  t  (1  —  cos  i))  =_  •  gin* <...( 

Example  TL    SenU-^iptU:  arch,  under  eemjugate  uni/urm 
anil  lurrisontal  pressures  (Art.   180).     Let  «  =  a;,  be  the  ftM^I 
TCT-tical  semi-axis;  eo  the  Lorizontal  semi-axis,  or  fiaf/span;  al 
let  the  origin  of  co-ordinates  be  at  the  crown.     Tlien  p,  =  (^p^; 
and  we  have 


H,  =  Tg 


a  p,  =  e*  ap.  =  c  P,;  ^a  =  ^  — •  0' 


Example  ITT.     Semi-elliptic  didorted  arch,  with  cotijugtUe  tmij 
verlictd  and  oblique  pressures  (Art.  181).     The  vertical  and  i 
pate  aeniidiamcters,  or  rise  and  inclimid  htif/spari,  being  demcj 
by  a  and  c  a  rpspectively,  the  equations  10  npi>ly  to  this  casQ  i ' 

JSxampU  TV.     Hydrostatic  arc/i  (Art.  183).     The  origin  ofi 
ordinates  being  taken,  as  in  the  article  referred  to,  at  the  poini'K 
the  extrados  vertically  above  the  crown,  we  have  p,  =p,:^  toSe,'i 


H„  =  To  =  1 


H,  =  0;  and 


Xb 


_-/: 


ic'd, 


Ho 


^2   z;  — aj 
3V  — aj" 


Emmple  V.     Geoslatic  arch,  with  horisontal  or  inclined  ( 
(Art.  184).    Here  p,  =  xox'  cosj;  p^  =  c'p^  :=  c*  w  x  •  c 

^« gt 

T,  =  c  P.  ^  c*  w  coe/  '-i-jr —  ;  and  consequently 


Xa 


_2.«?-aj 


1  the  last  example. 
Example  VI.     isemieircfdar  orcJi  with  lioriatmUd  eatrmdot, 
this  case  the  angle  of  rupture  i^  is  to  be  determined  by  me 
of  eqxiation  13  of  Article  18.5;  and  thence,  by  equation  12  of  j 
same  Article,  is  to  be  found  H<,.     The  springing  being 
we  have  i,  =  90°;  H,  =:  0.    Let  the  crown  of  the  areh  be  1 
origin  ;  then  ar=:r(l  —  cosi),  d«  =  r'8ini'd^  and  eq«a 
€  of  the  present  Article  becomei 
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iBg  =  =^  •   /     /;,sini(l — cost)"di; (13.) 

±L,     J » 


Example  Vil.  Circular  geym/fntal  arch  with  horiivrntrd  extrados. 
I/et  «,  be  the  inclination  of  tlie  arch  at  tho  springing,  P,  the  total 
tnlacal  load;  then 

H,  =  P.  cotan  i, (U.) 

Let  I'o  be  determinetl  as  in  the  last  example. 
Cask  1.    t,  >  or  :=  i;.     In  tliis  case  H,  =:  H,,  and  the  conjugate 
at  is  simply  the  single  horizontal  force  H,  at  the  point  of  spring- 

Casb  2.  i^  <  (',.  Find  Hg  as  in  the  last  example,  and  let  the 
oiigin  of  oo-onlinateR  be  at  the  crown ;  then 

*,  =  r  (1  —  cos  »,);  and  we  have 
=  —  •{  r" f    p,sin»(l  —  co««)-rft  +  rH,(l  — coaf,)  i  (15.) 

188.    A|>praxiniale  nrdrovlaUic  and  Gco«lalic  Arckn. — The  subject 

elliptic  functions  is  so  seMom  studied,  and  coin]>lete  tables  of 

kem  are  .^o  scarce,  tliat  it  is  useful  to  possess  a  method  of  finding 

^e  proper  proportions  of  hydrostatic  and  geostatic  arches  (Articles 

"  ,.184)  to  a  degree  of  approximation  sufficient  for  practical  pur- 

1^  using  algebraic  functions  alone. 

Such  a  method  is  founded  on  the  fact  that  a  hydrostatic  arch 

pproochcs  nearly  to  the  figure  of  a  semi-elliptic  ai-ch  of  the  same 

eight,  and  having  its  maximum  and  minimum  radii  of  curvature 

the  same  pruporCion. 

~  ?t  x,„  x„  as  in  Article  183,  bo  the  depth  of  load  of  a  hydrostatic 
at  the  crown  and  springing  respectively;  r„  r„  its  radii  of 
iture  at  those  points ;  a  =  x,  —  3\„  its  rise ;  y,  its  half-span, 
^ven  in  Article  183  by  means  of  elliptic  functions. 
Suppose  8  jeini-elliptic  arch  to  be  drawn,  having  the  same  rise, 
with  the  hydrostatic  arch;  let  /<.,  /,,  be  its  radii  of  curvature  at 
the  crown  and  springing,  whose  proportion  to  each  other  is  the  same 
villi  that  of  Uio  tadii  o£  the  hydrostatic  arch ;  that  vi  to  saj, 

*j  _  r,    _  5, 

1  of  this  semi-ellipae.     Then  because  the  cubes 

fftu  ellipse  are  to  each  other  inversely  as  the  radii 

fat  {lie  reepcctive  extremities  of  the  semi-axes,  we  have 

6  =  a  w  /  ^°  =  («.  —  a\))  A/  r^ ^-^ 


V. 


208 


TIU»RY  or  STRUCmiES. 


A  rougli  a]>)in>xiuiatiuu  to  the  lialf-sp&n  of  tLo  hydrostatl 
is  found  hy  making  y,  =  b;  but  this,  in  the  cases  wliich  oo 
j»ractice,  in  too  great  by  an  excess  which  voiies  between  A  ' 
Miwl  is  about  jV  on  an  avei-age.  Hence  we  may  take,  ns  fx  firiit 
approiimation  whose  utmost  error  in  practice  is  about  A,  and 
whoso  average  error  is  about  zin,  the  following  formuhi,  giving  the 
>  iiol/'span  in  terms  of  tlie  depths  of  load  at  the  crown  and  springioig  :— 


y^ 


20 


(«._a,)-^^ (|| 


Sa|ipo8c  the  nw  a  and  luUf-gpan  j/,  of  a  proposed  hydrostatic  arch 
to  be  given,  and  that  it  is  required  to  find  tho  depths  of  load ; 
tion  2  gives  us,  as  an  approximation, 


Xt  ~  U9o/' 


and  because  Xi  —  x,  =  a,  we  hare 

py.y 


Xi  =^  a- 


«•«  ^  *■ 


(§?■)■-'  (Sf)-' 


■la.) 


A  dtmr  approximation  ia  given  by  the  equations 

6' 


J/i  =  6 


&  =  y,  + 


30  a' 
30  a' 


A  scmiciixnilar  or  semi-elliptic  arch  may  have  its  conjugate  1 
approximately  determined,  by  considering  it  as  an  appnmmate  i 
'  tUUic  a/rdi,  as  follows : — 

Let  there  be  given,  the  half-span  of  the  arch  in  question,  horixontiJ 
or  inclined,  as  the  case  may  be,  y„  the  depths  of  load  ut  its  or 
and  springing,  a:o>  «i>  and  the  vertical  load  at  the  springing 
Determine,  by  equation  2  or  equation  4,  the  span  yi  of  . 
stoXic  arch  for  the  depths  of  load  a\„  x^  and  let 
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the  ratio  of  the  half-span  of  the  actual  arch  to  that  of  the  hydro- 
attc  arrh. 

The  actual  arch  may  now  be  conceived  as  an  approximation  to 
geoetatic  arch,  transfonned  from  the  hydrostatic  arch  by  pre- 
nng  its  vertical  ordinatcs  and  load,  and  altering  its  conjugate 
r<iinates  and  thrust  in  the  ratio  c.  The  conjugate  thrust  of  a 
fdrostutic  arch  being  equal  to  the  load,  we  have,  as  an  approxi- 
ation  to  the  conjugate  thrust  of  the  given  semi-elliptic  or  semi- 
■  arch, 

n,  =  cP, (6.) 


Section  3. — On  Friclional  StabilUi/. 

FricUon  is  that  force  which  acts  between  two  bodies  at  their 

I  of  contact,  and  in  the  direction  of  a  tangent  to  that  surface, 

as  to  resist  their  sliding  on  each  other,  and  which  depends  on 

be  force  with  which  the  bodies  are  pressed  together. 

There  is  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 

on  each  other,  wliich  is  independent  of  the  force  ■with  which 

Scy  are  prewed  together,  and  wliich  is  analogous  to  that  kind  of 

ength  which  resists  the  division  of  a  solid  body  by  slveariwj, — 

it  is,  by  the  sliding  of  one  part  upon  another.     This  kind  of 

sistimcu  is  called  ailfiesum.     It  will  not  be  considerad  in  the 

ent  wction. 

Friction  may  act  either  as  a  means  of  giving  stability  to  stntc- 
jrcs,  as  a  means  of  transmitting  motion  in  machines,  or  ns  a  csius« 
loss  of  {Kswer  in  machines.     In  the  present  section  it  is  to  be 
imdered  in  the  first  of  those  tliree  capacities  only. 
190.  imir  srSviM  FricUan. — The  following  law  respecting  the 
ction  of  solid  bodies  has  been  ascertained  by  experiment : — 
77k  /ridion  tohich  a  jritwi  pair  of  solid  bodies,  with  their  surfaces 
a  giveti  condition,  are  cajtabU  ofeocerting,  is  simply  proportional 
)  the/oTi-^  with  which  they  are  pressed  together. 
If  the  bodies  be  acted  upon  by  a  lateral  force  tending  to  make 
Iknn  slide  on  each  otber,  then  so  long  as  the  lateral  force  is  not 
iter  than  the  amount  fixed  by  this  law,  the  friction  will  be  equal 
bd  opposite  to  it,  and  will  kJance  it. 

Tlicrc  in  a  limit  to  the  exactness  of  the  above  law,  when  the 
gltecomcE  so  intense  as  to  crush  or  grind  the  parts  of  the 
:  and  near  their  surface  of  contact  At  and  beyond  that 
ait  the  friction  increases  more  rapidly  than  the  pressure  ;  but 
>t  limit  ought  never  to  bo  attained  in  a  structure. 
Prom  Ihr  law  of  friction  it  follows,  that  the  ivvcixOTv.  \«A.'««;Wx 
to  }>odiea  tiiuy  iv  computed  by  multiplying  the  tovcc  v.-\t\v«\\\f\» 
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thpy  arc  pressed  together  by  a  constant  co-efficient  wiuch  is  to  be 
dctcnnined  by  experiment,  and  which  depends  on  the  nature  of  the 
bodies  and  the  condition  of  their  siirfaces :  that  is  to  say,  lot  N 
denote  the  pressure, /the  co-efficienl  of/rictvm,  and  F  tho  force  of 
friction,  then 

F  =/N. 

191,  Amgic  of  BvpMc, — Let  AA,  in  fig.  93,  represent  any  solid 
body,  B  B  a  portion  of  tho  surface  of  anoUwr 
body,  with  which  A  A  is  in  contact  throughout 
the  phine  surface  of  contact  «  E  Let  P  C  re- 
present the  amount,  direction,  and  position  of 
the  resultant  of  a  force  by  which  A  A  is  arg»d 
oblique/}/  towards  B  B,  so  that  C  is  the  eeiUn  oj 
pressure  of  the  surface  of  contact  « E.  (Art 
89.) 

Let  P  C  be  resolved  into  two  roctangtdar  cotnponontj :  one, 
N  C,  normal  to  the  plane  of  contact,  and  pressing  the  bodies  to- 
gether :  the  other,  T  C,  tangential  to  the  plane  of  contact,  and 
tending  to  make  the  bodies  slide  on  each  other.  Let  the  total 
force  P  0,  be  denoted  by  P,  its  normal  component  by  N,  and  its 
tingcntial  component  by  T  ;  and  let  the  angle  of  obliquity  T  P  C 
or  P  C  N  be  denoted  by  S,  so  that 


Fig.  9S. 


.(1.) 


N  =  P  •  cos  <,                        ) 
T=P-Bin*  =  N-tanf  J  

Then  so  long  as  the  tangential  force  T  is  not  greater  than  fS,  it 

wiU  be  balanced  by  the  friction,  which  will  be  equal  and  opposite 

to  it ;  but  the  friction  cannot  exceed  /  N;  so  that  if  T  be  greater 

than  this  limit,  it  will  bo  no  longer  balanced  by  the  friction,  but 

will  moke  the  bodies  slide  on  each  other.     Now  the  condition,  that 

T 
T  shall  not  exceed  /TS,  is  equi^'alent  to  the  condition,  that  — , 

or  tail  I,  shall  not  escced_/! 

Hence  it  follows,  that  the  grentrgl  angle  of  obliquity  of  pmtmn 
bcficcen  lim  planes  whij-h  is  coTisislent  with  stability,  it  tA«  angle 
whose  tangmt  is  the  co-efficient  of  friction. 

This  angle  is  called  the  arrfh  ofrrpoee,  and  is  denoted  by  9.     It 

is  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which  a 

block  of  a  given  sub.stance  will  remain  in  oqniiibrio  upon  it ;  for  if 

P  i-epresents  the  weight  of  the  Ixidy  A  A,  so  that  PC  is  vertical, 

and  f  =:  9,  then  9  is  tho  inclination  of  B  B  to  the  horizon. 

Tlxc  fcJations  between  tlic  frictvoti,  ttvc  ■uwrsBsX  ^fwwujw.  Mid  tlia 


^RK^pti'Muiv. 


FnicnoKAi.  STABiLmr  or  plane  jonrra. 


211 


p,  when  the  obliquity  is  eqaal  to  the  angle  of  repose, 
are  given  by  the  following  equations : — 


P  =  T  =/N  =  N-tan*  =  P-nmp  = 


ji+r' 


.(2.) 


192.     Takic   of  Co-elBclcnu  of  Friction  and  Aimica  mt 

"Very  extensive  tables  of  the  co-etEcients  of  friction  of  diiferent 
natetiaJs  used  in  construction  are  published  in  the  works  of 
General  Morin  of  the  French  Artillery,  and  have  been  reprinted 
in  various  treatiiies.  The  following  is  a  condented  table  compiled 
from  General  Morin's  tables  and  from  other  authorities,  gi\'ing 

tiioBe  constants,  and  also  the  i-eciproeal,  ■>  =  cotan  9,  for  the 

imlwiiilii  of  structures,  arranged  in  a  few  comprehensive  classes. 
Its  pnictical  utility  is  oquiU  to  that  of  the  more  voluminous  and 
detailed  tables  from  which  it  has  been  condensed  :— 


Dry  miMoniy  and  brick- 1 

(■work, J 
■sonty  and  brickwork,  1 
with  damp  mortar, / 
Ittber  on  stone, 
on  on  stone, 

Timber  on  timber, 

Timber  on  metals, 

Metals  on  metals, 

Masonry  on  dry  clay,.... 
Masonry  on  moist  day,.. 

£trth  on  earth, 

Euth  on  earth,  dry  sand,  1 
clay,  and  mixed  earth,  j 
Eartli    on    earth,    dami: 

clay, 

Euth  on  earth,  wet  clay, 

Earth  on  earth,  shingle 

and  gravel, 


:} 


0'6  to  o'7 

074 

about  o'4 
07  to  0-3 
o'5  to  0-3 
0'6  to  0'3 
©•25  to  o'i5 
0-51 

o'33 
0-25  to  i-o 

0-38  to  o  75 

I"0 

0-31 
o'Si  to  i-ii 


31°  to  35' 
36°i 

32° 

35'  to  16^ 

26  Ito  Il°i 
31°  to  ll°i 

14°  to  8"! 

14°  to  45' 

21"  to  37" 


45 

if 

39°  to  48' 


I  67  to  1-43 

1-35 

I  43  to  333 

2  to  5 

1-67  to  g 

4  to  667 

I  96 

3 
4  to  I 

263  to  I  33 

I 

3*3 
1-23  to  0'9 


93.    Trivtional  (Habilltr  of  Plane  Jalnla. — In  a  StrUCturO  COm- 

of  a  number  of  piocea  connected  only  by  touching  each  other 
pUue  S'l- "         '      is  tho  ca.se  in  masonry  and  btick.wotV\ '\\i S& 
t<  ■  thnt  the  obliquity  of  the  pressuie  Bko\]^4  aX  'BO 

Bt  exceed  the  iiu^le  of  repose. 
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In  structures  of  masoniy,  this  condition  can  almost  always  l)« 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principles  depending  on  the  effect  of  friction 
in  promoting  the  stability  of  masonry,  ■»nll  be  considered  in  snbs*-- 
quent  sections. 

194.  Friciianoi  BtabiUnr  of  Euib.* — A  structure  of  earth,  whether 
produced  by  excavation  or  by  embankment,  preaen-es  its  figure  at 
first  partly  by  means  of  the  friction  between  its  grains,  and  partly 
by  means  of  their  mutual  oohaiion  or  tenacity;  which  hitt/r  forw 
IS  considerable  in  some  kinds  of  earth,  such  as  clay,  especially  when 
moist.  It  is  by  its  tenacity  that  a  bank  of  earth  is  enabled  to  stand 
with  a  vertical  face,  or  even  an  overhanging  face,  for  a  fi?w  feet 
below  its  upt)er  edge;  whereo!?  friction  alone,  as  will  afterwards 
appear,  would  make  it  assume  an  uniform  slopw. 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  that  its 
friction  is  the  only  force  which  can  be  relied  u{K)n  to  product^ 
permanent  stability.  In  the  present  investigation,  thfrffore,  the 
stability  of  a  mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other 
material  consisting  of  separate  grains,  will  be  treated  as  arising 
wholly  from  the  mutual  friction  of  those  grains,  and  not  from  any 
adhesion  amongst  them. 

Previous  re.'iearches  on  this  s\ibject  are  based  (so  far  as  I  am 
acquainted  with  them)  on  some  mathematical  artifice  or  assumptiou, 
such  as  Coulomb's  "Wedge  of  Lea.<>t  Resistance."  Researches  so  base<I, 
although  leading  to  true  solutions  of  many  special  pr  ' '  n: 

both  limited  in  the  application  of  thfir  results,  and  uii  '  v 

in  a  scientific  point  of  view.  I  propose,  therefore,  to  mvestig.it<' 
the  mathematical  theory  of  the  frictional  stability  of  a  granubir 
mass,  without  the  aid  of  any  artifice  or  assiunption,  and  from  the 
fol  lowing  sole 

Principle.     Tfte  resutance  to  duijyfacemfiit  In/  xtiding  (/■' 
given  plane  in  a  loose  granular  ma«»,  ig  eqiml  to  the  normnl  /- 
exerlid  bettreen  the  parts  o/ t/ie  tnatt  (m  «itlter  ride  of  that  /'"-'. 
multiplied  by  gpecijic  amttant. 

The  specific  constant  is  the  co-effielent  o/  friction  of  the  mass,  and 
is  the  tangent  of  the  aitgte  if  re/xu^.  Let  p,  denote  Iht!  normiU 
pressiire  per  unit  of  area  of  the  plane  in  question;  g  the  resistatin* 
to  sliding  (per  unit  of  area  also);  Ji  the  angle  of  repose;  then  the 
symbolical  expression  of  the  above  principle  is  as  foliorws : — 


-  =  tanip. 
P. 


.«.(L) 


*  Thh  and  (he  croaini;  Article*  of  the  pnsvnt  MvtloD  are  to  a  great  txlml  tbrUexl 
from  m  ptper  "  On  the  Stability  o!  liWM  CAiVix"  ^n  %bt  PhilatofMotl  7V<nu<i(«taiu 
for  IHoli-T. 
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Tliis  piinciple  forms  the  basis  of  every  investigation  of  the  sta- 
bility of  earth.  The  p<^uliarity  of  tlip  present  investigation  consists 
in  its  deducing  the  laws  of  that  stability  fi'om  the  above  principle 
alone,  without  the  aid  of  any  other  special  principle.  It  will  in 
Dome  instances  be  necessary  to  refer  to  Mr.  Moseley's  "Principle 
vt  the  Least  Resistance ;"  but  this  must  be  regarded  not  as  a  special 
lirinciple,  but  as  a  general  principle  of  statics. 

In  tt  granular  mass,  any  plane  whatsoever  may  bo  considered  as 
»  plane  joint,  in  the  sense  in  which  that  term  has  been  employed  in 
Article  193  ;   and  hence,  and  Irom  the  principle  already  stated, 

fulloWB, 

TuEORCX  L  II  is  necessary  to  tlte  stability  of  a  granvlar  mass, 
that  the  direction  oj'tlte  pivssure  between  the  portions  into  which  it  is 
divided  by  any  plane  slunJd  not  at  any  point  make  with  the  lu/muil 
to  that  plane  un  anyle  exceeding  the  angle  of  repose. 

Kroju  what  has  been  already  proved,  respecting  internal  stress, 
in  Poi-t  1.,  Chap.  \.,  Sect  3,  and  especially  in  Articles  108  to  112 
iiK  luslvc,  it  is  cNndent,  that  the  plane  at  any  point  in  a  mass,  on 
w  liiih  tlie  obliquity  of  the  j)re88ure  is  greatest,  is  perpendicular  to- 
Uif  phiue  wluch  contains  the  axes  of  greatest  and  least  jjressvn-e, 
— the  j)n'.ssuri!  of  greatest  obliquity  being  parallel  to  that  plane  ot 
^rc'iitest  and  Icu^t  ])re88ure. 

The  relations  amongst  the  intensities  of  the  pressures  in  a  solid 
matts,  whiih  are  parallel  to  one  plane,  os  represented  by  the  "  Ellipse 
of  Stress,"  have  been  investigated  in  Article  112.  The  present 
caJBT,  of  a  mass  of  earth,  is  one  in  which  a  limit  to  the  greatest 
,JJ,.y,iiiy  is  assigned;  viz.,  that  it  shall  not  exceed  the  angle  of  re- 
.  t-  ^>B  relation  between  that  greatest  obliquity  and  the 
^-..il^'st  and  least  pressures,  has  been  found  in  Article  112,  Pro- 
blem 111.,  Case  1,  equation  C,  viz. : — 


f,  ^  arc  '  sin 


p,  bdng  tikken  to  represent  the  greatest,  and  /»j  the  least  pressure, 
and  #,  the  greatest  obliquity  of  pressure.     By  Theorem  I.  we  have 

(vs  I)i.-rp.  .^^  means,  "lesstJianor  equal  to;"  that  is,  "not  greater  than"). 
lience  follows  the  following  equation ; — 


Pi— Pi 


=  sin  f  .^  sin  i 


(2.) 


(ir  in  words, 

TuEOBEM  n.  At  each  point  m  a  mass  of  earth,  the  ratio  qftlie 
difference  of  the  greatest  and  least  pressures  to  their  sum  eamtot  exceed 
fJ>t  sine  of  the  angle  of  repose.. 
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Another  symbolical  expression  of  this  Theorem  is  as  followi: — 
Pi^]_±.E^ (8  A.) 


f^^  When  the  directionB  of  euij  pair  of  conjug&te  precsaires  in  tho 
plane  of  greatest  and  least  pressure  in  a  mass  of  earth  are  given, 
the  limits  of  the  ratio  which  the  intensities  of  those  pressures  " 
to  each  other  are  given  by  the  solution  of  Problem  V.  of  Article  1 

^H      equation  27.     In  that  equation,  make  nr:=t,  the  common  oblii 
^V      of  the  pair  of  conjugate  pressures,  and  let  t,  i-epresent  the  gre«t< 
adrtal  obliquity  of  pressure  in  the  mass,  which  must  not  exceed 
then  p,  as  before,  being  the  greater  conjugate  pressure,  and  p' 

I      less,  we  obUin  the  following  {jrojioeition  : — 
Theouem  in.     The  /othuring  ia  the  expresfion  ofiht  comiMom  q^ 
the  stability  of  a  matt  of  earth,  m  terms  of  the  ratio  of  a  pair  of  con- 
jugate  pressures  tn  the  plane  ofgreateal  arid  least  preetures: — 


(^ 


p  _  COB  / -h  ^  (coe*  ' — C08*  *,)  ^^coB  t+  J  (cos*  t — cos**) 
pf~0OBf—J  (coe'  t  —  cos" /,)  —  cob'  -  V  (cos'^ —  cos'*)' ■ 

195.  HIiMa  of  Eanli  with  Plane  SnrTace. — Although  the  I 
principles  can  be  applied  to  a  mass  of  earth  with  a  surface  of  M 
figure,  their  most  useful  application  is  to  a  m.oss  bounded  above  1 
a  plane  surface,  either  horiz4)ntal  or  sloping.  For  such  a  mass,  tl 
three  Theorems  of  Article  125  arc  true,  and  may  be  summed  up  ( 
follows: — the  pressure  on  a  plane  parallel  to  the  Tipper  plonn  sil 
face  (which  may  be  called  a  coryvgate  plane)  is  vertical,  aud  pr 
portioual  to  the  deptli : — the  pressure  on  a  vertical  plane  is  pomll 
to  tho  upper  plane  surface,  and  conjugate  to  tho  vei-tical  pressure : 
the  stivte  of  stress  at  a  given  depth  is  uniform. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  earth ;  x  \ 
deptli  of  a  given  conjugate  plane  below  the  surface ;  i  the  inclinatia 
of  that  conjugate  plane;  then  the  intensity  of  the  vertiail  pr 
on  that  conjugate  plane  is 


p.  =  wx  •cos/.. 


a) 


The  limits  of  the  intensity  p,  of  the  conjugate  pressm-e,  pomllel 
the  direction  of  steepest  declivity  (when  the  surface  slopes)  on  I 
vertical  plane,  at  the  samo  depth  x  below  the  surfiice,  are  dcduc 
from  tho  equation  3  of  Article  194,  by  considering,  tliat  this  coa 
jugate  pressure  may  be  either  the  greater  or  the  leas  of  the  jv ' 
of  prussurea  tho  limits  of  whose  ratio  are  given  by  that  equ 
so  that  if  we  use  the  symbol 
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to  tifpufy,  "a  is  DOt  greater  thna  6  +  e,  and  not  leas  than  b  —  c," 
ve  obtaiu  the  following  result : — 


.tox-coa  t 


COB  t  :±:  ^  (cot?  t  —  cos'  ^) 
C08  *  Zf:  J~{(X>S'  I C08*  f)" 


,.(2.) 


ben  till)  plane  sor&ce  is  horizontal,  8o  that  cos  ^  =  1,  equations  1 
~  i  bnoonw 

1  r±:  sin  9 


^  '  '^*  ^^  1  =f5  sin  *' 


(3.) 


I  might  have  been  inferred  from  Theorem  II.  of  Article  194. 
When  '  =  *,  or  tchcn  the  slope  it  the  anglt  ofrepote,  the  limits  of 
ft  intensity  of  the  coujugute  pressure  coincide,  and  it  has  but  one 
iuc,  viz. : — 

p^z=wx  "COS  9=^Pm (4.) 

all  values  of  t  greater  than  9.  equation  3  becomes  impossible; 
ahow-B  what  is  otherwise  evident,  that  the  angle  of  repose  ia 
ipeet  possible  slope. 

is  a  third  pressure  which  may  bo  denoted  by />„  in  a  direction 

dicnlar  to  the  lirst  two,  p,  and  /),;  that  is,  horizontal,  and 

lodicular  to  the  vertical  plane  in  whicli  the  declivity  is  steepest; 

the  intensity  of  that  third  pressiire  will  be  considered  in  a 

ueut  Artiele.      It  is  of  secondary  importance  in  practice, 

■wsUs  for  the  support  of  sloping  liauks  of  earth  are  genc- 

so  as  to  resist  the  pressure  of  the  earth  in  the  direction 

t  declivity. 

the  exception  of  equation  4,  the  e<|uation8  of  the  present 
ick'  give  only  ihe  /imils  of  the  intensity  of  the  cocgugate  pressure 
"  1  to  the  Ntot'iii'xt  declivity.     To  find  the  exact  intensity  of 
ure,  it  is  necessary  to  have  recourse  to  a  statical  principle, 
(liscovercd  by  Mr.  MoseJey,  which  is  stated  in  the  following 
iclc 

196.   Prlacl»le    af   I.MU   Bcaltfrnuc. — ^ThEOREIL      1/  the  forcet 

ich  halanin  eaeft  other  in  or  upon  a  ffiveu  bixty  or  structure  be 

in/ied  into  two  syslcmn,  called  re^ptctivo't/  active  and  passiTe, 

f stand  to  each  other  in  tlte  relation  o/ cause  and  effect,  tken  toiU 

t  pMsive /oreeJi  be  the  least  which  are  capable  of  balancing  tlie  active 

f,  eoniiMtently  loiUi  the  physical  coruiition  q/'tJie  body  or  atmclura. 

For  the  passive  forces  being  caused  by  the  application  of  the 

ve  forces  to  the  body  or  stnictiire,  will  not  increase  after  the 

v«  foicos  bav«  been  balanced  by  them}  aud  ^ili  tli«ie{oi«i 'u.(A> 
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increase  beyond  the  least  amount  capable  of  balancing  the  actil 
forces.— Q.  K  D. 

197.    Earth    t.aadcd   with  lu  owa  Wclfhl. — In  a   maSS   of 

loaded  with  its  own  weight  only,  the  gravitation  of  the  earth  can 
the  vertical  pressure,  the  vertical  pressure  causets  a  tendemv 
spread  laterally,  and  the  tendency  to  spread  causes  the  con 
pressure;  therefore  the  vertical  and  conjugate  pressure*  slu-.-  .. 
each  other  in  the  relation  of  cause  and  eilect,  or  active  and  passivo 
respectively;  therefore  the  intensity  of  the  conjugate  pressure  is 
the  least  which  is  consistent  with  the  conditions  of  stability  given 
iu  Articles  194  and  195. 

Applying  this  principle  to  the  equations  of  Article  195,  relative 
to  a  bonk  with  a  plane  upper  surface,  they  become  the  following : — 

Vertical praeure  {&a  be{oK),  p,  =  wiccos* 


Conjugate  pressure  parallel  to  steepest  declivity  ;- 
Oeneml  case, 


.    cos  «  —  J  (cos'  »  —  cos'  #)  „  . 


Tlorizontol  surface,  /  =  0,  cos  <  ==  1 ;  p,  ==  u?  a; ; 


p^:=U}  X  • 


1  —  sin  f  _ 
1  +  sin*'" 


(3). 


"  Natural  slope,"  t  =  t, 


p^  =:  p,  :=  W  X  •  COS  ^. 


The  third  pressure  p,  is  found  in  the  following  manner.  Bein 
pei-pendicular  to  the  plane  of  p,  and  p,,  it  must  be  a  principal  j 
sure  (Arts.  107, 109).  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stability,  and  must  therefore  be  equiJ  to 
the  least  pressure  in  the  plane  of  p,  and  p^ 

The  greatest  and  least  stresses,  or  principal  pressures,  in  that 
plane,  are  to  be  found  by  means  of  Problem  HI.  of  Article  112,  chso 
3,  from  the  pair  of  conjugate  pressures  p„  p,,  whose  obliquity  is  t. 
Letpi  be  the  greatest,  and  p,  the  least  principal  pressure;  Ujen  ix. 
equations  19  and  20  of  Art  112,  for 


we  are  to  substitute  respectively. 


A 
nr.p. 


ft. 


,  giving  the  /olJ<rK'iog  results  •. — 


STABILITY  OP  EARTH. 

yi-hp»  ^  P.  +  P, wx'coet 

2  2  008  *       COS  <  +  ^  (cos*  I  —  ain'  ♦)' 

»_    /  /  (P'  +  P>y       „  „  1  iga;-coa/-8in» 
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[  consequently, 
iiteat  pressuiv,  p, 


w  «  •  cos  /  •  (1  +  sin  f) 
cos  t-^-  J  (cos*  *  —  cos*  p  ' ' 


.(7.) 


«t  pressure,  /Jj  =  jj,  = 


io  X  •  cos  '  (I  —  sin  #) 


cos  I  -\-  J  (cob'  <  —  cos*  ♦)  ■ 


.(&) 


klie  axis  of  greatest  pressure  lies  in  the  acute  angle  between  the 
•cation  of  greatest  declivity  and  the  vertical;  and  its  inclination 
hf  horizon,  which  may  be  denoted  by  4*,  is  given  by  the  follow- 
fonnula,  deduced  from  equation  17  of  Article  112,  by  making 
the  proper  substitutions : — 


cos  2 1^  = 
ich  is  easily  deduced, 
1 


2p,coB/— p,— p, 
Pi— ft 


,        1   f  ^  j^  .    sin  < 

2  I      '  sin  ^  / 


.(9.) 


Tn  xning  thia  foi-mula,  the  arc  sin  — —  is  to  be  taken  as  greater 

thiu)  n  right  angle. 
Tlie  following  are  the  results  of  the  equations  7,  8,  9,  for  the 
ae  casee: — 


Ilorixontal  surface,  I  ^Q; 
1  —  ain  f 


p,  =  p.=  wx- 


1  +  sin  f 


=  P, 


■  (10.) 


^  =  90°,  or  the  axis  of  greatest  pressuit;  is  vertical  . 

Natural  Slope,  I  =  P; 

p,  =  «oa;(l  +  sin  f); 

p,  =  p.  =  w  a;  (1  —  sin  ♦); 

•i-  (/  ••  90"),  or  tlie  axis  of  greatest  pressure  bisects 

tlir  angk'  between  the  bIojm;  und  the  verticaL 


1 


(11.) 
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Fig.  04. 


198.   PreMara  9f  Kaftk  acalnu  a  Tcnfaal  Plane. — In  fig.  94,  let 

jy  OX  rcpix'sont  a  vertical  plane  in  or  in 
contact  with  a  moss  of  earth  whosa  upper 
Burtiice  Y  O  Y  is  either  horizontal  or  in- 
clined at  any  angle  /,  and  ia  cut  hy  the 
vertical  plane  in  a  direction  pfrpoudiciilur 
to  that  of  steepest  declivity.  It  is  required 
to  find  the  pressure  exerted  bj'  the  uartli 
against  that  vertical  plane,  jxir  unit  of 
breadth,  from  O  down  to  X,  at  a  depth 
O  X  =r  X  beneath  the  surlacc,  and  the  direction  and  position  of  the 
resultant  of  that  pressure. 

The  dircHioH  of  that  resultant  is  already  known  to  be  parallel  to 
the  declivity  Y  O  Y. 

Let  B  B  be  a  plane  traversing  X,  parallel  to  Y  O  Y.     Tr  ■"'-n' 
plane  take  a  point  D,  at  such  a  distance  X  D  from  X,  t>: 
weight  of  a  prism  of  curth  of  the  length  X  D  and  haviti- 
base  of  the  iirra  unity  in  the  phine  0  X,  shall  represeni 
sity  of  the  conjugate  pressure  per  unit  of  ai-ea  of  a  vcrtii:;ii  | 
the  depth  X.    Draw  tlic  straight  line  O  D ;  then  will  the  oii - 
parallel  to  O  Y,  drawn  from  O  X  to  O  D  at  any  depth,  be  tlie 
length  of  an  oblique  prism,  whose  weight,  per  unit  of  arra  of  its 
oblique  base,  will  bo  the  intensity  of  the  conjugate  pressure  at  that 
deptk     Let  O  D  X  be  a  triangular  prism  of  earth  of  the  thickrif^w 
unity ;  the  weight  of  that  prism  will  bo  the  annrtmt  of  tlic 
gate  pressure  sought,  and  a  line  parallel  to  O  Y,  travcrsu 
centre  of  gravity,  and  cutting  O  X  in  the  centre  of  pretsura  C,  will 
be  the  position  of  the  re.sultunt  of  that  pressure.     The  depth  O  O 
of  that  centre  of  pressure  beueatli  the  surface  is  evidently  two- 
thirds  of  the  total  depth  OX. 

To  express  this  symbolically,  make 


XD  = 


w  ■  COS  S  p. 


■  ^(cos'  I  —  cos' t)  _ 


COS  *  +  ,7 (cos'  /  —  cos' t)  '' 
(by  equation  2  of  Article  197); 


.(1). 


then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  prism 
OXD,  is 

T,  =  Jlp,-d.=^J}.dr. 

S  p,  2  00S<+^(«»'#  — CM'f)'     *    ' 
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tad  the  centre  of  pressure  is  given  bj  tLe  equation 

—       2j« 

0  0=^ (3.) 

,  tho  extreme  cases,  equation  2  takes  the  following  forms  : — 
'  a  horizontal  surface;        '  =  0; 

_to*»    1— yin»  .. 

'~    3       l  +  ainp" ^*-' 

•  a  surface  sloping  at  the  angle  of  repose ;       4  =  9; 

I^,  =  -2-'«»f. (5.) 

The  principles  of  this  Article  srrvc  to  determine  the  pressure  of 
th  against  retaining  walls,  as  ■will  aftcrsvards  be  shown. 
199.  flapp«rlliic  Pawcr  9t  Earih  Foimdiitiana. — The  t«ro  preced- 
* -*•■-'''«  refer  to  the  case  in  which  the  conjugate  pressure  at  a 
li  is  cauBe<l  solely  by  tlie  vertical  pressure  duo  to  the 
«irth  above  that  point,  and  is  therefore,  in  virtue  of  the 
iple  of  least  resistance,"  the  least  conjugate  pressure  eonsis- 
'th  the  weiglit  of  the  vertical  column  of  earth  in  question, 
the  conjugat*'  pressure  may  be  increased  beyond  tbat  least 
nts  by  the  application  of  the  pressure  of  an  external  body;  for 
exxmpk;,  the  weiglit  of  a  building  foundetl  on  the  earth.  In  this 
cue,  the  c<>njug:«te  pressure  will  be  the  ka»l  wliich  is  consistent 
»ith  the  vertical  pressure  due  ia  the  weight  of  the  building;  and 
if  that  conjufiate  pressure  docs  not  exceeil  the  ffreatest  conjugate 
consistent  (according  to  equation  2,  3,  or  4  of  Article 
ilh  the  weight  of  the  tarth  alwve  tho  same  stratum  on  which 
Jding  rests,  the  mass  of  rartli  will  l)c  stable, 
[The  nicwt  important  case  in  practice  is  tliat  in  which  the  surface 
the  ground  is  horizontal ;  so  that  the  intensity  of  the  vertical 
r  dne  to  the  weight  of  tlie  earth  is  to  x  ;  x  being  the  depth 
f  U)«  base  of  the  foundation  of  the  building  hclow  the  surfiiu^e  of 
I  f*rth. 
.this  cose,  the  greatest  horizontal  pressure,  at  the  depth  x,  con- 
k^th  stability,  as  given  by  equation  3  of  Article  195,  is  as 

1  +  sin  »  ... 

»,  =  »»•  -z -7 —  ; (1.) 

^te  ptaitest  intensity  of  vertical  pressure  consistent  with  tlvia 
IptCMoru  is 
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p,  •  -, r-^  =  wx  I   : — )  ; (8.) 

'^'     1 — siaf  \1 — Binf/'  ^ 


iinil  tUis  is  <Atf  greatest  iiitensiti/  of  pressure,  consistent  with  ttabilily,  of  a 
buiUUnij  J'ounded  on  a  horuonlal  stratum  of  earth  at  the  depth  x,  </ie 
angle  of  repose  being  9. 

It'  A  bu  the  area  of  the  foundation  of  the  building,  to  z  A  will 
bt'  the  weight  of  earth  displaced  by  it ;  and  if  the  pressiire  of 
the  building  on  its  base  be  uniformly  diatributed,  //  A  will  be 
the  weight  of  the  building;  so  that 


r_  ^  /I  +  sin  A' 

iDX        \1 — sinf/  "    *         •••  \   / 


is  the  limit  of  Vie  ratio  in  tchich  the  weight  of  a  building  exceeds  the 
weight  ofearOi  displaced  by  it,  when  the  pressure  is  uniformly  dis- 
tributed over  the  base. 

If  the  prcssui-o  of  the  building  be  not  iinilbnuly  di«tTibut«Hl 
over  the  base,  its  yreatent  intensity  must  not  ejcceed  t.liftt  given 
by  equation  2,  and  its  leaal  intensity  must  not  fkll  short  of  to  x. 
This  condition  determines  the  greatest  inequality  of  dLgtrU>\Uion 
of  the  pressure  of  a.  building  which  is  consistent  with  the  stability 
of  a  given  kind  of  eoi-th.  The  most  useful  and  frequent  example 
of  this  case  is  that  in  which  the  base  is  rectangular,  and  the 
intensity  of  the  pressure  increases  at  an  uuifonu  rate  from  one 
edge  to  the  opposite  edge  of  the  rectungle,  being  an  unifvriidij 
vart/ing  stress  (Articles  91,  92,  94).  In  this  case,  let  p„  .1 
the  mean  intensity  of  the  pressure  of  the  building,  b  the  1 
of  its  base  in  the  direction  along  which  the  pressure  varies,  juid 
el  the  utmost  deviation  of  the  centre  of  pressui-e  of  tite  base  from  its 
centre  of  ^figure,  consistent  with  the  stability  of  the  earth  which 
sup]K)rts  it;  then 

'^^:-> (4.) 


p'  -\-wx 


e  = 


(1-sinf)' 
ain  p 


p'  —  wx 
6  (/  -h  wa:)  ~  3  (1  +  sin'  f) 


(.5.) 


2Q0.    Abniiinit  Power  of  Eartk. — If  a  vertical  phine  Surface  of 
some  Ixxly  which  is  pressed  horizontally,  such  as  a  buttress,  or 
u  retaiiiiug  wall,  abuts  or  presses  horizontally  against  a  horizontal 
layer  of  earth,  of  the  depth  x,  the  limit  of  the  t     " 
that  layer  is  capable  of  opj»osing  to  the  horizont. 
vertical  plane   is  determined   by  the  greatest  horm.mlai   j.i 
consistent  with  UiQ  stability  of  the  CAith.     Ucnce  the  um"  . 
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Ittt  horizontal  resistance,  per  unit  of  horizontal  breadth  of  the 
vertical  abutting  plane,  is  given  hj  the  equation 


p  too?    1  +8in» 

'~    2    'l— sin* 

2a;, 


rhe  centre  o/renBlcmee  is  at  -^  below  the  snr&ce  of  the  earth. 

201.  TaMe  of  Exaoariea  of  the  results  of  the  formuln  in  Articles 
197,  198,  199,  and  200. 


« 

o" 

'5° 

30° 

45° 

60'^ 

go"— 9 

a 

45^ 

3fi 

30" 

22°i 

13' 

y:=  tan  ^ 


0-268        o"577         I '000         1733 


•^sscotan^        00        3732        1732        i-ooo        0-577 


0-259  0-500        0707        0866 

0-588  0-333        0"i72        0072 

1-700  3000        5-826  13-924 

0-966  0-866        0-707        0-500 

0"933  0750        0*500        0250 

0-346  o-iit         0-0295      0-0052 

2-890  9-000  33-94  193-8 

1-945  5-000  17-47  97-4 

0-081  0-133        0-157         0-165 


sin  0 

t  — sin* 
1  +  sin* 
I  +  sin  <> 
I  — sin* 

cos  0 

00s' » 

(I  — sin^y 
I  +  sin*/ 
(I  -|-8in*Y 
I  — sin*/ 
I  +8in'* 
(i  —  sin"*)* 

nn* 
3(i+8in'f) 

'RaiAMK.   The  column  beaded  0°  is  applica\Ae  to  liijuuls. 
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SOS.    Vyiclional  Tenaclir  ar  Band  of  llIauaiuT  ud  Brtekwo*^— 

The  overlapping  or  breaking  of  the  joints,  commonly  called  the 
bond,  in  miiaonry  and  brickwork,  has  tliree  objects — first,  to  dis- 
tribute the  vertical  load  which  rests  oa  each  stone  or  brick  o\xr 
two  or  three  of  the  stones  or  bricks  of"  the  coui-se  next  below,  and 
80  to  produce  a  more  neai-ly  unifonn  distribution  of  the  load  than 
would  otherMrise  take  place ;  secondly,  to  enable  the  stmcture  to 
resist  forces  tending  to  break  it  by  Blieariruj,  or  sliding  of  one  part 
on  another,  in  a  vertical  plane ;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  masonry  and  brickwork  laid  either  diy,  or  in  common  moi^ 
tar  w^hich  has  not  had  time  to  acquire  practicaDy  appreciable 
tenacity,  the,  resistance  to  horizontal  tension  mentioned  above  as 
the  third  object  of  the  bond,  is  due  to  the  mutual  friction  of  the 
overlapping  portions  of  the  beds  or  horizontal  faces  of  the  stones  or 
bricks,  and  may  be  called  "frictional  tenacity."  The  amount  of  the 
frictional  tenacity  at  any  horizontal  joint  is  the  product  of  the  ver- 
tical load  upon  the  portion  of  that  joint  where  two  blocks  of  stone 
or  brick  overlap  each  other,  into  the  co-officient  of  friction,  which, 
as  stated  in  the  table  of  Article  192,  is  a1x>ut  074. 

Let  fig.  94  A  represent  a  portion  of  a  wall  with  a  horizontal  top 
^  A ;  and  let  it  Ijo  required  to  determine 

the  frictional  tenacity  nt  a  l10rizont.1l 
joint  B,  whose  depth  below  A  in  x.  the 
intensity  of  that  tenacity  per  unit  of 
urea  of  a  vertical  plane  at  B,  and  tlie 
aggregate  tenacity  of  the  widl  finm  A 
do^\^l  to  B,  wth  which  it  is  capable  of 
resisting  a  force  tending  to  tear  it  into 
two  parts  by  separation  at  the  serrated 
dark  line  which  extends  from  A  to  B  in  the  figure. 

Let  10  be  the  weight  of  an  unit  of  volume  of  the  material  of  the 
wall ;  b  the  length  of  the  overlap  at  each  joint;  t  the  tliickucas  of 
the  wall.    Then 

wbtx 

is  the  vertical  pressure  on  the  overlapping  portions  of  the  stones  or 
bricks  at  B,  and  consequently.  ify"be  the  co-efficient  of  friction,  the 
amount  of  frictional  tenacity  for  the  joint  B  is 

fwbtx. (1.) 

The  inten.'iity  of  that  tenacity  per  unit  of  urea  of  a  vortical 
plane  is  found  by  diviiUnj  its  amount  by  the  area  of  n  vertical 
ion  of  one  course  of  stones  01  Vinck&.    Va\.  KXk.  ^^^B  <le^UL  of  % 


i~r  I    II   I  "I   I 
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Fig.  94  A. 
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coiirw  ;  then  htia  the  area  of  its  vertical  section  ;  and  the  intensity 
of  the  frictional  tenacity  of  the  joint  immediately  below  is 


/tolx 


.(2.) 


"Let  w  be  the  number  of  courses  from  A  down  to  B.     Then  the 

ndtte  of  K  for  the  uppermost  course  is  :=  A,  and  for  the  lowest 

n-\-l 
coarse,  =  nh;  and  the  mean  value  of  x  is  — ^—  •  A ;  so  that  the 

hkbd  tenacity  per  course  is 

n+1    ,     ,  ,, 


and  the  mran  intcniity, 


2 


n+1 
2 


/wb. 


the  amount  of  the  aggregate  frictional  tenacity  of  the  wall, 
im  A  down  to  B,  is 


"+1      .•    ,.,1       fwbt{x>  +  hx) 


..(3.) 


the  equations  2  nnd  3  it  is  obvious  that  the  frictional 
of  masonry  and  brickwork  is  increased  by  increasing  the 

ratio  ^  which  the  length  of  the  overlap  bears  to  the  depth  of  a 

eonno.    This  may  be  effected  either  by  increasing  the  length  of  the 

nee  or  bricks  (to  which  the  overlap  bears  a  definite  proportion, 

iding  on  the  style  of  bond  adopted),  or  by  diminislu'ng  their 

;  but  to  both  those  expedients  there  is  a  limit  fixed  by  the 

ity  of  stones  and  bricks  to  break  across   when  the  length 

the  depth  in  more  than  a  certain  ratio,  which  for  brick 

I  of  ordinary  strength  is  about  3. 

English  bond  (as  in  fig.   94  A),  consisting  of  a  conrse  of 

(or  bricks  laid  lengthwise),  and  a  course  of  headers  (or 

lalu  crosswise),  alternately, — and  also  for  Flemish  bond,  in 

each  coume  consists  of  alternate  headers  and  stretchers,  the 

overlap  b  is  one-fourth  of  the  length,  or  about  three-fourths  of  the 

to 

depth,  of  a  brick.     The  value  of  -r  is  therefore  j  '>  hut  to  allow  for 

irregoloritieB  of  figtire  and  of  laying  in  the  bricks,  it  is  safe  to  msike  it 

2 

-  in  the  fbrmuLe    Substituting  thia  in  equatioos  2i  au^  \  V!x^ 

3 
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making  /=  j,  wo  find  for  the  intcnsitj-  of  the  fiictionat  tenacitv, 
tofiere  otve-Kalf  (^f  ilte  face  oftiui  vsaJtl  consists  o/endt  qf  headers. 


..(*.) 


and  for  the  amount  from  the  top  of  the  wall  down  to  the  depth  *, 

-(«•) 


4 


The  tenacity  of  the  wall  in  the  direction  of  its  thickness,  which 

resists  the  sopamtion  of  its  front  and  back  portions  by  splitting,  i» 

often  as  important  as  its  longitudinal   tenacity,  and   sometimes 

more  so.     Where  one-half  of  the  face,  as  in  fig.  9'1  A,  consiats  of 

ends  of  headers,  the  overlap  of  each  course  in  the  direction  of  the 

t.hickncs.s  is  generally  one-half  of  the  length  of  a  brick  instead  nf 

b  4 

one  quarter ;  so  that  j-  is  to  be  made  =  -  instead  of  two-thirela. 

Hence  in  this  case,  the  tranmerse  fridunud  tenacifi/  (aa  it  may  be 
called)  Ls  double  of  the  longitudinal  frictioual  tenacity,  it«  intenaitr 
at  the  depth  x  being 

to«, (C.) 

and  its  nnioiint  from  the  top  of  the  wall  down  to  the  drpth  x,  for 
a  length  of  wall  denoted  by  I, 


wJ(kM-Ax) 


.<7.) 


rc 


III 


I 


In  a  biick  wall  consisting  entirdij  of  gln^chcru,  as  in  fig.  94  B, 
the  lonfUudinal,  tenacity  is  double  of 
that  of  the  wall  in  tig.  04  A,  whrre 
one-half  of  the  face  consists  of  t-nds  "f 
headers.  But  that  increased  1 
dinal  tenacity  is  attained  by  i 
sacrifice  of  transverse  tenacity,  when 
In  brickwork,  thi  n-fi.Tp. 


X 


Fig.  94  B. 

the  wall  is  more  than  half  a  brick  thick, 
in  which  the  longitudinal  is  of  more  importance  than  the  tr 
tenacity  (as  is  the  case  in  furnace  chimneys),  a  suflicientan 
transverse  tenacity  is  to  be  preserved  by  ha^ng  courses  of  ; 
at  intervals.     ITie  effects  of  this  arrangement  are  compni.,i  .»•. 
t'ollowa : — 
Let  s  be  the  number  of  contaea  oS  a\x«Vi\\cT»  ^««  <skeVi  ooune  of 
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headers;  so  that 
headers,  and 


«+l 


of  the  iaoe  of  the  wall  coaaiste  of  ends  of 


'  of  sides  of  stretchers. 


#+1 
Let  L  denote  the  intensitj  of  the  lougitudinal  frictional  tenacity, 
and  T  that  of  t)ie  transverse  frictioual  tenacity,  at  the  depth  x. 
r       '       •'  lUowing  table  represents  the  values  of  those  intensities  iu  the 

I        ■  ■.   !no  cases: — 

I         Now,  in  intermediate  cases,  the  longitudinal  tenacity  will  vary 
I     nearij  as  the  projiortion  of  sides  of  stretchers  in  the  face  of  the  wall 

,  and  the  transverse  tenacity  as  the  proportion  of  ends  of 

i;  whence  we  have  the  following  formulse  for  the  iutensi- 


.+1 

»+l 

1 

2 

1 
2 

2 

V)X 

0 

1 

wx 

0 

L  = 


T  = 


2 


tote.. 


.(8.) 
.(9.) 


jnently,  for  the  aggregate  tenacities  down  to  a  given  depth  a^ 
when  the  length  of  the  wall  is  I,  and  its  thickness  t,  we  have 

Longitudinal,  ■  tt»<(ar'  +  Ax);. (10.) 

Trantvene,  ;—, — r-rr-  'tol(a?  +  hx). 
2  {8  -f-  I) 

To  make  the  longitudinal  and  transverse  frictional  tenacities  of 
«qval  intensity,  we  should  have  «  =  2,  or  two  courses  of  stretchers 
fur  one  coarse  of  headers.     This  mokes 


.(11.) 


L  =  T_ 


2  w  X 


=      3 


.(12.) 


Itj  njund  tbctoiy  chimneys,  it  is  usual  to  make  «  =  4 ;  and  then 
•He  Lave 


L  =  r  •  wxj  T  = 


wx. 
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-^    The  preceding  formula?  are  applicable  not  only  to  brickwoilt,^ff 
■h)  ashler  niosoniy  in  -which  the  proportions  of  the  dimensions  of  the 
■-stones  are  on  an  average  nearly  the  same  with  those  of  bricks. 

The  formulse  9  and  1 1  may  also  be  used  to  find  the  tranxrena 

lunmilg  ofmfjMhw^  if  bo  token  to  represent  the  propor- 

tion of  the  face  of  the  toall  to/iicA  ooiuistt  of  lite  end*  tf  gyaand 
Jteaders  or  bond  stones,  connecting  tfie  froTil  and  back  ^  the  wail 
togeUixr. 

The  principles  of  the  present  Article  may  be  relied  on  as  a  mnas 
of  comparing  one  piece  of  masonry  or  hriclrwork  •vrith  another,  so 
far  as  their  security  depends  on  the  horizontal  tenacity  produced 
by  the  friction  of  the  courses.  But  inasmuch  as  the  cA^olule 
virnierical  restdts  have  been  arrived  at  by  an  indirect  process,  from 
the  tangent  of  the  angle  of  repose  of  masonry  and  brickwork  laid 
with  damp  mortar,  these  results  are  to  be  considered  as  uncertein, 
and  08  requiring  direct  experiments  for  their  verification  or  ooneo- 
tion.     No  such  experiments  liave  yet  been  matle. 

203.     Prteti«n    of    Srrcwa,   Kcr*,    nad    We<l(r«.  —  Tho    piecoS    of 

structures  in  timber  and  metal  are  often  attached  together  by  1 
aid  of  keys  or  wedges,  or  of  screws.  Tho  stability  of  those  :" 
ings  arises  from  friction,  and  requires  for  its  maintenance  that  I 
obliquity  of  the  pressure  between  the  wedge  or  key  and  its  seat,  or 
between  the  thread  of  tho  screw  and  that  of  its  nut,  shall  not 
exceed  the  smallest  vahie  of  the  angle  of  repose  of  the  materials. 

S04.  Friciion  oi  ii»i  and  Pricttra  mt  nioiioa. — For  some  sub- 
stances, especially  those  whose  sur&ces  are  sensibly  indented  by  a 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  of 
surfaces  which  have  remained  for  some  time  at  rest,  relatively  to 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
surfaces  when  sliding  on  each  other.  This  excess,  however,  of  the 
friction  of  rest  over  the  friction  of  motion,  is  instantly  destroyed  liy 
a  slight  vibration  ;  so  that  the  friction  of  tnotion  is  alone  to  be 
relied  on  as  giving  stability  to  a  structure.  lu  Artich-  192, 
accordingly,  the  co-efficients  of  friction  and  angles  of  rejxjse  in  tho 
table  relate  to  the  friction  of  viotion,  where  were  is  any  fiflniiihto 
difibrence  between  it  and  ^e^  friction  qfreat. 

Section  4. — On  the  Stabilily  of  Abmlmenia  and  Vaults. 

205.  siaMUtr  Bi  ■  Plane  Joint. — The  present  section  relates  to 

the  stability  of  structiire^  composed  of  blocks,  snoh  as  stones  iiT 

bricks,  toucliing   each  other  at  joints,  which  are  ]>1aue  soi&oei^ 

capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  conclasiona  of  the  pteaeu\.  aecVvjn  «i« tt.\.\;i\k3.l)le  t^  struoturM 
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of  nKwonrr  or  briclrwork,  tmcemented,  or  ]aid  in  ordinary  mortar ; 
furu!:  '  imotimes  attains  in  the  course  of  yeara 

a  ten.      .      ,  ii>-artone,  yet,  when  fresh,  its  tenacity  is 

loo  anaii  to  bo  relied  on  iu  practice  as  a  means  of  resisting  tension  at 
die  joints  of  the  structure ;  so  that  a  structure  of  masonry  or  brick- 
vccfc,  requiring,  as  it  does,  to  possess  stability  while  the  mortar  is 
(tkIi  niurlit  to  be  designed  on  the  supposition,  that  the  joints  have  no 

i  I '  tenacity.  The  mortar  adds  somewhat  to  tlie  friclumai 
'.  has  already  been  stated  in  the  table  of  Article  192,  and 

;  ributes  indirectly  to  the  /rictional  tenacity  described  in 

There  are  kinds  of  cement  whose  tenacity  becomes  at  once  eqoal 
to  that  of  brick,  or  even  to  that  of  stone.  So  far  as  the  joints  are 
cemented  with  such  kinds  of  cement,  a  structure  is  to  be  considered 
aa  one  piece,  and  its  safety  is  a  question  of  strength. 
A.  jJane  joint  which  has  no  tenacity  is  incapable  of  resisting  any 
except  a  pres.surc,  whose  cetUre  qfgtresa  falls  within  the  joint, 
phoM  obliquity  does  not  exceed  the  angle  of  repose, 
'tlie  resistance  of  the  material  of  the  blocks  which  meet  at  the 
jt  to  a  crushing  force  were  infinitely  great,  it  would  be  suffi- 
for  stability  that  the  centre  of  pressure  should  fall  auywliere 
the  joint,  how  close  soever  to  the  edge  ;  but  for  the  actual 
~  >  of  construction,  it  is  necessary  that  the  centre  of  pressure 
Id  not  be  ho  near  the  nearest  edge  of  the  joint  as  to  produce  a 
at  that  edge  sufficiently  intense  to  injure  the  material 
Qoe  it  appears  that  the  exact  determination  of  the  limiting  posi- 
an  of  the  centre  of  pressure  at  a  plane  joint  is,  strictly  speaking, 
<^^ii>ri  relating  to  tiie  strength  of  muU'rials.  Nevertheless,  aa 
ition  to  tliat  position  can  be  deduced  fix)m  an  examina- 
^.  liio  examples  which  occur  in  practice,  without  having 
I  to  an  investigation  founded  on  the  theory  of  the  strength 
r  materials.  Some  of  the  most  useful  results  of  such  an  examinA- 
on  arc  expressed  as  follows  : — 

Let  7  denote  the  ratio  which  the  distance  of  the  cetitre  qfpreagura 

of  a  given  phiue  joint  from  its  centre  offigtire  bears  to  the  diameter 

'  rcadth  of  the  same  joint,  measured  along  the  straight  line 

h  traverses  its  centre  of  pressure  and  centi-e  of  figure  ;  so  tliat 

I-,  y  <  shall  be  the  distance  of  the  centre  of  prea- 

of  figure.     Then  the  latio  q  is  found  in  ptao- 

Uu)  to  have  the  ioUowing  values : — 

In  retaining  vxdla  designed  by  British  engineers,...-^,  or  o-yi^ 

o 

3 
In  rttaining  lealU  deei^cd  hf  French  engiiieetB^.,-^  or  0-^ 
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In  the  abutments  ofarcJues,  in  pUra  and  dOachtd  huUreua,  and  in 
tavotri  and  chimneyi  ex^tosed  to  the  pressure  of  the  wind,  it  hita 
been  found  by  experience  to  be  advisable  so  to  limit  the  deviation 
of  the  centre  of  pressure  from  the  centre  of  figure,  that  the  maxi- 
mum intensity  of  the  pi-essure,  supposing  it  to  be  an  unij'omJy 
varying  presstire  (see  Article  94),  shall  not  exceed  the  double  of  the 
mean  intensity.     As  in  Article  94,  let  P  be  the  total  pressure ;  S 

p 
the  area  of  the  joint ;  let  —  =:  p^  be  the  mean  intensity  of  the  tircB- 

sure,  -which  is  also  the  intensity  at  the  centre  of  figtire  of  the  joint, 
and  at  each  |)oint  iu  a  neutral  axis  traversing  that  centre  of  figure; 
let  a;  be  the  peqwndiculai-  distance  of  any  point  from  that  axis,  and 
let  the  pressure  at  that  point  be  ;>=/>,  +  o  a;,  so  that  if  «,  be  the 
greatest  positive  distance  of  a  point  at  the  edge  of  the  joint  ftaa 
the  neutral  axis,  the  maximum  pressure  will  be 

Now,  by  the  condition  stated  above,  2>i  =  2/>„,  and,  consequently, 


.f^lZHf—Hs- 


.(1.) 


If  the  diameter  of  the  joint  is  bisected  by  the  centre  of  figure, 
and  if  2^  (oa  in  Article  94)  be  the  distance  of  the  centre  of  presiiure 
from  the  neutral  axis,  we  shall  have 


^ 


9  = 


2x,' 


and  by  inserting  in  this  equation  the  value  of  x^  as  given  by  equa* 
tiou  4  of  Article  94,  and  having  regard  to  the  value  of  o,  as  given 
by  equation  1  of  this  Article,  we  find 

al  I 


9  = 


2Pa;,~2S«;'" 


(2.) 


an  expression  whose  value  depends  wholly  on  the  iigiiro  of  the 
joint — that  is,  of  the  transverse  section  of  the  abutment,  pier, 
buttreas,  tower,  or  chimney. 

Referring  to  the  table  at  the  end  of  Article  95  for  tlje  values  of 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  different  figures  In  each  case  in  which  tbcro  is  any 
difference  in  the  values  of  g  for  different  direction.s,  the  deviation 
of  the  ocntre  of  pressure  b  supposed  to  take  place  in  that  diivctiou 
in  which  the  greatest  deviation  is  admissible — that  is  to  say,  at 
right  HDgles  to  the  neutral  axis  for  which  I  is  a  maximum  ;  bo  that 

if  4  bo  the  diameter  in  l\mt  (^ikieG^vm,  x^  ■=.  ,, 
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Figure  op  Base. 

L  Rectangle — 

Lmgth, h\ 

Bmdtfa, i) 

IL  Square — 

Shit, A 


IIL  Hlipee— 

Lmgaaxia, h) 

Shorter  uua, 6) 

IV.  Circle— 

Oiaouter, h 

V.  HoUow  rectangle — 

ODtfidc  dimeiuioD*,...^,  6)^ 
Iiuide  dimensions,. ..A',  i')' 

VX   Hollow  square — 

Out'ide  dimcmions, fi\ 

IixMa  dimension!, h'f 

Circular  ring — 

Ditmrtcr,  Outside, h\ 

Do.       Inside,. h'j 
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8 
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8 
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8  A' 


When  the  solid  parts  of  the  hollow  Fqu.ire  and  of  the  cireulnr 
ring  are  very  thin,  the  ezpreasions  for  q  in  Examples  VI.  and  VIL 
lM.'Come  approximately  equal  to  the  following  : —  i 

■  Vm.  Hollow  square, ?  =  ^» 

I       IX.  Circular  ring, g  =  -; 

^hich  values  are  sufficiently  accurate  for  practical  purposes  when 
^Bplted  to  square  and  round  factory  chimneys. 
FTbe  conditions  of  stability  of  a  block  supported  upon  another 
Bock  at  a  plane  joint  may  be  thus  summed  up : — 
^^Biafcrring  to  fig.  93,  Ai-ticlo  191,  let  A  A  represent  the  upper 
^^B^  fi  B  port  of  the  lower  block,  «  £  the  joint,  C  its  centre  of 
pnarare,  PC  the  resultant  of  the  whole  pressure  distributed  over 
jth*  joint,  whether  arising  from  the  weight  of  the  upper  block,  or 
■■^  t  piled  to  it  from  without.    Then  the  conditions  of  stu- 

^^^)r  allowing: — 

U  I.  jf'Aij  iMi^ity  of  tlie pressure  must  not  exceed  the  angle  of  repoae, 
Biat  is  to  Bay, 
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^PCN^* (3.) 

n.  The  ratio  wirich  tlte  deviation  ofOte  ceiUre  o/prttmrg/rom  tU 
centre  of  figure  of  th«  joint  bears  to  the  length  of  the  diameter  of  the 
joint  traversing  thoae  two  csnlres,  mint  not  exceed  a  certain  fraction, 
w/toM  value  varies,  accordittg  to  circuvistances,  front  one^ghlA  to 
t/tree-eig/Uhji,  that  is  to  say, 


i«E. 


CE 


.(*.) 


Fig.  95. 


(sE  

The  first  of  these  conditions  is  called  thnt  of  etability  of  friction, 
the  second,  that  of  slahiiili/  of /msition. 

206.    SlabiUir  of  >  Serin  of  Btodu;  Llae  of  BniMaaeat  litMe  *€ 

t, — lu  a  structure  composed  of  a  series  of  blocks,  or  of  a 
series  of  courses  so  bonded  that  each  may 
'■-n.    Vie  considered  as  one  block,  vhich  WocIm 
or  courses  press  against  each  other  at    i 
]>liine  joints,  the  two  conditions  of  fi^^H 
bility  must  bo  fulfilled  at  each  joint     ^^| 

Lot  fig.  05  represent  part  of  such  a 
structure,  1,  1,  2,  2,  3,  3, 4, 4,  being  some 
of  its  plane  joints. 

Suppose  the  centre  of  preasnrc  C,  of  the 
joint  1, 1,  to  be  known,  and  also  the  umoimt 
and  direction  of  the  pressure,  as  indicated  by  the  arrow  travrrsing 
C,.  With  that  pressure  combine  the  weight  of  the  block  1,  2,  2,  1, 
together  with  any  other  external  force  which  may  act  on  that  block ; 
the  resultant  will  be  the  total  pressure  to  be  resisted  at  the.  joint 
2,  2,  will  be  given  in  mugiiitude,  direction,  and  position,  and 
will  intersect  that  joint  in  the  centre  of  pressiu^  Cj.  By  conUnu- 
ing  this  process  there  are  found  the  centres  of  pressure  0,,  ' ' 
of  any  number  of  successive  joint.«,  and  the  directions  and  < 
tudes  of  the  resultant  pre.'wurcs  acting  .at  those  joints. 

The  magnitude  and  position  of  the  resultant  pressure  at  nny  jniot 
whatsoever,  and  consequently  the  centre  of  pressure  ni    " 
may  also  be  found  simply  by  taking  the  resultant  of  al' 
'hicli  net  on  one  of  the  parts  into  which  that  joint 
iicture,  precisely  as  in  the  "  Tneihod  of' aedioTis"  alrea.i, 
in  its  api>lication  to  ftamework,  jVrticle  1(31. 

The  centres  of  pressure  at  the  joints  arc  snmotimrs  rnllrd 
of  resistance.     A.  line  traversing  all  thot" 
M  the  dotted  Lino  R,  B,  iu  fig.  ilo,  luis  r^ 
the  name  of  the  "  line  of  rcsvatonce ;"  a.tviV.'V.Wt.  a.u\V(iT  ^»k«iM  ihovrn 
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how  in  tniuiy  cases  the  equation  -which  expreeeea  the  form  of  that 
lino  may  be  determined,  and  applied  to  the  solution  of  uaefol 
Dlileui& 
he  straight  lines  representing  the  resultant  pressures  may  be  all 
"el,  or  may  all  lie  in  the  siune  straight  line,  or  may  all  intersect 
i  one  point  The  more  common  case,  however,  ii>  that  in  which 
straight  lines  intersect  each  other  in  a  series  of  points,  so  as 
^fonn  a  polygon.  A  curve,  such  as  P,  P,  in  fig.  95,  touching  all 
sides  of  that  polygon,  is  called  by  Mr.  Moseley  the  "Une  of 
pnuuut 
I  The  properties  which  the  line  of  resistance  and  lino  of  pressures 
.  have,  in  order  that  the  conditions  of  stability  may  be  fulfilled, 
1  the  following  : — 

To  irinure  stability  of  position,  the  Iwu  of  refUtmtue  tmut  rwt 

\ftorm  the  centre  of  f  (jure  of  any  joint  by  more  titan  a  certain 

(})  qf  the  diameter  of  the  joiiU,  measured  in  the  direction  of 

_  I  stability  of  friction,  tJie  jiormal  to  each  joint  must  not 

'  a»  angle  greater  tiian  the  aiujle  of  repose  with  a  tangent  to  the 
I  of  pressures  dravm  through  tlie  centre  of  resistance  of  that  joint. 

S07>    Aaolonx  of  ■l««kw»rk  Mad  Vnunrwark. — The   point   of  in- 

taaection  of  the  straight  lines  representing  the  resultant  pn?8stires 

at  any  two  joints  of  a  structure,  whether  composed  of  blocks  or  of 

Kirs.  miLst  bo  situated  in  the  line  of  action  of  the  resultant  of  the 

load  of  the  part  of  the  structure  which  lies  between  the  two 

and  those  three  resultants  must  be  proportional  to  the  three 

a  triangle  parallel  to  their  directions. 

the  polygon  formed  by  the  intersections  of  the  lines  rejwe- 

the  pressures  at  the  successive  joints  in  fig.  95,  is  analogous 

lygonjd  frame ;  for  the  sides  of  that  polygon  represent  the 

ioOB  of  resistances,  which  sue^tain  loads  acting  through  its 

ns  in  the  iost;inces  of  framework  described  in  Articles  150, 

3,  and  154,  and  represented  in  fig.  75.    A  structure  of  blocks 

allj*  analogous  to  an  open  polygonal  fi'ame,  like  those  in 

151  and  154,  represented  by  tig.  75,  with  the  piece  £ 

becatise  of  the  ab.sonce  of  ties. 

s  question  of  the  stability  of  a  structure  composed  of  blocks  with 

joints  may  then^forc  bo  solved  in  the  following  manner  : — 

(1.)  I)i-fTn>iDO  an<l  lay  down  on  a  drawing  of  the  sti-uct\m>  the 

lino  fit'  lid  the  m-if^tude  of  the  resultant  of  the  external 

'  each  block,  including  its  own  weight.     Either  one 

resultants,  as  the  case  may  be,  will  be  the  support- 

'r»w  »  pol;/<jon  offrtcni(Uforcfs,  like  that  In  fig.  T  5*  ot  15** . 
tiguous suits  oftba  t  polygon  will  repreacut  tbe  eTttemal^OTtea 
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acting  on  the  two  extreme  blocks  of  the  series,  of  which  one  m.ny 
Ijc  a  supporting  pressure  and  the  other  a  load,  or  both  may  bo 
supporting  pressures.  In  either  case  their  intersection  gives  the 
jxiint  0,  from  which  radiating  lines  are  to  be  drawn  to  the  angles 
of  the  polygon  of  external  forces,  to  reprc-sont  the  dii-ections  and 
magnitudes  of  the  resistances  of  the  several  joints. 

(3.)  Draw  a  polygon  having  its  angles  on  the  lines  of  action  of 
the  external  forces,  as  laid  down  in  step  (1.)  of  the  process,  and  it» 
.sides  panillcl  to  the  r.idiating  lines  of  step  (2).  This  jKilygon  will 
ivpresent  the  eqnivalctU  polygonal  frame  of  the  given  .strui'tut>:', 
and  will  have  a  side  corresponding  to  each  joint;  and  •  " 
the  jKjlygon  (produced  if  necessiuy)  will  cut  tlie  correspor; 
joint  in  its  centre  of  pressure,  and  will  sliow  the  duvctiuu  of  tho 
remdtant  pressure  at  the  joint. 

Then  if  each  centre  of  pressure  falls  within  the  proper  limits  of 
fiositioii,  and  the  direction  of  each  resultant  pressure  within  the 
proper  limits  of  obliquity,  as  prescribed  in  Article  i!()o,  the  stnictiire 
will  be  balanced;  and  the  conditions  of  stability  will  be  fullill.  'I 
under  variations  of  the  distribution  of  the  load,  which  will  1 
grwiter,  the  greater  is  the  diameter  of  each  joint ;  for  every  iir;; 
in  the  diameters  of  the  joints  increases  the  limits  witbin  which  tJie 
figure  of  the  equivalent  polygonal  frame  jnay  vary,  and  every 
variation  of  that  figure  corresponds  to  a  variation  in  the  distribu- 
tion of  the  load 

208.   TrannfarmnfiaB    of   BlockTrerk    KirucMiwa. — ThUOREU.      If 

a  Structure  composed  ofbloch  have  stability  of  position  when  arf-'  • 
hy  forces  represented  by  a  given  system  of  lines,  (hen  tcill  a  ati 
whose  fffure  is  a  paralld  projection  of  the  original  liructurc  (lavr. 
stability  of  position  when  acted  on  h/ forces  represented  by  tlve  corre- 
sponding parallel  projection  of  the  original  sijstem  of  lines;  also.  Ox 
centres  of  pressure  and  tlie  lines  representing  the  resultant  pressures  at 
the  joints  of  the  new  stniclure  tvill  be  the  corresponding  projections  of  the 
centres  of  pressure  and  the  lines  represetUing  the  resultant  presswts  at 
the  joints  of  (he  original  structure. 

For  the  relative  volumes,  and  consequently  the  relative  weight*, 
of  the  several  blocks  of  which  the  structure  is  composed,  are  not 
altered  by  the  transformatiou ;  and  if  those  weights  in  the  nfir 
structure  lie  represented  by  lin(»,  parallel  projections  of  ih' 
i-epresenting  the  original  lines,  and  if  the  other   foivts 
externnUj  to  the  pieces  of  the  new  struct  nro  he  represti 
coiTesponding  ]iarallcl  projections  of  the   lines  i-eprexi 
corres{ionding  forces  a]i|)Iied  to  the  pieces  of  tlie  original  ritroctul 
then  will  each  external  force  acting  on  the  new  structure  l>c  t 
jntnllel  pt-ojectwn  of  a  force  acting  on  the  correspoudiug  point  of' 
tJiv  vrigiuiil  structure ;  thcrclore  V.\i«5  T«ssw\VasA  ■^V'bss'h-'-   nt   (l..i 
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Hoy. 


Should 


U  of  the  new  atnicture,  -which  balance  the  external  force«,  will 
ited  by  the  parallel  projections  of  the  lines  representing 
it  pressures  at  the  cotTcspouding  joints  in  the  original 
;  therefore  (Article  G2,  Proposition  I.),  the  centres  of 
where  those  resultants  cut  the  joints,  will  divide  the 
eters  of  the  joints  in  the  same  ratios  in  the  new  and  in  the 
wiginaJ  structures;  therefore  if  the  oi-iginal  structure  have  stability 
^      itiou,  the  new  structure  will  also  have  stability  of  position. 
8  is  tlie  extension,  to  a  structure  composed  of  blocks,  of  the 
of  the  transformation  of  slnictttres,  already  proved  for  frames 
le  166,  and  for  cords  and  linear  arches  in  Article  177. 
Frirtianal  gliabillljr  of  o  Trauaformcd   Hlmclnrc — The  q\ies- 
whether  the  new  stnicture  obtaineil  by  tnmsforniation  will 
elabiU'ti/  offricfion,  is  an  independent  problem,  to  be  solved 
liniug  tlio  oblicjuity  of  each  of  the  transformed  pressures 
vely  to  the  joint  at  which  it  acts. 

"d  the  pi-easure  at  any  joint  in  the  trausfornied  slnictimj 
lo  be  too  obliqiie,  frictional  stability  can  in  most  cases  Ikj 
",  without  apj)reciably  affecting  the  stability  of  position,  by 
the  angular  {xwition  of  the  joint,  without  shifting  its  centre 
I,  until  its  filane  lies  sufficiently  near  to  a  normal  to  tho 
OS  originally  determined. 
hmcinre  noi   LMirwrnitr   Prraacd. — If  fig.   9G  represents  a 

oon.sisting  of  a  single  series  of  blocks,  or 
sejiomtod  by  plane  joints,  and  has  no  lateral 
applied  to  it  fi-om  without,  then  the  centre  of 
ijce  at  any  one  of  those  joints,  such  as  O  E,  is 
,-iimply  Uio  jKiint  C  where  that  joint  is  intersected  by 
'cnl  let  fall  from  the  centre  of  gravity  G  of  the 
of  the  stnicture  ABED  which  lies  above  that 
,t :  and  the  conditiotis  of  stability  are, — that  no  joint 
be  inclined  to  the  horizon  at  an  angle  steeper  tluin 
angle  of  repoHO, — and  that  the  poiut  C  shall  not  at 
joint  approaoh  the  edge  of  the  joint  within  a  distance  bciiring 

'n  jjrofwrtion  to  the  diameter  of  the  joint, 

11.   The  iTIomrnl  of  BlablUlj  of  a  IxKly  or  gtnictiu«  sujiportod 

given  plane  joint  is  the  moment  of  the  couple  of  forces  wliich 

be  applied  in  a  given  vertical  )>Iane  to  that  body  or  structure 

dition  to  its  own  weight,  in  order  to  transfer  the  centi-e  of 

irce  of  the  joint  to  the  limiting  position  consistent   with 

.y.     The  apjjlied  couple  usually  consists  of  the  thrust  of  a 

',  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 

Inst  the  structure,  together  with  the  equal,  opfiosite,  and  parallel, 

not  directly  opposed,  resistance  of  the  joint  to  thtt.ti  la.tKX«^ 


Fig.  96. 
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The  moment  of  stability  mnj  be  different  according  to  the  positioii 
of  the  axis  of  the  applied  couple. 

The  moment  of  tliat  couple  is  determined  in  the  following 
manner  : — 

Conceive  a  line  to  pass  through  all  the  limiting  podtions  of  the 
centre  of  resistance  of  the  joint,  so  as  to  enclose  a  space  beymd 
which  that  centre  mnst  not  be  found. 

The  product  of  the  umghl  of  the  struefure  into  the  horizOHtal  dU- 
tanee  of  a  point  in  this  line  from  a  vertical  line  traversing  M«  centre 
of  gravity  of  the  sti^tcture  is  the  uoiuST  of  STABiUTr  of  the  itfue- 
ture,  wlten  the  applied  thrust  acts  in  a  ^xrtical plane  pn)  "  '  '  ''.,it 
Iwrisontal  distance,  and  tends  to  overturn  the  structure  i: 
tion  oftlie  given  point  in  the  line  limiting  the  position  oftJie  cciUic  of 
resistance;  for  that,  according  to  Article  41,  is  the  moment  of  the 
coiiple,  which,  being  combined  with  a  single  force  equal  to  the 
weight  of  tho  stnicture,  ti-ansfcrs  the  lino  of  action  of  that  force 
parallel  to  itself  through  a  distance  cqu.al  to  the  given  horizontal 
distance  of  the  centre  of  resistance  fi'om  the  centre  of  gra\-ity  of 
the  structure. 

To  express  this  symbolically,  let  t  bo  the  length  of  the  diameter 
of  the  joint  where  it  is  cut  by  the  vertical  plane  traversing  tlie 
centre  of  graWty  of  the  structure  and  parallel  to  the  applied  thi"U8t; 
let  _;'  bo  the  inclination  of  that  diameter  to  the  horizon  ;  let  y  t  be 
the  distance  of  the  given  limiting  centre  of  resistance  from  the 
middle  point  of  that  diameter,  and  (f  t  the  distance  from  the  some 
midiUe  point  to  the  point  where  the  diameter  is  cut  by  the  vertical 
line  through  the  centre  of  gravity  of  the  structure,  and  let  W  be 
the  weight  of  the  Btructnre.     Then  the  moment  of  stability  is 

W  (7  =t  5')  I  cosj; ^1.) 

the  sign  \  _  >  being  used  according  as  the  centre  of  leasteateo, 
and  the  vertical  line  through  the  centre  of  gravity,  lie  towardb 

{  the^^e'^de  }  ''*'  ^''^  ""^''^^  ''^  ^^  «l»a°»eter. 

Let  A  denote  the  height  of  the  structure  alwvo  tho  middle  of  the 
plane  joint  which  is  itvs  tia.se,  b  the  breadth  of  that  joint  in  a  rlirec- 
tion  perpendicular  or  coiyngate  to  the  diameter  t,  and  w  tho  weight 
of  on  unit  of  volume  of  tho  material     Tlien  we  Hhall  have 

W  =  M-whb  t, (2.) 

where  n  is  a  nitmerieal  factor  depending  on  the  figttre  of  the 
structure,  and  on  the  angles  which  the  dimensions,  h,  6,  *,  make 
with  each  other;  (bat  i»,  tliu  tt\>^\y»  ol  oNiYn^V.'j  ot  the  co-onliuatM 
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to  which  the  figure  of  the  structore  is  referred.  IntroduciDg  tliia 
\».]atf  of  the  weight  of  the  structure  into  the  formohi  1,  we  find  the 
faUowiug  Tulue  for  the  moment  of  stability  : — 

n  (f[z±=.tf)  cosj  -w  •  Aif* (3.) 

i  quantity  is  divided  by  points  into  three  factors,  viz.  : — 
1.)  n  (q  rt  <f)  cosj,  a  numerical  factor,  depending  on  thejfyuj's 
like  structure,  the  obliquities  of  its  co-ordinates,  and  the  direction 
I  which  the  applied  force  tends  to  overturn  it. 
1(2.)  w,  the  sjjccific  gravity  of  the  material. 
(3.)  hb  t',  a  geometrical  factor,  depending  on  the  dimensions  of 
\  structure. 

Now  the  first  factor  is  the  same  in  all  structures  having  figures 

f  the  same  class,  \vith  co-ordinates  of  equal  obliquity,  and  exposed 

similarly  applied  external  forces;  that  is  say,  to  all  structures 

1  figures,  together  with  the  lines  of  action  of  the  applied  forces, 

( pa/ralld  projections  ofeach  other,  wUli  co-ordinates  o/eqiujtl  obli- 

ftity;  hence  for  any  set  of  structures  which  fulfil  that  conilition, 

r  moments  nf  stiibility  are  proportional  to 
I.  The  sjftx'ilic  gravity  of  the  material ; 
IL  The  height ; 
HI.  The  breu.lth  ; 
^K  IV.  The  s'juure  of  the  thickness ;  that  is,  of  the  dimension  oi 
^■b  Imi»?  which  is  {\irallcl  to  the  vertical  plane  of  the  applied  force. 
^K912.  AbnctncnM  C'i»>M)d. — In  the  title  of  the  present  section,  the 
^Krd  "  ftbiitmcnt "  is  used  in  an  extended  sense,  to  denote  eveiy 
^ftmetare,  which  by  its  stability  of  [xisition  and  of  friction,  sustains 
^^Bne  pressure  which  abuts  or  acts  laterally  against  it.  The  structuns 
^Buprcbeniled  under  this  definition  may  be  classed  as  follows  : — 
^Kl.  liutlrcsnes,  which  sustain  the  thrust  of  a  frame  or  a  rib,  at  ono 
^Bxnore  di'finite  points. 

^■IL  Towers  and  chimnfys,  which  sustain  the  lateral  pressure  of 
^■b  wind,  uniformly  or  almost  uniformly  distributed,  and  liable  to 
^B|  in  every  horizontal  direction. 

^■XII.  Vants  for  sustaining  the  lateral  pressure  of  water,  and 
^Btawtm^  vxilU  for  sustaining  that  of  earth — the  intensity  of  the 
^^^Mm  being  proportional  to  the  depth  beneath  the  sui'face. 
^KXV.  Arcfi  abutments,  which  resemble  both  buttresses  and  retain- 
^k  walLi,  and  whose  pro[)erties  will  be  treated  of  after  those  of 
^Kne  and  brick  arches  !ihall  have  first  been  considered  with  refer- 
^Bce  to  the  stability  at  their  joints. 

^■313.  BatirriMM  la  GcBonU. — Let  fig.  97  represent  a  vertical  scc- 
^Bpn  of  a  buttress,  against  which  a  strut,  rib,  or  piece  of  fi«me- 
^Bork  abuts  at  C,  exerting  a  f^vfu  force  P  in  a  given  <!^xvc\,\«\:k. 
^BA.     Iu  order  that  the  butticim  may  be  stulAc,  iVi  iuvilhI  W^ 
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Fig.  97. 


the  conditionE  of  stability  at  each  of  its  bed-jointa.     Let  D  E 
oue  of  thoee  joints. 

Should  several  pressures  abut  a^nst  the  bnlt 
the  force  P  acting  in  the  line  C  A  may  he  held 
represent  the  resultant  of  all  the  forces  which 
applied  alwvo  the  particular  joint  D  E  under  con- 
sideration. 

Let  G  be  the  centre  of  gravity  of  that  part  of  ' 
buttress  which  is  above  tlie  joint  D  E,  and  let 
denote  tlie  weight  of  the  same  part     Through  G 
draw  the  vertical  line  A  G  B,  cutting  the  direction 
of  the  lateral  thru.st  in  A,  and  the  joint  D  E  in  B; 
make  A  W  =  W,  A  P  =  P  ;  complete  the  parallelH 
gram  A  P  R  W  ;  then  A  R  will  represent  the  res;^H 
ant  of  all  the  forces  which  act  on  the  pai-t  of  the  buttress  ab<i^| 
the  joint  D  £,  and  to  wliich  the  resultant  of  the  reslstaucc  at  th^| 
joiut  must  be  etjual  and  directly  opposed.     A  R  being  producefl 
cuts  D  E  in  F,  the  centre  of  resistance  of  that  joint,  which  must  niT? 
fall  Ijeyond  a  certain  prescribed  limit,  that  the  condition  of  st-ihility 
of  jtosition  may  be  fulfilled.     In  order  that  the  condition  of  stahM 
lity  of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  bo  l^M 
than  the  complement  of  the  angle  of  repose.  ^U 

The  most  convenient  mode  of  expressing  this  problem  algelii^H 
ailly  depends  on  the  circumstances  of  the  particular  case.  1^1 
following  example  is  that  which  is  most  frequent  and  useful  j^M 
practice  j  viz.,  when  the  inner  face  C  D  of  the  buttreas  is  vertical 
and  the  joint  D  £  horizontaL  ^M 

In  this  case,  let  the  jjoint  of  application  of  the  lateral  force,  ^M 
be  t-aken  for  the  origin  of  co-oixlinates.     Let  ^| 

I  denote  the  angle  of  inclination  of  the  applied  lateral  pressure 
to  the  horizon  ; — 

a:  =  C  D,  the  depth  of  the  joint  in  question  Ijclow  C ; —  fl 

j/„  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  tfl^ 
part  of  the  buttress  above  that  joint  from  the  inner  face  ; — 

y  :=  D  F,  the  horizontal  distance  of  the  centre  of  resistance  of 

the  joint  from  its  inner  edge.  ^ 

The  resultant  resistance,  which  acta  through  F  in  the  directi^H 

F  A,  may  be  resolved  into  two  components,  respectively  paralUH 

equal,  and  opix).sitc  to  the  weight  W  and  applied  force  P.     1^| 

couple  of  forces  W  is  right-hamled,  and  has  the  arm  F  B  =  y  —  ]^| 

The  couple  of  fijrce.s  P  is  leftrhanded,  and  has  for  its  arm  the  p^H 

pendicidar  distance  of  F  from  the  Line  of  action  C  A  of  the  appUlH 

/brce,  vui ; —  ^M 

X  cos  i  —  y  sitt  V  ^M 


I  ^   The  fc 
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The  former  of  those  couples  tends  to  maintain  the  stability  of  the 
ittieflB :  the  latter  tends  to  overturn  it     Equating  their  magni- 
we  obtaui  for  the  expression  of  the  condition  of  stability  of 
ition  the  following  : — 

"VV(y-yJ  =  P(a:cost-y  sini) (1.) 

From  this  fundamental  equation  the  solutions  of  various  pro- 
i  may  be  deduced,  of  which  the  following  are  examples  : — 
The  buttress  and  the  lateral  force  being  given,  to  find  the 

itze  of  resistance  at  a  given  joint. 


y  = 


W  y,  4-  P  «  COS  t 


W  4-  P  sin  i 


.(2.) 


This  is  the  equation  of  the  "  line  of  resistance." 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 


^('+5) 


.(3.) 


IL  The  relation  between  the  weight  aTid  the  dimensions  of  the 
p«,rt  of  the  buttress  under  consideration  being  given  os  in  equations 
2  and  3  of  Article  211,  it  is  required  to  tiud  the  least  thickness  at 
the  joint  D  E  consistent  with  stability. 

For  this  purpose  we  must  substitute  for  W  (y  -  i/J  in  equation  1 
of  this  Article  its  limit ;  that  is  to  say,  the  moment  ofstabilUy,  as 
expressed  in  equation  3  of  Article  211 ;  and  for  y  we  must  suhsti- 
tate  its  limiting  value  in  terms  of  the  thickness,  as  given  by  equa- 
tion 3  of  this  Artifle.     Thus  we  obtain  the  following  equation : — 

n(7  +  30io/t6^  =  P(a5co8t-^y  +  2^«8int) (4.) 

To  simplify  the  form  of  this  quadratic  equation,  make 


P  SB  cos  i 
n  (y  +  j')  10  A  6 

then  equation  4  becomes 
tiie  eolation  of  which  \a 


=  A, 


('+5) 


P  sini 


2n{q  +  ii)whb 


=  B; 


{'  =  A  —  2  B «, 


■B., 


,.(5.) 


I  =  s/aTb'- 

In  detochctl  buttrenes,  it  ia  in  general  desirable  to  give  q  the 
value  assigned  by  equation  2  of  Article  205,  for  the  leuwiTi  \\v«!T« 
■tataiL 
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III.  To  find  tbe  obliqoity  of  the  pressure  at  the  joint  D  £, '«« 
hare  the  equation 

tan  ,<i:  F  A  B  =  _,  ,   ^r-^ — ;. - — (6.) 

As  the  resnltaot  of  the  resistance  at  each  joint  must  act  in  a  line 
traversing  the  point  A,  tbe  locus  of  that  point  is  the  "  Htu  «f^prt»- 
tures"  defined  in  Article  20G. 

The  greatest  obliquity  of  pressure  occurs  at  that  joint  •«  • 

immediately  below  the  point  of  abutment  C.     Let  W^  tht: 

denote  the  weight  of  matciial  above  that  joint,  and  the  conditio!! 
of  stability  of  Miction  •will  be  given  by  the  equation 


P  cost 


W,  +  P  sin  »  ^=r 


tan  9. , 


.(7.) 


214.  R«ciansiiiar  BauroM.  —  In  a  rectangular  buttress,  the 
breadth  h  and  thickness  t  are  constant ;  and  if  h„  be  taken  to  denote 
the  height  of  the  top  of  the  buttress  above  the  point  G, 

will  be  its  height  above  a  given  joint.     Also,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  is  vertically  above  the 

centre  of  the  joint,  j*  =  0,  and  y,  =  -  < ;  and  because 

V7  =  whbt, 
n=l. 

These  values  being  sukstituted  in  equations  2,  4,  5,  and  7  of 
Article  213,  give  the  following  results ; — 

Equation  of  the  line  of  resistance — 


y  = 


2 


u,{h^  +  x)b^  +  'Pxcosi 


10  (/»(,  +  k)  6  <  -f  P  sin  1 


(1) 


The  least  thickness  compatible  with  .stability  (x,  being  the  depth  of 
the  base  of  the  wall  below  C)  is  found  by  making 


see 


A=r 

follows 


P  a?!  COS  * V  ^  2/ 
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Pa:,  cos  t 


('+D 


F  sini 


2qw{/i^  +  Xi)b 


,.(2.) 


fflie  least  rolnme  of  material  above  the  level  of  the  point  C 
which  is  compatible  with  stability  of  friction,  is  given  bj  roakiDg 


P  cost 


to  /i„  6 1  +  P  sin  i 


;=:  tan  0, 


i  k  to  Bj, 


.              P  /  cos »  .     A 

*n  6  <  =  —  I  . Bin  1 1  = 


_  F  ^  OPS  «>  -f-  *) 


sin  4^ 


.(3.) 


Tbe  eqtmtdoc  1  of  the  line  of  resiRtance  is  that  of  a  rectangular 
■•l>ola  traversing  the  point  A  (which  is  in  this  case  invariable), 
iiaving  a  vertical  asymptote,  whoee  distance  from  the  inner 
6w»  of  the  buttress  is 

tieiiig  the  limit  which  y  continually  approaches,  but  never  attains, 
■8  the  depth  T  increases  without  limit 

As  the  depth  x  increases  without  limit,  the  thickness  required 
for  fhe  wall  approaches  the  following  limit : — 


'=^(^0 w 


depends  on  the  horizontal  component  of  the  lateral  force 


•^^■Ul*. 


8upx>ne>>ig  this  value  to  bo  adopted  for  the  thickness  of  the  but- 
tress in  order  tliat  it  may  be  stable,  how  deep  soever  the  base  may 
W  (wlomr  the  point  C, — then  to  insiii-e  stability  of  friction,  tho 
hgigU  of  £ho  te^  above  C  most  have  the  following  value : — 


cos  (»  + 1) 
*»  =  ^'    sin  f  cos  1 VO) 


Instead  of  the  rectangular  mass  hjt  t,  there  may  be  BuXwUtu^wV 
a  pittnoc/c  of  th«  muDc  volume,  and  of  any  iiguro. 
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215.  Tawcn  and  ckiaiBrr*  are  exposed  to  the  kteial  preasare 
of  the  wind,  ■which,  without  sensible  ori'or  in  jiractioo,  may  be 
iissumed  to  be  horizontal,  and  of  uuifomi  intensity  at  aJl  heights 
above  the  ground. 

The  surt'ace  exposed  to  the  pressure  of  the  wind  by  such  struc- 
turw  is  usually  either  flat,  or  cylindrical,  or  conical,  and  differing 
very  little  fiT>m  the  cylindrical  form.  Octagonal  chimneys,  which 
are  occasionally  erected,  may  be  treated  as  sensibly  circular  in  plan. 
The  inclination  of  the  surface  of  a  tower  or  chimney  to  the  vertical 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determining 
the  pressure  of  the  wind  against  it 

The  greatest  intensity  of  the  pressure  of  the  wind  against  a  flat 
surface  directly  opposed  to  it  hitherto  observed  Lq  Britain,  has  been 
55  lbs.  f)er  square  foot ;  and  tliis  result,  obtained  by  observations 
with  anemometers,  has  been  verified  by  the  effects  of  cert^n  vio- 
lent storms  in  destroying  factory  chimneys  and  other  structureSu 

In  any  other  climate,  before  designing  a  structure  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  by 
observation  of  the  effects  of  the  wind  on  previous  stnicturt-s. 

Tlie  total  pressure  of  the  wind  against  the  side  of  a  cylinder  is 
about  one-half  of  the  total  pressure  against  a  diametral  plane  of 
that  cylinder. 

Let  fig.  98  represent  a  chimney,  square  or  circular,  and  let  it  be 
required  to  determine  the  conditions  of  stability 
of  a  given  bed-joint  D  E. 

Let  S  denote  the  aixti  of  a  diunetnl  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint,  and  p  the  greatest  intensity  of  pres- 
sure of  the  wind  against  a  flat  surface.  Thou 
the  total  pre.ssure  of  the  wind  against  the  chim- 
ney will  be  sensibly 


P  =  p  S  for  a  square  chimney ; 
P  =:  p  -  for  a  round  chimney 


Fig.  98. 


and  its  resultant  may,  without  appreciable  enor, 

be  assumed  to  act  in  a  horizontal  line  thrmwl} 

the  centre  of  gravity  of  the  vertical  diametral  geciion,  C     Let  H 

Ldeuote  the  height  of  that  centre  above  the  joint  J>  £ ;  then  the 

aomeut  of  the  pressure  is 


H  P  =  H  /)  S  for  a  square  chimney ; 

„„       HnS ,  ,    ,  . 

H  P  ^  — ^  for  a  round  chimney 


•}• 


.(2.) 
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nd  to  this  the  hatl  moment  offtahUily  of  the  portion  of  the  chim- 
above  the  joint  D  £,  as  determined  by  the  methods  of  Article 
1 1 ,  should  be  cquaL 

For  a  chimney  -whose  axis  is  vertical,  the  moment  of  stabUity  is 
'•■  w»mo  in  all  directions.      But  few  chimneys  have  their  axes 
)y  ^-ertical ;  and  the  least  moment  of  stability  is  obviously 
..^...  which  opposes  a  lateral  pressure  acting  in  that  direction  to- 
ward which  the  chimney  leans. 

L«t  G  be  the  centre  of  gravity  of  the  part  of  the  chimney  which  is 
Above  the  joint  D  £,  and  B  a  point  in  the  joint  D  £  vertically 
below  it ;  and  let  the  line  D  £  =:  t  represent  the  diameter  of  that 
joint  which  traverses  the  point  B.  Let  q,  as  in  former  examples, 
represent  the  ratio  whicli  the  deviation  of  B  from  the  middle  of  the 
diiuiieter  D  E  bears  to  tiie  length  t  of  that  diameter. 

Let  F  be  tlie  limiting  position  of  the  centre  of  resistance  of  the 

joint  D  E,  nearest  the  edge  of  that  joint  towards  which  the  axis  of 

hinmey  leans,  and  let  q,  as  before,  denote  the  ratio  which  the 

■  tion  of  that  centre  from  the  middle  of  the  diameter  D  £  beai-s 

to  the  length  (  of  that  diameter. 

Then,  as  in  equation  3  of  Article  211,  the  least  moment  of  stability 
is  denoted  by 

W  •  BF  =  (7  —  3^  W« (3.) 

value  of  the  co-efficient  q  is  determined  hy  considering  the 

ir  in  which  chimneys  are  observed  to  give  way  to  the  pressure 

the  wind.  This  is  generally  observed  to  commence  by  the  opening 
one  of  the  bed-joints,  such  as  D  E,  at  the  windward  side  of  the 
diiinney.  A  crack  thus  begins,  which  extends  itself  in  a  zig-zag  form 
dikgDlially  downwanls  along  both  sides  of  the  chimney,  tending  to 
separate  it  into  two  parts,  an  upper  leeward  part,  and  a  lower  wind- 
ward part,  divided  from  each  other  by  a  fi.ssure  extending  obliquely 
df-wnwards  from  windward  to  leeward.  The  iinal  destruction  of  the 
chimney  takes  place,  either  by  the  horizontal  shifting  of  the  upper 
dirision  until  it  loses  its  support  from  below,  or  by  the  crushing  of 
a  yiortion  of  the  brickwork  at  the  leeward  side,  from  the  too  great 
cnicfutration  of  pressure  on  it,  or  by  both  those  causes  combined  ; 
aiiii  in  either  case  the  upper  portion  of  the  structure  falls  in  a 
shower  of  fragments,  partly  into  the  interior  of  the  portion  left 
nding,  and  ])&rtly  on  the  ground  beside  its  base. 
It  is  obvious  that  in  order  that  the  stability  of  a  chimney  may  bo 
no  bed-joint  ought  to  tend  to  open  at  its  windward  edge ; 
,t  is  to  say,  there  ought  to  be  some  pressure  at  every  point  of 
bed-joint,  except  the  extreme  windwai-d  edge,  whete  \.V«  \w- 
toajr  diwimsh  to  Dothiog ;  and  this  condiirvoii  \a  l\AS!iL«.^ 
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•With  siifficieiit  Bceuracy  for  pmctioal  purposes,  by  iwnii 
pressure  to  be  an  uniformlr  varjing  pressure,  and  bo  limit 
positioD  of  the  centre  of  pressure  F,  that  the  intensitj  at  the  lee- 
ward edge  E  shall  be  double  of  the  mean  intensity. 

It  has  already  been  shown,  in  Article  205,  what  valaca  tlii 
dition  assigns  to  the  co-efficient  q  for  difl'erent  forms  of  the  bed  ; 
Chimneys  in  general  consist  of  a  hollow  shell  of  brickwork,  v.  Ii  -  ■ 
thickness  is  small  as  compared  with  its  diameter ;  and  in  thut  ''^i-<" 
it  is  sufficiently  accurate  for  practical  purposes  to  give  to  q  the  fol- 
lowing values : — 


•(<-) 


For  square  chimneys,  ?  =  -5; 
For  round  chimneys,  j  =  -7* 

The  following  general  eqaation,  between  the  moment  of  stability 
and  the  moment  of  the  external  pressure,  expreesefl  the  condition  of 
stability  of  a  chimney  : — 

HP  =  (?  -  gO  W t (5.) 

This  becomes,  when  applied  to  square  chimneys, 

and  when  applied  to  round  chimneys. 


I  Wf. 


The  following  approximate  formula;,  deduced  from  these  equations, 
are  useful  in  practice : — 

Let  B  be  the  mam  thickness  of  brickwork  abore  the  joint  D  E 
under  consideration,  and  6  the  thickness  to  which  that  brickwork 
would  bo  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickneas  is  given 
with  sufficient  accuracy  by  the  formula 


■=»(>-?) "•> 


■  tu  most  rsses  the  difference  between  6  and  B  111      ' 
Lot  to  bo  the  weight  of  an  unit  of  vv^lume  of  bi  i 
on  an  average,  about  112  lbs.  pet  c\>Xn.o  io«A,,  ot,\!l  \}ii)i  \ixviti  1 
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dense,  and  laid  very  closely,  with  tbin  layers  of  mortar  in  the  joints, 
fiom  115  to  120  lb&  per  cubic  foot.     Then  we  Lave,  very  nearly, 


for sqnare  chimneys,  W  =  iwbS;        \ 
for  round  chimneys,  W  =  3"liio68;j' 


.(8.) 


,(9.) 


I  Tulaes  being  substituted  in  the  equation  6,  give  the  following 
lulse  : — 

Tor  square  chimneys,  Hj»  =  ( —  —  ij*)  'tobt; 

for  round  chimneys,  Hp  =  f  1  '57  -  G'2Sq')toht; 

Theae  formuls  serve  two  purposes ;  first,  when  the  greatest  in- 
tensity of  the  pressure  of  the  wind,  p,  and  the  external  form  and 
dimensions  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thicknos3  of  brickwork,  b,  required  alwve  each  bed-joint,  in 
order  to  insure  stability ;  and  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  are  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
eafety. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
another,  the  thickness  being  uniform  in  each  division,  but  diminish- 
^ig  upwards  from  division  to  division.  The  bed-joints  between  tlie 
Kvisions,  where  the  thickness  of  brickwork  changes  (including  the 
Bed-joint  at  the  base  of  the  chimney),  have  obviously  less  stability 
BiBn  the  intermediate  bed-joints ;  hence  it  i.s  only  to  the  former  set 
Bf  joints  that  it  is  necessaiy  to  apply  the  fonnulie.  To  illustrate 
Hie  application  of  the  formul.'e,  a  tabic  is  given  in  the  Appendix, 
Blowing  the  dimensions  and  figiu'e,  and  the  stability  against  the 
^pnd,  of  the  great  chimney  of  the  works  of  Messrs.  Tennont  and 
iBBBny,  at  St.  RoUox,  near  Glasgow,  which  was  erected  from  the 
^H|p8  of  Messrs.  Gordon  and  Uill,  and  is,  with  the  exception  of 
Ka  spire  of  Strasburg,  the  Gi-eat  Pyramid,  and  the  spire  of  St.  . 
Btepheu's  at  Vienna,  the  most  lofty  building  in  the  world.  ' 

■  216.  DuBu  or  BcMrroir- Walla  of  masonry  are  intended  to  resist 
Hio  direct  pressure  of  water.     A  dam,  when  a  current  of  water 
MUb  over  ite  upper  edge^  l>ccomcs  a  weir,  and  requires  protection      i 
M^^i  hue  against  the  undermining  action  of  the  falling  stream.      I 
^^HMtmctures  are  not  coneiderud  in  the  present  Article,  which  is 
Hl^ned  to  walls  for  resisting  the  pressure  of  water  only. 

■  Tn  fig.  99,  let  E  D  represent  a  horizontal  bed- joint  of  &  tCMsncvs- 
HiJl,  wliich  (t'JiZ/  /hw  a  phiio  sutiiux  O  D  exposed  to  ttio  -^Tcasvjs* 


-■  ■ 


244 


THEOBT  OF  STBCCTITEES. 


^ 


of  the  contained  water,  whose  upper  surface  is  the  horizontal  plane 
O  Y.     Consider  a  vertical  layer  of  the  wall  of  the  leugth  unity, 

siLstjiining  the  pressure  of  a  vep 

tical  layer  of  water  of  the  Icngtl 

unity  also.     Then  from  Article' 

89  and  124  it  appears,  that  th 

total    pressure    exerted    agaL 

that  layer  of  the  wall  is  equ« 

to  the  weight  of  the  trianguli 

jn-ism    of   water    O  D  K,   rigli 

angled  at   D,    whose    thickne 

is  unity,  and  whose  aide  D  K 

Fig-  99.  equal  to  the  depth  of  the  joint 

DE  beneath  the  surface  OY ;  and  it  also  ap])ears,  tliat  the  resultant 

of  that  pressure  acts  in  the  line  H  C,  being  a  perpendicular  ujion 

O  D  from  the  centre  of  gravity  H  of  the  prifln  of  water;  so  that 

CD  =  -4--    I^*  ^  ^  ''^'^  centre  of  gravity  of  the  vertical  lay 

o 
of  masonry  above  D  E,  and  G  B  W  a  vertical  line  drawn  throng 
it ;  produce  H  C,  cutting  that  vertical  line  in  A  ;  take  A  W  \ 
represent  the  weight  of  the  layer  of  masonry,  and  A  P  to  represoil 
the  pressure  of  the  layer  of  water;  complete  the  pandlelogi-iim 
A  P  R  W  ;  A  R  will  represent  the  total  pressure  on  the  joint  D  ] 
for  each  unit  of  length  of  the  wall,  and  F,  where  that  line  cut 
D  E,  will  be  the  centre  of  resistance  of  tliat  joint,  which  must  fall 
within  the  limits  consistent  with  stability  of  position,  while  at  the 
same  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  repose. 

To  treat  this  case  algebraically,  let  a;  denote  the  depth  of  D 
beneath  the  surface  of  the  water,  w'  the  weight  of  an  unit 
volume  of  water,  and  j  tlie  inclination  of  O  D  to  the  vertic 
Then  the  pressure  of  the  vertical  layer  of  water  is 


P  =  - 


'secj,, 


.(l.)' 


its  centre  C  being  at  the  depth  ^  x. 

o 

This  force,  together  with  the  equal  and  opposite  oblique  com- 
ponent of  the  resistance  of  the  joint  D  E  at  F,  constitute  s  couple 
tending  to  overturn  the  wall,  whose  arm  is  the  perpendicular  dis- 
tance  of  F  from  C  P ;  that  is  to  say, 


CD-\?I>iauv 


liESEKVOIR-WALLS. 


245 


Now  C  D  = 


X  -sec J 


,  and  if,  as  before,  we  make  ED  =  t,  FD 


f  9  +  s)  '  >  consequently  we  have  for  the  arm  of  the  coaple  in 


question. 


•  secj        /     ,    1\         .     . 


^hieh  being  multiplied  by  the  pressure,  gives  the  moment  of  the 
ertoming  couple  ;  and  this  being  mode  equal  to  moment  of 
.bility  of  the  wall,  we  obtain  the  following  equation  : — 

^W'FB  =  y^(q±q')t  =  "^-Bec'j-w'x't  (|  +  |)tani....(2.) 

"WTion  the  inner  face  of  the  wall  is  vertical,  sec  j=  1,  and  tan  j  =  0; 
at  id  the  above  equation  becomes 


^{9±lV=^.. 


.(2  a.) 


To  obtain  a  convenient  general  formula  for  comparing  walls  of 

iigtircs  but  different  dimensions,  let  n,  as  in  Article  211, 

enote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 

aX  of  the  circumscribed  i-ectangle,  so  that  if  w  be  the  weight  ot 

imit  of  volume  of  masonry,  the  weight  of  the  vertical  layer  of 

oarj  under  consideration  is 

W  =  ntoht, 

h  is  the  depth  of  the  joint  D  E  below  the  top  of  the  wall 
.  equations  2  and  2  A  take  the  following  forms  : — 

n{q+^u}he  =  ^^  secj-«/»'<^|+-jtanj> (3.) 

niq±f>whi:'=~; (3  a.) 

pntions  analogous  to  equation  4  of  Article  213.     To  obtain  a 
lula  suitable  for  computing  the  requisite  thickness  of  wall  t,  let 

w'a^  "  eccj      _   . 
Gn{q  +  q)  to  A  ~      ' 


=  B; 


TnEOBY  or  CTRCCTCRES, 


then 


^  =A-2B<: 


■which  quadratic  equation  being  solved,  gires 


t  =  ^/A  +  B"'-B: 


■(*•) 


or  for  a  wall  with  s  Tertical  inner  lace,  for  which  B  c=  0, 

<  =  ^/A. (4M 

In  most  cases  which  occur  in  practice,  the  surface  of  the  water 
O  Y  either  is,  or  may  occasionally  be,  at  or  near  the  lerel  of  the 
top  of  the  wail,  so  that  k  may  be  made  =  sc     In  such  cases,  let 

A  w'  sec  J 


a?       6»(g'+y')w 


2  » (g  +  y)  to 


=  6, 


ad  wo  have 


^=a-26^ 


^ch  being  solved,  gives 


=  Ja  +  h'-b;. 


.(5.)  I 


and  for  a  wall  with  a  vertical  inner  face, 

i  =  ^=y'(__^_^) (5  i.) 

The  vertical  and  horizontal  components  of  the  prcasoro  of  the 
water  ai«  respectively 

Vertical,  P  sin^  =  -g—  tan j, 

Horizontal,  P  cos  j  =  -h—  ; 

Consoqupntly  the  condition  of  ttahililt/  of/ridum  at  the  joint  D  ] 
is  given  by  the  equation 


«/•• 


p  cosy 

W  +  Panj^  2W+«/ar'taaj^ 


tan  9m 


.(^i 
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If  the  ratio  -  has  bcca  detcnnijied  by  means  of  equation  5,  then 
«e  bave 


W  =  nwxt  =  nu>«"'-;. 


.(7.) 


M>  ihat  by  cancelling  the  common  fkctor  a:*,  equation  6  is  brought 
to  the  following  form : — 


«/ 


2  « to  -  -t-  to'  tan^ 


tan  9. 


.(8.) 


Example  I.  Eedan^ar  Wall. — In  this  case  o=l;y'=0;j'=Oj 

consequently, 

te* 
a  =  -r — ;  0=0; 


6910' 


equation  S  a  becomes 


^=y^=  V  67^'- 


and  equation  8, 


,..(9.) 
.(10.) 


V    bqw 

Ij^tt  it  is  unnecessary  to  attend  in  practice  to  this  last  equation, 
jirhich  18  f\iltillcd  for  the  greatest  raloea  of  q  that  ever  occur. 
f    Example  IL  Tnaiujular  Wall,  with  the  ajx-x  at  O. 
I    In  this  case  —  is  the  same  for  every  horizontal  joint;  so  that  if 


le  thickness  be  just  sufficient  for  stability  at  any  joint,  it  will  be 
■'■'  iont  for  stability  at  every  other  joint.     A  reservoir-wall 
tical  section  is  triangular,  may  therefore  be  said  toheqf 
I'tbilUy. 

••■  of  M  for  a  triangle  is  -.     With  respect  to  the  value  of 


'  ill  be  considerol  in  wliich  the  inner  face  of  the  wall 
ia  vertical,  so  that  ^  s  -,  j  =  0. 


^,tb: 

\mret 

Tkea  by  etiaatlou  o  1, 
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and  by  equation  8 

^-vH'*?)^)^-"-- c^) 


This  last  equation  fixes  a  limit  to  the  value  of  q,  independeatlv 
- '  •  b€--  ■  ■* 

1 


of  the  distributioa  of  the  pressure  oa  each  bed-joint^  viz, : —         SH 


3  w  6 


.(13.) 


The  insertion  of  this  value  of  ^  in  equation  1 1  gives 

i-        ^ 

m  ~  wtan* 


.(14.) 


The  value  of  tan  9  for  mtuonry  being  about  0*74,  v>  being  on  an 
average  114  lbs.  and  w'  62'4  lbs.  per  cubic  foot,  the  limit  of  q  la 
found  to  be 

0-421  -0167  =  0-254,  or  ^,  neaily, 

and  that  of  -,  by  equation  14,  is 

0-685. 

For  brickwork,  tan  9  is  about  the  same  as  for  masoniy,  and  w  la 
112  lbs.  per  foot,  nearly;  hence  the  limit  of  g  is 

0-327  -  0-167  =  0-16,  or  ^,  nearly, 

t 

while  that  of  -  is  0-75. 

X 

Example  III.  Triaiupdar  Wall  witli  Vertical  Axis. — When  the 
wall  stands  on  a  soft  fotmdation,  it  may  be  desirable  in  some  cases 
so  to  form  it,  that  the  centre  of  resistance  F  shall  l>o  at  the  middle 
each  joint,  and  shall  also  be  verticnlly  beneath  the  centre  of 
ivity  of  the  part  of  the  wall  above  the  joint.  In  this  case,  the 
'point  of  intersection  A  of  the  lines  of  acUon  of  the  presstire  and 
weight  must  also  fall  in  the  middle  of  each  joint  To  fulfil  theM 
ronditions,  the  vertical  section  of  the  wall  should  Ije  iiu  isosceles 
thauj^le,  the  outer  and  iuucv  {&««»  {oYtuiut^  equal  angles  j  on 
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bpoeite  aides  of  th«  vertical  axis  of  the  wall,  and  the  angle  j  should 
I  Buch  that  a  straight  line  perpendicular  to  O  D  at  0  shall  bisect 
I  base ;  that  is  to  say, 

temj  _  X  secj^ 

~3  ~3~' 


liot 


■whence  we  have 


...      1  ,.2 

tan    =±=y^  1  =  0-707; 


j=  35° 


4' 


.(15.) 


I  that  the  base  of  the  wall  is  to  its  height  as  the  diagonal  to  ilie 

~  I  of  a  square. 

Equation  8  in  this  case  becomes 

"^  •"    '■"       ;tan9 (IC.) 


to  J  2  +  uf  J  i      2v}  +  vf 


This  condition  is  always  fulfilled  so  far  as  the  frictional  stability 
".  one  course  of  masonry  on  another  is  concerned.  As  the  object, 
owever,  of  giving  the  wall  the  figure  now  in  question,  is  to  dis- 
tibate  the  pressure  uniformly  over  a  soft  foundation,  let  it  bo 

that  its  base  rests  on  a  material  for  which  tun  ^  =  —• 

4 

,  we  most  have 


v^  J2 


1 


2u}  +  w'  — 4' 
i  oonaequently 

to^2(  JT-  l)^  =  233«>'  =  145  lbs.  per  cubic  foot; 

Bd  mtlesa  tiie  masonry  be  of  this  weight  per  cubic  foot,  its  friction 

I  a  horizontal  base,  of  a  material  for  which  tan  f  =  7,  will  not  be 

4 

of  itself  sufficient  to  resist  the  thrust  of  the  water. 

217.    Befci*!"*   WnUfc— Figs.   100  and  101  repTCTeiat  -vex^AW^ 

rt>cUoBS  of  retaJDiag  walla  o^iunst  which  banks  of  eartk  aWt,    \a. 
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each  figure  a  vertical  layer  of  the  maaonrj  and  of  the  earth  is 
supposed  to  be  considered,  whose  length  is  unity.     D  £  is  the  bafie 


Fig.  100. 

of  the  layer  of  masonry,  F  the  centre  of  resistance  of  tiat  base, . 
a  point  vertically  below  G,  the  centre  of  gravity  of  the  weig" 
•which  rests  on  that  base,  AW  a  line  representing  that  weight,  AP 
a  line  representing  the  thrust  of  the  earth ;  A  R,  the  diagonal  of  the 
parallelograin  APRW,  is  a  line  representing  the  resiiltjint  pressure 
at  the  base  D  E,  and  cutting  that  base  in  the  centre  of  resistance  F. 
In  each  figure,  D  O  is  a  vertical  plane  traversing  the  inner  edge 
D  of  the  base  of  the  ■wall,  and  cutting  the  plane  of  the  surface  of 
the  bank  in  O.  In  fig.  100,  the  whole  of  the  wall  lii^  in  front  of 
that  vertical  plane ;  so  that  the  weight,  represented  by  AW  (or  by 
W  simply),  which  rests  on  the  base  D  E,  consists  of  the  weight  of 
the  mascmry  together  mth  the  iceif/fit  of  tlie  mats  of  ettrth,  \f  any 
(represented  by  O  LM),  icAicA  is  vertically  above  tJiat  base;  and  O  is 
the  common  centre  of  gravity  of  the  compound  mass  of  masonry 
and  earth,  which  is  situated  in  front  of  the  plane  O  D. 

In  fig.  101,  on  the  other  hand,  a  part  of  the  masonry,  represented 
by  DLO,  lies  beliind  the  plane  O  D.     If  the  prism  D  L  O  con  ■  '  •' 
of  earth,  its  weight  would  be  supported  by  the  earth  bcnr:i 
therefore  the  earth  beneath  that  prism  exerts  a  pressure  vcnu.iiiy 
upwards  sufficient  to  sustain  the  weight  of  a  prism  of  earth  nf  a 
Volume  equal  to  that  of  the  prism  of  masonry;  therefore  the  wci^l^ 
represented  by  AW  (or  by  W  simply)  which  i-eats  on  the  l>a»e  I^^| 
consists  of  the  weight  of  the  masonry  in  the  vertical  layer  J^^^| 
wall,  less  the  weiglit  of  earth  which  would  till  D  L  0 ;  and  (^^^^| 
common  centre  of  gravity  of  the  masonry  EDO  which  lies  f^^H 
the  plane  O  D,  and  of  the  prism  D  L  O,  considered  as  b«viw^H 
epccitic  gmxity  ('i|ual  to  the  excess  o/the  specific  gravU]/  ^"I^H^I 
ai-uve  Utal  oftariit.  ^^^| 
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It  hw  «lN*dy  been  shown  in  Article  198,  that  the  pressure  of 
:  agninat  the  vertiail  plane  O  D  (which  pressure  is  jmrallel 
I  surface  of  the  bank,  and  represented  by  A  P,  or  by  P  simply), 
h  equnl  to  the  weight  of  the  prLsin  of  earth  O  D  K,  in  which  D  K, 
|«nillvl  to  the  surface  of  the  liauk,  is  equal  to  the  vertical  depth 
O  D  multiplied  by  the  ratio  of  the  conjugate  pressures  at  a  point, 

Pf      cos  '  —  1^  (cos"  t  —  cos  9) 
p,~  coat  +  J  (ooa' i  —  coe"  9) ' 

which  ratio  dej^mls  on  the  slope  '  of  the  bant,  and  angle  of 
npose  f ,  and  that  the  resultant  of  that  pressure  traverses  C,  at  the 
liMght 

CD=f 

above  D.  For  the  sake  of  brevity  (to'  being  the  weight  of  unity  of 
Tolome  of  the  earth),  let 

P 

10' cos  ^—  =  to,: 

p. 
thee  equation  2  of  Article  198  becomes 


(1) 

Tliis  force  has  to  be  multiplied,  as  in  previous  Articles,  by  the  per- 
pendicular distance  of  F  from  C  P,  to  give  the  moment  of  the 
ooople  which  tends  to  overturn  the  wall.  Let  (  be  the  thickness 
DE,  and  i  the  angle  of  inclination  of  D  E  to  the  horizon;  then  the 
of  the  couple  in  question  is 

^ 3  -  (^7  +  2 j  '  9"»  *)  <'03  '  -  yq  +-j  t  ■  coai-an* 
xoost       /     ,    1\  ,      -,.<-, 

=  —3 —  \^?  +  2  j '  ■  ^^^  (' + *); 

being  multiplied  by  the  force  P,  and  equated  to  the  moment 
ility  of  the  weight  which  rest*  on  the  base  D  E,  gives  the 
og  condition  of  stability  of  position : — 

r,        . n.  •        «,  ar"  COS  / 

^\q:i=.q)t'<XMi  = 


6 


''^|-(?  +  |)Bin(/  +  .-)...(2.) 


low  suppose  (lis  in  Article  211  and  elsewhere)  that  W  bears  a 
Unite  ratio  n  to  the  weight  wxl  •  cos  i  of  a  rectangle  of  masonry 

rhose  height  is  O  D  =  z,  and  its  breadth  the  horizontal  distance 
E  from  O  D,  f  cos  1;  then  the  iirst  side  of  equation  2,  being  tha 

Dom'iit  of  stability,  bei'tyiuw  a*  follows  :— 
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n  (q  zfc  ^)u)xt'  COS*  t. 
Divide  both  sides  of  the  equation  by 

n{q  =±zq')w3?  coo'  i, 
and  for  brevity's  sake,  let 

to,  •  cos  / 


then 

aud  consequently 


6  n{q  :±z  ^)  w  cos'  i 

'"'  V  "^  2)  ""  ^'  "^  '^ 
in{q  =4=  J")  w  cos*  t 


.  =  a: 


=  6; 


C=a  — 26-" 


.(3.) 


-  =  ^a  +  6»  — 6, 


.(4.) 


The  inclination  of  the  resultant  A  R  to  the  rertical  is  given  by 
the  eqiution 

tan  ^  W  A  R  =  ^^^".^   ^ (5.) 

W  +  r  Bin  /  ' 

When  the  base  DE  is  horizontal,  this  should  not  excee<l  the  ^ 

of  the  angle  of  repose.     When  that  base  is  inclined  at  the  a  _^      . 

the  condition  of  frictionol  stability  is  thus  expressed : — 

^  WA  R  —  1  ^  *■; (6.) 

9'  being  the  angle  of  repose  of  the  foundation  of  the  walL 

The  object  of  giving  the  base  of  the  wall  an  inclined  position  la 
to  diminish  the  obliquity  of  the  pressure  on  it,  and  so  to  enable  tho 
eoniUtion  of  frictional  stability  to  be  fulfilled. 

3       3 

Tho  values  adopted  for  g  in  practice  vary  from  r—  to  — . 

11)       0 

218.    R«clnngBlar    ReMlninB    WnOm. — In    0.    >'Crtical   TOCtanglllnr 

•wall,  »  =  1,  o'  =  0, 1  =  0 ;  so  that,  in  equations  3  and  4  of  Artido 
217, 

»(',  cos  / 


6  =  - 


G  q  W    ' 
'  V  "^  2/  *'"  ' 


4  <l  w 


.(1.) 
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nple  L  When  the  surface  of  the  bank  ia  horizontal,  so  that 
0,  then 

,  1  -  sin  4(   ,       - 

"''  =  '"  i-:r¥i^' *  =  •^■ 


X  ' 
■0  that  equation  5  of  Article  217  becomes 

2u;a:»-- 


tan. 


:WAR  =  ^: 


2wt 


"  V     I    2w(r+3in*)   J 


:  tan  ^'. 


.(3.) 


If  the  material  on  wLicIi  the  ■wall  rests  is  the  same  with  that  of 
lie  bank,  we  may  assume  f*  ^  ^ ;  in  which  case,  by  squaring 
ination  3,  and  attending  to  the  fact  that 


tan'f  =  ,'^°'^     =r/'°.»    V-'L: 
1  -  sin'  *       \1  -  mn  */     1  + 


-  sin  p 


sin  f 


we  obtain  the  equation 


Zqv/ 


/    sin  9    \' 
\1  -  sin  f)  ■ 


.(4.) 


A»aming  that  the  specific  gravity  of  the  earth  ia  fonr-fiflbs  of 
that  of  the  masonry,  or  -^  =  — ,  wo  find  that  this  eqiiation  is  ful- 

3 
filled  for  the  ordinary  value  of  y,  —  ,  so  long  as  9  exceeds  27*. 

o 

Example  IL  When  the  surface  of  the  bank  slopes  at  the  angle 
of  repose  9,  then  to,  =  w  cos  f,  and 

u/cob'  9 


OquJ 
f  5'  +  3  j  u/  cos  f  sin  ? 


i  qtii 
I  4  ofArlicJe  21 7  becomes 
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\y\6qto 


{q  +  \Y  itf*  HB*  f ^      (y  -*•  4)  trf  ein 


IGj'io' 


!)J 


4  >?«> 


-'}(5.) 


TrapcsoldBl  Waib. — la  fig.  102,  let  EQ  represent  the 
vertical  face  of  a  rectangular  ■wall,  suited  to  su8t«ia. 
the  thrust  of  a  given  bank,  and  let  F  be  the  centn 
of  resistance  of  the  base.     Make  QN  =  3  EF=3 

( ;   tlien  the  centre  of  gravity  g  of  the 


a-) 


Fig.  102. 
as  for  a  rectangular  wall. 


triijjigular  prism  of  masonry  E  Q  N  will  Ije  vorticaDy 
above  the  centre  of  resistance  F ;  therefore  if  tliat 
prism  be  removed,  so  as  to  reduce  the  cross  section 
of  the  wall  to  a  trapezoid  with  a  sloping  face  E  N, 
the  position  of  the  centre  of  resistance  F  \\t11  not  bo 
altered,  and  the  wall  will  still  fulfil  the  condition  of 

stiil.iility  of  position,  the  thickness  t  being  detcxmined 
3 
1£q=  —,  the  thickness  of  the  -wall  at  the 

a 


Buinmit  will  be  -^  of  the  thickness  at  the  base.    The  face  of  the  wall 

o 

is  said  to  latter;  the  rate  of  the  batter  being  the  ratio  -^  = 

EQ 

»a -')-:•. 

As  the  vertical  component  of  the  pressure  on  the  base  of  the 
wall  is  diminished  by  this  change,  the  obliquity  of  that  pressure 
will  be  increased ;  and  it  may  in  some  cajses  be  necessary  to  make 
the  Kisc  slope  backwards,  as  in  fig.  101, 

220.   Bancrlim  Wall*  of  Cuirorai  ThlckacM. — When  a  Wall  for 

.■mp}X)rting  a  horizontcd-topptd 
bank  is  of  uniform  thidmea^ 
and  has  a  sloping  or  curved  face, 
ail  in  figs.  103  and  104,  its  mo- 
ment of  stability  may  be  det«r- 
mincd  with  a  degree  of  accoracy 
sufficient  for  practical  purpoee^ 
in  tlio  following  manner  ; — 

Let  E  Q  in  each  figure  n*pi»- 
sent  the  vertical  IJici'  nf  a  i-cc- 
tiingulur  wall  of  thi,  1 1 1 

X  and  tluukness  t  -v. .  ^m- 

ig.  104.  poHed  wall,  and  lot  g  be  the 

ceatro  of  gravity  of  that  rectangular  Y.a.W.    TWav 
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niQ  he  its  moment  of  stability  per  unit  of  length. 

Divide  the  area  E  Q  N  included  between  the  vertical  face  E  Q 
tnd  the  face  of  the  propoeod  ^rall,  E  N,  bj  the  height  x.     Then 

^l=gG  =  ——. (1.) 

win  Le  the  distance  of  the  centre  of  gravity  G  of  the  sloping  or 
mrved  wall  fitim  that  of  the  rectangular  wall ;  and  the  change  of 
figure  will  increase  the  stability  in  the  ratio  17  +  2'  :  q;  that  ia  to 
mj,  the  moment  of  stability  will  now  be 

W  (7  +  gf)«  =  (7  +  g^toxf 

llf  E  N  is  a  straight  line  (fig.  103), 


I  If  E  N  is  a  parabolic  arc, 


V  3     ' 


(2.) 

(3.) 
.(4.) 


ormnla  which  is  also  sensibly  correct  when  £  N  is  an  arc  of  a 

cle. 

Walls  with  a  "curv'cd  batter"  are  usually 

It  as  shown  in  fig.  105,  with  the  bed-jointi 
perpendicular  to  the  fiice  of  the  wall.  This 
diminixlipfl  tho  obliquIty  of  the  pressure  ou 
ibe  base. 

221.   FaandaUan  Connca  of  RclalBtas  WoIU 

fcvo  their  width  increased  beyond  the  thick- 

utf  the  wall  by  a  scries  of  stejts  in  front, 

in  figs.  102  and  105.    The  objects  of 

are,  at  once  to  distribute  the  pressure 

cr  a  greater  area  than  that  of  any  bed-joint 

the  lK)dy  of  the  wall,  and  to  diffuse  that 

ire  more  equally,  by  biinging  the  centre 

lice  nearer  to  the  middle  of  the  base  ^B-  l*** 

is  in  the  body  of  tho  w.all.     Tho  power  of  earth  to  sujiport 
ndations  has  alrcadj'  been  considered  in  Article  199. 

C«aKierf«T<a  are  projections  from  the  inner  face  of  a  retain* 
iL     A  wall  and  its  co^mtoHbrts,  if  the  bond  of  tlie  masonry 
prfscrTCfl,  constitute  a  wall  having  successive  divisions 
of  its  length  altematfly  of  greater  and  of  le^s  VMc\avesR.     "YW 
moment  d  Btability  of  a  waii  with  countcrfoi-ts,  per  wiul  oi\cTi^^» 
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or  li<M^H 
be  -wa^^l 


when  the  wall  is  well  bonded,  may  be  found,  with  sufficient 
accuracy  for  practicul  pui-posea,  by  adding  together  the  momeuts 
of  stability  of  one  of  the  parts  between  two  counterforts,  and  of 
one  of  the  parts  whose  thickness  is  augmented  by  the  addition  of 
a  counterfort,  and  dividing  the  sum  by  the  joint  length  of  those 
two  parts. 

For  example,  let  fig.  lOG  represent  a  portion  of  the  j^m,  or  hfl 
zontal  section,  of  a  vertical  rectangular  reti  ' 
wall  whaic  height  is  h,  with  a  row  of  rectang 
counterforts  of  the  same  height  with  the 
Let  {  =  F  E  be  the  thickness  of  a  part  of  the 
wall  between  two  counterforts,  and  6  =  E  D  its 
length  ;  let  T  =  A  B  be  the  thickness  of  a  conn- 
terforted  part  of  the  waJl,  including  the  counter- 
fort, and  c  =  B  C  its  lengtL 

The  moment  of  stability  of  the  first  part  b 

qwhbt'  i 
and  that  of  the  second  part, 
^'■«"''-  gwAcT. 

Adding  together  those  momenta,  and  dividing  their  sum 
total  length  i  +  c  =  A  F,  the  mean  moment  of  stability  per 
length  is  found  to  be 

hf  +  cV 

b+c  


bytS 
unit  0^1 


qvsh- 


.(1.) 


This  is  the  same  with  the  moment  of  stability  per  unit  of  length 
of  a  wall  of  the  uniform  thickness. 


=V(^4^} w 


which  may  be  called  the  equivalent  uniform  waU. 

Thp  quantity  of  masonry  in  the  co\mterforte<l  \wM  is  to  the 
quantity  in  the  equi^•alent  uniform  wall  in  the  ratio 

hl  +  eT  :  (6  +  c)^, 

which  i.s  always  le&s  tlian  unity;  so  that  there  is  a  saving  of 
masourj'  (though  in  general  but  a  small  one)  by  the  use  of  counter- 
forts. 

223.  Arcbca  mt  Dinaamr. — An  aroh  of  masonry  ooosista  of  a  ring 

of  woilge-tormeA  stones,  called  arch-gtone*  or  vovaMoin,  pranug 

Bffniust  each  other  at  surfaces  caWed  bed-jgxTxU,  VtsitV.  m«,  or  on^t 
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to  be,  perpendicular  or  nearly  perpendicular  to  the  toffit,  or  internal 

■'■rT'.ivn  surfjice  of  the  arch.     The  outer  or  convejt  surface  of  the 

of  arch-stones,  which  may  be  either  a  curved  surface  parallel 

'■   -inftit.  or,  what  is  better,  a  series  of  steps,  sustains  the 

■1    [•!'     lire  of  that  part  of  the  load  which  arises  from  the 

•     ji  '   '  t  ill:  r.  liil-i  other  than  the  arch-stones  themselves;  and 

■I    •  .  II'  !     .!  ■.. '   ;.l.so  exerts  in  many  cases  a  horizontal  orinclinwl 

;_ -'ii  I   the  spandnU  and  abutments.     The  abutments  sus- 

!  '■  tin   'hnist  of  the  lowest  voussoirs,  vortical  or  inclined,  as 

Uiu  case  may  be.     Sometimes  an  arch  springs  at  once  from  the 

groiuid,  so  that  its  abutments  arc  its  foumlatious. 

A  ■wall  standing  on  on  arcli,  in  the  plane  of  the  arch-ring,  is 
oUled  a  sjKindril  tcalf.  The  arch  of  a  bridge  requiirs  a  pair  of 
txlemal  apandril  tcalU,  one  over  each  face  of  the  arch  ;  the  space 
between  them  is  filled  up  to  a  certain  level  with  solid  mawniy,  and 
above  that  level  it  is  sometimes  filled  with  earth  or  rubbish,  and 
Kimetimes  occupied  by  a  series  of  internal  apandril  walls  parallel  to 
the  external  spandril  walls,  and  having  vacant  spaces  between 
them — a  mode  of  construction  favourable  both  to  stability  and  to 
iigfatue.s&  In  order  to  form  a  continuous  platform  for  the  road- 
niv  the  spaces  between  the  internal  sj)an<lr)l  walls  are  sometimes 
t  d  with  flags  of  some  strong  stone  (such  as  slate),  and  some- 
...i.w.  arched  over  with  small  tiwnsverse  arches.  The  external 
sptindril  walls  are  the  abutments  of  those  arches,  and  must  ha\T 
8t*bility  sufficient  to  sustain  their  thrust :  when  the  s[)andi-ils  are 
filled  with  earth  or  rubbish,  the  external  spandril  walls  must  have 
latability  sufficient  to  withstand  the  pressure  of  the  filling  material 
In  determining  the  conditions  of  stability  of  an  arch,  it  is  con- 
lient  to  consider  only  a  rib,  or  vertical  layer,  of  arch,  abutment, 
spandril,  of  the  thickness  unity  (e.  g.,  one  foot).  When  there 
Vre  spandril  walls  with  vacant  spaces  between,  an  ideal  specific 
ffmvitj  is  to  be  adopted  for  the  material  of  the  spandrils,  found  by 
the  weight  of  the  material  of  the  spandril  walls  to  be 
aly  distributed,  so  as  to  fill  the  vacuities ;  that  is  to  say,  let 
;  the  weight  of  an  unit  of  volume  of  the  material  of  the  walla, 
'  T  the  sum  of  the  thicknesses  of  all  the  walls,  and  Z  *  S  the  sum 
wiilths  of  the  8]mces  between  them  ;  then  in  computations 
ecting  the  stability  of  the  arch,  the  spandrils  may  bo  supposed 
be  completely  filled  with  a  material  whose  weight  per  unit  of 
plome  is 


«/  =  ! 


2'T 


•T-I-2-S" 


.(1.) 


f  Jne   ef  Prr*Mire«    In    nn    Arch  t    {'andllloa    of  Slnbllill'. — 

Aooording  to  the  principles  explained  in  Articles  20Q  and  ^Ql  ,Si  a. 
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Btraight  line  be  ilrawn  through  ench  l>od-joint  of  th«  srrlt-riTig 
repix'ilonting  the  position  oiicl  direction  i' 
Fiire  at  tliat  joint,  the  straight  lines  so  ■  i 
eacli  of  the  angles  of  that  jifilygon  Ir  aitiiuU'il  m  i 
pf  the  resultiint  external   force  acting  on   the  t>< 
Uies  l)clween  the  pair  of  j<.>intci  to  which  tJie  conti'^ncms  niilea  of  the 
itoolygon  corTesjmnd  ;   so  that  the   jxilygon  is  similnr  to  »  polv- 
minal  frame,  loade<l  at  its  angl«  with  the  forces  whidi  act 
Mu'ch-stones  (their  o\ra  weight  inclnded).    A  curve  inscribed  r 
polygon,  so  as  to  touch  all  its  sides,  is  the  liite  of  preentree  of  thn 
arch.     The  smaller  and  the  more  numerous  the  arch-rtonf*  into 
which  the  arch-ring  is  sulxiivided,  the  more  nearly  does  tli 
gon  coincide  with  the  curve  ;  and  the  cun-e  or  line  of  pi  • 
represents  on  ideal  linear  arch,  which  would  be  balanced  uii' 
continuoiisly-distributed  forces  which  act  on  the  real  aj'ch  .i.i.,.  ■ 
consideration.     From  the  near  approach  of  this  linear  arch  to  the 
FiKilygon  whose  sides  traverse  the  centres  of  resistsinoo  of  the  bcd- 
Ijoints,  the  points  where  the  linear  arch  cuts  those  joints  amy  ho 
taken  without  sensible  error  for  the  centres  of  resistanoe. 

Now  in  ortler  that  the  Btability  of  the  arch  may  be  secure,  it  is 
necessary  that  no  joint  should  tend  to  open  either  at  its  on 
at  its  inn(T  edge  ;  and  in  order  that  this  may  be  the  c, 
ceiitri'  of  resistance  of  each  joint  should  not  deviate  from  the  ccutru 
of  the  joint  by  moi-e  than  one-sixth  of  the  depth  of  the  joint ;  that 
is  to  say,  the  centre  of  resistance  should  lie  within  the  middle  third 
of  the  depth  of  the  joint ;  whence  follows  tJiis 

Theorem.  The  stability  of  an  arch  is  gecnrv,  if  a  linear  artJi, 
halanced  undfr  the  jlircen  which  act  on  the  real  arch,  can  be  drawn 
toUhin  the  viiddlc  third  o/thf  depth  of  the  arch-rimj. 

It  has  already  been  stated  that  the  tenacity  of  fro^h  moi-trir  is  not 
BufEciently  great  to  be  tjikcn  intoaccoimt  in  detrt 
lity  of  niiisonry ;  and  hence,  where  arment  is  not  ii       , 
tal  or  oblique  conjugate  forces  which  maintAin  the  equilili 
the  arch-ring  must  be  presstires,  acting  on  the  arch  from  \ 
inwards.     The  linear  arch,  therefore,  is  limited  in  such  e;'     ■  i  • 
those  forms  which  are  balanced  under  pretgiircs  from  mthouf 
that  is  to  Bay,  that  the  intensity  of  the  horizontal  or  coi 
pressure,  denoted  by  j9,  in  Article  185,  equatiou  i,  xaxvst  not  m  ..ii_y 
point  be  negative. 

It  is  true  that  arches  have  stood,  and  *till  st.tnd,  in  which  thn 
centres  of  resistance  of  joints  fall  beyond  the  middle  third  of  the 
depth  of  the  arch-ring  ;  but  tlic  stability  of  such  arches  is  citlirr 
now  precarious,  or  must  have  been  jirccarious  while  the  mortar  wa.* 
fresh. 
Wieo  teoBcity  to  leaist  horizunial  or  obliquo  t<3isiou  ia  £^vvn  ta~ 
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Kndrils  of  an  arch,  and  to  the  joints  betvnoen  them  and  the 

unes,  by  nieiinii  ol"  couient,  boo{>-iron  bond,  iron  cramps,  or 

ist',  tJie  conjugato  tonsiou  denoted  by  —p^  uiiist  not  at  any 

it  »5xwed  a  sale  piii|xirtion  of  that  tenacity ;  that  is  to  say, 

at  one-eigbt.L     By  this  means  stability  may  be  given  to  arches 

emingly  unomulous  iigtirtiB;  but  such  structures  are  safe  on  a 

1  scale  only. 

5.   Angl«.  Jolnl,  and  Patni  or  ttrnpntm. — Tho  first  step  towards 

luixiing  whotliiT  a  proposed  urch  ^vill  be  stable,  is  to  asitume  a 

arch  iKimllel  to  tiio  iutrados  or  soffit  of  tho  proposed  arcli, 

losuled  vertiadly  with  the  same  weight,  distributed  in  tho 

ae  manner.     The  rice  of  this  assumed  linear  arch  is  a  matter  of 

ence,  provided  eiu'L  point  in  it  is  considered  as  subjected  to 

oe  forces  which  act  at  the  corre»p<mdinr/  joint  in  tho  real 

that  is,  t/ie  joi)U  at  tr/ikh  the  irtdinalurn  oj'  the  real  arch  to 

korison  is  tite  game  with  thai  qf  iht  attumed  ardk  at  Uie  gwat 

assumed  arch  is  next  to  be  treated  as  a  stereostatic  arch, 
Vooording  to  the  method  of  Article  18.3;  and  by  ctjuation  i  of  that 
Article  is  to  l)e  determined,  citlicr  a  general  expression  or  a  series 
values  of  the  intensity  />,  of  tho  conius;ate  jtn'ssui'c,  horizontal  or 
'  \ae,  as  tho  case  may  Ijc,  required  to  keep  tho  arch  in  equiUbrio 
'  tho  given  vertical  load.  If  tliat  pressure  is  nowliere  negative, 
ve  similar  to  tho  Ofisuiiied  iireh,  di-uwu  through  the  middle  of 
I  aiich-riug,  will  he  either  exactly  or  very  nesirly  the  line  of  pres- 
\  of  the  pro|)osed  arch ;  p,  will  represent,  either  exactly  or  very 
nearly,  the  intensity  of  the  laterjd  jiressure  which  the  real  arch, 
tending  to  qntud  outwards  nnder  its  load,  will  exert  at  each  point 
i^^unst  its  sjiandril  an<l  abutments  ;  and  tho  thrust  along  the  linear 
ATch  at  each  ]x>iut  will  be  the  thrust  of  tho  real  arch  at  the  corre- 
■|)ODding  joint. 

■LOh  the  other  hand,  if  ^,  Las  some  negative  values  for  the  assumed 
Hfekr  arch,  there  must  be  a  ]iair  of  points  in  that  arch  whei-e  that 
HKltity  changes  from  positive  to  negative,  and  is  equal  to  nothing. 
Bho  angle  di'  inclination  i^  at  that  point,  called  the  angle  qf  rupture, 
Ib  to  bo  di.terniined  by  soldng  equation  1  of  Article  187.  The 
Corresponding  joints  in  the  real  arch  arc  called  the  jointt  of  rupture; 
mad  it  is  below  those  joints  only  that  conjugate  pnsasure  Irom  with- 
■nit  is  required  to  sustain  the  arch. 

B  In  fig.  1U7,  let  B  C  A  represent  one-half  of  a  symmetrical  arch, 
[P  Y  a  horizontal  axis  of  co-ordinatee  in  or  above  the  spandri]^ 
RK.  L  D  E  an  abutment,  and  0  tho  joint  of  rupture,  found  by 
pihe  mothod  already  described.  Tho  poijU  of  rupture,  which  is  the 
eentre  of  rcsistonce  of  thu  joint  of  rupture,  is  somewhetfe  "wS.tVva. 
tlie  midxllo  Uiird  of  the  iLjiiL  of  that  joint;  and  £roDX  tW\.  ^\xA 
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Fig.  107 


flown  to  the  springing  joint  B,  the  line  of  pressures  is  a  ciu 
Eamilar  to  the  assumed  lint-ar  arch,  and  parallel  to  the  iiitntdd 
being  kept  in  equilibrio  by  the  latcnU  pr 
^  "    siire  between  the  arch  and  its  spandn'l 

abutment. 

From  the  joint  of  rupture  0  to  the  erov 
A,  the  fact  that  the  assumed  linear  arch  wou 
I'oquire  lateral  tension  to  keep  it  in  equilibrio 
shows  that  the  true  line  of  pressures  must  be 
B  JlaUer  curve  than  the  assumed  linear  arch ; 
tlie  figure  of  tlie  true  line  of  pressxu-es  being 
determined  by  the  condition,  that  it  shall  lxi 
a  linear  arch  balimced  under  vertical  forces 
only ;  that  is  to  .say,  that  the  horizontal  com- 
]X)uent  of  the  thi-ust  along  it  at  each  jx>int  ifl 
a  constant  quantity,  and  equal  to  the  horizontal  component 
the  thrust  along  the  arch  at  the  joint  of  nipt\ire. 

That  horizontal  thrust,  denoted  by  H,„  is  found  by  means  of  nqt] 
tion  2  of  Article  187,  and  is  the  horizontal  thrust  of  the  entire  nr 

[If  the  arch  is  distorted,  conjugate  thrust  is  to  be  read  instt&d  i 
"  liorixonlal  thrust."  wherever  that  phrase  occurs,] 

The  only  point  in  the  line  of  pressures  above  the  joints  of  1 
ture  which  it  is  important  to  determine,  is  that  which  is  at 
crown  of  the  arch,  A ;  and  it  is  found  in  the  following  manner  :- 

Find  the  centre  of  gravity  of  the  load  between  the  joint  of 
ture  C  and  the  crown  A  ;  and  draw  through  tliat  centre  of  gravi| 
a  vertical  line. 

Then  if  it  be  possible,  from  one  point  in  that  vertical  line, ' 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  soffit  at  thf  joij 
of  i-upture,  and  the  other  parallel  to  a  tangent  to  the  soffit  at 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  nip- 
ture,  and  the  latter  the  keystone,  in  a  pair  of  points  which  arc  both 
witliin  the  middle  third  of  the  depth  of  the  arch-ring,  the  stain  lity 
of  the  arch  will  be  secure  ;  and  if  the  first  i)oint  be  the  point  of 
rupture,  the  second  will  be  the  centre  of  resistance  at  the  crown  of 
the  arch,  and  the  crown  of  the  tme  line  of  pressui'es. 

When  the  pair  of  points  related  as  above  do  not  fall  at  o]ip<wit<' 
limita  of  the  middle  third  of  the  arch-iing,  their  exact  positifi 
to  a  small  extent  uncertain ;  but  that  uuccrtiiiuty  is  of  u»  ' 
qucnce  in  practice.     Their  most  pn^buble  positioua  are  equi-disti 
from  the  middle  line  of  the  arch-ring. 

Should  the  iiair  of  points  fall  beyond  the  middle  third  of  1 
arch-ring,  the  depth  of  the  arch-stones  must  be  increased, 

226,    Tkrtiml  of  an  Arch  of  iltaMmrr- — The    line   of  prt'.-Wurr'S, 
e>;iiival<nil  Ihuxir  tirrh,  of  an  i\ti'\\  cA'  tovv^au-j  ,  -^ixlV  vts  \voiul 


ABUTUEKTS— SKEW  ABCHES. 


261 


total  thrust,  having  been  (letermined  by  the  methods 
in  the  two  preceding  Articles,  the  distribution  of  that 

thrust,  and  the  line  of  action  of  its  resultant,  are  to  be  found  by 

the  methods  of  Article  187. 

227.  Ahaimrata  of  Arches. — The  abutment  of  On  arch,  when  it 
is  not  simply  a  foundation,  is  a  buttress,  or  a  wall  with  or  without 
counterforts,  which  is  bounded,  or  may  be  considered  as  bounded 
by  a  vertical  face  L  D  (fig.  107)  towards  the  arch. 

Two  external  foi-ccs  are  applied  to  the  abutment  of  an  arch 
besides  its  own  weight,  viz.,  the  vertical  load  of  the  half-arch,  P, 
vhose  resultant  acts  through  B,  the  centre  of  resistance  of  the 
qiringing  Joint,  and  the  thrust  H,  found  in  amount  and  position  by 
methods  olready  referred  to,  which  acts  through  B  also  if  the  angle 
of  rupture  is  equal  to  or  greater  than  the  inclination  of  the  arch  at 
~  and  which,  if  there  is  either  no  joint  of  rupture,  or  a  joint  of 
aptiire  above  B,  is  distributed  between  B  and  A,  or  B  and  C,  as 
'  case  may  be.  The  residtant  of  the  vertical  load  and  coujugate 
list  being  taken  as  the  entire  pressure  applied  to  the  .abutment, 
conditions  of  stability  and  requisite  dimensions  are  to  be  found 
'  the  methods  described  in  Articles  213,  214,  and  222. 

'  the  abutment  of  an  arch,  as  for  the  arch-ring,  the  centre  of 

ace  should  fall  within  the  middle  third  of  the  base,  so  that 

prt>p<T  value  of  q  is  one-sixth. 

If  the  figure  of  an  arch  be  transformed  by  parallel  projection,  the 

proper  figures  for  the  abutments  of  the  new  arch  are  the  corr»- 

•ponding  parallel  projections  of  the  original  abutments. 

228.  Skew  Archc*  are  of  figures  derived  from  those  of  symmetri- 
cal arches  by  distortion  in  a 

"^  ariaontal  plane.     Tlie  eleva- n       .■'     b 

an  of  the  face  of  a  skew  nrch, 
ad  every  vertical  eection  par- 
llel  to  its  face,  being  similar 
the  corresponding  elevation 
od  vertical  section  of  a  sym- 
strical  arch,  the  forces  which 
in  a  vertical  layer  or  rib 
ft  skew  arch  with  its  abut- 
nents,  are  the  same  with  those 
rhich  act  in  an  equally  thick 
ical  layer  of  a  symmetrical 
ch  with  its  abutments,  of  thi.^ 
edimensions  and  figure,  and  fj^  jQy_ 

rly  and  equally  loaded. 
?g.  108  represents  a  plan  of  a  skew  arch,  with  counterfotteA. 
kbutment*.    The  an</le  of  ekew,  or  obli'iuitij,  ia  t\iQ  OB'^vi  vjVvvOa.  ^2iia 


Fig.  108. 
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of  the  archway,  A  A,  luakus  vi-ith  a  perpendicrilar  t»?  thr  \ 
of  the  arch,  B  C  A  B.     The  s[ioii  of  the  arcliwiy, 
oa  it  IB  called  (that  is,  tlie  porpt^ntlicular  distance  bi  ■  i 

luents),  is  leas  than  the  span  on  tlte  iikew,  or  pai-allel  to  tho  laco  i 
the  arch,  in  the  ratio  of  the  cosine  of  the  obliquity  to  nnity. 
is  the  span  on  the  skew  which  is  eqnal  to  that  of  the  correspond 
symmetrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  is  [ 
dicnlar  to  the  thrust  along  the  arch,     If,  therefore,  there  be 
on  the  soffit  of  a  skew  arch,  a  series  of  parallel  curves,  made  by  I 
iiitereections  of  the  soffit  with  vertical  planes  jmrallcl  to  the 
of  the  arch,  the  l)est  forms  for  tho  bed-joints  will  lx>  a  ncrien^ 
curre«  drawn  on  the  soffit  of  the  arch  so  as  to  cut  the  whole  of 
former  series  of  eurres  at  right  angles,  such  as  0  0  in  figs.  108 
109.    Joints  of  the  best  form  being  difficult  to  execute,  spL 
joints  are  used  in  practice  as  an  approximation. 

229.    GroiBui  TuHa. — A  groined  vault,  rq>rescnted  in  v\s 
looking  upwards,  by  fig.  110,  is  fonnwl  by  the  interBCctioii  of  1 
archways.     The  ribs  at  the  cdgeit  ■ 
the  soffits  of  the  archways  int 
inten-upt  each    other,  are    colled' 
f/n/i;w.      The  portions   of   the 
wliich  form  tlie  groined  %-nult,  proper^ 
speaking,  abut  against  the  groins ;  th 
groins  tbeniselves,  and  the  four 
jiendent  pirtions  of  the  archw.iys,  at 
against  four  buttrea.s«  at  the  come 
of  the  %-ault.     Tlio  crutcn  of  the  vault  it 
the  [)oiiit  where  the  p-oins  meets 

The  line  marked  15'  in  the  length  ( 
the  crown  to  the  face  of  one  of  the  arcq 
ways;  and  B  is  the  breailth  of  the  , 
tion  of  one  of  the  buttrwiscs  against  which  that  archway  abut 
whether  directly  or  through  tho  groin.     Tho  thrust  duo  to  til 
length  of  archway  B'  is  concentrated  upon  the  brtAdth  of  i 

B* 

ment  B ;  its  intensity  is  therefore  increased  in  the  ratio  ^  ; 

if  <  be  the  thickness  which  an  abutment  requires  to  withstand 
thrust  of  the  plain  archway,  the  tliickness  D  i-equired  for  tbo  bu 
U-esa,  in  a  direction  ijcrpendictilar  to  B,  will  bo 


Fig.  110. 


^=VI- 


.(I.) 


At  the  left-hand  side  of  the  fignro.  the  buttrrMOS  are 
^d  ivctaDgular:—^i.t  the  righi-liand  side,  a  single  diagon 
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I  opposed  to  the  thrust  of  ettch  groin,  and  to  the  combined  thrusts 
Uie  two  archwurs  which  abut  against  it    The  l^rcadth  of  the  dia- 
buttress  l)6iug  the  remeltant  of  the  breadtlis  of  the  compound 
es,  its  tliicknesR  is  simply  equal  to  tbcim. 
ClaMcrrj   Archc*  are  arched  rilw,  of  which 
treitil  spring  from  one  buttress,  as  is  shown  in  plan 
£g.  111.     The  thrust  against  the  buttress  is  the 
snltant  of  the  thrusts  of  the  ribs;  the  vertical 

Bure  is  the  sum  of  their  loads. 

231.  Ficn  of  Arche*. — A  pier  is  a  pillar  against 

rbich  two  or  more  arches  abut,  in  such  a  manner       ^"  **^ 

that  their  horizontal  thrusts  balance  each  other,  ao  that  the  pier 

has  only  to  Bu.stain  the  vertical  pressure  of  the  half-arches  which 

rest  on  it.     The  piers  of  a  bridge  or  viaduct  are  usually  oblong 

'-  "~,  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 

!i  spring  from  the  opposite  sides  of  each  pier.     It  is  customaiy 

lo  make  the  thickness  of  a  pier,  at  the  springing  of  tlic  an-hes,  from 

one-sixth  to  one-ninth  of  the  sjiixn  of  the  arches  which  it  sustains. 

"■"r    Hoeking,  in  his  Treatise  on  Bridges,  has  pointed  out,  that  this 

l.iieas  is  usually  greater  than  is  uecessary ;  and  that  there  is  in 

guueral  no  n'tison  that  the  thickness  of  the  pier  should  be  more  than 

,  ia  just  sufficient  to  ru  ji[ioit  the  rings  of  arch-stones  that  spring  fi-om  it. 

If  one  of  two  arches  which  abut  against  the  same  fiif  r  ftdls,  the 

arch,  having  itd  thrust  unbalanced,  usually  overthrows  the 

kAnd  conspqucutly  falls  also  J  so  that  if  a  viaduct  consists  of  a 

I  of  aivhes  witii  piers  between,  the  fall  of  a  single  arch  causes 

lie  dcstnietion  of  the  whole  viaduct.     To  lessen  the  damage  caused 

accidutit^  of  this  kind,  it  is  customaiy  iu  long  viaducts,  to 

Itrudnce  at  intervals  what  are  called  oLvtmeiU  piers,  which  have 

'    ity  sufficient  to  resist  the  thrust  of  a  single  archj  so  that 

I  an  arch  falls,  the  destruction  is  limited  to  the  division  of  the 

;  between  the  two  nearest  abutment  piers. 
I  wme  important  bridges  over  large  rivers,  where  it  has  been 
ndlered  advisable  to  spare  no  expense  in  order  to  render  tho 
acture  durable,  each  pier  is  an  abutment  pier, 

233.  Orvn  nnd  Ilallow  PIm  and  Abatmraia. — In  some  cases  the 
piew  and  abutments  of  bridges,  in  order  to  save  materials,  and  to 
diminish  the  pressure  on  the  foundations,  are  made  with  arched 
openings  tlutjugh  them,  or  with  rectangular  hollows  in  their  in- 
fiTJor.  The  bottoms  of  such  openings  or  hollows  should  be  closed, 
wliin  they  are  small  by  courses  of  large  stones,  and  when  they  are 
lar;.'o  by  inverted  arches,  in  oi-der  that  the  area  of  tbe  foimdation, 
rr  wlii.'h  tlie  pressiu'e  is  distributed,  may  be  as  large  as  if  the 
lid. 
oi' stability  of  an  abutment,  with  ardx^A  o^jcttov^ 
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through  it,  or  liollows  in  its  interior,  is  less  tJian  tbiitofi 
abutment  of"  the  same  external  dimensions,  very  nearly  in  tin 
ratio  in  which  the  moment  of  inertia  of  lite  horizontal  sectiom 

abutment  is  diminiiihed  by  means  of  the  vacuities.    (See  Artii.i ; 

233.  Taaari*. — If  the  depth  of  a  tunnel  beneath  the  surface  of 
the  ground  is  great  compared  with  the  height  of  its  archway,  the 
ptx)per  form  for  the  line  of  pressures,  which  must  lie  within  the 
middle  thii-d  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  ISO,  in  which  the  ratio  of  the  horizontal  to  the  vertical 
semi-axis  is  the  square  root  of  the  i-atio  of  the  horizontal  to  the 
vertical  prcssui-e  of  the  earth,  as  already  shown  in  Article  180, 
equation  5,  and  Article  197,  equation  '.i;  that  is  to  say, 

horizontal  semi-axis /p, / (^  ~  ""^  ^  . 

vertical  seini-axia    ~  \/  p^  ~   \/   \l  +  sin  ♦/  ' 

9  being  the  angle  of  repose. 

li'  the  earth  is  iirra,  and  little  liable  to  be  disturbed,  the  propo>r- 
tion  of  the  half-span,  or  horizontal  semi-axis,  to  the  rise  or  V'  : 
semi-axis,  may  be  made  greater  than  ia  given  by  the  \tri  ■ 
oquation,  and  the  earth  will  still  resist  the  additional  lioi ; 
thrust ;  but  that  proportion  should  never  be  made  /aw  tli. 
value  given  by  the  equation,  or  the  sides  of  the  tunnel  will  bo  iu 
danger  of  being  forced  inwartls. 

In  a  tlrainage  tunnel,  the  entire  ellipse  may  be  used  as  the  figure 
of  the  arch  ;  but  in  a  railway  tunnel,  where  it  is  neccssaiy  to  hiivf-  n 
llat  floor,  the  sides  and  roof  of  the  tunnel  comprise  in  helL' 
ui)per  two-thirds,  or  three-fourths,  of  the  ellipse,  which  ii  ■ 
below  by  a  circular  segmental  inverted  arch  of  a  slight  c»irvature, 
its  depression  being  one-eighth  of  its  span,  or  tliereabouts.  I3y  this 
mode  of  construction,  the  vertical  pres.sure  of  the  sides  of  the 
tunnel  is  concentrated  upon  foundation  courses  directly  below 
them,  from  which  they  spring.  The  ratio  which  the  entire  width 
of  the  tunnel,  measured  oui»iil«  the  masoniy  or  brickwork,  beirn  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  of  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
displaced  by  it,  as  given  by  Ai-ticle  199,  equation  3.  The  inverted 
arch  sen'cs  to  prevent  the  foundations  of  the  sides  of  the  tunnel 
from  being  forced  inwax-tls  by  the  horizontal  pressure  of  the  earth. 

The  exact  form  for  the  line  of  i)reRsure8  in  the  aides  and  nx)f 
of  a  tunnel  is  the  geostatic  arch  of  Article  184.  This  ]>rineiple 
requires  attention  when  the  roof  of  the  tunnel  is  near  the  surtaH 
Let  Xg  be  the  depth  of  the  crown  of  the  tunnel,  and  a;,  thot  of  fl 
greatest  horizontttl  diameter,  beneath  the  surface.  Fi-om  th^| 
onliaates  rs  data,  design  a  hjdrostatie  arch,  cither  by  the  ex^| 
method  of  Aiticle  183,  or  by  ibe  «L\i\Tn»iin&\ft  -otK^^od  of  ArtiM 
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166  ;  contract  the  horizontal  co-ordinates  of  that  arch  in  the  ratio 
e=  A  /  -  ,  and  the  result  will  be  the  geoetatic  arch  reqiiired. 

23-i.  D«aie*. — A  true  dome  is  a  shell  of  masonry  or  brickwork, 
of  the  figure  of  a  solid  of  revolution  with  a  vertical  axis ;  that  is, 
it  19  siiherical,  spheroidal,  couoidnl,  or  conical,  and  is  circular  in 
plan.  Its  tendency  to  spread  at  its  base  is  resisted  by  the  stability 
of  n  cylindrical  wail,  or  of  a  series  of  buttresses  surrounding  the 
W"*  I  .f  the  dome,  or  by  the  tenacity  of  a  metal  hoop  encircling  the 
bii*?  I'lf  the  dome. 

The  couditinns  of  stability  of  a 
dome  urn  ascertained  in  the  i'ol- 
lowiug  niuuner  : — Let  fig.  112 
represent  a  vertical  section  of  a 
dome,  upriuging  from  a  cylindrical 
wall  B  li.  The  shell  of  the  dome 
is  snpjK)Sud  to  bo  thin  as  comparted 
with  its  external  and  internal  di- 
mensions. Let  the  centre  of  tlio 
— ~  ■"  n  of  the  dome,  O,  be  taken  a.s 

1  of  co-onliiiates ;  let  x  bo  the  depth  of  any  circular  joint 
III  me  shell,  such  as  C  C,  below  O,  and  y  the  radius  of  that  joint. 
Ix't  »  bo  the  angle  of  inclination  of  the  shell  at  C  to  the  horizon, 
and  rf*  the  length  of  an  elementary  arc  of  the  vertical  section  of 
tl)e  dome,  such  as  C  D,  whoso  vertical  height  is  dx,  and  the  diller- 
eace  of  its  lower  and  upper  radii  dy:  bo  tliat 


Fig.  US. 


dv         .       .    ds 

—-  =.  cotan  %;  -—  —  cosec  t, 

ax  dx 


^^Pljet  P,  be  the  weight  of  the  part  of  the  dome  above  the  circular  joint 
^^B  C.  Thi-u  the  total  thrust,  in  the  direction  of  a  set  of  tangent-s  to 
^^fto  dome,  radiating  obliquely  downwards  all  round  the  joint  C  C,  is 

^^H  Pj  •  :7^  =  P.* cosec »; 

^Kd  th( 


dx ' 
kd  the  total  horizontal  component  of  that  radiating  thrust  is 

•  —  ""P,  •  cotan  t. 


r,' 


dx 


Let  p,  denote  the  intensity  of  that  horizontal  radiating  thrust,  per 
luiit  of  periphery  of  the  joint  C  C  ;  then  because  the  periphery  of 
that  jointi32Ty(=  6-2832 »/),  we  have 

P,  cotan  »" 
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It  has  been  shown  in  Article  17it,  tlmt  if  there  bo  aii  inwa 
radiating  pressure  ujwu  a  ring,  of  a  given  inteasity  per  unit  of  ar 
there  is  a  thrust  exerted  all  round  that  ring,  -whose  amoimt  is  tli 
product  of  that  intensity  into  the  radius  of  the  ring.  The  same 
proposition  is  true,  sulistituting  an  outward  for  an  inwanl  ni(''  *  ■  » 
preaaure,  and  a  tension  all  round  the  ring  for  a  thrust.  If. 
toi-e,  the  horizontal  radiating  pressure  of  the  dome  at  the  jmiii- 
C  C  be  resisted  by  the  tenacity  of  a  hoop,  the  tension  at  each  jioint 
of  that  hoop,  being  denoted  by  P^  is  given  by  the  equation 


P,  =  yp,= 


P,  cotan  i 


.(3.) 


Now  conceive  the  hooj)  to  be  removed  to  the  circular  joint  D  D, 
distant  hy  the  aic  d  s  from  C  C,  and  lot  its  tension  in  this 
position  be 

P,-dP^ 

The  difference,  d  P„  when  the  tension  of  the  hoop  at  C  C  ia 
greater,  represents  a  ihruM  which  must  be  exerted  all  round  the 
ring  of  brickwork  C  C  D  D,  and  whose  inleiusily  pec  unit  of  length 
o/t/te  arc  C  D  is 

dF,  1  <i    /T>         *„      -V  «», 

P-=-df=Z^-  d^(^-~^0 (3.J 

Every  ring  ofbrkhworh  for  which  p,  is  dfher  itolhing,  or  i 
i»  Hable,  independently  of  the  tenacity  of  cement ;  for  in  each  i 
ring  there  is  no  tension  in  any  ilirection. 

When  p,  becomes  riegaiive,  that  is,  when  P,  has  passed  its  i 
mum,  and  begins  to  diminish,  there  is  tension  horizuutnlly  round 
each  ring  of  brickwork,  which,  in  order  to  secui-e  the  stability  of 
the  dome,  must  be  resisted  by  the  tenacity  of  cement,  or  of  external 
lioops,  or  by  the  resistance  of  abutments. 

Such  is  the  cuuditiou  uf  stiibiilty  of  a  dome.  The  inclination  to 
the  horizon  of  the  siu-facc  of  the  dome  at  the  joint  wh^-re  p,  =  0, 
and  Ix^low  which  that  quantity  becomes  negative,  is  tlie  angle  of 
niphire  of  the  dome;  and  the  horizontal  ci.iiii).H.>uent  of  its  thr 
nt  that  joint,  is  its  total  horizontal  thnist  agniust  the  abutme 
"boop,  or  hoops,  by  which  it  is  prevented  from  spreading. 

A  dome  may  have  a  circular  oj)cniug  in  its  crown.     Oval  i 
jicuinga  may  also  be  made  at  lower  jwints,  provided  at  sue 
tiere  is  no  tension  ;  and  the  ratio  of  the  horizontal  to  the  i 
axis  of  any  such  opening  should  be  fixed  by  the  equation 


iuL. 
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Exem^  L  Spheri4xU  Dome. — Uniform  thickness,  t ;  weight  of 
Butteiial  per  unit  of  volume,  to ;  radius,  r. 

»  =  r{l  -  cost) ;  f/  =  raiii;  d8  =  rdi. 

P,  =  2rwtr'(l—cosi); 

wtt*  COB  t  sin  « 


w  <  r  cos  t     p  . 

-;-,    iff  — 


^'  ~  1  -f  COS  * 

dT, 
^       rdt 


1  +  cost 


dF,         .      cos*  i  4-  cos  t  —  1 


1  +  cos  i 
The  angle  of  rupture,  for  -wluch  p,  =  0,ia 

»,  =  an5-co8  illzl  =  Sr i9t ;.. 
2 


,.(6.) 


.(6.) 


and  from  this  angle  we  obtain,  for  the  horizontal  thrust  of  the 
dome,  per  imit  of  periphery  at  the  joint  of  rupture. 


;>,  =  0-382  to<r; 
and  for  the  tension  on  a  hoop  to  resist  that  thrust, 


P,  =  0-3«)<r". 


.(7.) 


Example  II.  Truncated  Conical  Dome  (fig.  113). — Apex,  O. 
Depth  of  top  of  dome  below  apex,  x^ ;  of  base  of  dome,  Xi ;  i,  uni- 
form inclination ;  t,  uniform  thickness ;  y  =  a;  cotan  i. 

Then  at  the  base  of  the  dome, 


_  .    cos  t ,  ,      ^ 

to  <  cos  t  /       xt\ 

P'^Y^JiV'-xJ' 

_totco^i 
'~  2 sin'*  ^  '       "'' 

p,  =  tota>i'  cotan*  i. 


.(8.) 


Hg.  118. 


p,  'being  everywhere  positive,  there  is  in  this  dome  no  joint  of 
mptore. 

Example  IIL   Truncated  Conical  Dome,  tupporting  on  \(s  tUtm!ia>L 
a  twmt  or  "lantern," qfl/ie  leeight  L, 


2G8 


THEORT  OF  STRUCTTORES. 


Bin'  ».  ^  ' 


+ 


2»«,' 


■•(0) 


U>  t  CO?  t  /         «5\ 

_  «J<cos't ,  ,      _    ,  L  coten  t 

p,  =  v}txi-  cotan'  i 

235.  sirensih  of  Abnimrnu  nnd  t'anii*. — The  dimensions  requited 
in  an  abutment,  arch,  or  dome,  to  insure  stability,  are  in  most 
cases  sufficient  to  insure  strength  also  ;  but  instances  occur,  in 
which  the  condition  of  sufficient  strength  requires  to  be  indepen- 
ili.'ntly  considered,  and  it  may  be  convenient  here  so  (ar  to  antici- 
piite  the  subject  of  strength  as  to  state  that  condition,  viz.,  that  the 
mletmtij  of  the  thrust  in  the  materials  shall  at  no  {K>int  exceed  a 
certain  limit,  found  by  dividing  the  resistance  of  the  material  to 
cnishing  by  a  numlwr  called  the  /actor  of  safety.  The  factor  of 
siifety  in  exi.sting  bridges  ranges  fn>m  3  or  4  to  50  and  upwards 
In  tunnels  it  is  about  4.  Ti-cdgold  considci-s,  that  in  bridges  tha 
Ijest  value  for  the  factor  of  safety  is  a>x)ut  8  (Trealtse  on  Mcuonry). 
The  resistance  of  some  of  the  most  impoi"tant  materiids  of  maso&iy 
to  crustung  is  stated  in  a  table  at  the  end  of  this  volume  ;  but  a 
prudent  engineer,  who  contemplates  a  great  work  in  maaonry,  ■will 
not  trust  to  tables  alone,  but  will  ascei-tain  the  strength  of  tha 
materials  at  his  command  b)'  direct  experiment 

235  A.  TroBsramiailan  of  Mmclarc*  In  mtuMurr- — The  principle 
already  stated  in  Article  1 20,  that  to  determine  the  int«n$ily  of  a 
force  in  a  transformed  structtire,  the  projected  line  representing  the 
nniount  of  the  force  must  be  divided  by  the  projected  area  over 
which  it  is  di.stributed,  requires  special  attention  in  considering  the 
strength  of  transformed  structiuvs  of  miusonry. 

To  exemplify  the  application  of  that  principle,  conceive  a  reo- 
ngular  prism  whose  dimensions  are  ir,  y,  z,  x  being  vertical :  its 
lume  is  Y  =  xyz.  Let  w  be  the  weight  of  unity  of  volume  of 
the  material  of  which  it  is  composed  ;  and  let  the  weight  of  the 
prism  be  represented  by  a  line  parallel  to  x,  of  the  length  W  j  then 


W  =  toxys.. 


.(1.) 


The  amount  of  an  upward  vertical  p'essiiro  on  the  huse  of  tliis 
prism,  which  Imlancea  W,  will  be  represented  by  a  line  equal  and 
opjwaite  to  W ;  that  ia 

P  =  -^-, (%) 


2C9^^H 
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^^d  the  inlensili/  of  that  pressure  will  be 

^H 

^H 

^^1 

^H                                   p=  — =—wx 

(3.)    ^M 

^BI'ow  let  there  be  a  parallel  projection  of  thi«  prism 

,  whose  dimen-^^^H 

^Hts,  a^  =  ax,  1/  =  by,  z  —  cz,  are  oblique  to  each  other.     The        ^H 

^Bght  of  the  new  prism  will  be  represented  by  a  line  parallel  to  z',        ^| 

^B&o  length 

^H 

^t                                           '^'  =  «"^ 

<*•)      ■ 

^K              C  =  1  —  cos^  j/s'  —  cos'  s^a/  —  cos'a'y 

J 

^^^H                 4- 2  cosys  -  cos«  «"cosa;'y 

<•'■)  ^ 

ni^nhc  volume  of  the  new  prism  is 

■ 

V  =  a/  /  s'  ,jll=  Y-abc  J~U}. 

(«■)      ■ 

MnMBUicntly  the  httensity  of  Us  vx'ujht  is 

■ 

Hi           ,^_W'             aW 

-  J 

^M^                     V'      abcJG-Y      bcJQ 

^Khe  area  of  the  lower  surface  of  the  new  prism  is 

d 

^H                    y's' -ainy's' =  ys  •6c8inj/Vj.... 

«  ^ 

ra^TLe  anu/unt  of  the  sti-ess  on  that  area  is 

■ 

_W  =  F  =  aP=apy  s , 

<»•)      ■ 

Lbpng  represented  by  a  lino  F,  which  is  t^e  projection  of  P,  and  ^^^| 

HinUel  to  3i. 

^^^^M 

^■the  iiUentity  of  this  new  stress  is 

^M 

^1                                      F                     ap 

M0\             ^H 

^H                              i/  zf  'sin  y  s!      bo-mnj/z' 

K'^^-)            ^H 

•md  if  we  consider  the  relation  between  stress  and  weight,               ^^^^| 

Ih                                    F=-AV. 

^^H 

^^^1 

("•)  ^m 

^rafind 

^^^M 

, ,       -v/af  J^ 

■                        P  -     .    A,  

^ aw  yz 

^vi-N   ^H 
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Section  1 . — Summary  of  tJie  Tlieonj  o/Elatticity  as  apptitd  to 
Strength  aiul  Uliffiuas. 

23G.  The  Tb««iT  «r  Eiaiiiciir  rdntes  to  the  laws  which  connect 
the  stresses,  or  pressures  ntid  tensions,  whicL  act  ut  the  siirfuco  iind 
in  the  interior  of  a  body,  with  thu  ulteratious  of  dimRii  ion'  aiul 
figtiro  wliich  the  body  and  its  jiartn  simnlUucoiiwly  uuil 
theory,  tlieivforo,  is  tlio  foundation  of  the  priiicii)le8  of  t 
nnd  stiflncss  of  niiiterinls  of  construction.  The  theory  of  elostiatv 
hns  miiny  other  applications, — to  crystaUogi-aphy,  to  light,  to  souwl, 
to  h(?at,  and  to  other  brandies  of  physics.  Its  full  discussion  would 
of  itself  rcquii'e  a  voluminous  work;  in  the  present  section,  its 
principles  are  to  be  briefly  summed  in  so  far  as  they  arc  appli- 
cable to  the  strength  and  stifihess  of  structures. 

237.  Ebudriir  is  the  property  which  bodies  possess  of  occupyingi 
and  tending  to  occupy,  portions  of  space  of  determinate  volume  and 
fig\ire,  at  given  pressiu-cs  and  tomiK-'i-attires,  and  which,  in  a  homo- 
geneous l)ody,  manifest!!  itself  equally  in  every  part  of  a|iprcciable 

'  in.ignitude. 

238.  An  Ebufic  Force  is  a  force  exerted  between  two  bodies  at 
their  surface  of  contact,  or  between  two  parts  into  which  a  body 
cither  is  divided  or  is  capable  of  licing  divided  at  tho  mirfacc  of 
actual  or  ideid  separation  Ix'tween  thosn  (larts.    The  intensity  of  an 

,  elastic  force  is  stated  in  unite  of  iDcight  jkt  unit  of  area  of  the 
'  surface  at  which  it  acts.     That  kind  of  force  is  in  fact  identical 
with  ftrcs»,  the  statical  laws  of  which  have  aliviidy  been  explainod 
in  Part  I,  Chapter  V.,  Sections  2,  3,  and  4,  Articles  80  to  126. 

239.  Fluid  EijMticitr< — The  elasticity  of  a  j)CTf<:ct  finid  is  such 
that  its  parts  resist  change  of  volume  only,  and  not  change  of 

:  figure ;  whence  it  follows,  that  the  pressure  exerted  by  a  [K-rlectly 
fluid  mass  is  wholly  perpendicular  to  its  surface  at  tvcrv  iw>int: 
principles  which  fonn  the  basis  of  hydrostatics  and  liV'  <* 

Fluids  arc  either  gaseous  or  liquid.    A  gaaetAU  Jluid  i-, ;;oso 

/larts  (so  £u*  aa  Lb  kaowu  by  ex\>eviment)  exert  a  pressure  against 
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r  and  against  the  veasel  containuig  them,  hovr  great  snevtr 
le  to  -which  they  are  expanded.     See  Arts.  110,  and  117 

iqaM  RiBMicirr. — The  clnsticity  of  a  perfect  liquid  resiirta  i 

f  volume  rmly,  and  dilfcrs  from  that  of  a  gaseous  fluid 

this  :  that  the  great<>»t  variations  of  the  pressure  ■which 

ble  to  apply  to  a  liquid  mass  produce  wry  small  variations 


mpnttion  undergone  by  a  liquid  maaa  in  conaeqoence  of 

3ition  of  a  given  pressure  o>-er  its  surface,  is  meMured  by 

of  the  diminution  of  volume  produced  by  the  given  pres- 

he  entire  volume  of  the  muss  :  a  ratio  wliich  is  alwnj-s  a 

11  fraction.     The  compresfUnlily  of  a  given  liquid  is  thu 

.on  produced  by  a  unit  of  elastic  pressxire  ;  in  other  wonls, 

of  a  compression  to  the  pressure  producing  it.      The 

IF  oo-efficient  of  elaaiicifi/  of  a  liquid  is  the  ratio  of  a  pressure 

)  and  exerted  by  the  liquid,  to  the  accompan3ring  comj)res- 

is  therefore  the  reciprocal  of  the  compressibility.     The 

empirical  formula  for  the  compressibility  of  pure  water 

impeiatui-t!  l>etween  32°  and    128°   Fahrenheit  lias  been 

rom  the  experiments  of  M.  Grassi  (Comptes  Raidus,  XIX.; 

'ag.,  June,  1851). — Comprt»ail»lily  per  Almosp/iere, 


40(T  +  46r)-D 


atorc  in  degrees  of  Fahrenheit,  n,  density  of  water  at 
perature  under  one  atmosphere,  the  maximum  density  of 
der  the  pressure  of  one  atmosphere  being  taken  as  unity. 
«mperaturc  of  maximum  density,  30'1  Fahr.,  the  com- 
123,  equation  5.  At  the  temperature  of  maximum  den.sity, 
,  the  comjrressibility  of  water  per  atmosphere  is  0-0000.5, 
uidultts  of  elasticity,  20,000  atmosphca;es,  or  294,000  Iba. 
eincL 

mprtmbUitiM  qftomn  Liquids,  per  Atmonphart^from 
M.  Grasf^s  fsrperitnenU. 

\  aqaoous  solution  of  nitrate  of  jKita-sh, o*oooo3o6365 

taqueooB  solution  of  carbonate  of  potash,. ...0-0000303394 

Mk -water, 0-0000445039 

laiqaeooa  solution  of  chloride  of  calcium,  ,...0-0000209830 

_I^M 0-00011137  to  0-00013073 

^K. „ 0*00008245  to  O'oooo8587 

i^MnlulUy  of  ether  aud  alcohol  incrcagei  with  tha  pT«9sai«. 

B4i«MT  «r  muntn*. — A  svlij  body,  U^sidea  Tes\BVvu^<iV\a.'^\%o 
^Mko  A  liquid,  jHjsaomiea  olao  rittidUut  <«  \^  vtoyaxt^  ot 
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ang  change  of  figure.  As  in  the  case  of- liquids,  the  ut 
alteration  of  volume  of  which  a  solid  body  is  capable  by  any  pr 
•which  can  bo  applied  to  it,  is  always  a  very  small  fitn-tion  "f  i 
entire  volume.  The  stresses  at  the  surface  of  a  solid  body  or  | 
are  not  necessarily  normal,  but  may  have  any  direction,  from  i 
L  to  tangential 

242.  siraia  nnd  Frneiore. — In  popular  language  the  words  Dtraiii 
and  strcoa  are  applied  inditferently  to  denote  either  the  aystom  of 
forces  at  the  surface  of  a  solid  body  whereby  its  volume  and  figu 

J.are  altered,  or  the  alteration  of  volume  and  figure  of  the  Iredy 
its  parts  thereby  jiroduced.  For  the  sake  of  clearness  in  acient 
language,  certain  authors  have  recently  endeavoured  to  appropr 
the  word  strain  to  the  alterations,  of  what  nature  soever,  in  ' 
volume  and  figure  of  a  solid  body  and  of  its  pai-ts,  pnwluced  by 
forces  applied  to  it,  and  the  word  stress  as  formerly  defined.  This 
nomenclature  will  be  used  in  the  present  treatise.  Fmeture  o£  & 
solid  occurs  when  a  strain  is  carried  so  far  as  to  cause  actual  divisiou 
of  the  solid  into  parts.  The  straius  and  fraetm-es  to  which  a  solid, 
considei-ed  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  table.  To  each  kind  of  strain  there  coiresponds  a  kind 
of  stress  ;  beiug  the  extci-nal  force  which  produces  tliat  strain,  and 
the  equal  and  opposite  force  wherewith  the  solid  resi.sts  that  stnuQ  ;— 

Strain.  Fracture. 

J       -f    r     1         (Extension     Tearing. 

*  I  Compreaaion Crushing  and  Cleaviqg.1 

(  Distortion    Shearing. 

Transverse. -!  Torsion         Wi-enching. 

(Bending        Breaking  acrots. 

243.  PFrtrcl  irnd  Imprrfccl  Kliullcitr.     PlnaUcitr. — AbodyisSoid 

to  be  jterfectly  elastic,  which,  if  strained  at  a  coustiint  tcrajM"'-'*'"" 
by  the  application  of  a  stress,  recovers  its  original  volume,  or  ■ 
and  figure,  when  such  stress  is  withdi-awn.     Deviations  hm,.  .i.. 
property  constitute  imperfect  elasticity.    Gases,  and  liquids  perfectly 
iree  from  viscosity,  ai*  perfectly  elastic. 

The  elasticity  of  every  solid  is  sensibly  perfect  when  the  stnio 

^does  not  exceed  a  certoiii  limit     This  has  l)cen  proved  to  lie  the 
even  for  solids  so  plastic  as  moisteuetl  clay.     For  every  solid 

'there  are  limits,  which  if  a  strain  exceed,  get,  or  i>crumnent  altera- 
tion of  volume  or  figure,  is  pi-oduced ,  and  such  limits  of  elnstieilif 
are  less,  aud  often  considerably  less,  than  the  st'  un-il  to 

produce  fract^ire.     It  has  been  proved  by  Mr.    I'  n  timt 

these  limits  de|x;nd  on  the  duration  of  the  ^'  -a 

/ofl^-cwjtinued  strain  thou  for  abvidslrjAVv.    l  itt 
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^B  solids  13  in  general  much  more  nearly  pei-fect  than  the  daaticil)/ 
^^fyitre.  It  is  tmo  that  the  density  ot'  many  metals  is  ])crmu- 
^Hrtly  increased  by  hammerin;;,  rolling,  and  wirvdrawing,  and  that 
^Bsnme  other  materials  hy  iiit<?nsc  pressure  (Frtirl>airu  ;  Report  of 
^H  BritUh  Association,  1854);  but  the  stresses  which  operati." 
^Hnng  these  processes  are  very  great  A  body  which  is  capable  of 
^Hiergoing  great  alterations  of  figure,  and  whose  elasticity  of  figure 
^B'ery  imiicrfect,  is  a  plantic  solid.  The  gradations  are  insensible 
HRwcen  plastic  solids  and  viscoiu  liquids,  in  which  there  is  a  resist- 
r«noe  to  change  of  figure,  but  no  tendency  to  recover  any  particulat 
^^nre. 

WFjlise  of  tnnperatvTe,  so  far  as  wo  yet  know,  increases  elasticity  of 
HBomo  in  nil  substances,  and  at  the  same  time  diminishes  the 
^Hcnuit  and  the  perfection  of  elasticity  of  figure,  so  as  to  make 
TBods  more  pla;-<tic  and  liqiucLs  less  viscous. 

2Ai.  The  ti'iumaic  i»imi)|ih  of  n  solid  is  the  stress  required  to 
]>TO<luce  fracture  in  some  specified  way.  The  Proof  Siraagth  is  the 
^tni'SK  reipiircd  to  produce  the  gi-eatcst  strain  of  a  specific  kind 
■  nt  with  safety;  that  is,  with  the  retention  of  the  sli'cngtli 
material  unimpaired.  A  stress  cxcee<ling  tlie  pi-oof  streugtii 
of  tho  material,  although  it  may  not  produce  instant  fractuit,  pro- 
duces fracture  eventually  by  long-continued  application  and  fre- 
quent repetition.  Strength,  whether  ultimate  or  j)roof,  is  the 
product  of  two  quantities,  which  may  bo  called  ToaBimeiM  and 
IMl«iif».  ToU'jhness,  ultimate  or  proof,  is  here  used  to  denote  the 
greatest  stniin  which  the  body  will  bear  witliout  fractm-e  or  with- 
out injury,  as  the  case  may  be  :  aliffness,  which  might  also  be  called 
/uirdnesg,  is  used  to  denote  the  i-atio  borne  to  that  strain  by  the 
stress  required  to  produce  it, — being,  in  fact,  a  modulus  of  elasticity 
.some  specified  kind.  Malleable  anil  ductile  solid.s  have  ultimati- 
gbness  greatly  exceeding  tlieir  jiroof  toughness.     Brittle  solids 

their  ultimate  and  proof  tfjughness  equal  or  nearly  equal. 

knilleaife  or  MpriBg  is  the  quantity  of  mechanical  work  required 

luce  the  pi-oof  strain,  and  ia  equal  to  the  product  of  that 

1,  by  the  viean  stress  in  its  own  <lirectiou  which  takes  place 

ing  the  production  of  that  strain, — such  stress  being  either 

exactly  or  nearly  eq\ial  to  one-half  of  the  stress  convsiKinding  to 

tlio  proof  strain.     Hence  the  resilience  of  a  solid  is  exactly  or 

uoarly  one-half  of  the  product  of  its  proof  toughness  by  its  pi-oof 

'i  ;  in  other  words,  one-half  of  the  jtroduct  of  the  square  of 

t  totigliness  by  its  stifliiess.  ' 

:  solicl  lias  as  many  diffei'cnt  kinds  of  stiffness,  toughness, 

'i.  and  rovilieiice  as  there  are  diflen»nt  ways  of  sti-.iiuing  it, 

■  shows.     In  that  table  plifibHittj  ia  'usftiV  «&  a> 

■  tho  hircni^  ol' slijfnesg  : — 

T 
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atnm. 

StnlD. 

SUStaeu. 

Pliability. 

Frsctnre. 

Strengili. 

PoU. 

Stretching  or 
Extcnsiou. 

... 

Extensilji- 
Uty. 

Tearing. 

Tenacajr. 

Thrust 

Squeezing  or 
Compres- 
sion. 

... 

Compressibi- 
Uty. 

Crushing. 

••• 

Shearing. 

Distortion. 

... 

... 

Shearing. 

-. 

Twilling. 

Twisting  or 
Tonion. 

... 

... 

Wrenching. 

1 

... 

Bending. 

Bending. 

^nuuvtfM 
Sliffiitu. 

Flexibility. 

Brealcing 
Across.. 

■" 

I  Those  kinds  of  stilTneM  and  streng;th  -which  have  no  sinijle  -wnnl  to 
^divsiguate  thcni,  are  called  resistance  to  the  kind  of  sdaiii  or  fnn> 
tiire  to  which  they  arc  opposed. 

245.  Delcrmlnatioa  af  Pra«r  Slrengtla. — It  was  formerly  Rtippoocl 
that  the  proof  strength  of  any  mutorial  was  the  xitmost  stress  con- 
sistent with  perfect  elasticity ;  tliat  is,  the  utmost  stress  which  dun 
not  produce  a  set,  as  defined  in  Article  24.1.  Mr.  Ilixlgkinson, 
Lo^^x•ve^,  has  proved  that  a  set  is  protiuced  in  ninny  cases  liy  » 
stress  j)erfectly  consi.stent  with  safety.  The  determination  of  proof 
strength  by  experiment  in  now,  therefore,  a  matter  of  some  otwcu- 
rity ;  but  it  may  be  considered  that  the  best  test  known  is,  the  not 
producing  an  iNCREAsnfO  set  by  repeated  appliccUion. 

246.  Tlio  Warfcins  streaa  on  the  material  of  a  stmcturo  is  made 
less  than  the  proof  strength  in  a  certain  ratio  determined  by  prac- 
tical experience,  in  order  to  provide  for  imforcseen  contingencioa, 

247.  Faciara  of  sarrir  are  of  three  kinds,  viz. : — the  ratio  in 
which  the  ultimate  ftrvnglh  exceeds  the  proof  strength,  Uic  rutio  in 
wiiich  the  ultimate  strength  exceeds  the  wurkini/  slrest,  and  tho 
ratio  in  which  the  proof  strmgth  exceeds  tho  teorking  stress.  The 
following  table  gives  examples  of  tho  values  of  those  iitctors  vk'hicb 
occur  in  practice  : — 

CIt  tOtatftL      tnt  Slmvtli.     Proof  Stna<th. 


Proof  Stniigth.    WorUnsStnil  WortiJUiSiMsa 


Strongest  steel, 

Ordinary  steel  and  wr.  iron,  stendy  load, 
"         '  "  moving  load, 

Wrought  iron  boilcrj, 

Cast  iron,  steady  load, 

"         moving  load, 

Timber;  avenge, 

Slima  and  brick, .\ 


1* 
S 

s 

3  to  3 

3 


8 
4toC 

8 
3  to  4 
8  to  8 

10 


8  to  3 
4 

•bniil  I J 
S  h)3 

av.  tbi>ul4 
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18.     Oirisiaiu  or  the   nalhcmailcal   Thc«rr   of  ElaMlcity. — Tho 

bry  of  the  elasticity  of  soliils  Las  beea  reduced  to  a  body  of 
mat/iemalical  principles  ap]>li«iblo  to  those  cases  in  which  tho 
itraius  of  the  particles  of  the  body  are  so  small,  that  quantities 
m  the  stresses  depending  on  the  squares,  products,  and  higher 
powers  of  tho  strains  may  be  neglected  without  appreciable  error, 
•nd  tbat,  consequently,  Hookas  Law — "  irf  leiwio  tic  via  " — is  sen- 
Bbly  true  for  all  relations  between  strains  and  stresses.     This  con-  i 
dition  is  fultilled  in  nearly  all  cases  in  which  the  stresses  are  " 
within  the  limits  of  proof  strength — the  exceptions  being  a  few 
lubstances,  very  pliable,  and  at  the  same  time  very  tough,  such  as 
caoutchouc.     The  mathematical  theory,  as  thus  limited,  consists  of 
l^ec  parts,  viz.,  the  resolution  and  composition  of  stresses,  the  ' 
Hpliition  and  composition  of  strains,  and  the  relations  between  I 
IKtins  and  stresses.     The  resolution  and  composition  of  stresses  1 
Las  already  been  fully  discussed  in  Part  L,  Chapter  V.,  Section  3.     | 

211).    BcaolnUoB  aad  CampeniUoB  of  filralna. — Let  a  solid  of  any 

Sgure  bo  conceived  to  bo  ideally  divided  into  a  number  of  inde- 

Suitcly  small  cubes  by  three  series  of  pianos  parallel  resjiectively 

ko  thrro  co-ordinate  jilancs.     Each  such  elementary  cube  is  dia- 

'  od  by  means  of  tho  distances,  x,  y,  z,  of  its  centre  from  tho 

onlinate  planea     If  the  solid  be  strained  in  any  manner, 

axcii  of  tho  elemental^  cubical  jiartaclcs  will  have  its  dinicusions 

»nd  fii^ure  changed,  and  will  b(!Come  a  parallelopipcd,  which  may 

t-  or  oblique^its  size  being  conceived  to  be  so  small,  that 

.  .ituro  of  its  f)\ces  in  inappreciable.    The  simple  or  elementari/ 

ritis  of  which  a  ]>ai'ticlc,  cubical  in  its  fi-ec  state,  is  susceptible, 
six  in  number,  viz. : — three  longiludinal  or  direct  strains,  being 
•  '  proportional  variiitions  of  its  linear  dimeuhions,  which  aj-o 
■ins  wln.n  pjsitive,  and  compressions  when  negative ;  and 
,/  /'v. .   drains,  Ix-ing  the  thi-eo  disUrrtimis,  or  variations  of 
^  .   -_    s  I"  tAiou  its  faces  finm  right  angles,  which  are  considered 
^Bo.sitivo  or  negative  according  to  some  arbitrary  but  fixed  rule, 
^B  are  expressed  by  the  proix)rtions  of  the  arcs  subtending  them 
^■lidius.     When  the  values  of  those  six  strains  for  every  particle 
n«xprest<od  by  functions  of  the  co-ordinates,  x.  y,  s,  the  state  of 
Nnin  of  tho  solid  is  completely  expressed  mathematically.     The 
^Mlcmcntary  strains,  in  the  cases  to  which  the  theory  is  limited, 
^R-ery  small  fractions. 

^^Bie  mctlio<l  of  reducing  the  state  of  strain  of  tho  solid  at  a  given 
^Bt.  a»  expressed  by  a  system  of  six  eleinentjiry  strains  i-elatively 
^pM  m  of  rectangulai-  axes,  to  an  equivalent  system  of  six 

Hij  '  i-ains  relatively  to  a  new  system  of  rectangular  axes, 

^H||ulc>l  on  tho  foll<)\ving  theorem.  Let  «,  |J,  y,  lie  tl\c  Vowg^w 
^^^^niui  of  the  diinensious  of  a  given  particYQ  a\u\\g  ^i''J>^ 


^^^^H 

■ 

^^^1 

^^^^^^^^^^^^^^^^^^^^S^^^e 

B   ^^ 
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^H       ceive 

»,  the  distortions  of  its  nnglcs  in  the  planes  ;/  s,  i  x,  x  y. 
Uie  surface  of  the  second  order  whose  equation  is 

Con- 

^B         Transform  this  eqxmtion  so  ns  to  refer  the  same  surfnco  to  '' 

^ 

axes  of  co-ordinates;  tlie  six  co-efficionta  of  the  transform^ 
tiou  will   bo  the   elcmeutaiy  strains  referred  to  tlie  nc. 
Other  ways  of  rcsolvinjj  gtraiiis  luive  been  pointed  out  by  I' 
W.  Thomson,  Cambridge  and  Dublin  Alat/tematical  Juurrud,  JLiv, 
1855. 

The  sum  of  the  direct  strains  «  +  /S  +  y  repmsents  lli' 
tutiou  of  a  mrticle  when  positive,  and  the  cubic  comji: 
1  negative.     The  state  of  strain  of  a  transparent  body  may  be  u»ci:i'- 
tnined  experimentally  by  its  action  on  polarized  light     On  this 
Mibjcct  exi>eriment3  have  been  made  by  Fresnel,  Sir  D.  Brewstes-, 
M.  Wertheim,  and  Mr.  Clerk  Maxwell. 

250.  Diapiarrincni*. — Let  S,  >!,  ^,  be  the  piTijoctions,  pni 

K,  y,  z,  respectively,  of  the  dinj/facement  of  a  particle  in  u  _~' 

solid  from  its  position  when  the  solid  is  &ee,  expressed  as  fimctinns 
of  X,  y,  z.     Then 


dl 

/3  = 

dn 

dy 
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2dl.    AjuIost  of  fllrr«aca   and    MiniiB*.  —  It    has    bccn    sh"'^-r'    <" 

Article  104,  that  the  elastic  foi-ces  exerted  on  and  by  an  oi 
cubical  particle,  which  constitute  the  state  of  stress  of  the  .■-.•.i.i  ..^ 
the  point  where  that  fiarticle  is  situated,  may  be  resolved  into  six 
t'.ementary  stresses,  viz.:  —  three  normal  stresses,  jwqjcudicular  re- 
sjHjctively  to  the  three  jwirs  of  faces,  and  tending  directly  to  alter 
the  thi-ee  linear  dimeasiuns  of  the  particle — and  thre<j  pjiire  of 
tangential  stresses  acting  along  the  <louble  j)aii'S  of  faces  to  which 
they  are  applied,  and  tendiu"  directly  to  alter  the  augles  made  by 
8\ich  double  pairs  of  faces.  To  reduce  the  state  of  sti-e«s  at  a  iriveu 
]K)int  expressed  by  a  sj-stem  of  six  elemental^  »t  i .  Mo 

one  8y.stem  of  rectangular  co-ordinates  tn  iin  eqm  i>f 

elementary  stresses  refen-ed  to  a  new  k^-sUjmi  of  rii'Liu^uliir  omrdi- 
nates,  equations  have  been  given  in  Articles  105,  lOG,  107,  10i<, 
lO!),  and  112.     The  wliole  of  those  equations  arc  virtually  compre- 
Lcndeii  uiiflor  the  followiii^  UvwiTcm., — Utt  ().„  ;)„,  /)„,  Ijo  tlio 
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I  normal  stresses,  and  p^,  p„,  p^,  the  three  tangential  stiesses ; 
live  the  surface  whose  equation  is 

r,^-^  +  TnV'  +  T..^  +  2;>„ys  +  2p„s»  +  Ip^xy  =  1. 

Tmnsform  this  equation  so  as  to  refer  the  same  surface  to  the  new 
wt  of  axes ;  the  six  co-efEcients  of  the  transformed  equation  will 

'  ■  six  elementiirj-  stresses  referred  to  the  new  axes.  For  the 
te  investigation  of  this  sulijcct,  see  M.  Lome's  Zejorw  swr  la 
I'/tcorie  maUihnatique  dn  CEUiHicUe  des  Corps  solides,  Paris,  1852. 
The  above  equation  is  tranfonned  into  the  equation  of  Article  24'.( 
by  substituting  respectively  «,  0,  y,  a,  ^,  .,  for  p,„  p^  p,„  2p,„ 
2 p..,  2/>^;  and  by  making  corres|)onding  substitutions  in  all  tho 
"  ■■■,m  of  Articles  105,  106,  107,  108,  109,  and  112,  they  arc 

.    .ijiplicable  to  strains  instead  of  stresses. 

'i2.   The  PMcmiai  EBcrsr  of  EimiicUr  of  an  originally  cubic 

icle  in  a  given  state  of  .stmin  is  the  loork  which  it  is  capable  of 
'perj'onninij  in  returning  fron>  that  state  of  strain  to  the  free  state ; 
and  is  the  product  of  the  volume  of  the  p.irticlc  by  the  following 
fiiQction : — 

U  =  -^{<tp,.  +  fip„  +  vp„  +  J^p,,  +  fip„  +  ,p^). 

This  function  was  first  employed  by  Mr.  Green,  Cambrid</c  Trang- 
actions,  vol.  viL 

253.  Ca-cAricai<  of  Einuiciir< — Accoitling  to  Hooke's  Law,  each 

of  the   six  elementary  stresses  may,  without  sensible  error,  be 

treated  as  a  linear  function  of  the  six  eleraentaiy  sti-ains,  each 

multiplied  by  a  particular  co-efficient  or  modulus  of  dasticily.     By 

•  xpressing  all  the  Rtresses  in  terms  of  the  strains,  the  jiotcntial 

Mnergy  U  is  transformed  into  a  homogeneous  quadratic  function  of 

Hfe  six  elementary  strains,  which  must  have  twenty-one  terms, 

^■d   consequently  ticentij-one  co-rfficients,  multiplying  rcsjiectively 

^Ke  six  h;ill-s<juarcs  and  the  fifteen  binary  products  of  the  six  elc- 

BentoiT  strains.     The  co-efficient  of  '^  a'  in  U  is  that  of  «  in 

K, ;  the  co-efficient  of  a  /3  in  IT  is  that  of  a  in  />„  and  also  that  of 

^pn  Pm,  ',  and  so  on. 

K.S&4.  Co-roicirnia  of  PiinbiiiiT. — According  to  Hooke's  Law  also, 

Tilh'  of  the  six  elementary  stniins  may  Ite  treated,  without  sensible 
error,  as  a  linear  function  of  the  six  elcmentaiy  stresses,  so  as  to 
tnuuibrm  U  to  a  homogeneous  quadratic  function  of  the  elemeu- 
tjoy  ctresBCS  /)„,  ic,  having  twenty-one  terms,  and  twenty-one  co- 
iHBicienla  expressing  dilleix'ut  kinds  of  pliabiliti/.  The  word  "  plia- 
bility "  is  here  used  in  an  extended  bcnse,  to  Indude  ^ia\jTii\;5  \(c» 
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altcrataon  of  figure  of  every  Idnd,  vrhether  by  elongation,  liDoar 
compi-esaion,  or  ilistortion. 

Co-efficients,  -whether  of  elasticity  or  of  pliability,  inny  K>  fliiis 
classified  : — Direct,  or  longitudinal,  when  they  cxjmtss  r 
lietwecD   longitudinal   stmins,  and   normal   stresiies  in  tli 
direction ;  lateral,  wlicn  they  expresa  relations  Ixrtween   1 
dinal  stitiius,  iind  normal  stresses  in  directions  at  riglit » i 
the  strains;  transverge,  when  they  express  relations  betw^ 
tortions,  and  tangential  stresses  in.  iJjo  same  direction  ;  - 
■when  they  express  any  other  relations  between  strains  and  ■ 
255.  An  Axia  vf  ElaaticUr  is  any  direction  in  a  solid  boil 
respect  to  which  some  kind  of  sj-mmetry  exists  in  the  i' 
between  strains  and  stresses.    An  axis  p/ direct  elaslicily  is  a  liinc- 
tion  in  a  solid  body,  such  that  a  longitudinal  strain  iu  that  ilinjo- 
tion  produces  a  normal  stress,  and  no  tangential  stress  on  ft  plane 
iiunual  to  that  dii-cction.     Every  such  axis  is  a  direction  of  mosi- 
aum  or  minimum   direct  elastic!^  relatively  to  the  dircctioos 

ladjacent. 

Bjy  the  aid  of  the  calculus  of  forms,  and  of  an  improvr! i 

►  geometiy  of  oblique  co-ordinates,  it  has  been  shown  th:i 

homogeneous  solid  must  have  at  leant  three  axes  of  direct  el^ 

vhich  may  be  rectajigular  or  obliq\u3  with  resfwct  to  each  <n        — 

tlmt  the  number  of  such  axes  increases  as  the  symmetry  ol' 

action  of  elastic  forces  becomes  gi-eater, — and  that  their  vari 

ipo.asiblo  arrangements  correspond  exactly  with  those  of  the  nonnaU 
to  the  fiices  and  edges  of  the  various  primitive  crystalline  /orms 
{Phil.  Tram.,  185G-7). 

2d  6.  In  an  iMtrvpic  or  Anotpkoa*  Solid  the  action  of  clostio 
forces  is  nUke  in  all  directions.     Every  direction  is  an  axis  of  elas- 
ticity.    The  oo-efficients  of  oblique  elasticity  and  obliq^- ■•  • '-  i  i:'- 
are  all  null.    The  number  of  diflcrent  co-eJficients  of  cl 
of  tlifferent  co-efficients  of  pliability,  is  three.     The  Ibllinnn 
tion  and  equations  show  their  relations  to  each  other  ; — 


£la»ticitie6. 

"^ ^=a^rS!2P> 

^*'"'' ^  =  a'-a?-2y' 

Traosvcrse, C=  — ^ — ; 

2 

JSJZaBtfci'ty  of  volume -•= — ;r— . 


MODULUS   OF  ELASTICITY — CO-EFFICIENTS.  27& 

Plutbilities. 

Direct, a=    .   ^^— : 

(otherwisu,  the  extensibility,) 

X&teral. li  = • 

'  "      A'  +  AB-2B" 

Transverse, c=  7T  =  2(a  +  b); 

Cubic  compressibility, 5  =  3a  — Gb. 

257,  modnina  «r  EiuticUr, — The  quantity  to  'which  the  term 
"moduhts  of  daslicUy"  -was  first  applied  by  Dr.  Young,  ia  the 
cippocal  of  the  extensibility,  or  longitudiiial  pliability;  that  is 

By, 

1  2B' 

a  A  +  B 

Tliia  quantity  cx;)rcs8cs  the  ratio  of  the  normal  stress  on  the  trans- 
Terse  section  of  a  bur  of  an  isotropic  solid  to  the  longitudinal 
(rtniin,  only  trfitn  the  bar  is  pei/ectly  frte  to  vary  in  its  transverse 
"  >  ,imona,  but  not  under  other  circumstances.  The  values  of 
ug's  wodidus  have  liecn  determined  experimentally  for  almost 
tvi  IT  solid  su\)statico  of  importance,  and  a  table  of  them  is  givea 
at  the  end  of  the  volume. 

LI.iS.  Exnmpir*  of  Co-ciiicicnn, — Tho  Only  Complete  sets  of  co- 
Scients  iif  elasticity  and  )  pliability  which  have  yet  been  computed 
those  for  brass  and  crystal,  deduced  from  the  experiments  of 
Werthfim  (.-( nmdes  de  Vhimie,  3d  series,  vol.  xxiii.),  and  are  as 
follows — the  unit  of  pressure  being  one  pound  on  the  square  iticA; — 


Bra«i. 


Crystal. 


B.. 
C 


33,224,000    8,522,600. 

11,570,000    4,204,400. 


5,327,000 


«59,: 


15,121,000     5,643,800, 
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259.    Tbc  Gcueml  Problrmofllie  lalcmal  EquiUbriam  of  an  Kln^ 

•to  8*114  is  tliis  : — Givea  the  free  form  of  a  solid,  the  values  of  its 
co-effidents  of  elasticity,  the  attractions  acting  on  its  jjdrticles,  and 
the  stresses  nppUcd  to  its  surface  :  to  find  its  change  of  form,  and 
the  stmins  of  all  its  particles.  This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  an  ideal  division  of  the  solid  (as  «lrm<ly 
«lescriljed)  into  molecules  reetjingular  in  their  free  state,  and  ir- 
f'orred  to  rectangular  co-onli nates.  For  isotropic  solids,  some  par- 
ticular cases  are  most  readily  solved  by  means  of  spherical,  cyliu- 
dricul,  or  oth("rwisc  curved  co-ordinates.  The  general  etjiiation  of 
internal  e<i|nilibrium  in  a  solid  acted  on  by  its  own  weight,  has 
alivady  been  gi\-en  in  Article  IIU,  equation  2.  If,  in  that  equa- 
tion, the  values  of  the  stresses  in  terms  of  the  strains,  e.xpresse<l,  as 
in  Article  250,  in  terms  of  the  displacements  of  tlie  jwirticles,  be 
introduced,  equations  are  obtaiiietl,  which  being  integrated,  gi\'e 
the  dLiplacemeuts,  and  consequently  the  strains  and  stresses.  The 
general  problem  is  of  extreme  complexity ;  but  the  cases  which 
occur  in  pmcticc,  and  to  which  the  i*emainder  of  this  chapter  rp- 
.  lat<'s,  can  goncmlly  lie  solved  with  suflicient  accuracy  by  coi' 
tively  simple  ai)|:ii'oximate  methods  Most  of  those  approx 
methods  arc  analogous  to  the  "  method  of  sections "  described  in 
its  application  to  framework  in  Article  161.  Tlie  Inwly  under 
consideration  is  conceived  to  be  dirided  into  two  parts  by  an  idi 
]ilano  of  section ;  the  forces  and  couples  acting  on  one  of  tha 
two  parta  are  computed,  and  they  must  be  equal  and  opposite  i 
the  forces  and  cou])los  resulting  from  the  etitire  stress  at  the  id 
sectional  plane,  whicli  is  so  found.  Then  as  to  the  flutriitUv 
of  that  stre.sR,  direct  and  shearing,  some  Liw  is  assumed,  which 
not  exactly  true,  is  known  either  by  ex()eriment  or  by  theory,  or 
by  iKitii  combined,  to  bo  a  sufficiently  close  approximation  to  the 
truth. 

Except  in  a  few  com  pam tively  simple  cases,  the  strict  method 
of  investigation,  by  means  of  the  equations  of  internal  eqmlibriura, 
has  hitherto  been  used  only  as  a  means  of  determining  whether  the 
ordinary  approximative  methods  are  sufficiently  close. 


Section  2. — On  Hdaiu/ns  between  Strain  and  Strtss. 

2C0.  BUipw  of  sinin — In  Articles  24D,  251,  2o3,  2.'>.3, 
25G,  and  257,  of  the  preceding  section,  certain  gcner;i' 
respecting  the  relations  amongst  strains,  and  the  an.. 
otlier  relations  between  strain  and  stress,  are  stilted  witiiouti 
detailed  demonstration.  In  the  present  section  the  more  simt 
cases  ofthoae  principles,  to  which  there  will  be  occasion  to  referl 
the  s^uJnel,  are  to  be  vlemonsitmled. 
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Fig,  lU. 


Let  a  solid  body  be  sujipcwctl  to  wndergo  a  strtuu,  or  small 
alteration  of  diiiieusions  nnci  tigiii'e,  of  such  a  nature  that  oil  tht) 
displacements  of  its  particles  from  their 
original  positions  iiro  pirallel  to  one 
[ilane ;  and  let  tlmt  plane  be  repro- 
iient«d  by  the  plium  of  the  paj^r  in 
fis;.  114.  In  the  first  instance,  let  the 
xtati;  of  strain  of  tiic  body  be  uniform 
thrmighout;  that  is,  let  all  parts  of  the 
botly  which  originally  were  equal  and 
sinular  to  each  other,  continxie  eqiuil 
and  similar  to  each  other  notwithstand- 
ing their  alteration  of  dimensions  and 
figure. 

Bound  any  centre  0,  with  the  radius 

nitf/,  let  a  circle  be  traced  amongst  the 
^larticlesof  the  body,  BCAF.   Because 
of  the  uniformity  of  the  strain,  this 

rcle  will  be  changed  into  a  pamlld 

ejection  of  a  ciixile;  that  is,  into  an 

lijise.  Let  b  e  af  be  that  ellipse,  and  O  a 
ad  06  its  serai-axes,  the  body  being  so  j>lact'd 
in  its  strained  condition  that  the  centnil  par- 
ticle O  may  remain  unchanged  in  position,  in 
onler  that  the  circle  and  ellipse  may  be  the 
more  easUy  compared.  Then  the  particle  which 
was  at  A  is  displaced  to  n,  and  the  particle 
rhich  was  at  B  is  displaced  to  6 ;  and  particles 

lich  were  at  points  in  the  circle,  such  as  C 
od  F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  KoAf. 

In  the  direction  O  A,  the  lx»dy  has  undergone  the  extensioa 

Aa  =  « J 
and  in  the  direction  O  B,  at  right  angles  to  O  A,  the  extension 

B6=/3; 

'   t  he  combination  of  those  two  extensions  or  elementary  direct 

.!»,  in  rectangidar  directions,  constitutes  the  state  of  strain  uf 

the  l)ody  paniUel  to  the  given  plane;  that  state  of  strain  being 

completely  known,  when  «,  (3,  and  the  directions  of  the  pair  of 

rectangular  axex  n/gtrnin  O  A,  O  B,  arc  known. 

One  or  Iwjth  of  the  elementary  strains  might  have  been  compres- 
!  'I  of  tensile,  in  which  case  one  or  both  ot"  l\\e  c\\\a.u\i\Aeft  ^t- 
ii  I  a  woiihl  have  btH;it  negative,  to  express  diti\mutvowo^6vi«.i 
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A  square  -whose  sides  are  imitj,  and  parallel  to  O  A  and  O  B, 
Ixiing  ti'aced  amongst  the  particle^i  of  the  liody  in  the  fi'eo  stRt»\r~ 
converted  by  the  stniin  into  a  ixvtfinglo  whose  sides  aro  1  +  •  i 
1  +  /3,  and  still  parallel  to  O  A  and  O  B. 

Let  it  now  be  required  to  exjiress  the  state  of  strain  of  the  1 
ith  reference  to  two  new  rectangular  axes,  O  C  and  O  F,  that 

I  say,  to  find  the  alterations  of  dimensions  and  iigxire  frtx^duced  1 
the  strains  on  a  figure  originally  square,  described  on  O  C  and  0 1 

Let  X  =  O  X,  y  =  O  Y,  be  the  original  co-onlinates  of  C,  and 
=  OX',  2/  =  OY',  those  of  F;  and  let  the  angle  A  O  C  =  90' 
A  O  F  =  /.     Then 

X  =  COS  t  =.  —  if 

y  =  mi*  =  x'. 

Also,  leta!  +  5  =  YD,  y  +  ii  =  OY  +  Dc, be  the  co-ordinateal 
c,  the  new  position  of  C;  and  let  af  +  f!  =  Y'G,  y  +  «'  =  O  Y'f 
Gf,  be  the  eo-ordinates  of/j  the  new  position  of  F.     Then  becati 
of  the  uniformity  of  the  strain,  the  component  displacements  £,  <,] 
>f,  have  the  following  values  : — 

£  =  CD=     X  =  a  cos  t ; 
ii  =  Dc  =  /Sy  =  /38in*; 
?=  FG  =  «a/  =  »y  =  «ain«; 
i/  =  G7=  j8j/  =  -  liCOBS. 

O  c  and  O/are  the  sides  of  the  oblique  parallelogram  into  irhich 
the  square  on  O  C  and  O  F  has  been  transformed  by  the  st 
The  relations  between  the  new  and  the  origind  figiire  arc  disli 
goished  into  two  direct  strains  and  a  distortion,  in  tho  followi^ 
manner : — 

From  c  let  fall  c  M  jierpendicular  to  O  0  M;  and  fiomy  let ) 
/N  perpendicular  to  O  F  N.    Then 

•'  =  C  M  is  the  extension  of  O  Oj 

1^  =  FN  is  the  extension  of  OP; 

and  »|  =  c  M  +/N  is  the  distortion  or  deviation  from 
gularity ;  and  the  values  of  those  three  now  elementary  rtraii 
relatively  to  the  pair  of  axes  which  make  the  angle  '  with 

/ffVicipal axes  O  A,  O  B,  in  tenusof  the^'ncipa^o^einaiiaryi 

*^  A  «w  aa  folJowB  : — 
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mf=zico3  4  +  ifdni  =  m  cos'  t-{-$  sin'  i ;  ' 
ft  =  S  smt  —  t{  cos  /  =  •  sin' '  +  /S  cos'  / ; 
i'  =  J  ain  ^  —  n  COS  '  +  f  cos  /  +  ii'  sin  * 


=  2  (•  —  iS)  COS  /  sin  #. 


,.(2.) 


Those  three  equations  are  exactly  analogous  to  the  equations  3 

and  4  of  Article  112,  from  which  tlicy  may  be  Ibnncd  hy  substituting 

^•t  for  p„  and  fi  for  ju,  in  both  equations;  and  then,  in  the  fii-st  place, 

^^mf  for  p„  and  ^  for  a:  n ;  in  the  second  place,  ft  for  p^  and  (90"  —  f) 

r     for  X  n,  and  in  the  third  place,  »'  for  p„  and  ^  for  a;  m. 

This  illustrates  the  general  principle  of  analogy  of  stresses  and 
strains  stated  in  Article  251.  Tliat  principle  is  fuitlier  illustrated 
by  the  following  geometrical  construction  of  the  preceding  problem- 
ID  fig.  115,  make  o  a  :=  a,  o  6  =  /3,  and  draw  the  ellipse  b  e  a/,  and 
■^he  circumscribing  circle  C  a  F.  Let  .^  a  o  C  =  4,  and  let  o  F  be 
^^perpendicular  to  o  C,  so  that  those  lines  represent  the  direction  of 
^the  new  rectangular  axes,  to  which  the  strain  composed  of  »  and  iS 
is  to  be  referred.  Draw  C  c,  F/,  pai-allcl  to  o  b,  cutting  the  ellipse 
in  c  and/,  from  which  points  respectively  draw  c  m  -1-  o  0,  and/N 

Ko  F.    Then 
om  =  »',on=zft,2em  =  2/n  =  f, 
0  the  components  of  the  strain,  referred  to  the  new  axes;  and  tho 
ipte  of  strain  b  c  af  is  analogous  to  the  ellipse  of  stress  of  Article 
..2. 
^^    The  results  of  the  preceding  investigation  are  applicable  not  only 
^Hko  an  uniform  state  of  strain,  but  to  a  state  of  strain  varying  from 
^^■oint  to  i>oint  of  the  body,  proNndcd  the  variation  is  continuous,  so 
^^■hat  it  shall  be  po^iblc,  by  diminishing  the  space  under  oonsideni- 
^^Bon,  to  make  the  strain  within  that  apace  deviate  irum  uniformity 
^^^-  less  than  any  given  deviation. 

J^^  2G1.  BUirMid  af  siniiB. — A  strain  by  which  the  size  and  figure 
[  of  a  body  arc  altered  in  three  dimensions  may  be  represented  in  a 
^^lanncr  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
^^fehere  of  the  radius  tmity  to  be  transformed  by  the  strain  into  an 
^^Dlipeoid,  and  considering  the  displacement  of  various  particles, 
^Hfrom  their  original  places  in  the  sphere,  to  their  new  places  in  the 
^^Klipsoid.  The  three  axes  of  the  ellipsoid  are  the  principal  axes  of 
^Htnun,  and  their  extensions  or  compressions,  as  compared  with  the 
^Boincident  diamet»>rs  of  the  sphere,  are  the  three  principal  elementary 
^Htrains  which  compose  the  entire  strain.  It  is  by  this  method,  which 
^Hfc  is  unnecessary  here  to  give  in  detail,  that  the  general  '^tmcv\\'e» 
^Htatcd  in  Articles  240  and  2ol  are  an'ivcd  at> 
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262.   Trannenc   Bbullcitr   af  nn   I*«iT«pic   flabMaoc» — Let 

two  princi|)al  elementary  strains  in  otie  plane  he  of  equal  mngnitud 
but  oi»]X)site  kinds;  that  is,  supposing  the  strain  in  tig.  \H  olo 
0  A  to  be  an  extension,  «,  li"t  tlio  stmiii  along  0  B  be  a  compressio 
/3  =  —  «.     The  ellipse  will   fall  beyond  the  circle  at  A,  and 
much  within  it  at  B,  and  will  cut  it  at  on  intermediate  itoiot  iiMir 
the  middle  of  each  quadrant. 

Take  a  pair  of  now  axes  bisecting  the  right  angles  Ijetween 
original  axes  ;  that  is,  let  '  =  45°;  then  the  equations  2  of  Artid 
260  givo  the  following  result : — 

«'  =  0;  0  =  0;  ^  =  2«; (I.) 

that  is  to  say,  an  cxletmon,  and  an  equal  compression,  <•' 
of  reclawjidar  axes,  are  equivalent  to  a  sim/>le  dlsljjrlion 
a  pair  of  axes  making  angles  of  45^  with  tlt^  original  oxm,  atul 
omonnl  of  the  distortion  is  double  tlial  of  cither  of  the  two  direct  slrai 
which  compose  it;  a  jjroposition  which  is  otherwise  evident,  by  i 
iddering  that  a  distortion  of  a  square  is  e(|uivulent  to  an  elongatil 
of  one  diagonal,  and  a  shortening  of  the  other,  in  equnl  ppsportion 
The  body  being  inotropic,  or  equally  elastic  in  all  directions,  " 
A  be  its  direct  and  B  its  Intenil  eliLsticity ;  then  the  pair  of  priuci( 
strains  «,  (9^  —  «,  will  lie  accompanied  by  a  pair  of  principal  stres 
along  0  A  and  OB  respectively,  given  by  the  following  equatioim : — 

along  O  A,;?.  =  A  «  +  B/3  =  (A  -  B)  ■  ; 

OB,/j,  =  B«  +  A^  =  (B-A)-=-  py, (2,)| 

that  is  to  say,  there  will  Ijc  a  pull  along  O  A,  and  an  «qual 
along  0  B. 

It  has  already  been  proved,  in  Article  111,  that  such  a  pair 
principal  stresses,   of  equal   intensities  and   opposite  kinds,  are 
equivalent  to  a  pair  of  shearing  stresses  of  the  stime  intensity  ciu 
pair  of  planes  making  angles  of  45'^  with  the  axes  of  prinoij 
stress;  or  takings,  to  represent  the  intensity  of  the  shearing  i 
on  each  of  a  pair  of  planes  normal  to  the  new  pair  of  axes, 

p,=p.  =  (\-B)a; (3.J 

but  if  C  be  the  co-elScient  of  transverse  elasticity  of  the  sul 
we  have  also 

P,  =  C»; (4.) 

and  consequently,  for  an  isotropic  sabstancc, 

0=^: (».) 
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:  the  transverse  elasticity  is  Itaf/the  difference  of  the  direct  avid  lateral 

■  i«s. 

is  the  demonstration  of  a  principle  already  stated  in  Article 

The  corresponding  principle  for  pliabilities,  viz.  : — that  the 

nsverse  pliablliti/  is  twice  the  s^im  nfthe  direct  aiid  lateral  extensi- 

'ities,  is  demonstrated  by  a  similar  process,  of  which  tlio  steja  may 

briefly  summed  as  follows : — 

«  =  a;>,  —  bp,  =  (a  +  6);j,; 
/3  =  a;',  —  b/',  =  —  (a  +  b) /;.  =  —  ■; 
»'  =  2-  =  2(a  +  lj);^,  =  2(a  +  fa)/j.  =  cp„ 

.-.  c  =  2(a4-b).— Q.  E  D (6.) 

4lBkie  EiaMicity. — If  the  three  rectangular  dimensions  of  a 
jMrticlo  are  changed  in  the  respective  j)roportion3  1  +  •, 
/^  1  +  y,  its  volume  is  altoix-d  in  the  proportion 
(H-«)(l  +  ^)(H-y); 

A  when  the  elementary  strains  a,  /9,  y,  ai'c  very  small  fractions 
is  is  sensibly  equal  to 

l+«  +  /8  +  y. 
inseqnently,  as  in  Ai'ticlo  249, 

+  /3  +  y 
!»  called  the  cubic  strain,  or  alteration  qf  volume, 
n  on  isotropic  substance,  the  three  rectangular  direct  stresses 
I      which  accompany  those  three  strains  are 

K  /.„  =  A«  +  B(/3  +  y);  ^ 

^  ,,„  =  A/3+B(y  +  «);  I 

I  ;y„=Ay  +  B(.  +  ;8);) 

The  third  part  of  the  sum  of  those  stresses,  which  may  be  called  the 
ftMUn  direct  stress,  has  the  following  value  : — 

o  o 

Tho  co-efficient  contained  in  this  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  sti-aiu,  is  the  cubic  elasticity,  or 
t'asticity  of  volume,  already  mentioned  in  Article  256,  its  i-eciprocal 
being  the  ctd/ic  comj/i-essibility. 

2U4.  riaid  kImUcIit. — The  distinction  between  solids  and  fluids 
is  well  illuitratod  liy  applying  to  fluids  the  equations  of  Articles  2G2 
and  263.     Fluids  otfcr  no  resistance  to  distortion,  that  is,  they  have 
no  trunsverst!  elasticity;  therefore  for  them 
A  — B 


.(1.) 


C  =  - 


=  0;  orA  =  B. 
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Introdacing  this  iuto  the  equations  1  and  2  of  Article  2G3,  ve  find 

p„  =p„  =p_  =  B  (•  +  fl  +  y), 
and  the  cubic  elosticitj 


A-f-2B 
3 


=  R 


The  equality  of  the  pressures  iu  all  directions  at  a  given  point  in' 
fluid  has  already  been  pi-oved  by  another  process  in  Article  110, 

The  pqiiations  of  Article  256  show  the  plmhilitics  of  a  peri'ect 
fluid  to  be  infinite,  with  the  exception  of  the  cubic  oompreasibility, 

which  is  ^  . 


i 


Sectiok  3. — On  Retidance  to  Stretching  and  Tearing. 


2G5.  fMuniMa  uidi  nraigth  cf  B  TioBar. — If  a  cylindrical 
pi'inniiitic  bar,  whose  cross  section  is  S  (iia  in  Article  97,  tig.  40),  bo 
subjected  to  a  pull  whose  resultjiut  acta  along  the  axis  of  figni-e  of 
the  Imr,  and  whose  amount  is  P,  the  intensity'  of  the  pull  will  be 
uniform  on  each  cross  section  of  the  bar,  and  will  have  tho  t&Iuo 


I 


P=g. 


,.(1.) 


This  ilirect  ?tro»s  will  produce  a  strain,  whose  principal  element 
will  be  ft  longiuuluud  e&teuaiou  of  each  unit  of  length  of  tho  Iwb. 
of  the  value 


•  =  ap  = 


E' 


.(2 


where  a  denotes  the  dirtxt  exfcnsifnlity,  and  E  its  rccipincal, 
nimlnhu  of  elagticit)/,  or  ci>-ejfti-icnl  of  raistanco  to  atretchitiy, 
esplaineil  in  Ai"ticles  2-'>Ci  and  257. 

Let  X  denote  the  Icngt.h  of  the  bar,  or  of  any  portion  of  it,  in  the 
free  or  unloaded  state;  that  length,  under  the  tension  p,  booomcs 

The  oo-e£[lcient 


is  nearly  constant  until  p  pasws  the  limit  nf  tho  vn 
after  that  limit  has  been  jiassed,  that  co-efRcient  dim&idHK}'' 
is  to  say,  the  extension  «  increases  tiLstcr  than  the  intensity  of  ( 
stretching  force  p,  \iuti\  the  bar  is  torn  asunder. 
The  nltimate  strcmjlh  of  the  bar,  or  the  total  nidi  riHjuin.iI  i 
tear  it  iastantly  asunder — tho  i^rooj  slntaijl'h.,  oi  w;  ^K>i>tA!«t 


riE-BAB — SCDDEX  PULL. 


287 


of  which  it  can  safely  bear  the  loug-continued  or  repeated  applica- 
tion—and tho  vxrrk'mg  load — ore  computed  by  means  of  tho  formula 

p=/,  or  P=/S, (3.) 

•whereyrepresents  the  vllinuUc  tenac'Uy,  the  proof  tenacity,  or  tho 
ioorkiiiff  slreat,  as  the  case  may  be. 

The  toughness  of  the  bar,  or  the  extension  corresponding  to  the 
proof  load,  is  given  by  the  formula 


E' 


(4.) 


irbcro  /"  is  th  e  proof  tenacity. 
2G6.  The  Ri-aiUencc,  or  •princ  of  the  bar,  or  the  work  performed 
,  stretching  it  to  the  limit  of  proof  strain,  is  computed  as  follows  : 
~x  being  the  length,  as  before,  the  elongution  of  tho  bar  under  tho 

proof  load  is 

I  force  which  acts  through  this  space  has  for  its  least  value  0,  for 
I  greatest  value  P  =/S,  and  for  its  mean  value  ^ ;  so  that  tho 
work  performed  in  stretching  the  bur  to  tho  proof  strain  is 
/5   fx      r    Sas 


r 


2   •  E 


E      2 


.(1.) 


be  co-efficient  *',  ,  by  which  one-half  of  the  volume  of  the  bar  is 

multiplied  in  the  above  formula,  is  called  tho  Modulus  of  Resi- 
lience. 

267.  Saddra  Pull. — A  pull  of  "^j  (ST  OTW-Mf  <>f  tlte  jrroof  load, 

being  tuddetily  applied  to  the  bar,  will  produce  the  eiilins  proof 

strain  of  -^,  which  is  produced  by  the  tpraduai  application  of  the 

proof  load  itself ;  for  tho  work  tierformed  by  the  action  of  tho  con- 

sUuit  force  "^  throiigh  a  given  space,  is  the  same  with  the  work 

formed  by  the  action,  through  the  same  space,  of  a  force  increas- 
at  an  unifonn  n»te  from  0  up  to/S.     Hence  a  bar,  to  resist 
rith  safety  the  sudden  application  of  a  given  pull,  requires  to  have 
'     ^rength  that  is  necessary  to  resist  the  gradual  applica- 
••■jady  action  of  the  same  pull. 
'I'll.'  piinciplo  here  iiii[ilifil  bclimgs  to  tho  subject  of  dyRMniss, 
imd  is  stated  hy  autidiKUiuu,  on  account  o{  iVa  un^\\aiiCA  «& 


TR- 


riP> 
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respects  the  strength  of  materials.  It  is  the  chief  reason  for  mak- 
ing the  factor  of  safety  for  a  moving  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

26S.    A   Tnble   of  Ibc   Roiataacr  of  .Tlnlrrials   to  fttnucklac  ani 

TcariBg,  by  a  direct  pull,  iu  pounds  per  squai-e  inch,  is  given  at  the 
end  of  the  volume. 

The  tenacity,  or  resistance  to  tearing,  given  in  that  table,  is  in 
each  case  the  ultimate  tenacity,  being  the  quantity  as  to  wLicL 
exjierimeutal  data  are  most  abundant  and  precise.  The  proof  ten- 
acity and  working  tension,  when  required,  are  to  be  found  bi- 
dividing  the  ultimate  tenacity  by  the  pnnicr  factors,  Hccording  tu 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  from  experiments 
made  within  the  limits  of  proof  sti-ain. 

Both  co-eflicionts,  for  fibrous  substances,  have  reference  to  the 
effects  of  tension  acting  along  t7iejlbre»,  or'"  grain."  Both  the  t«rn- 
acity  and  the  elasticity  of  timber  against  foives  acting  across  the 
grain  are  much  smaller  than  against  forces  acting  along  tho  grain, 
and  arc  also  of  imcertain  amount,  the  results  of  experiments  being 
few  and  contra(Uctoiy. 

269.  Addiiionni  Dnia.  —  The  following  are  a  few  exx)erimental 
results  iu  addition  to  those  given  in  the  table  : — 

Welded  joint  of  a  wrouglU  iron  retort — Ultimate  tena- 
city, by  a  single  experiment,  in  lbs.  per  square  inch,... 

Iron  wire-ropes. — Strength  in  lbs.,  for  each  lb.  weight  per 

fatliom, Ultimate, 

Proof,.... 
Woilcing  load  \  of  ultimate,  or  J  of  jiroof  strength. 

Hempen  cables. — Ultimate  strength  =(girth  in  inches)'  x  443  lb. 

Leatliem  bells. — Working  tensiou  in  Vx.  per  square  inch, 

according  to  General  Morin  285* 

Chain  cables,  when  the  tendency  of  each  link  to  collapse  is 
resisted  by  means  of  a  cn>s8-bai-,  as  shown  in  fig.  116, 
have  a  streugtli  per  square  inch  of  cross  scctiivi  of  the 
link  equal  to  that  of  the  ii-on  of  which  they  ore  made, 
when  it  is  iu  the  form  of  bars. 

270.  The  Hlrcaiclli  of  Rlrrtlrd  Joinu  of  iron  plates 
is  given  in  the  table,  in  Uta.  i>er  square  inch  of  section 
of  the  plate,  from  the  cxjwrimente  of  Mr.  Faii-baim. 
Tiie  strength  of  a  double-rivetted  joint  is  seven-tentlis 
of  tliat  of  the  iron  plate,  simply  IxKMUse  of  tliree- tenths 
of  the  breadth  of  the  plate  being  punched  out  in  each 
i-ow  of  riveVVoVea.  Tl\c  strength  of  a  single-rivetted 
joint  is  diminished  not  meveVj  ^fj  ^*5  T<snv<iN«\  cS.  ^Osa  vKra.  a.! 
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rivet-holes,  but  by  tLe  unequal  distribution  of  the  stress.    Rivetted 
joints  wiJl  be  f\irtbor  considered  in  tlio  sequel. 

-71.     Tbln   IIollow  C'rilndrn  t    Ballm;  Plpn.  —  Let     q     dcnotc 

thi-  uniform  intensity  of  the  pressure  exerted  by 
a  fluid  which  is  confined  witliiu  a  hollow  cylin- 
der of  the  radius  r,  and  of  a  thickness,  t,  which 
is  Biuall  a.s  comjiared  with  that  i-adius. 

The  demonstration  in  Article  179  shows,  that 
if  we  consider  a  ritiy,  Iwing  a  portion  of  the  cylin- 
der of  the  length  unity,  the  tension  on  that  ring 
will  be  Fig.  117. 

P  =  ?n (I.) 

iMSUDg  the  force  per  unit  of  length  with  which  the  internal  prcs-suro 
tends  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ring  under  consideration  is  t.  Tlien 
assuming,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
distributed,  the  intensity  of  that  tension  is 


P  = 


1  r 


(2) 


^^K  The  ratio  of  thickness  to  radiuR,  which  a  thin  hollow  cylinder 
^^Beqnires,  to  fit  it  for  a  given  intensity  of  burslinij  pressure,  proo/ 
^^feraMttt^  or  working  pressitre,  is  given  by  the  formula 

F  hj^ ; (») 

'       /being  the  ultimate  tenacity,  the  proof  tension,  or  the  working  ten- 
sion, as  the  case  may  be. 

It  is  considered  pnident,  in  steam-boilers,  to  make  the  working 

tension  only  one-exgluh  of  the  ultimate  tenacity.      The  joints  of 

plate  iron  boilers  are  single-rivetted ;  but  from   the  manner  in 

Vhjch  the  plates  break  joint,  analogous  to  the  bond  in  masonry, 

T»e  t«iacity  of  such  Ijoilera  is  considered  to  approach  more  ncnrlj 

th;it  of  a  doublc-ri  vetted  joint  than  that  of  a  aingle-ri  vetted  joint. 

[Mr.  Fairliainx  estimates  it  at  34,000  lbs.  per  square  inch ;  so  that 

\ts  v.^lucs  of /for  wrought  iron  boilers  may  bo  thus  stated  : — 

Blueing  tension, 31,000 

Proof  tension 17,000 

AVorkiug  tension, 4,2.50 

For  CAsrr  iron  water  pipfs,  the  working  tension  may  bo  nimle 
\nn-nxUi  of  the  bursting  tension,  which  for  cast  iron,  on  an  aviitige, 
16,500  lbs.  j)er  square  inch  ;  that  is  to  say,  the  values  of/ arc 

Bursting  tension, 16,600 

r  Inn  (one-third), 5,500 


-  .•JiXiion,. 


.150. 
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For  steam-pipes,  as  for  steam-boilers,  the  &ctor  of  safety  should  bo 
eigfU, 

272.   Tllln  Hollow  Spbcrra. — Let    fig.    117   UOW  I"  t>  d  tO 

ropresent  a  diametral  s<x*tion  of  a  thin  hollow  sphii  :th  a 

fluid  ■which  presses  from  \vithiii  with  the  intensity  q.  iue  area  of 
the  fluid  cut  by  the  section  is 

lience  the  whole  foixse  to  be  resisted  by  the  tenacity  of  Uie  aectioB 
of  the  spherical  shell  is 

T  =  Tqr-. (I.) 

The  area  of  the  section  of  the  spherical  shell,  supposing  tho  thick- 
ness t  to  be  small  os  compared  with  the  mdius  r,  is  very  nf^arly 

S  =  '2Trt; (2.) 

hence  asstuniug,  what  is  very  nearly  comet,  that  the  tension  is 
xmiform,  its  intensity  is 

^  =  -s  =  l^.- ■ "■) 

or,  OT!/?-A<i7/'of  tho  tension  round  a  cylindrical  BheD  having  the  .<«tTne 
internal  pressure,  and  the  same  proportion  of  thickness  to  radiui; ; 
so  that,  in  these  circiunstances,  the  sphere  is  twice  ad  strong  as  the 
cylinder. 

Equation  3  gives  also  the  Icngitttdmal  tension  in  a  thin  hollow 
cylinder,  which,  being  only  ono-hnlf  of  the  circumferential  tension 
round  the  cylinder,  does  not  require  to  be  considered  in  practice. 

The  proper  ratio  of  thickuesa  to  radius  in  a  thin  hollow  sphera 
is  given  by  the  formula 

r-2/' ^^■> 

f  being  the  biu-sting,  proof,  or  working  tenaion,  according  m  7  is 
the  biu'sting,  proof,  or  working  pressure. 

273.  Tbick  n«tiow  Cjiiadrr. — Tho  assumption  that  the  cir-^nn- 

fercutiol  tension,  or  hoop-lfiufion  as  it  may  be  calh.'d,  in  a  h'l'    ••' 

cylinder  is   uniformly   ilistributetl,   is   appi      i- 

mately  true  only  when  the  thickness  is  sninll 

compircd  with  the  radius;  for  if  a  ring  ol  tlio 

-1*    cj'liiider  be  conceived  to  bo  divided  iuto  seveiid 

concentric  hoops,  one  v  r '  lior,  the  tensinn 

of  the  inneiTiiost  hoop  1  ■  r  t  of  tho  radial 

prrnsiure  of  the  coutini':  '  that  a  dimin- 

Tig.  !18.  ished  radial  pressure  is  1  d  to  the  second 

ioop,  which  Ims  therefore  a  leas  tension  thau  tho  first  hoop,  and 

[no  oa. 


^^ 
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S^ttattcm  2  of  Article  271  gives  the  nuxm  hoop- tension  in  a 
ifk  as  ■well  as  in  a  thin  cyUuder ;  but  it  is  not  the  mcau,  but  the 
•nlrjit  hoop-tension  (that  is,  the  tension  round  the  inner  surface 
of  the  cylinder),  which  is  limited  by  the  strength  of  the  nuit«riaL 
e  object  of  the  present  investigation  is  to  show  what  law  the 
tion  of  hoop-tension  follows,  and  thence,  what  relation  the 
aximum  tension  bears  to  tlie  fluid  pressure. 
To  m»kc  the  solution  perfectly  general,  it  will  be  supposed  that 
,e  cylinder  is  pressed  from  without  as  well  as  from  within.     Let 
1 18  represent  a  cross  section  of  the  cylinder;  let  R  denote  its 
temal  and  r  its  internal  nidiu.s.    Let  q^  denote  the  fluid  pi-essure 
im  within,  and  q,  that  from  without;  /»,,  the  hoop-tenaion  at  the 
ler  surface  of  the  cylinder,  and  /),  the  hoop-tension  at  the  outer 
'  ,cc. 

Cou.sider,  as  before,  a  ring  whose  length,  parallel  to  the  axis  of 
e  cylinder,  Ls  unity.  The  radial  section  of  that  ring,  from  r  to 
in  tig.  1 18,  ha.s  to  sustain  the  diflerence  between  the  total  pressures 
m  within  and  without,  in  a  dii'ection  jwrpendicular  to  the  nulius 
r  R,  on  a  quadrant  bounded  by  that  radiuis.     That  diilcrcnce  is 

Jo  r  —  qi  R. 

inceive  the  ring  to  be  divided  into  an  indefinite  number  of  con- 
ntric  hixips,  each  of  the  tliickness  dr,  and  exerting  a  tension  of 
le  jntensi^/j;  then  the  total  hoop-tension  will  be 


j^pdr  =  q„r  —  q, 


R. 


.(1.) 


From  the  symmetry  of  the  ring  and  /  the  forces  acting  on  it  in 
all  directions  round  the  centi-e  0,  it  is  obvious  that  the  axes  of 
I  of  any  particle  of  metal  must  be  respectively  in  the  direction 
mdiu.s,  and  perpendicular  to  that  direction.  The  principal 
es  at  any  particle  are  a  radud  pranmre,  q  (which  for  each 
lie  at  the  inner  surface  is  qo,  and  for  each  jMirticle  at  the  outer 
e,  q,)  and  a  hoop-ieiiino>n  p. 

\  in  the  case  of  the  ellipse  of  stresd,  Article  1 1 2,  we  may  con- 
I  this  pnir  of  principal  Btreeses  to  be  made  up  of  two  component 
viz.  : — 
A  pair  of  equal  stresses  of  the  same  kind,  constituting  a  fuid 
prfsnure  or  feiudon^  whose  common  intensity,  stfl-t^^l  so  as  to  bo  a 
tension  when  positive,  a  pressure  when  negative,  is 

p  —  1 


A 


r 


lleiiMtv  jn 


ir  of  equal  stresses  of  contrary  kinds,  ■WW«c  wstsflawi.' 
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Thus  we  bavc p  :=  n  ■{-  m,  q  =n  —  m;  and  the  problem  is  to  be 
solved  by  first  supposing  m  to  act  alone,  then  supposing  n  to  act 
alone,  and  lastly  combining  their  effects  ;  observing,  that  the  only 
solutions  of  equation  1  which  are  admissible,  are  t^ose  which  are 
true  for  all  values  of  H  and  r. 

Cask  1.  Equal  and  simUar  stresses,  or  n  =  0.     In  this  case 

p=:  —  q  =  m, 

showing,  that  instead  of  a  i-adial  pi-essure,  there  is  a  radial  tension 
equal  to  the  hoop-tension,  and  constituting  along  with  it  simply  a 
fluid  tonsion  of  the  intensity  m  at  each  point.  Equation  1  is  ful- 
filled by  making 

pz=  —  g  =  m  =  constant, (2.) 

which  reduces  both  sides  of  equation  1  to 

7»  (R  —  r). 
Case  2.  Equal  and  contrary  stresses,  or  m  ^  0.    In  this  case 

p  =  q  =  n, 
and  the  solution  of  equation  1  is 

*!'  =  ?  =  »  =  J (3) 

a  being  an  arbitrary  constant,  and  r*  any  value  of  the  radius,  from 
r  to  II  inclusive;  for  this  reduces  both  sides  of  equation  1  to 


G-i)- 


Case  3.  General  solution.     By  combining  the  two  partial  solu- 
tions of  equations  2  and  3  together,  we  find 


Hodial  pressure,'  g^n  —  m^-^  —  m; 


Hoop-tension,  p-=^n  +  m  =  -,-  +  m\ 

To  determine  the  constants  a  and  m  we  have  the  equations 

a  a 

—  — m  =  qt;  g;  —  wi  =  gr,; 

wLence  vro  obtain  by  eliimnatloix 


.(4.) 
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,_(7o-?i)R-r\ 
It'  — r"      ' 

R'  — r*      ' 


.(«•) 


»»  = 


iviug,  finollj,  for  the  moMmum  ftoop-lttution. 


lie  mean  hoop-teiision  is 


R' 


R  — r     ' 


.(6.) 


.(7.) 


vliick  ia  exceeded  by  the  niaximuin  in  the  projiortiuu 
y,(R'  +  r)  — 2«y,R' 


.(8.) 


(?.»--j.R)(R  +  r)' 

]>ro)iortiou  -which  tends  towards  eqtiality,  aa  R  and  r  become 
Bore  nearly  equal 

A  transpoaition  of  erjtiation  C  gives  the  following  value  of  the 
(itio  of  the  extemnl  to  the  iutenial  radiua,  required  in  order  that 
I  may  be  =./,  the  bursting,  proof,  or  working  tension,  as  the  case 

hv  be  ' 

7-V    \/-q,+  2g,f ^^•> 

most  ca;ses  wbii^li  oi.our  in  practice,  the  external  fluid  pressure 
i»  so  Buiall  compared  with  tlie  internal,  that  it  may  bo  neglected 
One  imiKirtant  consequence  of  equation  9  is,  that  i/t/ie  irUcrruil 
pimsure  qo  t*  equal  to  or  greater  litem  Ute  aum  f  4"  2  q,  o/tJie  co- 
fffUUmt  of  strength  aiul  twice  the  eaUerruU  pressure,  no  thickness,  how 
ffoat  soever,  will  enable  tfie  cylinder  to  revisl  Uie  pressure. 
The  following  is  a  geometrical  i-cpreseutation  of  the 
going  solution.  In  tig.  1 19,  let  O  represent  the 
ntro  of  the  cylinder;  U  r  its  internal,  and  0  R  its 


iemol  ntdkis. 


To  represent  the  value  of  n  =  -^, 


»w  two  ordinates  r  A,  R  B,  at  right  angles  to  the 
vctiou  of  those  radii,  such  thnt 

rA  :  RB  :  :  R»  :  r*. 

Then  A  and  B  will  l)o  points  in  a  hyperbola  of  Uie 
ttetmd  ordtr,  A  B,  wlucb  has  the  j)roperty  that 


rig.  119. 
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area  r  A  B  R  =  r  x  fT"-  R  x  R  B; 

so  that  it  represents  cose  2.  ^^ 

Draw  C  D  II  O  r  R,  cutting  off  from  tbe  ordinates  the  parts  C  i 
D  B,  whidi  bear  to  each  other  the  proportions 

CA  :  DB  ::qt'  <li- 

Then  r  C  =  R  D  will  represent  m,  the  solution  of  case  1 . 
E  F  II  O  r  R  at  the  same  distance  r  E  =  r  0  on  the  opposite  aid 
Then  if  any  ordinate  be  drawn  across  tho  two  stitugiit  lines  E I 
and  C  D,  and  the  curve  A  B,  at  a  given  distance  /  from  O,  t| 
aegment  of  that  ordinate  between  C  D  and  A  B  will  represent  1 
r<Kftaiul  pressure  q,  and  tlie  entire  ordinate  from  E  F  to  A  B  - 
represent  the  hoop-tcnaion  p,  at  that  distance  from  O ;  and  in 
tictilar  E  A  will  represent  the  maximum  hoop-tension  p^. 

The  formuIoB  of  this  Article  are  the  same  with  those  given  1 
M.  Lam6  in  his  Traiti  de  tElaaticite;  but  they  are  arrived  at : 
different  manner. 

371.  Criindcr  ot  sinin(>d  bibiis. — To  obviate,  in  whole  or 
part,  the  unequal  distribution  of  the  hoojh tension  in  tiiick  hollo 
i^lindurs  for  withstanding  great  pressures,  it  has  been  propuwd  I 
constnjct  such  cylinders  of  concentric  hoops  or  rings  built  togctha 
the  outer  hoops  being  "  shruiik "  on  to  the  inner  hoops,  in  snchl 
manner,  that  before  any  internal  pressure  is  applied,  the  ho 
within  a  certain  dib-tance  of  the  centre  may  be  in  a  state  of  c ' 
ferential  compression,  and  those  beyond  that  distjince  in  a  state  of 
circumferential  tension.  If  tho  stress  thus  produced  by  the  mutual 
action  of  the  concentric  hoops  could  be  adjusted  with  such  accuracy, 
as  to  be  at  each  point  exactly  equal  and  opposite  to  the  differ 
between  the  actual  hoop  tension  at  the  same  point  due  to 
interna]  pressure,  as  given  by  equations  i,  5,  and  6,  of  Article  271 
and  tho  mean  hoop-tension  as  given  by  equation  7,  then  ur 
apjdying  the  proper  internal  pressure,  there  woidd  result 
uniform  tension  cqu-il  to  the  mean,  and  tho  formulie  of  . 
would  become  applicable  to  thick  as  well  as  to  thin  cyUuiic 
Even  although  it  may  bo  impracticable  to  adjust  the  previous  st 
with  the  accuracy  above  described,  any  approach  to  it«  prop 
distribution  must  increase  the  strength  of  tho  cylinder, 
method  of  constmction  has  been  carried  into  effect  in  Capta 
Blakely's  gun,  Mr.  Mallet's  mortar,and  some  other  pieces  of  artille* 

The  only  eipiation  which  the  stress  of  the  concentric  hoop» 
of  itself  fulfil  is 


('pdr=Q. 


THICK  HOLLOW  SPBEBE. 
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275.  TUck  ii*iuw  Spbcrp. — Let  fig.  118  now  represent  a  diame- 
tnil  section  of  a  hollow  sphere,  the  fluid  pressures  -within  and 
without  twing  5o  and  q„  (i8  before.  The  preaHure  to  be  resisted  at 
the  section  is 

and  if  the  section  of  the  metal  bo  conceived  to  be  divided  into  an 
indefinite  number  of  concentric  rings,  tiie  breadth  of  one  of  these 
rings  being  dr,  its  radius  r',  and  thu  U-nsion  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 


/n 
pr  dr; 


rmd  hence  the  equation  to  be  fulfilled,  for  all  values  of  q^,  ^j,  r,  and 
R,i» 
2j";,r'dr  =  5„r'  — y.R- ". (1.) 
From  symmetry  it  appears,  that  the  axes  of  stress  at  any  particle 
must  Ix!,  one  in  the  direction  of  a  radius,  with  the  pressure  q  along 
it,  and  the  other  two  in  any  two  directions  peqwndicular  to  the 
tirst  and  to  each  other,  with  oqrial  tensions  p  along  them.  Two 
purtial  solutions  are  obtained  in  the  following  manner : — 


^  Lot 


•y_ 


=  wi, 


3  ' 


p  =^n  +  m;  q  =:2n  —  m. 

Case  1.   n^O,  p^  —  q=.m;  Wing  the  case  of  ajfuid  tenswn, 
equal  in  all  directions.   In  this  case,  equation  1  is  solved  by  making 

p^  —  y  =  7»  =  constant,  (2,^ 

vliich  reduces  both  sides  of  that  eqiuition  to 

m{R'  —  r') 

Cabe  2.  »»  =  0,  /»=^=n;  being  the  case  of  a  pair  of  circumfer- 
ential tensions,  each  equal  to  half  of  the  radial  pressure.     In  this 
e,  equation  1  is  solved  by  making 


wHoli  reduces  both  sides  of  tliat  equation  to 


i 


.(3.) 
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Case  3.  General  solution. 


q  =  In  —  m  =  -7^  —  m, 
7»  =  «  +  m  =  — ,  +  r«, 


.(4.) 


The  constants  a  and  m,  deduced  from  the  equations 

2  a  2  a 

?»  =  ^1  — "»i  ?i  =  gT  —  "H 

ai-e  found  by  elinunntion  to  have  the  following  values : — 

„_(_9o-9.)Rl!:! 
2"{B»  — r') 

y,  r*  — g,  R' 
~        R»  — r' 

giving  finally,  for  the  maximum  tension. 


«» 


.(5.), 


•Po=3  +  ^'»  = 


go(R'  +  2r')-3g, 


R' 


■(«•] 


V  '  2(R»  — r*) 

A  transformation  of  this  equation  gives  the  following  value 
ratio  of  the  external  to  the  internal  radius  of  the  sphere,  roqti ' 
in  order  that  po  may  ^  =  />  the  bursting,  piroof,  it  wcirkir 
«ion,  as  the  case  may  be  : — 


R       s/;     2(j 

7  =  V  127:^ 


(/^7.)       [ 


V—qo  +  3?!  •• 

This  equation  shoiws,  that  if 

90=  or^='2/+3g,, 
nn  thickness  will  be  stitiicient  to  enable  the  sphere  to  withstiuirl 
iho  pressure. 

Tlie  formulie  of  this  Article  agree  with  those  given  by  M.  Lam(;, 
tliongh  airivcd  at  by  a  different  process. 

276,  Boiiw  Slur*. — The  sides  of  locomotive  fire-boxes,  the  ends 
of  cylindrical  boilers,  and  tlie  sides  of  boilers  of  irrcftular  figures 
like  those  of  marine  steam  engines,  are  ofton  made  of  flat  pbti'*!, 
which  are  fitted  to  resist  the  pri'ssiiro  from  \'. 
by  being  connected  together  across  tlje  wutei 
or  steam-siMice   between   tlieni  by  tie-bam, 
stays  wlipn  long,  iKilts  when  shorts     For  exarop 
fig.  120  represents  part  of  the  flat  side  of  a  lu 
motive  fire-box,  and  shows  the  omuigement  of 
bpltB  by  which  it  is  tied  to  the  fiat  plate  at 


I  o"! 


0000 
Fig.  120. 


other  side  of  the  water-B^iace. 
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Kach  of  these  bolts  or  stnys  siistoms  the  pressure  of  the  steam 

ist  a  certain  area  of  the  plat«  to  which  it  is  attached.     Thus, 

■      _'.  120,  the  bolt  o  resists  the  pressure  of  the  steam  on  the  square 

areu  which  surrounds  it,  and  whose  side  is  equal  to  the  distance 

trom  centre  to  centre  of  the  bolts. 

Let  a  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
flat  plate  which  it  holds  ;  <j,  the  bursting,  proof,  or  working  pres- 
sun',  and /the  ultimate,  proof,  or  working  tension  of  the  material 
of  the  stay.     Tlien 

/a  =:  qA. 

The  [iropcr  factor  of  Siifcty  is  eiij/tt,  as  for  other  parts  of  boilers. 
Experience  has  shown,  that  the  plate,  if  its  inatoriul  is  as  strong  as 
tli;it  of  the  stay,  should  have  its  thickness  equal  to  luiJ/  the  dia- 
meter of  the  stay.  If  tho  plate  be  of  a  weaker  material  than  tho 
stay,  its  thickness  should  be  pi-oportionally  increased. 

The  flat  ends  of  cylindrical  boilers  are  sometimes  stayetl  to  the 
cylindrical  sides  by  means  of  triangular  plates  of  iron  called  "  giu- 
etta."  Tliese  platt^s  oi-o  placed  in  planes  radiating  from  the  axis  of 
the  boiler,  and  have  one  edge  ilxed  to  the  flat  end,  and  the  other 
to  the  cylindrical  body.  Each  gusset  sustains  the  presstire  of  the 
steam  against  a  tector  of  the  flat  circular  end.  Considering  tliat 
the  resultant  tension  of  a  gusset  must  be  concentrated  near  one 
oltzr-,  it  appears  advisable  that  its  sectional  area  should  lie  three  or 
four  times  that  of  a  stay-bar  suited  for  sustaining  the  pressure  on 
the  stime  area. 

The  best  experimental  data  respecting  tho  strength  of  boUcrs  are 
duo  to  the  researches  of  Mr.  Fairtxaim,  esiwcially  those  recorded  in 
~JB  work  called  Useful  fnjhrmulwn /or  Emjlneers. 

'111.    f>u»pcnaloii    Roa    »f  VnUarta    StrmKlh. — In  fig.  131,  let  W 

a  weight  hung  from  tho  lower  end  of  a  vertical  I'od 
( C,  whoBe  weight  per  unit  of  volume  is  w,  and  let  it  bo 
required  to  find  how  the  transverse  section  S  of  the  rod 
iu»t  vary  with  the  height  x  above  B,  in  order  that  the 
Bnnion  may  be  everywhere  of  equal  intensity/ 
The  total  load  at  any  point  is,  W  from  the  weight  hung 

■,B,wj   Hdx  from  the  weight  of  the  rod  for  a  height  x 

^  I B;  and  this  must  be  equal  to  the  pull  /S.     Hence     '|     [ 

W  +  w  jydx=/8; (1.)       FiB.121. 

wliifh  being  solved,  gives  for  tho  cross  section  of  the  rod, 

s  =  ^.«^; \^^ 
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,(3.) 


and  for  its  weight,  for  a  height  x  above  B, 

/S  — ■W  =  'W(«7"— 1)  

The  most  useful  application  of  this  is  to  the  determiii 
dimensions  of  the  pump- rods  of  denp  minos.     They  ai<. 
with  the  section  varying  continuously,  according  to  the  formola  ] 
but  iu  a  series  of  divisions,  each  of  uuiform  scantling ;  nevt 
less  that  foraiula  will  sei-ve  to  show  upproximately  the  lair  which 
the  dimensions  of  those  divisions  should  fcJlow. 

8ECT10N  4. — On  ResUtance  to  Shearini;. 

278.   Caaditian  of  CnUarm   laicnally — The  present  section  1 
to  those  cases  only  in  which  the  shearing  sti-ess  on  a  bi>dy  in  i 
form  in  direction  and  in  intensity.     The  effects  of  shearing  st 
varying  in  intensity  will  be  considered  under  the  hetul  of  Re 
ancc  to  Bending,  which  is  in  general  accom]>anied  by  such  a  stiw;- 
and  the  effects  of  shearing  stress  varying  in  direction  at  well  aa  ia 
intensity  under  the  head  of  Resistance  to  Torsion. 

It  has  been  shown  in  Article  103  that  shearing  stresses  caa  only 
exist  in  pairs,  every  shearing  stress  on  a  given  plane  being  necea»- 
sarily  accompanied  V>y  a  shearing  stress  of  equal   intousity  ou 
Bother  jiliiue.     In  A rticle  1 1 1',  Problem  II.,  it  is  shmv 
ny  combination  of  stress  ]iarallej  to  a  given  plans,  the  ; 
tivcly  to  wliich  the  shearing  atress  is  greatest  are  at  rijrl 
each  other,  and  m:ike  angles  of  4.5^  with  the  axes  of  i)i-iii 

When  equal  forces  are  applied  to  the  opposite  sides  ot  a  • 
bolt,  rivet,  or  otlier  body,  in  such  a  manner  as  to  tend  to  «1 
into  two  jMirts  at  a  jjarticular  transverse  ])lane  of  section,  ti 
any  given  point  in  that  transverse  sectional  plane  the  si.. 
stress  is  of  equal  intensity  relatively  to  that  \  '  'f'.  and  to  a 

longitudinal  plane  traversing  the  same  jwint,  .  i.ularto  the 

direction  of  the  externally-applied  shearing  forces,  h  the  wedge, 
bolt,  or  rivet  is  loose  in  its  hole  or  socket  at  and  near  the  jdone  of 
i;hearing,  thei-e  can  lie  no  shearing  stress  on  those  free  ])arts  of  its 
external  suriace  which  are  at  right  angles  to  the  direction  of  the 
ittemal  shearing  force ;  and  hence  the  intensity  of  the  shearing 
a^ss  at  the  plane  of  shearing,  how  great  soever  it  may  be  in 
int<irual  parts  of  the  body,  must  diminish  to  nothing  at  cor 
parts  of  the  external  edges  of  that  sectional  plane,  and  must 
unequally  distributed  ;  so  that  the  most  inteuae  shearing  stR-si 
must  be  greater  than  the  intensity  of  a  stress  of  equal  amount  uni- 
formly distributed. 

To  insure  unifonn  distribution  of  the  stress,  it  is  neceasaiy  th 
tie  rivet  or  other  fastening  Hhould  fit  so  tight  in  it*  hole  or  i     ' 
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that  the  friction  at  its  surface  may  be  at  least  of  equal  intenmty  to 

the  shearijig  stress.     Whcu  thia  condition  is  fullilied,  the  inteiuiitj 

F 
of  that  stress  is  represented  simply  '-y  -5  j  F  being  the  shearing 

Aaoe,  and  8  the  sectional  area  'n'hich  re«ist«  it. 

^^^B79.    a  Tnble  of  tbc  BcaiMnnre  of  IMalcriaU  u>  Shuartng  and    Dl»- 

Vrtian.  in  lbs.  avoirdupoL't  per  square  inch,  is  given  at  the  end  of 
the  volume.  It  is  of  small  extent,  because  of  the  small  nimiber  of 
Bubotancea  whose  resistances  to  slieariiig  oud  distortion  Imve 
been  aacertained  by  satisfactory  experiments.  The  ivsistonce  of 
timher  to  slieaiing  is  in  each  case  that  vhich  acts  between  conti- 
Ipious  layers  of  fibres. 

f80.  Econanr  9t  niBieriai  !■  Bolu  Rini  Rireta. — There  &re  many 
ictures,  such  a.s  boilere,  -NXTfjUfrht  iron  bridges,  and  frames  of  tim- 
oriron,  in  which  the  principal  jueces,  such  aa  plutos,  links,  or  bai-s, 
being  thcraseh'es  subjected  to  a  dii-ect  pull,  are  connected  with  each 
other  at  tlioir  joints  by  fiisttiiings,  such  as  rivets,  bolts,  pins,  or 
keys,  which  are  under  the  action  of  a  shearing  force.  It  is  in  every 
such  eaae  imix>rt,int,  that  the  pieces  connected  and  their  fastenings^ 
should  be  of  equal  strength ;  for  if  the  faat»;nings  be  the  weukop, 
either  the  whole  structure  is  insufficiently  strong,  or  the  material 
which  gives  the  additional  strength  to  the  i)latcs  or  bars  is  wasted : 
and  if  the  fastenings  be  the  stronger,  the  plates  .ind  bars  are  weuk- 
"  more  than  is  necessary  by  the  holes  or  sockets ;  and  as  before, 
cr  the  structure  is  too  weak,  or  material  is  wasted. 

t  /  denote  the  resistance  j)er  square  inch  of  the  material  of  ■ 
principal  pieces  to  tearing  ;  S,  the  total  sectional  area,  whether" 
me  piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
:der  in  order  that  the  structure  may  be  destroyed ;  /",  the 
itance  jier  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing ;  S',  the  total  sectiouid  area  of  iiisteningg  at  one  joint,  which 
must  be  sheared  across  in  order  that  the  structure  may  be  destroyed ; 
then,  if  the  conditions  of  umform  distiibution  of  stress  are  fultillcd, 
tlie  ))rinci|ial  piuoes  and  tluiir  fastenings  ought  to  be  so  propor- 
tioned, that 

II  /8=/8'j  or|=^ (1.) 

For  wrought  iron  rivetted  plates,  taking  the  value  of/'  fi-om  the 
le  (as  determined  by  the  experiments  of  Mr.  Doyne),  we  have 

•^,=  1  nearly,  and.-,  S' =8 (2.) 

wronght  iron  bars  connected  by  bolts  or  rivets,  we  have 


y 


'p,  =  ^ uearljr,  and  .  • ,  8  =—  S 


\^^ 
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ont,  as  the  caao  may  be.     In  order  that  the  irifttcml  may  be^ 
raiaUly  used,  equation  1  of  Artide  280  shoiilii  be  fultUled,  ffe  f^ 


/a=/'S';or|  =  ^. 


,.(L)] 


This  condition  serves  to  determine  the  distance  of  the  notch,  or  i  _ 
the  liolt-holc,  or  of  the  nearest  bolt-liole  whrre  there  arc  more  Uum" 
one,  from  tlie  end  of  the  tie,  in  the  following  manner  : — 

Let  A  be  the  effective  depth  of  the  tie,  left  after  deductiii .  • 
of  the  notch,  or  the  diaraotera  of  bolt-hole«,  and  d  the  • 
the  noteh,  or  of  the  nearest  bolt-hole,  from  tho  ond  of  the  tie; 
for  a  notch 


and  for  bolt-holes,  if  7t  be  their  number. 


S  '' 


2nd 

'~hr' 


.d= 


f 


2nf 


mmwm^BkJ 


In  determining  the  number  n,  it  is  to  be  observed,  that  if  two  i 
ntom  bolls  pierce  the  mmim  layer  o/jUyree,  the  resistance  to  the  9h«arii 
at  of  the  part  of  that  layer  between  the  end  of  tho  I  ■ 
Btaut  of  the  bolts  is  nearly  the  same  as  if  that  bil 
BO  that  the  movl  distant  mily  ofiruch  a  get  of' bolts  ii  to  Ik- 
nsing  equation  3.     In  general,  the  piercing  of  the  Ra;i 
fibres  by  more  than  one  l)olt  is  unfavourable  to  economy. 


SEcnojr  5. — On  Resistance  to  Direct  Compression  and  Cniahii 


282.  Bcalalaac*  M  fmmprrwtom,  when  th>-  limit  of  pp'tof  strVit*  I 
not  exceeded,  is  sensibly  equid  to  the  resistance  to  extension,  j 
cxpressefl  by  the  same  "  vwdnbis  of  elasticity"  already 
and  explained  in  Articles  2.57,  2G5,  2CC,  and  2C8.     Whe 
limit  is  exceeded,  the  irregular  alterations  nndorgono  by  tlie  fig 
of  the  substance  render  the  precise  determination  of  the  res 
to  compression  difficult,  if  not  impossible. 

283.  nfodca  of  Oasklait— SplhUas,  Mkcartas,  Balstnc,  ■■ 
rr*«»brnikla«. — CrtiJfhing,  Or  breaking  by  cora])ression.  is  nokl 
simple  phenomenon  like  t^^aring  asunder.  Vmt  is  more  or  less  i 
and  varie<l,  according  to  the  texture  of  the  substance;     The  ] 
in  which  it  ti^kes  ])lace  maj-  be  clnssetl  as  follows  : — 

I.   Cruslunt)  by  it/UiUitut  (fig.    l'2H)   into  a  number  iif 
frni'TOont'!,  seji;»nit<-d  1  '  "   "       iionl 

iinirh- pmiiUtil  to  the  ■ 
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'  hard  homogeneous  substances  of  a  glassy  texture,  such  as  vitrified 

mm 


Rg.  127. 


shean 


nq  or 


^idi 


along 


obliquci  surfaces  of  sepamtiou  is  characteristic  of  substiinccs  ot  a 
•rninuJar  texture,  like  cast  iron,  and  most  kinds  of  stouo  and  brick. 
Sometimes  the  .sliding  takes  place  at  a  single  plane  surface,  like 
A  B  in  fig.  1 27 ;  sometimes  two  cones  or  pyramids  are  formed,  like 
c,  c,  in  fig.  128,  which  are  forced  towards  each  other,  and  sj>lit  or 
drive  outwards  a  number  of  wedges  surrounding  them,  like  tr,  ip,  in 
the  same  figure.  Sometimes  the  block  splits  into  four  wedges,  as 
in  fig.  129. 

Tlie  sorfoces  of  shearing  make  an  angle  with  the  direction  of  the 

crushing  force,  wldch  Mr.  Hodgkinaon  (who  first  fully  investigated 

those  plii'niimena)  found  to  have  values  depending  on  the  kind  and 

i-iid.    For  different  qualities  of  cast  iron,  for  example, 

a  from  42°  to  32°.    Tlie  greatest  intensity  of  shearing 

li  on  u  j)lane  making  an  angle  of  45°  with  the  direction  of  the 

;  i  ng  force ;  and  the  deviation  of  the  plane  of  shearing  from  that 

augle  shows  that  the  resistance  to  shearing  is  not  purely  a  cohesive 

Jbrre,  indepondent  of  the  normal  pressure  at  the  plane  of  she.iring, 

hnt  conpista  ]inrtly  of  a  foren  analogous  to  friction,  increasing  with 

the  intensitj-  of  the  nrrmal  presniro. 

Mr.  Hodgkttison  considers  that  in  order  to  determine  the  true 
h'-i-ttance  i>f  siilwtances  to  direct  crushing,  experiments  should  be 
■  ■n  blocks  in  which  the  proportion  of  length  to  diameter  is  not 
hnn  that  of  3  to  2,  in  order  th.at  the  material  may  be  free  to 
ride  itBclf  by  shearing.     When  a  block  which  is  shorter  in  pro- 
tion  to  its  dianiPtrr  is  cnushed,  the  friction  of  the  flat  surfaces 
Btweeii  which  it  is  crushed  lias  a  perceptible  effect  in  holding  its 
frfs  logt^her,  so  as  to  resist  their  separation  by  shearing ;  and  thus 
be  apj-iiirent  strength  of  the  substance  is  increased  bev^'nd  its  real 

In  all  substances  which  are  crushed  by  splitting  and  by  shearing, 
iho  resistance  to  crushing  considerably  exceeds  the  tenacity,  as  an 
examin-ition  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  cnishing,  for  example,  was  fonnd  by  Mr.  Hodgkinaon.  tft  V»i 
Komcwhnt  more  than  nx  timrs  its  tenacity. 
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III.  Crushing  by  bulging,  or  lateral  swelling  and  spreading 
tho  block  which  is  crushed,  is  characteristic  of  ductile  und  louj^ 
materials,  such  as  wrought  iron.     Owing  to  the  gnxdual  niaiinfi 
in  which  materials  of  this  nature  give  way  to  a  crushing  force,  it 
is  difficult  to  determine  their  resistance  to  that  force  exu'tlv  :  tliat. 
resistance  is  in  general  less,  and  sometimes  considcmbl 

the  tenacity.     In  wrought  iron,  the  resistance  to  the  tlu  ■ .  ,  , ,     , ; 
ing  of  short  blocks,  as  nearly  as  it  can  be  ascertained,  is  ii^mi 

2      4 

5  to  -  of  tho  tenacity, 
o      0 

IV.  Cnuhing  by  1/ucMing  or  crippling  is  characteristic  of 

substances,  under  the  action  of  a  thrust  along  the  fibres.    It  cou, 

in  a  lateral  bending  and  wrinkling  of  the  fibres,  sometimes  ai 

ptmied  by  a  splittiiig  of  them  asunder.     It  takes  place  in  tim' 

in  ])late8  of  wrought  iron,  and  in  bars  longer  than  those  which 

way  by  bulging.     The  resistance  of  fibrous  substances  to  cnishi 

is  in  general  considerably  less  than  their  tenacity,  especially  whi 

tho  lateral  adhesion  of  tho  fibres  to  each  other  is  weak  comf 

with  their  tenacity.     Tlie  resistance  of  most  kinds  of  timber  to 

1       2 
cnishing,  when  dry,  is  Irom  jr  to  ^  of  the  tenacity.   Moisture  in  the 

timber  weakens  the  lat«ral  adhesion  of  the  fibres,  and  reduces  the 
resistance  to  crushing  to  about  one-half  of  its  amount  in  the  dry 
state. 

V.  Criulmig  by  cross-breaking  is  the  mode  of  fracture  of  onlumots 
anil  struts  in  which  the  length  greatly  exceeds  the  diameter.    Um 
the  breaking  load,  they  yield  sideways,  and  are  broken  across 
beams  luider  a  triinsvcrae  load.    This  mode  of  crushing  will  be 
sidered  after  the  suliject  of  resi-stauce  to  bending. 

284.  A  Table  of  Ibx  BcsUmbcc  af  nfnlertalii  !•  Cmahios  br 
Direct  Tbntai,  in  jwunds  avoirditi>ois  per  square  inch,  is  giv.n 
the  end  of  the  volume.  So  far  as  that  table  relates  to  the  st  i 
«f  brick  and  stone,  reference  has  already  1)cou  made  to  it  in  Ai ;; 
235.  It  is  condensed  from  the  experimental  data  given  by  van 
.'inthorities,  especially  by  Tredgold,  Mr.  Fairbaim,  Mr.  Hodgkini 
and  Captain  Fowke. 

2^0.    Cncqanl  Dlilrlbntioa  of  the  PrrMnre  On  a  pillar  arises 

tho  line  of  action  of  the  residtant  of  the  load  not  coinciding  will 
the  a.xis  of  figure  of  the  pillar,  so  that  the  cfnitre  of  p, 
cross  section  of  the  pillar  does  not  coincide  with  its  ami  < 
but  de\Tates  from  it  in  a  certain  direction  by  a  certain  lii. 
which  may  Ixs  denoted  by  r„ 

Jn  tliis  case  the  strength  of  the  ])illar  is  diminished  i' 
tio  in  which  tho  ini'iiiv  inU:i\s'v\,Y  u^  tlv<;  ^ressrare  is  h 
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naxuDum  intenBity;  that   is   to  say,  in   a  ratio  which  may  be 
denoted  by 

mean  intensity    ;>„ 

maximum  intensity    p^■ 

ratio  may  be  found  with  a  precision  sufficient  for  practical 
by  considering  the  pressure  at  any  ci-oss  section  of  the 
as  an  wni/ormly  varying  stress,  as  defined  in  Article  94. 
Dnsequently  the  following  is  the  process  to  be  pursued  : — 
Find,  by  the  methods  of  Article  95,  the  principal  axes  and 
moments  of  inertia  of  the  cross  section  of  the  pillar  ;  and  thence 
determine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
tion rg.  Let  t  be  the  angle  made  by  that  axis  with  the  direction  of 
the  deviation  r^  ;  thon  the  i)er])ciidicular  distance  of  the  centre  of 
ire  from  the  neutral  axis  \W11  be 

X,  =  r,  sin  /. 

ad  the  moment  of  inertia  of  the  cnws  section  relatively  to  the 
atral  axis,  and  denote  it  by  I ;  then  from  equations  1,  2,  and  4 
'  Article  94,  it  appears  that  if  «,  be  the  greatest  perpendicular 
innce  of  the  edge  of  the  cross  section  from  the  neutnd  axis  in  tin; 
ne  direction  with  x,„  the  gi-eatest  intensity  of  prcss\ire  will  be 

Pi  =/>()  + «a;i; 

S.    ■  (1.) 

I' 


which 


«=-j-=*iiPo 


P  being  the  total  pressure,  and  S  the  area  of  the  section  of  the 
jillar.     f"onse<inently  the  ratio  required  w 

^^■^  «  =      ;r;ra W 


w 


Xo  Xi  S' 


Tklucs  of  S,  for  certain  sjrmmetrical  figures,  and  of  I  for  the 

Ilncipol  axes  of  these  figures,  have  ah-uady  been  given  in  the  table 
Article  205,  from  which  are  computed  the  following  values  of  tlie 
tor  -'—  in  the  denominator  of  tho  preceding  formula  : — 


FiODBR  OP  Oboss  Sectio.v. 


L  Rectangle,  hb;  b,  neutral  axis, ' 
IL  Square,  h\ 


Ellipee  :  ncntral  axis,  b ;  other  axis,  h ;  \ 
Ciixle  :  diameter,  A, ( ' 


2,8 

'I    • 
G 
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V.  Hiillcrw  rpctj»ngle  :  ontsiile  <limen8ions,  h,b;)  Ohjhb  —  hi 
insiiie  dimensions,  A',  b' ;  neutral  axis,  6,...  /     h*  b  —  h*i 

6A 


VI.  Hollow  sqnare,  A*  —  li*, 

VIL  Circular  ring  :  diameter,  outside,  A ;  inside,  /»',       .,.<;, 


A'  +  A"*! 
8A 


2S6.  i.imitiiii«M  of  die  FrMcdinc  V«iaial» — The  fonnnlje  of 
tbo  preceding  Article  of  this  section  have  rufi/rcnce  to  direct  crush- 
ing only,  and  are  therefore  limited  in  their  application  to  tluue 
CMW  in  which  t-ho  pillars,  blocks,  or  stmts  alonjj  which  the  pree- 
stm  acts  are  not  so  long  in  proportion  to  their  diameter  as  to  Lave 
a  sensiblo  tendency  to  be  cnaslied  by  bending.  Thoae  cum  ooot- 
prehend — 

Stone  and  brick  pillars,  and  blocks  of  ordinary  proportions  ; 

Pillars  and  struts  of  cist  iron,  in  which  the  length  ia  not  mate, 
than  five  times  the  diameter,  approximately  ; 

Pillars  and  stmts  of  wrought  iron,  in  which  the  length  is  l 
more  than  ten  times  the  diameter,  approxinuitely  ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  mo«a 
than  about  twenty  times  the  diameter. 

^87.  Craahing  nnd  Collapalng  of  Tiibra. — When  a  hollow  cyti 
der  is  exposed  to  a  i)rcssure  from  without,  there  is  a  circumferen- 
tial thmst  round  it,  whose  grc.itcst  intensity  takes  place  at  th 
iimer  surface  of  the  cylinder,  and  may  be  computed  by  suitall 
modifying  the  formulse  of  Article  273.  That  is  to  say,  let  E  i 
r  denote  respectively  the  outer  and  inner  radii  of  the  cylind 
qi  the  intensity  of  the  r.idial  pressure  from  without,  q^  that  of 
radial  pressure  from  within,  and  let  p^  now  denote,  not  a  tension, 
but  a  l/irusl,  viz.,  the  maximum  circumferential  thrust  which  acta 
round  the  inner  surface  of  the  cylinder.  Then  reversing  the  aigDa 
of  the  second  side  of  equation  G  of  Article  273,  wo  obtain 


29.R'-,,„(R'-frO 


..{1.; 


When  the  pressure  from  within  is  noil  or  insensible,  this  becom« 

{i-i 


and  sttjnposiny  the  material  to  give  tray  bi/  direct  eruthmg, 
proper  mtio  of  the  inVemid  to  Ux«  external  radius  is  given  by 
the  equation 
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R        V  *      /  '• 


.(3.) 


being  llie  ■working,  j)roof,  or  cnwhing  external  pressure,  and  /" 
the  working,  proof,  or  crusliing  thrust  of  the  material,  aa  the  case 
may  be. 

This  formula  gives  correct  results  for  IhicI:  JiaUoui  cylinderB.  But 
\rhere  the  thickness  is  small  (as  in  the  internal  flues  of  boilers),  the 
cjlintlcr  gives  way,  not  by  direct  crushing,  but  by  cou-apsino,  which, 

it  consists  in  an  alteration  of  figure,  is  analogous  to  crushing  by 
cling.     According  to  Mr.  Fairbaim's  experiments,  publiished  in 

a  Fhilosoph'uxtl  Tnnisaelioiis  for  1858,  the  intensity  of  the  prcMure 
fjTini  without  which  makes  a  thin  wroiight  iron  tube  collapse  is  in- 
versely us  the  length,  invereely  as  the  radius,  and  directly  as  the 
jwwer  of  the  thickness  whose  index  if  2'1!).  In  most  calculations 
for  practical  purjwses,  the  square  of  the  thickness  may  be  used  in- 
stead of  that  jKiwer.  For  jilate  iron  flues,  let  /  be  the  length,  d  the 
diameter,  (  the  thickness,  all  in  the  same  units  of  measure,  and  let 
q  be  the  collapsing  jiressure  in  lbs.  on  the  square  inch ;  then 

g  =  9,672,000^nearly (4.) 

Mr,  Fairbaim  strengthens  long  flues  by  means  of  rings  of  T-iron ; 
in  which  case  I  is  the  distance  between  two  adjacent  rings. 

Section  6. — On  Resistance  to  Bending  and  Cross-BreakiTig. 

288.   Skcarlac  Farce   niM    Urnding    namriM  la  OrnrraL — It  has 

already  been  shown,  in  Articles  l-ll  and  142,  how  to  determine  the 
proportions  between  the  resultant  of  the  gross  load  of  a  beam  and 
the  two  forces  which  Buj)port  it, — whether  those  three  forces  are 
erpendicular  or  oblique  to  the  beam, — and  whether  they  are  p«r- 
^Jel  or  inclined  to  each  other.  In  the  present  section  those  cases 
I  will  ]ie  considered  in  which  the  loading  and  sujiporting  forces 
I  j»ei-pen(licular  to  the  beam,  and  parallel  to  each  other,  and  in  one 
Eine  ;  for  such  forces  alone  tend  simply  to  bend  tlio  beam,  and  if 
Bciently  great,  to  break  it  across. 

In  Article  161  it  has  been  shown  how  to  determine  the  resist- 

escrtctl  by  the  jneces  of  a  frame  which  are  init  by  an  ideal 

4(mal  plane,  in  terms  of  the  forces  and  couples  which  act  on  one 

the  portions  into  which  that  plane  of  section  divides  the  fn»w« ', 

nd  in  Articles  162,  163,  104,  and  16o,  that  raetliod  of  s<xt.ioT«,aa  j 

is  caiM,  has  been  applied  to  the  tleterminaViou  ot  M[\Q  ft^* 
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ivcting  aloug  the  bars  of  half-lattice  or  Warreu  girders  and  of  lattice 
girders. 

The  nietliCKl  followed  in  drtermining  the  effect  of  a  transvcrsr 
load  ou  a  continuous  beam  is  similar  ;  except  that  the  rcsiKtanoe  Kt 
the  pliine  section,  which  is  to  be  detennined,  does  not  consist  of   ' 
finite  nimiber  of  forces  acting  along  the  axes  of  certain  l«irs,  but 
u  distributed  stress,  acting  with  various  intensities,  and,  it  may  ' 
iu  various  directions,  at  different  points  of  the  set^tion  of  the  beai 

In  what  follows,  the  load  of  the  Warn  will  l)e  conceived  to 
sist  of  weights  acting  vertically  downwards,  and  the  suppo; 
forci^  will  also  \ye  conceived  to  be  vertical  The  longitudinal  axis 
of  the  beam  being  jjeqH'ndicular  to  the  applied  fora'-s,  will  accop.1- 
ingly  be  horizontal.  The  conclusions  arrived  at  will  Ije  applicable 
to  cases  in  which  the  axis  of  the  beam  and  the  direction  of  tlic 
apjJied  foires  are  inclined,  so  long  as  they  are  perpendicular  to 
each  other. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  token  as 
the  origin  of  co-ordinat<;s  ;  and  at  a  given  horizontal  distance  x 
from  that  origin,  conceive  a  vertical  section  peqiendicular  to  the 
longitudinal  axis  to  divide  the  bei^ni  into  two  parts.     To  fix  the 

ideas,  let  horizontal  distances  to  the  <  ■^■Lt\  be  considered  as 
{  J^*th^e  }  '  '«*  "^"^""^  distances  and  forces  in  an  |  ^"^^^^^^  } 
direction,  be  considered  as  <  j^^tj^^  [  ;  and  let  the  moments  of 

-"P^-^  {n^^;}  -coaling  as  they  are  {^^^^tntli}- 

Let  F  denote  tho  resultant  of  all  the  vertical  forces,  whether 
loading  or  Bujiporting,  which  act  on  the  part  of  the  be.im  to  the 
left  of  the  vertical  plane  of  section,  and  let  x'  be  the  horizontal 
distance  of  the  line  of  action  of  that  residtant  from  the  origin. 

If  the  1)eam  is  sti-ong  enough  to  sustain  the  forces  applied  to  it, 
there  will  bt;  a  shearing  stress  whose  amount  is  equal  to  F,  distri- 
buted (in  what  maimer  will  afterwards  appear)  over  the  ■•••.- 
vertical  section  ;  and  that  shearing  stress,  or  vortical  myi 
will  constitute,  along  with  the  applied  force  F,  a  couple  imh>si- 
moment  is 

M  =  F(ar-a) (i.) 

This  is  called  the  bending  moment  or  moment  qf  flexure  of  the  tMtm 
at  the  verticid  section  iu  question ;  and  it  is  j-osisted  by  the  norvMl 
stress  at  that  section,  in  a  manner  to  be  explained  in  the  seqiiel. 

Jfthc  bcTi.lin^  moment  \s   I  ^li,^*^^  >  vt  t«ttd«  to  make  t^ 
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iginally  Htiiiight  lougitndliial  iixis  of  the  beam  become  concave 
(    upwards    ) 
1  downwards  f ' 
The  determination  of  t)ie  magnitude  and  position  of  the  resultant 
F  consists  simply  in  finding  the  resultant  of  a  number  of  parallel 
"  rccs  in  one  plane,  as  explained  in  Article  44,  tlio  supporting 
irces  having  first  been  found  by  the  principles  of  Articles  39  and 
141.     These  processes  are  expressed  by  general  fonnuhe  as  fol- 
lows ; — 

Case  1.   The  load  applied  at  detached  pot'ntg. — Let  W  denote  one 
the  weights  of  which  tlie  load  consists ;  x"  its  horizontal  distanci.: 
m  the  origin  ;  then 
—  2  '  W  is  the  total  load,  made  negative  as  acting  downwards ; 


—  s  •  ie"  W  is  its  moment  relatively  to  the  origin. 

Let  Xj  and  «,  be  the  horizontal  distance  of  the  {loiuts  of  sujjport 
Dm  the  origin,  and  let  P„  P„  be  tlie  supporting  forces ;  then  to 
etermine  those  forces  we  have  the  conditions  of  equilibrium 

P,  +  P, -s.W  =  0] 

«,  P,  +  X,  Pj  -  »  •  a:'  W  =  0  ; 


.  which  follow  the  equations 


P.  = 


P.  = 


x,  J  •  W  -  1  •  I "  W 


(2.) 


To  show  how  the  shearing  force  and  moment  of  flexure  at  any 
1  section  are  found,  let  P  be  applied  to  the  left  of  the  origin, 
Elfit  the  plane  of  section,  whose  distance  from  the  origin  is  x,  lie 
b<.-tween  P,  and  P, ;  then  the  force  acting  on  the  beam  to  the  left 
f  X  will  be 

F  =  P,  -  iJ-W;  ] 

and  the  moment  of  flexure  -  (3.) 

M  =  (*,-*)P, -!?-(x'-x)W;  J 

tlie  symbol  >''  *  denoting  in  each  case,  that  the  summation  extends 

to  that  port  of  the  Ix-um  only  which  lies  between  the  given  plane 

^f  vcrtiml  section  and  the  point  of  support  (if  any)  to  the  left  of 

BlAt  pliUlC. 

■^  Cask  2.  The  load  ccntinuouahf  duitribtUtd. — On  any  indefinitelY 
Jiort  division  of  the  beam  vihoifv  length  is  d  x,  and  <\i!^«ac»  feoui. 
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the  origin  x",  let  the  intensi^  of  the  load  per  unit  of  length  be 
Then  in  the  equations  2  and  3,  given  above,  it  ia  onljr  Ufloessary 

substitute  wdxior  W,  and  the  sign   f  for  the  sign  i 

289.   In  B«am«  FlxcMl  al  One  Eb4  ObIt.  and  loaded  on  tbo 
jecting  portion,  as  in  lig.  67  of  Article  141,  and  figs.  133  to  13(5 
a  suWquent  Article,  the  shearing  foi-co  and  moment  of  flexure 
be  determined  for  any  vertical  section  of  the  projecting  part 
the  l)eani,  without  considering  the  supporting  pressures. 

Let  the  pkno  at  which  the  beam  is  fijced  Ixj  taken  as  tJie  origin  ; 
let  c  be  the  length  of  the  projecting  pai-t  of  the  beam.     The  resul^^ 
in  the  cases  most  important  in  practice  are  givim  in  the  fbUowi^^H 
table :—  ^H 


BBMJiaaa  totat 
F 

Bxxoraa  Moaaxr 
11 

Aiijrwherft 
F 

OiiatciL 

Anywlien. 
H 

GnatMt 

I.    Loaded  at  extreme 
end  with  W, 

II.    Uniform  load  of  in- 

— W 

— W 

-(c-<,)W 

-i 

-«(<v^) 

— me 

3 

lec' 

S 

III.    Uniform  load  of  in- 
tensity w,  and  ad- 
ditional   load    at 
extreme  end  W', 

-^'— («-*) 

-W'-wc 

2 

-Wc-J 

200,  In  Rmnia  SnpportrtI  al  Bolh  Ku<la,  nild  lonilcd  Oil  the  iut4 
mediate  portion,  like  those  represeutetl  in  fig.  CO  of  Article  H 
and  in  tigs.  138  and  140  of  a  sulwequeut  Article,  it  is  most  ctmv 
nient  to  take  the  midtl/e  qf'tlu;  beam  as  tlie  origin  of  ca-ordinnt* 
Then  let  c  denolo  the  half-tpan  of  the  beam,  so  that  2  c  is  the  i 
or  distance  between  tlie  jioints  of  support ;  the  positions  of  Uiu 
]ioiuts  will  be  cxprossed  by 


Xi  =  c;  X,  =  — c;  Xi—x^  =  2c;. 


.(1.) 


which  substitutions  convert  equation  2  of  Article  288  into 


tbllowiug : — 


P.  = 


2 


2C 

i-a:-W 


U 


A^ 


and 


HOKEyrS  OF  FIXXCII& 

the  load  is  Bjnunetrically  disti-ibated, 
2«"W  =  0, 
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P.  =  r,  =  ll^  =  ,jV7. 


.(2  a.) 
....(3.) 


The  equations  3  of  Article  288  also  become 

F  =  P,  -3JW;  ) 

M  =  (c-»)P,-3'-(x"-a:)W;j 

ad  for  a  sj-mmetrically  distributed  load, 

F  =  iJ-W;  M  =  (c-a;)s;-W-i:-(«'-x)"W....(3  a.) 

The  results  in  the  cases  most  imixirtant  iu  practice  are  given  ia 
the  following  table  : — 


KzAaru. 

SaxABwa  Foscs 
F 

BCMCura  MoHisr 

Aofwher& 
F 

QlMlMt 

Fi  or  Fj 

Anrwben. 
H 

Gmteit. 
M.orM'. 

IV.   8in«tii   load.  W,   to 
midJle— 

Left  of  0, 

Eight  of  0, 

V.  Single  Toad,  W,  op- 
pUrf  *t  J"— 
Left  of*". 

Riglit  ot  £",«,.. 

VL   Colfonn  load  of  in- 
Una\Xy,v>, 

W 

T 
— w 

2 
— W 

"J 

* 

-2-=M. 

2c 
2c 

2c 

(e+x")Ce-^)W 

(c'-^W 

2o 

2fl 
=  M'ttta:' 

2e 

2c 

tin 

IfC 

2 

?.«. 

SOI.    nsnmta  of  Flrxnrp    In  Tcrai*  «r  Load  aad  Iy«agdi. — For 

pmctical  purposes,  it  is  ofU:n  convenient  to  express  the  greatest 
iicnding  tnonient  of  a  beam  in  terms  of  the  total  load,  W,  and  ««- 
tujqiorted  Icngtii,  I,  of  a  beam,  by  uieuns  of  a  formula  of  this  kind, 

(I) 


M„  =  rnVfl,. 


irhere  m  is  a  uvmencal  iactor.     Fur  beams  fixed  aX  qua  «xA,X  =^  <i  *  J 
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for  bcama  supported  at  both  en  Jji,  l=2e=  the  span  ;  for  an  nnifor 
load,  \V  =  MJ  /.  Hence,  comparing  equation  1  with  Examples  1 
II.,  IV..  v..  and  VI.  of  Articles  289  and  290,  wc  tind  the  follotj 
ing  values  of  the  factor  m  : — 

m 
L  Beam  fixed  at  one  end,  loaded  at  the  other, 1. 

II.  Beam  fixed  at  one  end,  loaded  uniformly, ^ 

IV.  Beam  supported  at  both  ends,  loaded  in  the  )  1 

middle, /  i' 

V.  Beam  supported  at  l)oth  ends,  loaded  at  a:'  )    1  /      4  x"*\ 
from  the  middle, )    4V         I'   L— 

VL  Beam  supported  at  both  ends,  uniformly  loaded,  -. 


292.    IjBirarm  mmneal  of  rienrr. — If  a  [Klir  of  equul  and  op| 
site  coui)lcs,  acting  in  the  same  longitudiuiil  plane,  be  upplied 
or  near  the  ends  of  a  beam,  the  part  of  the  beam  iutt- rmedia 
between  the  portions  to  which  the  couples  are  applied  is  under  th  _ 
influence  of  an  uniform  moment  o/'Jlexuire,  and  of  7i«  shearing /oree. 

An  iUustration  of  tliis  is  the  condition  of  that  part  of  the  i 

of  a  railway  carriage  which  lies  between  the  pair  of  wheels,  if 

liearings  are  outside  of  the  wheels,  or  between  the  bearings  if 

bearings  are  inside  of  the  wheela     Let  W  be  the  weight  whid 

W 
rests  on  one  pair  of  wheels ;  then  —  is  the  weight  resting  on  < 

wheel,  and  on  each  bearing.     Let  I  be  the  distance  from  the  centr 
of  each  wheel  to  the  middle  of  the  adjoining  bearing.    Tlien  a  pair 
of  equal  and  opposite  couples,  each  of  the  moment, 


M  = 


WZ 


are  applied  to  the  two  ends  of  the  axle ;  and  this  is  the  nnifoi 
moment  of  flexure  of  the  portion  of  the  axle  lying  bctwwn 
portions  acted  tipon  by  the  forces  which  constitute  the  coupU 
and  the  shearing  force  on  the  same  portion  is  null. 

293.  RcaiMMBce  of  Ficmre  means,  tho  moweiit  of  the  reauttai 
which  a  beam  opposes  to  being  bent  or  broken  across  ;  and  if 
beam  is  strong  enough,  that  moment,  at  each  cross  section  of 
beam,  is  equal  and  opposite  to  the  moment  of  tliv  bending  foi 
»t  the  B&me  cross  scctiou. 


RESI8TAN0K  OF  FLEXURE, 
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Let  fig.  130  represent  a  side  view  of  part  of  a  beam  which  is  of 
iiiiiNTm  cross  section,  and  which  ia  8uh- 
jri.t.il  to  an  unifonu  moment  of  flexure ; 
sd  let  fig.  130*  represent  tlie  cross  sec- 
rtion  of  tlie  same  beam.  It  is  sell-evident 
that  the  curvature  produced  in  the  p:irt 
of  the  beam  in  question  must  he.  uniform  ; 
that  is  to  say,  that  any  longitudinal  line  in  ^'8-  1*". 

the  beam,  such  as  its  upper  edge  A  A',  or  its  lower 
edge  B  B',  which  in  the  free  condition  of  the  beam 
is  straight,  must  be  bent  into  an  arc  of  a  circle  ;  and 
that  any  surface  originally  plane  and  longitudinal, 
and  perpendicular  to  the  plane  in  which  the  curva- 
ture takea  place,  such  as  the  upp<T  surface  A  A',  or 
tbo  lower  surface  B  B',  must  bo  bent  into  a  cylin- 
drical form  ;  and  the  cylindrical  surfaces  so  produced 
will  have  a  common  axis.  Any  two  transverse  sectional  planes,  stioli 
as  A  B  and  A  B',  which  in  the  free  state  of  the  beam  are  parallel  to 
each  other,  will  have,  in  the  curved  state  of  the  beam,  positions 
radiating  from  the  axis  of  cnrvature. 

Therefore,  if  the  portion  of  the  beam  between  the  transverse 
planes  A  B,  A'  B',  be  conceived  to  be  divided  into  layers,  such  as 
CC,  originally  plane,  fKvi-allel,  and  of  equal  length,  these  layers, 
in  the  bent  condition  of  the  beam,  must  have  lengths  proportional 
to  their  distjinces  from  the  axis  of  cun-ature.  The  layers  near  the 
concave  side  of  the  beam,  A  A',  are  shortened  by  the  Ix-nding,  and 
tlie  layers  near  the  convex  side,  B  B',  lengthened  ;  and  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ene<l,  but  preserves  its  free  length.  Let  0  0'  be  the  surface  origi- 
nally plane,  now  curved,  at  which  that  layer  is  situated  ;  this  is 
called  the  neutral  surf  ace  of  the  beam,  and  the  line  0  0,  fig.  130*, 
in  which  it  Intersects  a  given  cross  section,  is  called  the  neuirai 
axin  of  that  section. 

The  direct  strains,  or  proportionate  elongations  and  compressions, 
of  the  layers  of  the  beam  are  projKjrtional  to  their  distances  below 
and  above  the  neutral  surface ;  and  hence,  within  the  limits  of 
profif  stres-s  the  direct  stresses,  or  tensions  and  pressures,  at  the 
ditfiTent  points  of  the  cross  section  AB,  lig.  130^,  have  irUermtieg 
tertfililij  jtroporlioital  to  Uieir  distttncen J'roiii  the  neutral  (ung  O  O. 

Therofviro  the  direct  stress  at  each  section,  sucli  as  A  6,  whose 
moment  c^mstitutes  the  resitlanee  to  betuling,  is  an  imi/urrnly-vari/- 
ing  stress,  as  defined  in  Article  91  ;  and  in  order  that  the  lorirfi- 
tudinal  remdltmt  of  that  stress  may  be  null,  the  neutral  axis  (as 

uwn  in  that  Article)  must  traverse  the  centre  (>/  (jraviltj  of  tix« 
'OS*  section  A  D, 
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The  moment  of  a  bending  stress  has  already  been  given  in  Artie 
92,  equations  3  and  4 ;  and  the  methods  of  determining  the  it 

is  I  and  K,  which  occur  in  those  equations,  have  been  expL 
land  illustrated  in  ^Vrticle  05. 

To  apply  the  equations  of  those  Articlos  to  the  prespT'  ■ — ;■— - 
let  /)  be  the  intensity  of  the  direct  stress  at  a  layer  o 
whose  distance  from  the  neutral  axis  is  y  :  height  above  i ;  • 

axis  being  considered  as  positive,  and  depth  below  it  a.s   :.■  ..v!,-. •. 
Then  because  a  moment  of  flexure  tending  to  make  the  i.  im  •■  .i. 
cave  upwards  has  been  ti-eated  as  positive,  it  is  couveuiiu;,  ni  ,    i  r 
to  avoid  the  unnecessary  use  of  negative  signs,  to  consider  tlji-  ■     i 

stant  ratio  -  as  positive  when  it  is  such  as  to  give  r&sistance  i"    u 

upward  moment  of  flexure  ;  tliat  is,  when  p  is  a  thrust  for  jin-ii  r.  >• 
values  of  y,  and  a  pull  for  negative  values ;  consequently,  p  is  to 
(  positive  \  J.  ...       f  thrust.  1 

'{iegativ,3r*='''*'^'^^"«'«'*^*ipull.      f 
This  being  onderstood,  we  have,  for  the  moment  of  the  resistancB 
opposed  by  the  beam  to  bending, 

M=?.^(I'  +  K'); (1.; 

and  for  the  angle  made  by  the  nentinl  axis  with  the  direction] 
the  axes  of  the  bending  couples. 


be  considered  as  ■ 


ft  ^  —  arc  •  tan 


(3.J 


1  and  K  being  foimd  bj'  the  methods  of  Article  95. 

In  some  case.s,  a  more  convenient  form  of  equation  3  is 
which  give*  f,  the  angle  made  by  the  neutral  axis  vn\'' 
gate  aj.^,  iu  wliich  thi'  plane  of  the  bending  forces  cu- 
of  section  A  B,  vix.  : — 


that 


•1© 


coton 


'=! 


(3] 


In  almost  every  ca.se  which  occurs  in  practice,  the  plane  of 
bending  forces  cuts  eacli  ci-oss  section  of  the  l>eam  in  oan  or  other 
of  its  principal  axes,  for  whicli  K  =  0,  /<  =  0,  4  =  90* ;  and  tlien  equa- 
tion I  becomes 

M=^ 

y 


0) 


In  beams  whose  transverse  sections  and  moments  of  flexiirf  nrr  not 

HUiVbrm,  no  error  appreciable  in  practice  is  ]>n)duced  '  'S 

equation  /  to  cnch  cross  Becl'\oi\,t».w\ VoWc uvvj«»>av\.i»<  U'  il'Ij 
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mo 


a: 


acte  upon  it,  as  if  the  giYcn  section  and  moment  belonged  to  on 
aniform  Wam  with  an  uniform  moment  of  flexure 

294.  Tlie  TmM»Trr»»i  Mircngibof  abeam,  ultimate,  proof,  or  work- 
ing, 08  the  cafie  may  be,  Ls  the  loud  required  to  break  it  across,  or 
to  produce  the  proof  stress  or  the  working  stress,  oa  the  case  may 
be.  It  is  found  by  equating  the  greatest  moment  of  flexure,  ex- 
pressed in  terms  of  the  load  and  length,  as  in  Article  291,  to  tlie 
moment  of  resistance  at  the  cross  section  where  that  moment  of 
ixuro  acta  :  sncb  moment  of  resistance  being  found  from  the  equa- 
ns  of  Article  293,  by  putting  for  p  the  ultimate,  proof,  or 
orking  direct  stress  of  the  material,  as  the  case  may  be,  and  for 
t/  the  distance  from  the  neutral  axis  to  the  point  in  the  given  cross 
section  where  tlie  limiting  stress  p  is  fint  attained.     That  point 

will  be  at  the  \  \  side  of  the  beam,  according  as  the  mat«- 

\  convex  J  ,  T*  ^^  ^_ 

rial  give*  way  most  readily  to  |  J^"^^^'  |  ~ 

In  fig.  131,  A  reprcscats  a  beam  of  a  granular  material,  like  cost 
iron,  giving  way  by  the  cru.shing 
of  the  concave  side,  out  of  which 
a  sort  of  wedgi-  is  forced.  B  ro- 
prrjwnts  a  beim  giving  way  by 
the  tearing  asunder  of  the  con-  Fig.  13L 

vex  side. 

In  a  beam  symmetrical  above  and  below,  or  otherwise  of  such  a 
form  that  the  neutral  axis  is  at  the  middle  of  the  depth  of  the 
croas  section,  if  h  is  that  depth, 

h 

and  the  limiting  value  of /)  is  the  resistance  to  pressure  or  to  ten- 
sion, whichever  is  least. 

For  other  forms  of  section,  let 

y  =z  y,  for  the  concave  side ;  and 
=  i/i  for  the  convex  aide ; 
and  let  the  limiting  stresses  be 

p  =yl  for  pressure  j  and 
rryi  for  tension  ; 

then  the  beam  will  give  way  by  <  ^'.     ^  \  according  as  ^*  is 


{Sr'"}*^ 


/. 


.(1.) 


Tlii«  point  having  l)ccn  determined,  the  equation  from  wluck  lV«i 
strength  of  the  lieam  ranj  be  /uuiid  ia 
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M„=mWl  = 


/I 


.(2.) 


"WTicn  the  breaking  load  is  in  question,  the  co-efficient _/  is  wl,  it 
18  callod  the  nwdidus  of  rupture  oiihe  material.  It  docs  not  alw.iv- 
ugree  with  the  resistonco  of  the  same  materiiil  to  direct  crushing  or 
direct  tearing,  but  has  a  special  value,  which  can  be  found  by 
experiments  on  croes-brcaking  only.  One  of  the  canaes  of  this 
phenomenon  is  probably  the  fact,  already  stated  in  Article  "Hu. 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  by 
preventing  or  diminishing  the  alteration  of  its  transverso  dimen- 
sions ;  and  another  cause  may  be  the  fact,  tlmt  the  strength  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  external 
layer,  or  akin,  than  in  the  interior  of  the  mass.  When  a  bar  is 
directly  torn  asunder,  the  strength  indicated  is  that  of  the  weakeitt 
])art  of  the  mass,  which  is  in  the  centre ;  when  it  is  broken  acron, 
the  strength  indicated  is  that  either  of  the  skis,  which  is  tho 
strongest  part,  or  of  some  part  near  the  skin  (See  the  Article  200). 

When  the  proof  load  or  working  load  is  in  question,  the  co-elii- 
cieiit/is  the  modulus  of  rupture  divided  by  a  suitable  facUyr  of 
safely,  as  to  which  see  Article  247. 

29d.   TranRTcrM-  Mireaglh  la  Terns  of  Brcadlk  and  Drptk. — From 

the  principles  explained  in  Article  95,  it  is  obvious  that  the 
moments  of  inertia,  I,  of  similar  sections  are  to  each  other  as  the 
breadths,  and  as  the  cubes  of  the  depths.  If,  therefore,  6  be  the 
breadth,  and  h  the  depth,  of  the  rectangle  circumscribing  the  cross 
section  of  a  given  beam  at  the  point  where  the  moment  of  flcxuro 
is  greatest,  we  may  put 

l=n'hh* (1.) 

n'  being  a  numerical  factor  depending  on  the  form  of  tlie  section. 
It  is  also  evident,  tliat  for  similar  figures,  the  values  of  y  ore  ui 
the  depths ;  so  that  we  may  put 

y  =  m'A (2.) 

n»  b«?ing  another  numerical  factor  depending  on  the  form  of  8ectioiL 
If  the  section  is  symmi^trical  abo\'e  and  below,  m'  =  ^.  Thus  it 
appears,  that  the  redslances  of  Jlexure  of  similar  cross  sections  an 
as  Iheir  breacUha  and  as  the  sgruares  of  their  depths,  and  that  equation 
2  of  Article  294,  which  expresses  equality  between  the  greatml 
moment  of  flexure,  as  stated  in  terms  of  the  load  and  length,  tind 
the  resistance  of  the  cross  section  where  that  moment  acta,  is  etpsi' 
valent  to  the  following  : — 

M,  =  mN?l  =  Tv/6V (3.) 
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wlirrc  n  =  —  is  a  numerical  factor  depending  oa  the  form  of  cixwa 
vi 

section  of  the  beam,  and  m  is  the  numerical  factor  depending  on 

the  mode  of  distribution  of  the  loading  and  supporting  forces,  of 

which  examples  have  been  given  in  Article  291. 

The  following  table  gives  examples  of  the  values  of  the  three 

fikctors,  n',  m",  n,  for  some  of  the  more  usual  forms  of  cross  section : 


Form  of  Cross  Sections. 
I.  Rectangle  6 /( 1 

''=m- 

"'=A 

I 

ybh- 

I 

12 

»        1 

C4  ~  20-4 
=   00491 

1 

2 

1 

U 

(including  square)        J 

II.   Ellipse- 
Vertical  axis  h,  \ 

Horizontal  axis  6,  ...  J- 
(including  circle)      ) 

IlL  Hollow  rectangle,  b  A 
— b'h';  also  I-formed 
section,  where  h'  is  the 
sum  of  the  breadths  of 
the  lateral  hollows,... 

rV.  Hollow  square —          ) 
h*-h'* / 

V.  Hollow  elliiwe, 

VL  HoUow  circle,  

1 
2 

w          1 

32     l()-2 
=   0'0982 

l/j_///.'3. 

\-i\     buy 

1 
2 

1/      ?/A^ 

Q\     Thy 

12  V       AV 

1 
2 

6   \       AV 

20- A     hhy 

1 
2 

1    /1-6'A'^ 
10-2  V      hhy 

20-4  (*      A*) 

1 
2 

10-2V        AV 

II  In  u.-dng  the  equation  3  for  any  of  the  purposes  to  which  it  may 
be  applied — such  as  computing  the  strength  of  a  beam  of  which 
phe  dimensions  and  figure  are  given,  or  fixing  the  transverse  dimen- 
nous  of  a  beam  of  whicli  the  strength,  length,  and  figure  arc  given 
— care  is  to  be  taken  to  use  the  same  unit  of  meagure  throughout 
the  calculation ;  that  is  to  say,  when  the  transverse  dimensions,  as 
is  usnally  the  case,  are  stated  iu  inches,  and  the  co-efficient  of 
strength  f'va  pounds  on  the  square  inch,  the  length  I  should  bo 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
ivcrsity  of  units  which  is  characteri.Mtic  of  British  measures. 

296.    A  Table  of  the  BemlmUinTV  «r  nalrriaU  to  'nTCiAL\«%  Kc«««» 

ghfii  at  tho  fail  of  the  volume.     It  gives  vaXuea  ol  t\ve  TOLcAv\>a.% 
uf  nij,ti,rv,  being  that  for  which  thy  co-etEtaeut / sUaAa  vn  ks^iR\^ 
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294,  equation  2,  and  in  Article  295,  equation  3,  whm  m'Wlia  tha 
bn-iikiiig  moment.  It  -will  be  observed,  that  tliis  modulus  la,  for 
most  materials,  intermediate  between  the  tonacity  and  the  rcaistODCO 
to  direct  crushing. 

'2'J7.  c'a«i  Iron  Bcaai*. — ^The  vnlues  of  the  modulus  of  niphm 
for  cast  iron  require  special  remiu-k.  It  bad  for  some  time  betm 
known,  that  while  the  direct  tenacity  of  cast  ii-tiu  (as  dctormined  by- 
Mr,  Hodgkinson)  is  on  an  average  16,600  lbs.  per  sf[uaro  inch,  the 
modulus  of  rupture  of  rectangular  cast  iron  beams  i.s  on  an  nvcrego 
about  40,000  lbs.  per  square  inch,  or  two  and  a-half  times  as  grcAL 
This  was  supposed  to  be  accounted  for  by  the  assumption,  that  the 
stress  on  a  cross  section  of  a  cast  iron  b«;am  is  not  an  uiiifonni^ 
%'arying  stress,  and  that  the  neutral  axis  does  not  travo  "* 
centre  of  gravity  of  the  section.  But  in  18.5.5,  Mr.  Willia 
Barlow,  by  e.xper)ment.s  of  which  iin  account  is  published  m" 
Philosophical  Transactions  for  that  year,  showed, — in  the  tirst  plj 
that  tlie  stress  is  an  uniformly  vniying  stress,  and  that  the 
axis,  in  symmetrical  sections  at  all  events,  travcrsw  the  centr 

ivity  of  the  section, — and  in  the  second  place,  that  the 

'  rupture  has  ^iirious  values,  ranging  from  tlie  mere  direct  t<?na 
of  the  iron  up  to  about  two  and  a-third  times  tkit  tenacity,  acoor 
ing  to  the  figure  of  the  cross  section  of  the  lK<ani. 

The  beams  on  which  the  cxjx'rimcnts  of  Mr.  Bariow,  now  referTcd 
to,  were  made,  were  in  some  ca-ses  of  a  solid  rrctangul.ir  ,« ■(■!;, in, 
id  in  other  cases  of  an  open-work  rectangular  section,  i  ■  •  .f 

-«q\ial  rectangular  upper  and  lower  horizontal  liars,  witl.  .so 

open  syiaces  and  vertical  connecting  bars  between.  As  far  ns  tli.'.,: 
experiments  went,  they  were  in  accordance  with  the  following 
empu-ical  formula : — 

H 

T' 


/=/.+/•■ 


.(1.) 


wherey  is  the  modulus  of  rupture  of  the  beam  in  question;  /^  the 
direct  tenacity  of  the  iron  of  wliich  it  is  made  ;  /',  a  co-eflicicut 

defcermined  emjnricaUy ;  and  -j- ,  the  ratio  which  tho  depth  qfeolid 

nutat  H  in  tlie  cross  section  of  the  beam  bears  to  the  total  depth  of 
aectiitn  fu  Tho  following  were  the  values  of  the  conataikta  for  the 
cast  ii-on  experimuutvd  on  : — 

Direct  tenacity,     /,  =  18,750  lbs.  p«r  square  inch  ;  \ 

/=  23,000  IKs.  per  .square  inch i  V (ij 

=  li.^  nearly.  / 

jjlr.  Barlow  iuM  stnce  nnu\u  f  urVWr  ex^Rruoents  an  oait 
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US  of  various  forms  of  section,  and  also  experiments  on  ■wrought 
iron  beams,  showing,  though  not  so  conclusively,  variations  in  the 
modulus  of  niptiire  of  wrought  iron  analogous  to  those  wliich  have 
been  proved  to  exist  in  the  case  of  cast  iron ;  but  as  those  farther 
experiments,  though  communicated  to  the  Royal  Society,  have  not 
yet  been  jmblished  in  detail,  it  would  be  premature  to  make  remarks 
them  here. 

Mr.  Burlow  has  proposed  a  theory  of  those  phenomena,  to  the 
lect  that  the  curvature  of  the  layers  of  the  beam  pro<iuces  & 
(ctjliar  kind  of  resisfeince  to  bending,  distinct  from  that  which 
I  from  the  direct  ehisticity ;  iiud  he  adduces  in  sui)port  of  that 
theory  thu  fact  that  the  additional  strength  represented  by  the 
secotid  term  of  equation  1  increa-ses  with  the  ultimate  curvature  of 
the  beam ;  that  is,  its  curvature  just  before  breaking.  -Another 
conoi'i'Jublo  theory  has  ali-eady  been  mentioned  in  Article  204,  viz., 
that  the  strength  of  a  nietiil  bar,  and  in  j)articuhir  of  a  cast  iron 
bar,  is  gi-catcst  at  the  skin,  and  diminished  towurtls  the  interior ; 
that  the  U-nacity  found  by  directly  tearing  a  bar  asunder,, /J,  is  the 
tenacity  of  the  interior:  that  the  mo<lulu8  of  rupture  of  a  solid 
rcctiingidar  bcara,^^,  +/*,  is  the  tenacity  of  the  skin,  and  that  the 
modulus  of  i-uptiuii  of  an  open-work  beam  is  the  tenacity  at  a 
ilistiinco  from  the  skin  depencUiig  on  the  form  of  section.  But  until 
conclusive  experimental  data  shall  have  been  obtained,  all  theories 
on  the  subject  must  be  considered  as  provisional  only. 

298.   The  ttccUoB    •f  K^ual   IM««J>«lh    for    Cat   Iroa    Bennis  WaS 

first  proposed  by  Mr.  Hodgkinson,  in  consequence  ,, 

of  liis  discovery  of  the  fact,  that  the  resistance  of 
cast  iron  to  direct  crushing  is  more  than  six  times 
its  resistance  to  tearing.  It  consists,  as  in  fig.  133, 
of  a  lower  flange  B,  an  upper  flange  A,  and  a  vertical  , 
web  connecting  them.  The  sectional  area  of  the 
r  flange,  which  is  subjected  to  tension,  is  nearly 
;ue«  that  of  the  upper  flange,  which  is  subjected  S-  ^"• 

to  thniat.  In  order  that  the  beam,  when  cast,  may  not  be  liablo 
to  cnck  from  tmequal  cooling,  the  vertical  web  has  a  thickness  at 
its  lower  side  equal  to  that  of  the  lower  flange,  and  at  its  upper 
ado  eqnal  to  that  of  the  upper  flange. 

The  tendency  of  beMns  of  this  class  to  break  by  tearing  of  the 
lower  flun^o  is  slightly  greater  than  the  tendency  to  break  by 
crunir  upper  flange ;  and  their  modulus  of  rupture  is  equal, 

or  nca  i  ,  !,  to  the  direct  tenacity  of  the  ij-on  of  which  they  are 
made,  Ix'ing,  on  an  average  of  diiferent  kinds  of  iron,  1G,500  lbs. 
per  sqnnrc  inch. 

Let  the  areas  and  deptlis  of  the  parts  of  wliidi  t\\e  laccMo'aVxi^^ 
]32  ittnsista  he  denoted  as  foUowu  : — 
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Arm.         D<nUif. 

trpper  flange, Aj,  Aj. 

Lower  flange, Aj,  /»» 

Vertical  web, Aj,  h^ 

TotAl8,...Ai  + Aj4.  A3  =  A,  A,  +  Aj  4- A,  =  /u 

No  appreciable  emir  will  arise  from  treating  the  section  of  \ 
vei-tical  web  as  rectangular  instead  of  trapezoidal  The  beigli 
the  neutral  axis  above  the  lower  side  of  this  section  is 

h  _  (A,  +  A,)  A,-(A,+A,)  A  ,-(/♦,  -  A,)  A,  .A 

•'^  I'A  ^  I 

Then  by  applying  the  formula  of  Article  95,  Example  VI.,  to  \ 
eoisc,  the  moment  of  inertia  of  the  section  is  found  to  be  as  fullowsl 

1=^^^^^^^^+ A  {  ^«^--(^  +  ''«+ -^^' 

+  AiA3(Ai  +  /OHA,A,(As  +  A3)»}; (3 

and  tlie  strength  of  the  beam  is  expressed  bj  the  equation 
Mo  =  mWi=A? 


y» 

It  is  seldom  necessary,  however,  to  use  the  fonnulee  1  and  2  in 

all   their  complexity ;   the  following  approximate  formul*  being 

usually  sufficiently  near  the  tnith  for  piuctical  purposes,  and  its 

LeiTor  being  on  the  safe  side.     Let  h'  be  the  dejith  fixim  tlio  tniddla 

of  the  upper  flange  to  the  middle  of  the  lower  flange  ;  then 

Mo  =  mWi=/,A'Aj (4.) 

299.  Beam  af  DBiTora  8urcaj|ih  are  those  in  which  thi;  dimen- 
sions of  the  croiBt  sectimi 
are  viiried  in  such  a  man- 
ner, that  its  ultimate  or 
proof  resistance  bean  at 
each  point  of  the  beam  the 
same  j)roportion  to  the 
moment  of  flexure.  Th 
resistance,  for  figures^ 
the  same  kind,  l)eLug  ] 
jxirtional  to  the  bre 
and  to  the  si|ii:ir..  ..r 
depth,  can  be  \  li( 

by  varj'ing  t.!i.    ..,^.,.iti 
the  depth,  or  botk     The 


Fig.  IBS. 


Fig.  130. 
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of  variation  depends  upon  the  mode  of  variation  of  the  moment 
>  of  the  b^i  from  point  to  point,  and  this  depends  on  the 


Fig.  140. 


distribution  of  the  load  and  of  the  supporting  forces,  in  a  way 
■wliich  has  been  exemplified  iu  Articles  289  and  290.  When  the 
depth  of  the  beam  is  made  uniform,  and  the  breadth  varied,  the 
vertical  longitudinal  section  ia  rectangular,  and  the  plan  is  of  a 
liguix!  depending  on  the  mode  of  variation  of  the  breadth.  When 
the  breadth  of  the  beam  is  mode  uniform,  and  the  depth  varied, 
i}ie  plan  is  rectangular,  and  the  vertical  longitudinal  section  is  of  a 
■  depending  on  the  mode  of  variation  of  the  depth.  The 
ving  table  givea  examples  of  the  results  of  those  principles  ; — 


jltdaotLMdlBg 
ud  Sapportlag. 


pniiiortluiul  to 


DcpLli  A  conBtunt; 
Ftgura  of  FlUL 


BrcAdth  6  coiuUDt ; 

Hnreof 

Vertloil  LonaituiUiul 

Section. 


I.  (Figi  133,  134). 
FUedatAilowl- 
«d  tt  D, 


II.  (Figs.  135,  135). 
FUeil  tt  A,  oni- 
fonnly  loadnl,.. 


til.  (Fiei.  187,  188). 
Supported  at  A 
■Dd  B,  IcNUlcd  at 
C, 


rV*.  fF!e».  139,  140). 
.■'..l.,-rt<<l  At  A 
•  ri  K,  unirormly 
loulod.. 


Dijituicc  from  D. 


Triangle,  apex  at 
B,  tig.  133. 


Parabola,  vertex 
at  B,  fig.  184. 


Square  of  distance 
from  B. 


Pair  of  parabolas, 

vortices  touching 

each  other  at  B, 

fig.  136. 


Triangle,  apex  at 
B.  lig.  136. 


Oiiiance  from 

ailjacmt  point  of 

tupport 


Fair  of  triangles, 

common  base  at 

C,  apices  at  A  and 

B,  fig.  137. 


Pair  of  parabolas, 

vertioa  at  A  and 

B,  meeting  at  C, 

fig.  138. 


Product  of  dis- 
tances rmm  points 
of  lupiiort. 


Pair  of  parabolas, 

vertices  at  C,  C, 

in  middle  of  bcnm ; 

common  base  A  H, 

fig.  139. 


Ellipse  A  DB, 
fig,  140. 
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Tlje  formuloe  and  figures  far  »  anutant  rlrpth  tiro  npplfmMf  tn  thr 
breadths  of  the  flanges  of  the  x-shftpcd  ■ 
29S,     In  applying  the  principles  of  tli 

in  mind,  that  the  ahmring  J'orcc  has  not  yet  iK'en  tuken  1 1  f ; 

and  that,  consequently,  the  fignres  deecribed  in  the 
require,  at  and  near  the  places  where  they  taper  to  edge«, 
additional  material  to  enable  them  to  withstand  that  force, 
figa.  137  and  139,  such  additional  material  is  shown,  disposed  ia 

rthe  form  of  projections  or  piilnis  at  the  poiuta  of  support,  which 
ve  both  to  resist  the  idienring  force,  and  to  give  lateral  8t«adinee8 

'^to  the  beams. 

300.  Praof  Drflecllan  of  Brami. — Reverting  to  fig.  130,  it  U 
evident  that  if  »  represents  the  proportionate  elongation  of  the 
liiyer  C  C,  whose  distance  from  the  neutral  surfiM»  O  O'  b  j/,  and 
if  r  be  the  radius  of  curvature  of  the  neutral  surfisu»,  we  must  have 

l:l+<»::r:r  +  y; 

and  consequently,  the  radius  of  curvature  is 


and  the 
ia  ex 


irhich  is  the  reciprocal  of  the  radius  of  cutT»( 
by  the  equation 


i 


Let  J7  be  the  direct  streaa  at  the  layer  C  C,  and  E  the  modulut 

ofdagticify  of  the  material;  then  «  =  ^ ,  and  consequently,  the  cur- 

vatupe  has  the  following  values  : — 

l__p M 

r  "Ey"EI' 


.{L) 


the  second  value  being  deduced  from  the  fiist  bymiMns  of  equation 

4  of  Article  293. 

When  the  quantity  -  =  -=-  varies  for  difTerent  points  of  the  bouD, 

the  curvature  varies  also. 

Suppose  now  that  the  beam  ia  nndfr    '    — '^lonri,  nnd  lot  M« 

denote  the  greatest  moment  of  flexiire  ni  i  tliat  loud,  I,  tho 

liinomcnt  of  inertia  of  the  cross  section  at  wtm-u  timt  nioiiient  nets, 

ad  y„  tho  distance  from  the  neutral  axis  of  lluit  w-ction  to  the 

hyer  where  the  limiting  intensity/of  the  stress  is  atlaia««L     Then 

the  curvature  will  bo, 


rnOOP  DEFXECTION   OF  BEAXS. 


'f,  the  section  of  greatest  atress,  —  =  ~-  =  =rr  J 


St  any  other  section. 


M 
El' 


MIo 


The  exact  integration  of  this  cqnatioa  for  slender  springs,  m 
oertain  cases,  ■will  he  considered  in  a  subsequent  Article.  For 
lieains  it  is  jntx-grated  approxiinat<!ly  in  the  following  manner  : — 

Let  the  middle  of  the  neutral  axis  of  the  section  of  greatest  strea 

t.  as  the  origin  of  co-ordinates,  and  represented  by  A  La  6ga^ 
,0 


—■     I 


Fig.  141. 


fig.  142. 


142.     For  a  beam  supported  at  both  ends  and  sj-mme- 

•  loaded,  A  is  in  the  middle  of  the  beam  (lig.  141).     For  a 

t>eam  fixed  at  one  end  and  projecting,  A  is  at  the  fixed  end  (fig. 

142).     Let  the  beam  be  so  fixed  or  supported  that  at  this  [X)int  its 

neutral  surface  shall  be  horizontal,  and  let  a  horizontal  tangent, 

A  X  C,  to  that  surface  at  that  point  Ix;  taken  as  the  axis  of  abscissiB. 

Lot  A  C,  the  horizontal  distance  from  the  origin  to  one  end  of  the 

beam,  be  denoted  by  c,  which,  as  in  Articles  289  and  290,  is  the 

length  of  the  projecting  portion  of  a  beam  fixed  at  one  end,  and  the 

faalf-span  of  a  beam  Bup])orted  at  both  ends  and  synunetrically 

loaded.     Let  A  X,  the  aljscisaa  of  any  other  point  in  the  beam  ^  x. 

let  A  B  D  be  the  curved  form  assumed  by  the  neutral  surface  when 

the  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  is 

concave  upwards,  as  in  fig.  141,  and  in  a  fieam  fixed  at  one  end 

UHncavc  downwards,  as  in  fig.  142.     Let  X  B  =  v  be  the  ordinato 

^Huty  point  6  in  the  curve  A  B  D;  being  the  difiereuce  of  level 

^Bwoen  that  point  and  the  origin  A.    Let  C  D  =  Vi  be  the  greatest 

^Hlinato  :  this  is  what  is  termed  the  deflection. 

The  inclination  of  the  beam  at  any  point  B,  is  expressed  by  the 

luation 

d  V 
«  =:  are  tan  -;— ; 
a  X 

,  the  curraiure-,  being  the  rate  of  variation  of  the  inclination,  in. 
fxaa  length  of  the  curve^  is  expressed  by 


3S4 


THEOBY  or  STBUCTTBXS. 


di 

da 


di 


d.v 


V'+^-S 


Jut  in  cases  vrhich  occur  in  practice,  the  cur\-ature  of  tlie  beam  I 
BO  slight,  that  the  arc  t  is  sensibly  equal  to  its  tangent,  the  0lopa 

— ;  and  the  elementorr  arc  <^«  is  sensiblr  equal  to  its  horizon Uil 

dx 

projection  dx;  bo  that  the  following  equations  may  be  used  withg 

sensiblo  cnvr : — 

d  V 


Slope, 
Curvature, 


t  = 


dx' 

di       d'v 

dx~  di?' 


.(3.) 


Therefore,  when  the  curvature  at  each  point  is  givea  by  eqoati 
2,  the  slope  and  the  ordinate  are  to  bo  found  by  two  sue 
integrations,  aa  shown  by  the  following  equations  : — 


Slope, 
Ordinate, 


Jo    r   —Ei/o'Jol 

=  Cidx  =  /-.f'  [' 
Jo  L  y,   j  0  J  0 


MIo 


dx; 


■MIo 
IMo 


dx'. 


.(4.) 


The  grtateat  dope  ij — that  is,  the  slope  at  D — and  the  dcfltetion 
or  greatest  ordinate  r,,  are  fouud  by  performing  tbo  complete  inte- 
grations between  the  limits  a;  =  0  and  x  =  c 

[Readers  who  are  not  familiar  with  the  integral  calculun  are 
roferrod  to  Article  SI  for  explanations  of  the  natui-e  of  the  procsesB 
of  integration.] 

Ml, . 

In  both  the  integrals  of  the  foiinulic  4,  the  quantity  .  -.  is  a 

nuvierical  ratio  depending  on  the  mode  of  distribution  of  tbf  ' '- 

ing  and  supporting  forces,  and  the  mode  of  variation  of  the 

of  the  beam.     Hence  it  is  evident  that  wo  must  have  the  coiii|>ia 

iutt'grala 


J.rM;-'^^=''"''/oJ  im;'^^="''' << 

where  m"  and  n"  are  two  ntMiierical  /aelort  depending  <in  the 
trihutiou  of  the  forces  and  the  figure  of  the  beam  ;  no  that 
^'/ViitcAt  »1<>]K.'  and  the  iWftccUvjn  wcc  ^VN(iv\\>^  the  equations 
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mt'/e  n'fc 


Ey. 


E 


Vo 


'{(■>•) 


Tor  Wains  of  uiuilar  figxircs,  nuil  similnily  loaded  and  supported, 
^0  is  ^  the  depth,  and  c  as  the  length  ;  hence,  for  such  l)eams,  the 
yreatttt  dope  under  the  proof  load  is  directly  as  tJie  length,  and 
invendj/  as  iJie  deptli ;  and  the  proof  defection  is  direcUy  as  Oie 
square  oftlte  length,  and  intxrsdy  as  the  depth. 

The  following  table  gives  the  values  of  the  factors  m''  and  n"  for 
some  of  the  more  ordinary  cases  of  beams  of  uniform  section,  in 

which  the  ratio  f  ,1^,  being  simply  equal  to  ^^,  depends  on  the 

distribution  of  the  load  alone,  and  may  be  found  by  the  aid  of  the 
tables  of  Articles  289  and  290. 


I.  Constant  moment  of  flexure, 

Fixed  at  One  Ehd. 
IL  Tioaded  at  extreme  end, 

m    TTniformlv  loaded 

M 

ru" 

n" 

1 

1 

1 
2 

1-? 

c 

1 
2 

1 
3 

(-!)■ 

1 
3 

1 
i 

Supported  at  Both  Ejtds. 
IV.  Loaded  in  the  middle, 

"V*    TTniformlv  loaded 

1-? 

c 

1 
2 

1 
3 

■-f 

2 
3 

5 

ra 

For  a  beam  of  uniform  strertglh  and  uniform  depth,  the  quantity 

Y  is  constant  ;  hence  in  every  snch  beam,  in  what  manner  soever 

it  may  be  snpporteil  and  loaded,  the  oun-ature  is  uniform,  as  in  the 
case  of  Example  I.  of  the  above  table.     For  a  beam  of  uniform 

rMrangth  and  uniform  breadth,  the  quantity  —    is  constant ;  and 

berefore  in  such  beams, 


Jllo 


^^ 
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/j,  being  tlie  depth  ot  ihe  section  of  greatest  bendine;  morannl 
h  the  depth  at  any  other  section.     The  foUo'wing  table  shows  soil 
of  the  consequences  of  these  principles  : — 


VL    Uniform   strength 
and  uniform  depth,.... 

VII.    Unifoi-m  strength, ' 
uniform  breadth ;  fixed 
at  one  end,  loaded  at 
the  other 

Vni,    Uniform  strength,' 
uniform  brcotUh ;  sup- 
porU;d  at  both  eiuU, 
loaded  in  the  middle,.. 

TX.    Uniform  strength,  ] 
uniform  breadth ;  fixed 
at  one  end,  uniformly 

MI, 
IM„ 

m' 

n' 

1 

1 

1 
2 

V^ 

2 

M 

V: 

2 

2 
3 

e 

C X 

Infinite. 

1 

X    Uniform   strength, 
uniform  breadth  ;  sup- 
ported at  btith   ends, 
uniformly  loaded, 

e 

^  =  1-5708 

2 -1  =  0-5708 

v'c'-t' 

I  It  is  to  be  borne  in  mind,  that  the  valaes  of  m"  and  n"  for  beMiis 
of  uniform  strength,  as  given  in  the  above  table,  are  somewhat 
less  than  those  which  occur  in  practice,  because,  in  computing  the 
table,  no  account  has  been  taken  of  the  additional  uiat«i-uil  wliicli 
is  placed  at  the  ends  of  such  beams,  in  m-der  to  give  suifident 
resistance  to  .shearing. 
The  cn-or  thus  arising  applies  chiefly  to  m",  the  factor  for 
maximum  slope.     For  the  factor  for  the  deflection,  n",  the 
inconsiderable,  as  experiment  has  shown. 
301.  DrOcriioa  fennd  br  Omphic  ConMnicil«n. — The  grcftt  '. 
of  the  radii  of  curvature,  which  are  the  reciprocals  of  tho  cm 
tiircs  given  by  equation  2  of  Ai-ticle  300,  and  tho  smallness  of 
ordinates  of  the  ciarvo  of  tlie  neutral  surface,  in  all  c«m>s  whi 
occur  in  practice,  rcnder  it  neither  practicable  nor  uscf\d  to  draw 
thefigureof  that  curve  in  its  natural  projwrtions.    Bulthefoll  •  ' 
process,  invented,  so  far  a*  1  am  aworo,  hy  Mr.  0.  H.  Wild,  ■ 
Ldiagmm  to  be  drawn,  \vliic\i  tcvtcfttwVj*, -wSIOcv  a. -wso:  «yyp.TOv'\ 


.  Icnfl 
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accuracy,  that  curve,  with  itt  vertical  dimensions  exaggeraied,  so  as 
to  show  conspicuously  the  slopui  and  ordiuates 

Compute,  by  equation  3  of  Article  300,  the  radii  of  curvature 

for  a  series  of  equi-distant  points  ill  the  beam.     Diminiish  all  those 

"     in  any  pi-oportion  which  may  Ijo  convenient,  and  draw  a  curve 

Dmposed  of  small  circular  arcs  with  the  diminished  radii.    Then  in 

lie  some  ratio  that  the  radii,  as  compared  with  the  horizontal  scale 

"■  the  drawing,  arc  diminished,  will  the  vci-tical  scale  of  the  draw- 

Bg.  according  to  which  the  ordinates  are  shown,  be  exaggerated. 

302.    The  Proponloa  of  the  Cmtex  Depth  of  ■  Brani  la  Ibe  8pnn 

1  80  regulated,  that  its  greatest  deflection  shall  not  exceed  a  cer- 
tain proportion  of  the  span  which  experience  has  shown  to  be  con- 
Ct  with  convenience.    That  proportion,  from  various  ejuunples, 
re  to  be — 
. J, 


For  the  working  load,  ~  =  from  ^^^  to  j^. 


t'l 


For  the  proof  load, , 


•J,  c 


=  from  zr^.  to 


_        _1_ 
200  ""  COO" 


K 


The  determination  of  the  proportion,  5—,  of  the  greatest  depth  of 

lie  beam  to  the  span,  so  as  to  give  the  required  stif&iess,  is  eflectcd 
the  aid  of  equation  6  of  Article  300,  from  which  we  obtain 


t' 


Sowj^  ^m'ht,7n'  being  a  numerical  factor,  which  for  symmetri- 
1  sections  is  ^ ;  and  consequently  the  required  ratio  is  given  by 


Be  equation 


5« %_  _    n"/c    _   n"/       2c 

c~2w'  c~2rn'  Ei',  ~4  in  E  "    «, ' 


.(1.) 


Ijon  consisting  of  three  factors  :  a  iactor,  - — -„  depending 

EiTligtribution  of  the  load  and  tlie  figure  of  the  beam ;  a  fiictor, 

,  being  the  prescribed  ratio  of  the  span  to  the  deflection  ;  and  a 

r,  -p-,  being  the  proof'  strain,  or  the  vnrking  strain,  of  the 

J,  as  the  case  may  be. 
To  jIIiiHtmte  this,  let  the  Ixvnm  be  under  its  ujorkinq  load,  'VCBa.- 
iinnl.v  tLsUihutcd,  aud  let  it  ba  of  uniform  aactiou,  aXVke  t^N*  iKo" 
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Tlien  n"  =  ,4,,  m'  =  \. 


below.    Tlien  n"  =  r^„  m'  =  -^.    Let 

13  2  », 

io  of  the  span  to  the  working  deflection. 

1 


1000  be  the  present 
Let  the  material 


ought  iron,  for  which  ^r^  is  a  safe  vulue  for  the  working  i 


Tlien 


£    1000 
24* 3000' 


5_ 
72' 


1 

14-4 


which  is  very  nearly  the  average  proportion  of  depth  to 
adopted  for  wrought  iron  girders  in  practice. 

303.   The  fll»|w   and    Orfleciien  »f  a  Ileaiii  nndeir   aBy   T  »«< 

given  by  the  following  formnlae  ; — 


u 


,(l.)_lj 


To  integrate  these  equations,  it  is  only  necesaiy  to  sob 

for  the  constant  factor  — ,  in  the  equations  4,  5,  6,  Article  300,  ii 

equivalent  -j-,  M'o  being  now  not  the  proof  momeat  of  flexure,  but 

the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hor 
zontol ;  that  is  to  say, 


Greatest  slope  »',  = 


m"M'.c 


;  deflection  w,  = 


n"  »r„eP 


.(2-)l 


EIo    ' '~     EI, 

m"  and  n"  being  factors  depending  on  the  distribution  of  the  loi 
and  having  the  values  given  in  the  table  of  Article  300.  Now  t! 
value  of  the  moment  of  flexure  is  given  in  terms  of  the  load 
length  by  equation  I  of  Aiticle  201,  and  the  ensuing  table^  r: 
M„  =  TO  W  / ;  and  the  value  of  I,,  in  terms  of  the  dimensions 
the  rectangle  circumscribing  the  cross  section,  is  given  by  equati' 
1  of  Article  295,  and  the  ensuing  table,  viz.,  I»  =  n'  b  A' ;  hence  tl 
above  equations  2  become 


,_m"mWJe      ,       n"mVfle' 
*'~     n'Ebh'    '     '~    ri  Ebh' 


(3) 


Moreover,  l  =  c,  or  =  2  c,  according  as  the  beam  is  fixed  at  onn  i 
oaJjr,  or  supported  at  both ;  bo  Ibut  if  m",  n",  be  a  pair  nf  nutnc 
ch]  factors,  whose  valuca  are,  iot  Wavaa  'nxcA.  «A.  <i\ia  <i3\^  vibAi, 
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^^^ 

Land  for  beams  supported  at  botli  ends, 

^^H 

^B                               T»"' =  2f»"w;  n"'  =  2n"nt; 

^^1 

P    tlie  equations  3  become 

^^1 

W                          **  ~  n'E6A"     '  ~  n'Ebh""" 

{4)^B 

"WTience  it  appears,  tliat  the  deflections  of  similar  beams  under 
equal  loads  are  as  the  cubeg  of  tfieir  lengths,  and  inversely  as  tlteir 
breadlha  and  the  cubes  o/tfufir  ilept/ts. 

The  values  o{n'  =  7-^,  for  the  ordinary  forms  of  cross  section,  are 

given  in  the  table  of  Article  295.     The  following  t.<ible  gives  the    ^H 
values  of  m''  and  n"  for  different  modes  of  loading  and  support-    ^^M 
ing,  for  lieams  of  uniform  cross  section,  and  for  beams  of  uniform    ^^M 
strength  : —                                                                                               ^^t 

^K                       ^     ^                „           „                            Factor  for    Factor  for            V 
^H                       A.    UkIFORV  GbOSS  Section.                   slope.        Deflection.             J 

^P        L  Fixed  at  one  end,  loaded  at  the  other, 

^_^    XL  Fixed  at  one  end,  looded  uniformly, 

f         UL  Supported  at  both  ends,  loaded  in  the  midflle, 

^1 

^B   rV.  Supported  at  both  ends,  uniformly  loaded,  . 

^1 

48*^^H 

^B          B.  Uniform  Strength  and  Uniform 
^H                                  Depth. 

■ 

V.  Fixed  at  one  end,  loaded  at  the  other, 

l-   ■ 

VI.  Fixed  at  one  end,  loaded  uniformly, 

^1 

^1 

VII.  Supported  at  both  ends,  loaded  in  the  middle, 

^1 

VIU.  Snf>porte<l  at  both  ends,  loaded  uniforuAy,. . 
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C.  XJirrroiut  Sthesoth  ash  Uxiform 

liilEADTH. 


X.  Fixed  at  one  end,  uniformly  loaded, insnue. . 


m"  n- 

F«ctot  for     Factor  (br 
Slope       XyOtOaaa. 

2 

IX.  Fixed  at  one  end,  loaded  at  the  other, 2     ^. 

1 
2' 

XL  Supported  at  both  ends,  loaded  in  the  middle,  1     5. 

X  II.  Supported  at  both  ends,  unifbrmlj  loaded,  0*392r  ...  0-1127. 

304.  Dcflccilon  wlih  ITnirorm  ITIoincab — In  Article  292  the  case 
lins  already  been  do.scribed,  in  which  a  beam  or  bar  of  nniform 
section  haa  a  j)uir  of  equal  and  opposite  couples  in  the  same  plane 
applied  to  its  ends,  and  the  saiue  case  is  the  first  given  in  the  taUe 
of  Article  300.     In  this  case,  M  and  I  are  constants,  tn'  =  I,  aiul 

n"  =  ^ ;  and  accordingly,  if  c  be  the  length  of  the  part  of  the  beam 

under  consideration,  and  t*,  the  slope,  and  v\  the  deflection,  of  one 
end  relatively  to  a  tangent  at  the  other, 

,  _  Mc       ,        Mc' 
*'-  EI'   "'  -  SET 

305.  The  Bcaiii«Bc«  ar  SpriliK  of  •  Bean  is  the  toork  per/bmud 

in  bending  it  to  the  proof  deflection.  This,  if  the  load  is  concen- 
trated at  or  near  one  point,  is  the  product  of  half  the  proof  load 
into  the  proof  deflection ;  that  is  to  say, 


■2    ' 


.(l-i 


If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  divji 
into  a  number  of  small  elements,  and  half  the  proof  load  on 
element  multiplied  by  the  distimco  through  wluch  that  elemeu^ 
moved  diu-ing  the  proof  deflection  of  the  beam.     Let  u  bo  that  ( 
tance  ;  then  for  beams  tixed  at  one  end, 

«  =  v; 
and  for  beams  supported  at  both  ends,      •  (2 


f ,  -  V. 


Let  dx  be  the  length  of  on  element  of  the  beam ;  to  the  inte 
ofthv  load  on  it,  pvx  unit  ut\>;vig\,\v,  vXuiVi  ^Jaa  xieai\«\\cc  ia 
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1 


ii 


•das.. 


.(3.) 


a. 


Resilience  = 


■chh. 


.(4.) 


The  cases  in  -which  the  detenninution  of  resilience  is  most  useful 
in  Dntcticc  are  those  ia  which  tho  load  is  applied  at  one  point. 

jjet  the  beiim  be  fixed  at  one  end  and  loaded  at  tho  other,  e 
being  tho  length  of  its  projecting  paxt.  Then  by  Article  295» 
equation  3  (observing  that  n»  =  1,  T=  c), 

n/JA' 
c     ' 

(f»  being  given  by  the  table  of  Article  295),  and  by  Article  300, 
equation  6, 

_  tC/I  _  n"f<? 
*'  ~    Eyj  "bi'EV 

(n"  being  given  by  the  table  of  Article  300,  and  m!  by  that  of 
Article  295J.     Consequently, 

•Wf,       nn"   f 
2      "3/»''E 

It  -will  be  observed  that  this  expression  oonsistfi  of  three  factors, 
viz.: — 

(1.)  Tho  volume  of  the  prism  circumscribed  about  the  beam, 
ebL 

p 

(2.)  A  Afodulus  o/Eesilience, '—,  of  the  kind  already  mentioned 

in  Article  2GG. 

_  i» 

(3.)  A  numerical  factor,  ^ — .  5  *»  which  n  and  m'  (Article  295) 

J  7/4 

depend  on  the  form  of  cross  section  of  the  beam,  and  n"  (Ailicle 
300)  on  the  form  of  longitudinal  section  and  of  plan.  The  follow- 
ing are  valaes  of  this  compound  factor  fur  a  reekmyular  crota 

n"  ~ 

n' 
T 

L  Uniform  breadth  and  depth t-. 

XL  Uniform  strength,  uniform  depth, t-„. 

llL  Uniform  strenj^h,  uniform  breadth, -^ 


mctionj  for  which  n  =  -r.,m'  =  ^,  and  therefore  ^ — ,  ■■ 
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If  a  h«un  l»e  supported  at  both  ends  and  loaded  in  the 
its  length  being  I  =2  c,  its  proof  deflection  is  tlic  same  ■with 
A  beam  of  the  sime  transverse  dimenaiotia  and  of  the  K'ligtlj 
fixed  at  one  end  and  loaded  at  the  other ;  and  itA  proof  hi 
double  of  that  of  the  latter  beam  ;  therefore  its  resilieneo  is  dod 
of  that  of  the  latter  beam.     Consequently,  for  rectjingular  bcivn 
the  half-span  c,  Bupjwrted  at  both  ends  Qn<l  loade<l  in  the  midd 
we  have   the  following  values  for  the  numerical  factor  of  tlie 
resilience ; — 


IV.  Uniform  breadth  and  depth,. 


V.  Uniform  strength,  uniform  depth,., 


VI.  Uniform  strength,  tiniform  breadth, 


306.     A  mm4drmtf'AppUe4   TramiTcnc  I^sad,    like    the    sii' '  ' 

applied  pull  of  Article  267,  produces  at  first  double  the  am 
stress,  and  double  the  strain,  which  the  application  of  a  loau 
g.'udually  increa-King  from  nothing  to  the  amount  of  the  given 
load  would  produce.  It  is  unnecessary  to  demonstrate  tlii.<  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Articlu 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  is 
provided  for  by  the  fiictor  of  .safety,  which  expresses  the  rstio  of 
the  proof  load  to  the  working  load  (Article  247J. 

The  action  of  the  rolling  load  to  which  a  railway  bridge  \»  sub- 
jected is  intermecliate  between  that  of  an  absolutely  sudden  load 
and  a  perfectly  giudual  loud.  It  has  been  investigiited  matlirmati- 
cally  by  Mr.  Stokes,  and  experimentally  by  Captain  Gallon,  and 
the  n\<iults  are  given  in  the  Report  of  the  Comniissionei-s  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  con- 
clusion to  be  drawn  fi-om  them  is,  that  a  moving  loa<l  requires  * 
lai^er  factor  of  safety  than  a  steady  loiid. 

307    Beam  Flx«l  at  BMh  End*. — A  beam  is  fixed,  as  well  ns 

supported,  at  botli  ends,  wl 
a   jtair  of  equal  and  oppoal 
couples  are  made  to  act  on  i 
p_  jlj  vertical  sectional   plnnes  at 

lioints  of  sufiport,  of  magTiitii 
mSicient  to  maintain  \t»  \onc>tadinid  axis  horizontal  then-,  ati(I| 
to  diminish  tl>e  deflection,  b\oYX',  tsuvV  oifva.'tore  oS.  v\»,  -oCvi^U 


BEAm   fixed  at  both   E>T)S. 
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tion.  Tins  is  generally  accomplished  by  making  the  beam  foim 
jinrt  of  one  continuous  girder  with  severul  pouita  of  support,  or  by 
making  it  project  on  either  side  beyond  its  points  of  support,  and 
BO  fastt'ning  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  fastenings,  shall  give  the  required  pair  of 
couples. 

In  fig.  143,  let  CBABC  represent  a  beam  supported  at  the 
I>oint8  C,  C,  loatled  along  its  intervening  portion,  and  so  fixed  or 
loadetl  beyond  these  points  that  at  them  itj  longitudinal  axis  is 
horiz<>ntal,  instead  of  having  the  slope  t„  which  it  would  have 
if  the  beam  were  simply  supported  at  C,  C,  and  not  fixed.  At  each 
of  the  vertical  section.^  above  the  points  of  suppoit.  C,  C,  there  is 
an  unifonnly-varyimj  ftoruumtal  stress,  being  a  pull  above  and  a 
thrust  below  the  neutral  axis;  and  the  moment  of  that  pair  of 
Btreaees  is  that  of  the  j)air  of  equal  and  opposite  couples  wliich 
maintain  the  bourn  horizuutal  at  the  i)oints  of  8up|)ort.  It  i^  re- 
quired to  find, — in  the  first  place,  that  resisting  moment  ut  thi.' 
Tortical  planes  of  support  (from  which  the  stress  on  tlie  material 
there  may  at  once  be  found);  and  secondly,  the  effect  of  that 
moment  on  the  curvature,  slope,  deflection,  and  strength  of  the 
beam. 

The  general  method  of  eolntion  of  this  question  is  as  follows  : — 
Compute,  by  equation  3  of  Article  303,  t*,,  the  slope  which  the 
neutral  surface  of  the  beam  would  have  at  the  points  C,  C,  if  it 
were  simply  supjwrted  tlici-e,  and  not  fixed.  Then,  by  Article 
3U4,  find  the  tinij'o-rm  moment  of  flexure,  which,  if  it  acted  on  the 
bcnra  in  huch  a  manner  as  to  make  it  become  convex  upwiird.s, 
would  produce  a  slope  at  the  points  C,  C,  equal  and  contrary/  to 
i'l.  Tliis  will  be  the  rctjuii-ed  moment  of  resistance  at  the  vertical 
srctions  C,  C,  from  which  the  greatest  stress  on  the  material  at 
those  scctioHii  can  l>e  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam  ;  so 
that  by  jiutting  it  instead  of  M„  =  m  W  I  in  equations  2  of  Article 
U94,  and  3  of  Article  205,  the  conditions  of  strength  of  the  beam 
are  determined.  Denote  this  moment  by  -  M,,  the  negative  dgn 
denoting  that  it  tends  to  produce  convexity  upwards,  while  the  load 
on  the  l.ie.im  tends  to  protluce  convexity  downwards. 

Lot  M  l>e  wliat  the  moment  of  flexure  at  any  {wint  of  the  beam 
would  he,  if  it  were  simply  supported  at  C,  C.  Then  the  actual 
moment  of  flexure  is 

M-Mj, 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  gcou£  loaA,<st 


with  any 


loud, 


I  i'oiiud. 
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Where  31  is  the  greater,  as  at  A,  the  beam  is  oonvex 
wards.  Wliere  Mi  is  the  greater,  as  at  C,  the  beam  is 
-words.  There  arc  a  pair  of  points,  B,  B,  at  which  M  ^  M„ 
tliat  the  moment  of  flexure,  and  cousocjuently  the  curvature,  yaniah, 
and  the  heiim  is  subjected  to  a  shiariiig  force  ajonc;  thesf-  nrv 
called  the  points  pf  contrar;/  Jlejcure ;  and  they  di^ndn  the 
piirt  of  the  beam,  which  is  convex  downwards,  from  the  tw, 
most  parts,  which  are  convex  ap^iirds. 

In  expressing  the  solution  of  this  problem  hy  fonnoLs, 
coses  will  be  taken  into  con.sidcnition,  viz.: — 

1.  The  case  of  an  uniform  beam,  with  k  symmetriciil  loftd 
general 

2.  Beam  of  uniform  section,  loaded  in  the  middle, 

3.  Beam  of  uniform  section,  loaded  imifnrmly. 

4.  Beam  of  uniform  strength  and  unifona  dspUi,  onifonnlj 
loaded. 

Case  1.  Symmetrical  load  on  a  b«am  of  uniform  aeelion.   By 
Article  303,  equation  3,  observing  that  i  =  2  c,  we  havo 


.|| 


2< 


Wc* 


and  by  Article  304, 


Eli',      n'EfeA't", 


M,  =  :tl±I.'  = 


consequently, 

M,  =  2m'' 


iWc  =  m"  •m'Wl  =  m"  -Ma,. 


M,  being  what  the  moment  of  flexure  at  A  would  AoM  i 
the  beam  been  simply  supported 

The  values  of  n*  arc  given  in  Articlo  300. 

Let  M'o  be  tim  actual  moment  of  flexure  at  A.     Then 


M'„  =  (l— m")Mo. 


The  greatest  moment  of  flexure  must  be  cither  at  A  or  C,  or  at 
both,  if  the  moments  at  these  sections  be  equal  and  opposite. 

for  beams  of  uniform  section,  m"  is  never  greater  than  -^ ;  the 

fore  the  greatest  moment  of  flexure  is  at  C,  or  both  at  C  and  . 
and  never  at  A  alone. 

The  strength  of  tho  beam  is  expressed  by  the  following  formuli 
obtained  by  putting  Mi  instead  of  «  W  /,  in  equation  3  cf  /  '" ' 
295:— 

M,  =  m"m\VUTv/hK*^='?^^.. 
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y  being  the  limit  of  proof  or  working  stress,  as  tho  case  may  be, 
and  «  a  factor  suitable  to  the  form  of  section  of  the  beam,  as  given 
by  the  toble  of  Article  295. 

Hence  it  appears,  that  hy  fimng  the  enda  of  an  vniform  beam,  so 
thai  they  shall  be  horizoulal,  iU  Hrength  is  increated  in  Ihe  ratio  1  :  w. 

The  deflection  is  found,  by  subtracting  that  due  to  the  uniform 
monwnt  M,  from  that  which  the  loml  would  produce  if  the  beam 
were  simplj'  supported  at  C  and  C.      The  former  of  these  quan- 

Etities,  according  to  Article  30i,  is 
I  M^  _  m''M|>e'  , 

'  2EI~    2ET  ' 


id  the  latter,  according  to  Article  303,  equation  2,  is 
n"M<,c'_n''M:,e' 
EI 


otTEI  ' 
so  that  the  deflection,  their  difference,  is 

From  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stifl'er  under  a  given 
load  in  the  ratio 


^  {"-?)• 


If,  in  the  first  expression  for  the  deflection,  it  be  considered  that 
Mi  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

80  W  to  obtain  the  following  expression  for  the  defiection  under  the 
tiroof  load: — 

'"  =  l^-2-JE7o <^-> 

being  less  £han  the  proof  deflection  of  a  beam  simply  supported,  as 
by  equation  C,  Articlo  300,  in  the  ratio 


^^     TT,, 


e-^)--. 


The  points  of  contrary  flexure  are  to  be  fonnd  in  each  particular 
cane  by  solving  the  equation 

M-M,  =  0 „....,„ .i^:^ 
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Cask  2.    Uniform  uxlion,  loadtd  in  the  middle. 

1         .       1        „      1 
«.=  -;   m   =-;   „=-; 

1    f<? 


-A'i 


.(a) 


Tlie  points  of  conU-ary  flexure  are  midway  between  A  and  C. 
Case  3. —  Uniform  section,  uniformly  loaded. 

W  =  2c«7 
1        .2.5. 
'"  =  8'"*  =3'"  =12' 

1      /c> 

Tlie  pniuts  of  contrary  flexure  are  thus  foiuuL     By  the  ttlbiBi 
Article  300,  case  5, 

m.(.-^m,.|(.-^)m. 

80  that  in  order  to  have  M  =  M„  we  must  make 

1  -^=|;or«  =  -^  =  0-677cj (9.)" 

which  equation  gives  the  distance  of  each  of  the  points  of  contrary 

flexiu*  B,  iroja  A,  the  middle  of  the  beam. 

Case  4.   Uniform  strength,  uniform  depth,  uniform  load.     In  ' 

case  the  uniformity  of  strength  is  attained  by  making  tl"'  ' 

at  each  point  ]• 
tothemomentolij.  v.ii., 


Fig.  144. 

resist  ihc  Bheoring  force. 


c  Blio>vn  in  the  pLui,  fig.  i  -j 
preserving,  at  the  points  i 
roiitr.iry   flc\un;    B,  B^J 
Buiiicicut  tliiclnicsa  utily  ] 


BEAM  FIXED   AT   BOTH   EXD8. 

As  shown  in  Article  300,  case  C,  tbe  curvature  of  the  beam  is 
vnifonn  in  amount,  changing  in  direction  only  at  the  points  of 
contrary  flexure.  Therefore,  in  fig.  143,  CB  und  B  A,  at  each 
aide  of  the  beam,  are  two  arcs  of  circles  of  equal  radii,  horizontal 
At  A  and  C,  and  touching  each  other  at  B ;  therefore  those  arcs 
are  of  equal  length  ;  therefore  each  jxiint  of  contrary  flexure  B  is 
midway  between  the  middle  of  the  beam  A  and  the  point  of  sup- 
jort  C. 

It  is  evident  also,  that  the  proof  deflection  of  the  beam  must  be 
double  of  that  of  an  unifonnly  curved  beam  of  half  the  Bpan,  suj)- 
'ported  at  the  ends  without  being  fixed  ;  that  is  to  say,  one-half  of 
that  of  an  uniformly  curved  beam  of  the  same  span,  supported  but 
not  fixed;  or  symbolically 


1 

«1    =   T 


.(10.) 


Tho  actual  moment  of  flexure  at  A  must  be  tbe  same  as  in  an 

W 

ibrmly  loaded  beam,  with  the  same  intensity  of  load  to^  —-, 

w  c 
bpported,  but  not  fixed  at  B,  B;  that  is  to  say, 

M'„  =  ^  =  ^'  =  ^ (11 


16  32  ~  4 

therefore,  the  moment  of  flexure  at  C  ia 

3  M,  _  3  W  e 


(11.) 


n/6,A'=M,  =  Mo  — M'.=  ^  = 


16 


3Wl 

3-2    ' 


h,  being  the  breadth  of  the  beam  at  C,  which  is  three  times  the 
breadth  b,,  at  A. 

To  find  the  breadth  at  any  other  point,  it  is  to  be  observed,  that 
the  moment  of  flexure  at  the  distance  x  from  A  in 


■Kr       TLT       «"(='  —  a;')       3wc 
^-^'=  2 8 


^G-t^M.,..(13.) 


and  that  consequently  the  breadth  6,  which  is  proportional  to  the 
moment  of  flexure,  is  given  by  the  equation 

.=i(,-i^.  =  (,-!?), „., 

In  using  this  equation,  the  positive  or  negative  sign  of  the  result 
merely  indicates  the  direction  of  the  curvature. 

According  to  equation  14,  the  figure  of  the  beam  \n  •\Aa.\iWv%. 
:  iij  oonsJsis  of  two  parabolas,  having  their  -verticca  a\.  X,  sm^ 

z 
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intersecting  each  other  in  the  points  of  coutnuy  flexure,  B,  B,  for 
which  X  =  :±:  -. 

The  breadth  vhich  must  be  \u&j  at  B,  to  resist  sheuing  will 
appear  from  the  next  Article. 

308.  A  Bcna  FUc4  al  Oiu  Eb4  aad  SaypMTMA  ■!  BaUt  is  SensiMjr 

in  the  same  contlition  with  the  part  C  B  A  B  of  the  bpam  in  fijt 
143,  extending  from  one  of  the  fixed  points  C  to  they^rtA' 
of  contrary  flexure,  which  now  represents  a  ]ioint  supfiorleJ. 
fieed.  Hence  if  a  continuous  girder  be  suppoi-ted  un  a  scx'loi  ui 
piers,  the  span  of  each  of  the  endmost  bays  sLoold  be  to  tli«  sytm 
of  each  intermediate  bay,  in  the  ratio  c  +  a^o  •  ^  c,  whex-e  ^<,  is  tite 
distance  A  B  from  the  lowest  point  to  a  point  of  conti-ary  flexure. 

309.  Shearing  StrcM  in  Bcanw. — It  has  already  been  shown,  in 
Article  268,  how  to  find  the  amount  F  of  the  shearing  force  at  a 
given  vertical  cross  section  of  a  beam  j  and  examples  of  that  force 
in  particular  cases  have  been  given  in  Articles  289  and  29<).  The 
object  of  the  present  Article  is  to  show  the  manner  in  which  tho 
stress  which  roaists  that  force  is  distributed. 

In  Article  104  it  has  been  shown,  that  the  intensities  of  the  tan- 
gential stresses  at  a  given  point,  on  a  pair  of  planes  at  right  angles 
to  each  other  and  to  the  plane  parallel  to  which  the  stresses  act, 
are  necessarily  equal.  Hence,  in  order  to  determine  the  int»*i- 
the  vertical  sheuxing  stress  at  a  given  point  in  a  vertical  s< ' 

a  beam,  such  as  the 
E  in  the  vertical 
G  E  B  of  the  beam 
sented  in  fig.  145,  it  Lt 
sufficient  to  Hud  the  uqiul 
intensity  of  the  hDrizonbJ 
slicariug  stress  at  the  s>uae 


1  rej^^ 


Fig.  145. 


point  E  in  the  horizontal  plane  E  F.  The  existence  of  that  hori- 
zontal shearing  stress  is  ferailiarly  known  by  the  fact,  that  if  ft 
beam,  instead  of  being  one  continuous  mass,  be  divided  into 
separate  hoiizontiil  layei-s,  those  layers  will  slide  on  each  other  like 
the  layers  of  a  coach  spring.  The  intensity  of  that  stress  is  fouuii 
as  follows  : — 

Let  H  F  D  be  another  vertical  section  near  to  G  E  B.     If  the 
moment  of  flexure  at  H  F  D  differs  ftxim  that  at  G  E  B,  there  roust 
be  a  corresponding  difference  in  the  amount  of  the  direct  stri->t;  mi 
two  corrc8j)Oiiding  parts  of  the  planes  of  section,  such  aa  ( .' 
H  F.     (In  the  case  shown  in  l1"- 1;-"..-  <!>.■♦  .Kr.  .f  .*,-,>...  ;<  ,, 

and  18  greatest  at  G  E).    Tlv  d 

force  acting  on  tiie  solid  \i  ¥  ^ .  • 


» 11  ^ . 
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iiilibrium  of  that  solid,  the  amount  of  shearing  stress  on  the  plane 
F  E  must  be  equal  and  opposite  to  that  horizi^ntal  force.  That 
amount  being  divided  by  the  area  of  the  plane  F  E,  gives  the 
int<?n.sitjr  of  the  shearing  stress. — Q.  E  L 

From  the  foregoing  solution  it  is  obvious,  that  the  shearing  stress 
is  nothing  at  the  upper  and  lower  surfaces  of  the  beam ;  because  the 

,tdre  direct  stress  on  each  cross  section  is  nothing.  This  might 
be  proved  by  reasoning  like  that  of  Article  278.  It  is  also 
ob%"ious  that  the  sheaiing  stress  in  the  vertical  layer  between  the 
two  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
Bnrface  O  C,  at  which  the  direct  horizontal  stress  changes  from 
thrust  to  pull  j  for  at  that  surface  the  horizontal  force  to  be 
balanced  by  the  shearing  starem  reaches  ita  maximum. 

To  expn»s  tlm  solution  symbolically  in  the  case  of  a  beam  of 
uniform  cross  section;  letOB  =  x,  OC  ^  c,  SE  =  y,  BG  =  y„ 
B  D  =  E  F  (sensibly)  :=  dx;  let  the  breadth  of  the  beam  at  any 
point  E  bo  denoted  by  s,  and  at  the  neuti-al  surface  by  z^ 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  g  that 
of  the  shearing  stress  at  E,  and  ^o  ^^^  of  ^^^  ma.ic\mnm  bearing 
stress  at  B.     Then  by  equation  4  of  Article  293, 

M 

i»=  j-y. 

and  the  amount  of  the  direct  stress  on  the  sectional  plane  between 
O  and  E  is 

M  f,.  , 

be  horizontal  force  by  which  the  solid  H  F  E  G  is  pressed  from  O 
Dwards  C,  is  the  excess  of  the  value  of  the  above  qxiantity  for  G  E 
"  Dve  its  value  for  H  F;  which  excess  arises  from  the  excess  of  the 
Doment  of  flexure  M  at  G  E  B  above  the  moment  of  fleroro  at 

!  FD,  farther  from  the  middle  of  the  beam  by  the  distance  dx. 
iX,  difieience  of  the  moments  of  flexure  is  obviously  equal  to 

-Edx. 

'being  the  amouiU  of  the  shearing  force  at  the  vertical  layer  in 
ion;  consequently,  the  horizontal  force,  which  the  Bheuing 
I  on  the  plane  F  £  is  to  balance,  is 

F  d  X    I'ri  J 

-^j^yz-dy. 

kviding  this  by  the  nrrn  of  the  plane  F  E,  "w^n^Ai  V&  2  d  x,  'i^* 
iqwTcii  inU-nsJtry  of  the  shearing  streas  is  foniid  to  \ift 
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And  the  maximuin  valae  of  that  intensity,  for  the  giren  vertical 
layer,  whick  acts  at  D  £  in  the  nuutral  surface,  is 


?o 


~T7jo 


ys'dy. 


The  same  rcsnlta  are  in  every  case  obtained,  ■whether  the  up[ 
the  lower  surface  of  the  beam  be  taken  as  Uie  limit  of  integral 

I  indicated  by  y, ;  the  complete  integral   I  y  z  •  dy,  for   tht-   w 
cross  section  of  the  beam,  being  ^  0,  because  of  y  being  meaa 
from  the  neutml  axis,  which  traverses  the  centre  of  gravity  of  that 
section. 

Let  S  =  f  idy  be  the  area  of  the  cross  section  of  the  beam. 
Then  the  mean  intensity  of  the  shearing  stress  is 


S' 

and  the  Tnaximum  intensity  exceeds  the  mean  in  the  following 
ratio  : — 

Jo  8        8     ft,  -  „  ^ 

V=i^/.y*-''y' w 

a  ratio  depending  wholly  on  the  figure  of  the  cross  section  of ) 
beam.     The  following  table  gives  some  of  its  values  : — 

T* 

3 

L  Ecotanglc,  «o  =  6, ^. 

4 

3* 

IIL  Hollow  Rectangle — 

S  =  bh-b'h;  s.  =  6-6'. 
This  includes  I-shaped  sec- 
tions,  


FiocHE  or  Cboss  Sectiok. 


n.  Ellipse,. 


3   {bh-b'h')-{bh^-b') 
3"     {b-b')-{bh'-b'h-) 


IV.  Hollow  square,  V  -  A", |(l  +  j—^). 

V.  VI.  Hollow  ellipse  and  hollow  circle;  the  numerical  factor-  ; 

the  BymboUcal  facUjr,  the  same  ns  for  the  hoUow  rectAurla 
and  hollow  8i\usw«  tes^cXAVdVj. 
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For  beams  of  variable  cross  section,  the  preceding  results,  though 
not  afaeolutelj  correct,  are  near  enough  to  the  truth  for  practic^ 
purposea 

When  a  beam  consists  of  strong  upper  and  lower  flanges  or 
horizontal  bars,  connected  by  a  thin  vertical  web  or  webs,  like  tho 
■wrought  iron  plate  girders  to  be  treated  of  in  a  subsequent  section, 
the  shearing  force  is  to  be  treated  as  if  it  were  entirely  borne  by  the 
vertical  web  or  webs,  and  uniformly  distributed. 

310.   lAan  of  Prtncipnl  Stren  In  Bean*. — Let /7  be  the  intensity 

of  the  direct  horizontal  stress,  and  q  that  of  the  nheoring  stres-s,  at 
any  point,  such  as  E,  fig.  145,  in  a  beam.  Then  the  axes  of  principal 
stress  at  that  point,  and  the  intensitiesof  the  pair  of  principal  stresses, 
may  be  found  by  Article  112,  Problem  TV.,  case  4.  In  the  equa- 
tions 21,  22,  23,  which  solve  that  problem,  for  p,,  the  normal  com- 
ponent of  the  stress  on  a  vertical  plane,  is  to  be  put  p;  {or  p',,  the 
normal  component  of  the  stress  on  a  horizontal  plane,  is  to  be  put 
0;  and  for  p„  the  common  tangential  component,  is  to  be  put  q. 
X  and  »/  having'  already  been  taken  to  denote  the  horizontal  and 
vertical  co-ordinates  of  the  point  E,  p,  and  pj  may  be  token  to 
represent  the  great^'st  and  least  principal  stresses  instead  oi p,  and 
p„  and  1,  the  angle  which  the  axis  of  greatest  stress  makes  with 

the  horizon,  instead  of  x  re. 

Then  equation  21  of  Article  112  becomes 


equation  22  becomes 


ijrciin  which  we  have 


,.(1.) 


eqnations  show,  that  the  greatest  principal  stress  is  of  tlie 
[lie  kind  with  the  dii-ect  horizontal  stress,  and  the  least  principal 
"^treai  of  the  contrary  kind.     Further,  equation  23  becomes 

o  , 


'toother  form 


tan2i,  =  ZJt. 
P 


.(2.) 


V  4  y'      2  J  q 


.(3.) 
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If  i,  be  the  angle  which  the  axis  of  Wat 
honnn,  tbac,  beaause  •',  —  i,  =  90",  we  hanro 


wilh 


—  tan  t, 


'•  =  tih  =  \/ 


P. 
2, 


-Pi 


H    hn 

^^Hllqtiations  3  and  4  show  that  the  axes  of  greatest  and  loast 
^^^^««  inclined  opposite  ways  to  the  horizon  (as  indeed  they  most 

being  perpendicular  to  each  other),  the  iuclinatioD  of  the  axi*  of 
^m       least  strcsii  being  the  steeper.  , 

^H  If  those  iucUmtions  be  computed  for  a  number  of  differoot  points 

^^r     in  the  vertical  section  of  a  beam,  and  the  directions  of  the  axM  of 

^V  '^  P_.    stress  at  those  points  laid  doxrn  on 

^^  V/v^^'^^^^'^^V^s/        **  drawing,  a  netwoA  of  lines 

/C^.yv^^^^^j^Sr-'^       sisting  of  two  series  of  lines 

»'       I      I  >      I ^   secting  each  other  at  right  ajigicj, 

*''e-  ''••'•  as  in  tig.  146,  may  be  drawn,  so  that 


I 


Fig.  I4B. 
each  line  shall  touch  the  axes  of  stress  traversing  a  series  of  )  >' 
and  so  that  the  tangents  to  the  pair  of  lines  which  cross  -.<  i 
given  point  shall  be  the  axes  of  stress  at  that  point     They> 
may  be  called  the  lijusa  qf  principal  stress.     For  a  Iwam  stipi 
at  the  ends,  the  lines  convex  upwards  are  fines  of  thrust,  and 
convex  downwards  lines  of  tmsian.     They  .ill  intersect  the  )!■ 
surface  at  angles  of  45^.     The  stress  along  each  of  those  liuejj , 
greatest  where  it  is  horizontal,  and  gi-adiuilly  diminishes  to  nothit 
at  the  two  ends  of  the  line,  where  it  meets  the  sor&ce  of  the  beoj 
in  a  vertical  direction.  i 

311.  Direct  Tciticai  StreM. — It  is  to  be  observed,  that  no  ncoou) 
lins  yot  been  taken  of  the  direct  vertical  strwa  upon  such  planes  i 
FE  (tig.  145)  in  a  loaded  beam,  that  sti-ess  having  been  treated  j 
the  last  Article  as  if  it  were  null.  The  reasons  for  tliis  are — fird 
That  the  direct  vertical  stress  is  in  most  practical  cases  of  Emi 
intensity  compared  with  the  other  elements  of  stress  ;  secondj 
That  the  mode  of  its  tlistribution  can  be  modiiicd  in  an  indefinjj 
variety  of  ways  by  the  modes  of  placing  the  load  on  or  attuvhii 
it  to  the  beam,  so  that  formulie  applicable,  to  one  of  those  tsxodt 
would  not  be  applicable  to  another — (in  fact,  by  a  certain  mode  ( 
loading,  it  can  even  be  reduced  to  nothing) ;  and  tliuxlly.  That  il 
introduction  would  complicate  the  formula  without  adding  mall 
rially  to  their  accuracy. 

312.  CImaU  EOecl  of  Mbeorlag  SiroM  ayoa  Drfflecltoa. — AsheatiXj 

stress  of  the  intensity  q  produces  a  distortion  ropreeented  by  j 

C  being  the  tnuiBreme  elasticity,  as  already  exphiincd  in  Articf 
262,     The  slopt  of  any  given  originally  horizontal  layer  of  tH 
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beam  at  a  given  point  will  be  increased  by  this  distortion  to  the 
extent  denoted  by 

*'  =  u  =  /rJ>-'^^' •<^-) 

\^liii.li  ndilitional  slope  is  to  be  added  to  the  slope  due  to  the  lend- 
iiuj  strrsA,  in  order  to  find  the  total  slojie.  The  cui-vaturu  of  the 
layer  will  also  be  increased  by  the  amount 


dx 


.dF 
dxC 


y^-'^y ^•) 


for  uniform  beams,  and  to  nearly  the  same  amount  for  other  beams ; 
•  '  tlirro  will  be  an  additional  deflection  of  the  layer  under  con- 
ition,  of  the  amount 


^,  =  jydx (3.) 

Obecrriug  that  I    F  c^  a;  =  Mg,  the  above  equation  beoomel,  for 
ftwiformbeomu, 

^^=m-J>'^-'y <^) 

~       osing  the  beam  to  be  under  the  proof  load,  we  may  put  for 

/ 

—  .lo  vulue  — ,  making  the  equation 


»".= 


/ 
Cy,z 


■i>'y' 


•(«•) 


Thft  gmtttst  raluo  of  this  is  that  for  the  neutral  surface,  for  which 
the  limits  of  integration  are  0  and  y,.  To  compare  this  additional 
deflection  due  to  distortion  with  that  due  to  flexure  proper,  let  us 

take  the  eue  of  a  rectangular  beam,  in  whioh  y,=  „,  «  =  6»  i'^yt: 

dy  =  ^-.     Then 


V  ,= 


40" 


(6.) 


For  the  same  beAm,'BCCording  to  equation  6  of  Article  300,  we  have 
the  proof  deflection  due  to  flexure  proper, 

_n"/c'_5    yV 
K»  Hutt  the  ratio  of  those  two  parte  of  the  deflection  tt 
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3_ 
20 


£ 
C 
E 


.(T.r 


For  "wrought  iron  (for  example)  —  =  about  3. 


s«ppo»r==. 


f*       9 
which  is  an  ordinary  proportion  in  practice ;  then  — '  = ; 

^1 


c,    980^109 
nearly,  a  quantity  piivctically  inappreciable. 

It  appears,  tlien,  that  the  distortion  produced  by  the  uli.MrW,  • 
stress  iu  beams,  even  at  the  neutral  surface,  where  it  is  ;:i 

produces  a  deflection  which  is  vciy  small  compared  with  tii...  

to  the  beniliug  action  of  the  load ;  and  that  the  alteration  of  the 
external  figure  of  the  beam  must  be  smaller  still ;  from  viiioh  it 
may  be  concluded,  that  in  ordinary  practical  cases  there  is  no  oock- 
sion  to  compute  the  additional  deflection  due  to  the  shearing;  sttvsL 

313.  PnniailT-i'vadcii  Beam. — In  designing  beams  for  the  8np> 
port  of  roads  and  railwajrs,  or  for  any  other  situation  in  w^hich  ono 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  necemiry 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  anj 
point  of  the  beam,  a  more  intense  stress  than  an  umform  load  over 
the  whole  beam. 

The  case  of  this  kind,  which  is  most  important  in  practice,  is 
that  in  wliich  a  beam  suiiported  at  both  ends  is  uniformly  loaded 
throughout  a  certain  portion  of  its  length  and  unloaded  throughout 
the  remainder ;  and  its  solution  depends  on  two  theorems, 

TllEOREU  I.  For  a  given  intensity  of  load  per  utvU  of  length,  an 
uniform  load  over  the  wlwle  beam  jrroduces  a  greater  motneni  ef 
flexwre  at  each  crojis  section  lluin  any  partial  load. 

Let  the  two  ends  of  the  beam  be  oUled  C  and  D,  and  any  tnti 
mediate  cross  section  E.  Then  for  an  uniform  load,  the  mouu 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  upv 
moment  of  the  supporting  force  at  either  of  the  ends  relatively^ 
E,  minus  the  downward  moment  of  the  uniform  load  between  that 
end  and  R  A  partial  load  is  produced  by  removing  the  uniform 
load  from  part  of  the  beam,  situated  either  between  E  and  C,  be- 
tween E  and  D,  or  at  both  sides  of  K  First,  let  the  load  be 
removed  from  any  part  of  the  beam  between  E  and  C.  Then  th« 
downward  moment,  i-elatively  to  E,  of  the  load  between  E  and 
unaltered  ;  and  the  upward  moment,  relatively  to  E,  of  the  8uj>i 
iug  force  at  D  is  diminished,  in  consequence  of  the  diminution 
tliat  force  ;  thei-eforc  the  moment  of  flexure  is  diminished.  As 
<iemonstration  applies  to  the  case  in  w^hich  the  load  Ls  remo^ 
from  a  [>art  of  the  beam  between  E  and  D  ;  and  the  combined  eti 
of  those  two  operations  takes  place  when  the  load  is  n?i 
portions  o[  the  beaui  lying  at  \»V\x  sivVa  »ji  £\  w»  that 
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of  (he  load  from  any  portion  of  the  beam  dimmishea  the  moment  of 
fUxatt  at  each  ^mnt. — Q.  E  D. 

Hence  it  follows,  that  if  a  beam  be  strong  enough  to  bear  an  uni- 
form load  of  a  given  intmsity,  it  loill  bear  any  partial  load  qf  Ilia 
same  intensity. 

Theorem  II.  For  a  given  intensity  of  load  per  unit  of  length,  tlie 
greateit  sliearing  force  at  any  given  cross  section  of  a  beam  takes  place 
wlien  the  longer  of  the  tvoo  parts  into  which  that  section  divides  the 
beam  is  loaded  and  the  s/u/rter  unloaded. 

Let  tlie  ends  of  the  beam,  as  before,  be  called  C  and  D,  and  tho 
given  cross  section  E  ;  and  let  C  E  be  the  longer  part,  and  E  D  the 
nhort«.T  part  of  the  beam.  In  the  first  place,  let  C  E  be  loaded  and 
E  D  unloaded.  Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  cunsisUi  in  a  tendency  of  £  D  to  slide  upwards 
relatively  to  C  E  The  load  may  be  altered,  either  by  putting 
-weight  between  D  and  E,  or  by  removing  weight  between  C  and  R 
If  any  weight  be  put  between  D  and  E,  a  force  equal  to  part  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  £ ;  but  a  force  equal  to  the  wlwle  of  thut 
treight  is  taken  away  from  that  shearing  force  ;  therefore  the  shear- 
ing force  at  E  is  diminished  by  the  alteration  of  the  load.  If 
weight  be  removed  from  the  load  between  C  and  E,  the  shearing 
force  at  E  is  diminished  also,  because  of  the  diminution  of  the 
mjpporting  force  at  D.  Therefore  any  cUleration  from  that  distrir 
bution  of  the  load  in  xohidk  the  longer  segment  C  E  it  loaded,  and  the 
shorter  segment  £  D  unloaded,  diminishes  the  sliearing  force  at  E. 
— Q.  E.  D. 

In  designing  beams  where  the  shearing  force  is  borne  by  a  thin 
vertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  gii-ders,  to  be  considered  more  fully  in  a  subsequent  sec- 
tion), it  is  necessary  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  the  shearing  foreo 
which  may  arise  from  the  longer  segment  of  the  beam  being  loaded 

d  the  shorter  unloaded. 

To  find  a  formula  for  computing  that  force,  let  c  be  the  half-span 
of  the  beam,  x  the  distance  of  the  given  cross  section,  E,  from  the 
midille  of  the  beam,  and  w  the  uniform  load  per  unit  of  length  oa 
tho  loaded  part  of  the  beam  C  £     The  length  of  that  port  is 

CE  =  c-fa;j  ^_ 

and  the  amount  of  the  load  upon  it,  ^H 

10  (c  -f  x).  ^H 

The  centre  of  gravity  of  that  load  lies  at  a  distaixce  {xO'm  \>b&  ccA, 
C,  of  the  beam  wliich  is  nejirt'sentcd  by 


Wf 

w 


» 


TH]K>ET  OF  STBTTCTCBEL 

C-^g 
~2~' 

lerefore  the  upward  supporting  force  at  the  other  end  of 
D,  which  is  also  tlie  shearing  force  at  E,  is  given  by 
equation 

F  =  10  (c  +  x)  •  — 5—  -f-  2  e  =  — — -. 

It  has  already  been  shown,  in  Article TZSO,  that  the  shimrizig 
at  a  given  cross  section  with  an  imifomi  load  is  F  :=:  ic  c ; 
the  excess  of  the  greatest  shearing  force  at  a  given  croes 
with  a  partial  load,  above  the  shearing  force  at  the 
section  with  an  unifonn  load  of  the  same  intensity,  is 


4Li 


F-F  = 


w  (c  —  x)* 
4c      * 


(a 


At  the  ends  of  the  beam  this  excess  vanishes.     At  the  middle,  1 

consists  of  the  whole  shearing  force  F  =  j  w  f ,  or  one  qaarter  of 

the  shearing  f<:nx:e  at  the  ends  ;  that  is,  one-eighth  of  die  anKmot 
of  an  iinil'omi  load 

314.   AllowBarr  fn  Welkin  •f  Beam. — ^WhcD  a  beam  is  of  gteuk 

span,  its  own  weight  may  bear  a  proportion  to  the  lojid  which  it 
has  to  cany,  sufiiciently  great  to  require  to  1)0  taken  into  ncconnt  j|^ 
determining  the  dimennons  of  the  beam.  Ikforc  the  weight  of  dH 
beam  can  be  known,  however,  its  dimensions  most  have  been  ^H 
termined,  so  that  to  allow  for  tliat  weight,  an  indirect  prooesB  >ni^| 
be  employed.  ^H 

As  already  ejqikined  in  Article  302,  the  depUt  of  a  beam  ia  d^| 
termined  by  the  deflection  which  it  is  desired  to  allow  ;  and  t^| 
breaelth  remains  to  be  fixed  by  conditions  of  strength,  the  stren^H 
being  simply  proportional  to  the  breadth.  ^j^M 

Let  b'  denote  the  breadth  as  computed  by  conmdering  lfl^^| 
temal  load  cUone,  W.     Compute  the  weight  of  the  beam  &nn^l^B 

prowmanal  breadth,  and  let  it  be  denoted  by  B'.     Then  ;^  ia  t^| 

proportion  which  the  weight  of  the  beam  must  bear  to  the  tntire  <fl 

W 

gross  load  ■which  it  is  calculated  to  support ;  and  ~; — =>  is  the 

proportion  in  which  the  gross  load  exceeds  the  external  loo^f 
<  'onscqucntly,  if  for  the  provieumcU  breadth  li  there  be  substitat^| 
the  exact  breadth,  ^| 
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the  beam  ■will  now  be  strong  enough  to  bejir  both  the  proposed 
external  load  W,  and  its  own  weight,  which  will  now  be 


B  = 


B' W' 
W'-B' 


.(2.) 


and  the  tme  gross  load  wd  be 
W  = 


W'-B- 


.(3.) 


In  the  preceding  formuliE,  both  the  external  load  and  the  weight 
of  the  beam  ore  treated  as  if  uniformly  distributed — a  supfiositton 
which  is  sometimes  exact,  and  always  suiScieatly  near  the  truth 
for  the  purposes  of  the  present  Article. 

315.  i.iniiiiii(  tAtngih  or  Bean. — The  gross  load  of  beams  of 
similar  figures  and  proportions,  varying  ns  the  breadth  and  square 
of  the  depth  directly,  and  inversely  as  the  length,  is  proportional 
to  the  square  of  a  given  linear  dimension.  The  weights  of  such 
beams  are  proportional  to  the  cubes  of  corresponding  Imear  dimen- 
sions. Hence  the  weight  increases  at  a  faster  rate  than  the  gross 
load  ;  and  for  each  particular  figure  of  a  beam  of  a  given  material 
and  proportion  of  its  dimensions,  there  must  be  a  certain  size  at 
which  the  beam  will  bear  its  own  weight  only,  without  any  addi- 
tional load. 

To  reduce  this  to  calculation,  let  the  gross  working  uniformly- 
distributed  load  of  a  beam  of  a  given  figure,  as  in  Article  295,  be 
1  as  follows  : — 


8n/bh\ 


.(1.) 


I.  b,  and  h  being  the  length,  breadth,  and  depth  of  the  beam,  /  the 
limit  of  working  sti-css,  and  n  a  factor  depending  on  the  form  of 
>  section.     The  weight  of  the  beam  will  be  expressed  by 

■B  =  ktdlhh; (2.) 

«/  being  the  weight  of  an  unit  of  volume  of  the  material,  and  k  a 
&ctor  depending  on  the  figure  of  the  beam.     Then  the  ratio  of  the 
.ireight  oi  the  beiun  to  the  gross  load  is 


B^ 

w' 


.(3.) 


which  increases  in  the  simple  ratio  of  the  length,  if  the  propoi-tion 

-  is  fijced.     When  this  is  the  case,  the  length  L  of  a  beam,  -viVuka 
A 
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weight  (tre&tcd  as  uniformly  distributed)  is  its  working  luod,! 
given  by  Uio  condition  ^  =  1 ;  that  is, 

—  T  -  i^*  -  ^ 

kid  I  ~   B 


This  limiting  length  having  once  been  determined  for  k  girvi  daii 
of  beams,  may  be  used  to  compute  the  ratios  of  the  groM  luid, 
weight  of  the  beam,  and  extem:il  load  to  each  other,  for  a  beam  of 
the  given  class,  and  of  any  smaller  length,  I,  according  to  the  fol- 
lowing jn-oportional  equation : — 


L:/  :L-i::W:B:W-B.. 


.(6.) 


To  illustrate  this  by  a  numerical  example,  let  the  l>eiims  in  ques- 
tion be  plain  rectangular  cast  iron  bcums,  so  that  n  =  -,  ^-  ^  1, 

i;/  =z  0'257  lb.  per  cubic  inch  ;  let  40,000  lbs.  per  square  inch  be 
faiken  as  the  modulus  of  rupture,  and  4  as  the  factor  of  safety,  so 

thiit/=  10,000  lbs,  per  square  inch ;  and  let  y  =  r-=.     Tlien 


L  =  3,459  inches  =  288  feet,  nearly. 


^ 


316.  A  Moping  B«am«  like  that  represented  in  fig.  68,  

143,  is  to  be  treated  like  a  horizontal  beam,  so  far  as  the  bcndinsf 
stress  produced  by  that  component  of  the  load  whicli  is  normal  ti> 
the  beam,  is  concerned.  The  component  of  the  load  wliich  acts 
along  tlie  beam,  is  to  l)e  considered  as  pro<iucLng  a  direct  thmst 
along  the  beam,  which  is  to  be  combined  with  the  stress  dtie  to  tlie 
bending  component  of  the  load. 

317.  A«  OriKinoUr  CmttciI  Rrnm,  at  nny  given  cross  section  raod^ 
at  right  angles  to  its  neutral  siu-t'uce,  so  far  us  the  bending  Rtrcss  i.-i 
concerned,   is  in  the  sjime  condition  with  an  originally  pi  ■■ 
beam  at  a  similar  and  equal  cross  section   to  wliich   the 
moment  of  flexure  is  applied.     Beams  are  sometimes  made  withi 
slight  convexity  npwanls,  called  a  cornier,  equal  and  opposite 
the  curvature  which  the  intended  working  load  would  produce  in 
an  originally  straight  beam.     The  effect  of  this  is  Ut  make 
l)oam  become  straight  under  the  working  load,  insteiul  of  ciu 
and  to  diminish  the  additional  stress  due  to  rapid  motion  of 
load,  which  additional  stress  arises  ptrtly  from  the  cuniiture  of  I 
beam. 

318.  The    Bzyaaaton  a«4  CantrBcOon   at   L.va«    BoUM,    wh^ 
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iriae  from  the  changes  of  atmospheric  temperature,  ai-e  ustially  pro- 
idcd  for  by  supporting  oue  end  of  each  beam  on  i-ollers  of  steel  or 
nrdened  cast  iron.     The  following  table  shows  tho  propoi"tion  in 

■which  the  length  of  a  bar  of  certain  materials  is  increased  by  an 

levfttion  of  temperattire  from  the  melting  point  of  ice  (32^  Fahr., 

0°  Centigrade)  to  the  boiling  point  of  water  under  the  mean 

.tmospheric  pressure  (212^  Fahr.,  or  100'  Centigrade) ;  that  is,  by 

aa  elevation  of  180°  Fahr.,  or  100°  Centigrade  : — 

Mctals. 

Brass, '00316 

Bronze, "ooiSi 

Copper, •00184 

Gold '0015 

Ca,st  iron, •001 11 

Wrought  ii-on  and  steel, '00114  *<*  '00125 

Lead -0029 

Platinum -0009 

Silver, "ooa 

Tin, -ooa  to  -ooas 

Zinc, "00294 

Earthy  Materiaia 
I  ^The  expansibilities  of  stone  from  the  experiments  of  Il[r.  Adia) 

Brick,  common, '00355 

„       fire, -0005 

Cement, -0014 

Glass,  average  of  different  kinds, -0009 

Gianite, -0008  to  -0009 

Marble, -00065  to  '0011 

Sandstone, '0009  to  -ooia 

Slate, -00104 

TiMBEB. 

(Expansion  along  the  grain,  when  dry,  according  to  Mr.  Joule, 
Proceed.  Boij.  Soc.,  Nov.  5,  1857.) 

Baywood, '000461  to  -000566 

DmJ, '000428  to  -000438 

Mr.  Joule  found  that  moisture  diminishes,  annuls,  and  even  re- 
verses, the  expoosibility  of  timber  by  heat,  and  that  tension  in- 
a«ases  it. 

319.  Tho  ElaMic  Carrr.  in  the  widest  sense  of  tl\o  icrrei,%a  *Owti 
£gure  nsivwed  by  tiiti  iongitudinal  oxia  o(  &u  on^txAX-j  ^X.-n^^s^nSt 
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bai-  under  any  sj-stem  of  bending  forces,  All  the  ex&mples  of  the 
curvature,  slope,  and  deflection  of  beams  in  Article  300  and  the 
8ul)i)equcnt  Articles,  are  cases  in  wliich  the  elastic  curve  has  been 
determined  wdth  a  degj-ee  of  approximation  stifliciently  close  under 
the  circumstances ;  that  is,  when  the  deflection  is  a  vety  siatll 
fhiction  of  the  lengtL  The  present  Article  relates  to  th«  figure  of 
the  elastic  curve  for  a  slaider  Jlat  spring  of  unijoTtn,  aettion,  when 
acted  upon  either  by  a  pair  of  equal  and  opposite  couples,  or  by  a 
pair  of  equal  and  opposite  forces. 

The  general  equation  of  Article  300  applies  to  this  case,  vix.: — 


EI'" 


.(1.) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  the  spring, 
E  the  modidus  of  elasticity,  M  the  moment  of  fleocuro  at  a  given 
point,  and  r  tho  radius  of  curvature  at  that  point. 

Wlien  a  spring  is  undei-  the  action  of  a  pair  o/eqttal  and  oppoaiU 
cov,i)les  applied  to  its  two  ends,  then,  as  in  Ai-t  iclo  304,  31  b  constant, 
r  is  constant,  and  the  elastic  curve  is  a  circidar  arc  of  the  mrl--!    - 

"Wlien  a  spring  is  under  the  action  of  a  pair  of  equal  and  <,, 
forces,  let  A  and  B  denote  the  two  points  to  which  those  for>'  -  /: 
applied,  and  A  B  their  conunoa  line  of  action.     The  tigurcn  ir'ta 


.Ovg/i:^. 


Fig.  146  a. 


Fig.  146  i. 


Fig.  HC/. 

146  o  to  HGf,  inclusive,  represent  various  forms  which  the  i 
nmy  assume,  viz. : — 

L    When  the  forces  are  dirocteOi  Icrwax^  «bjiVv.  tiV\i!«. — 
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a.  A  simple  aic,  like  a  bow,  meeting  A  B  at  tke  points  A  and  B 
only. 

b,  e.  An  undulating  iigui«,  crossing  A  B  at  any  number  of  inter- 
mediate points. 

d.  The  points  A  and  B  coinciding,  which  may  give,  with  on 
endless  spring,  a  figure  of  8. 

H.  When  the  forces  are  directed  firom  each  other —  i 

e.  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  R 

/.  The  forces  acting  from  each  other  at  the  points  A,  B,  in  two 
rigid  levers  A  D,  B  E,  to  which  the  spring  is  fixed  at  D  and  E  :  tho 
spring  forming  one  or  more  looped  coils,  lying  altogether  at  one  side 
of  the  line  of  action  A  B. 

Let  P  be  the  com^mon  magnitude  of  the  equal  and  opposite  forces 
applied  at  A  and  B,  and  x  the  perpendicular  distance  of  any  point 
C  in  the  clostic  curve  fix)m  the  line  of  action  A  B.  Then  thu  mo- 
ment of  flexure  at  that  point  is  obviously  j 

M  =  a;P; (2.)        ' 

and  consequently  tho  radius  of  curvature  at  that  point  is  given  lij 
the  equation 

EI      EI  ,„, 

that  is  to  say,  the  rndxua  o/curcnlure  ia  inversely/  proportional  to  the 
perpmdicular  <IUlance/ram  tlw  line  of  action  of  the  forces.  At  each 
of  the  jxjints  in  ligs.  146  a,  b,  c,  d,  and  «,  wlicre  tho  curve  meets  or 
Grosses  A  B,  the  nidius  of  curvature  is  infinite ;  that  Lb,  there  is  a 
point  of  contrary  flexure. 

The  above  geometrical  property  is  common  to  all  the  varieties  of 
curves  formed  by  an  unilbnn  spring  bent  by  a  jwiir  of  forces,  and 
is  sulHcicnt  to  enable  any  one  of  them  to  be  drawn  approjtimately, 
by  means  of  a  series  of  short  circtdar  arcs.  It  is  sufBcient,  also,  to 
establish  aU  their  other  geometrical  properties,  such  as  the  rela- 
tions between  their  rectangular  co-ordinates,  and  tho  lengths  of 
their  arcs.  These  ore  expressed  by  means  of  elliptic  functions; 
and  it  is  unnecessary  to  give  them  in  detail  in  this  treatise, 
except  in  one  case,  which  will  be  mentioned  in  the  next  Article, 
319  A. 

There  is  one  important  proposition,  howeiver,  which  it  is  here 
neccssKiiy  to  prove  ;  and  that  is  tho  following 

Tbkorem.  Thai  a  uprimj  of  a  ^uwn  length  and  aeation,  to  the  ends 
of  whose  nattrcd  surface  a  pair  of  fortes  are  applied,  wUl  not  be  bent 
if  those  force*  are  less  tiiart  a  certain  Jiniie  nui/patttdt:  Let  A  and. 
B  in  fig.  146  o  be  tho  two  ends  of  tho  Bprmg,U>  vrVxcXiVKQ  topi^ 
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ttnd  opposite  forces  of  the  magnitude  P  are  applied,  dir«;teil  toj^ 
wards  each  other  ;  the  spring  forming  a  single  arc  A  C  B,  of  f 
length  L     x  being,  as  before,  the  ordinate  of  any  point  C,  let  y  1 
the  distance  of  that  ordinate  from  A. 

The  smaller  the  force  P,  the  more  nearly  will  the  are  A  C  B 
approach  to  the  straight  line  A  B  ;  and  in  order  to  find  the  xmail- 
est  value  of  P  which  is  compatible  with  any  bending  of  the  si.tin:- 
that  force  mtist  be  computed  on  the  supposition  that  the  o: 
X  at  each  point  is  insensibly  small  compared  with  the  length  ■ 
spring,  and  consequently,  that  the  length  of  the  arc  A  O  doca  i 
ensibly  differ  from  that  of  its  abscissa  y.  This  being  the  case,  i 
arvature  at  any  point  C  ia  to  be  taken  as  sensibly  given  by  1 
following  equation : — 


1 


dy" 


which  value  being  inserted  in  equation  3,  givBB 
d*T P 

~</y~Ei'*" 

The  integral  of  this  equation  ia 


•(*•) 


a;  =  a  '  sin 


.y 


where  c 


=v 


El 
P' 


.(5.] 


In  order  that  x  may  be  =  0  at  the  points  A  and  B,  it  ia  i 

that  when  y  =.1,-  should  be  ^  n  a-,  n  being  any  whole  aumb 
c 

and  consequently  that 

c=— (0.1 

Now  of  all  the  possible  values  of  n,  that  which  gives  the  leMt ' 
of  P  is  n  =  1  ;  whence  we  find 


VEI       I  ,  „       .«ET 

-^  =  -jandP  =  -^,-;. 


.a 


and  i\i\9  finite  quantity  is  the  mntilUit /otrn  \ohich  tmU  bemi  </«?  yii 
Kjrring  in  the  manner  proposed. — Q.  E.  D. 

This  investigation  proves  the  Theorem  in  question,  and  jji^ 
the  least  bending  force ;  bul  as  it  l«M,ves  the  constant  a  ind« 
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iiiiriutc,  it  docs  not  give  the  figure  assuued  by  the  spring,  wliicli 
Ciirmot  be  found  exactly  except  by  the  use  of  elliptic  functions. 

319  A.  The  nrdrMtniic  Arcb,  described  in  Article  183,  is  of  the 
same  figiire  with  the  coiled  and  looped  elastic  cun-o  represented  in 
fig.  14Gy ;  for  its  radius  of  curvature  at  any  point  is  inversely  pro- 
ortional  to  the  perpendicular  di-stanco  of  that  point  from  a  given 
ight  line.     In  order  to  transform  all  the  equations  given  in 

»t  Article  for  the  hydrostatic  arch  into  the  corresponding  equa- 
tions for  the  coiled  and  looped  elastic  ciure  of  fig.  146y,  it  is  only 
necessary  to  put  for  the  constant  product  of  tlie  ordinate  and  radius 
of  curvature  the  following  value  : — 

EI 

An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
of  levers,  might  be  used  for  tracing  the  figures  of  hydro.static 
arches  on  paper. 

This  property  of  the  coiled  and  looped  elastic  cun-n  is  analogous 
to  that  discovered  by  James  Bernouilli  in  the  simple  bow  of  fig. 
\\C>  a,  viz.,  tliat  it  is  the  figiu-e  assumed  by  the  vertical  longitu- 
•linal  section  of  an  indefinitMy  broad  sheet,  containing  a  liquid 
mass  wliose  upper  horizontal  surface  is  represented  by  A  B. 


Section  7. — On  Resistance  to  Twisling  and  Wrenching. 


^^P  320.  The  TwicUng  nomeni,  or  moment  of  torsion,  applied  to  a 
t)ar,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
*o  two  cross  sections  of  the  bar,  in  planes  perpeudic\ilar  to  the 
axis  of  tlie  bar,  and  tending  to  make  the  portion  of  the  Ixir  between 
those  cross  sections  rotate  in  opjwsite  directions  about  tliat  axia 
In  tiie  following  Articles,  twisting  momenta  are  suppoeed  to  l)e 
expressed  in  inch-pounds. 

321.  Hircnink  of  a  Criindrinu  Ask.— A  cylindrical  axle,  A  B,  fig. 
147,  being  subjected  t<}  the  twisting 
moment  of  a  pair  of  equal  and  oppo- 
site coujiles  applied  to  the  cross  sec- 
tii^us  A  .ind  B,  it  is  required  to  find 
tlie  condition  of  stress  and  strain  at 
any  intenuediatc  cross  section  such 
.•1-  S,  and  also  the  angular  displaco- 
ii:'  lit  of  any  cross  section  relatively  to  any  other. 

Fmm  tlie  nnifonnity  of  the  figure  of  the  bar,  and  the  uniftjvwvV^ 
of  the  twistinjf  niomejat,  it  ia  evident  that  t\iv!  coT\i\\\AOW  ol  ».\.icvsa 
gtmiu  uf  all  ctxKts  scctioua  is  the  same ',  a\8o,\«ca»ae  ^j!^  ^* 
2j 


Fig.  147. 


I 
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n   of  str 
t  hL>  axia  of  i 


dreular  flpmr  of  mrh  crora  - 
etntin  of  nil  pnrticif*  at  tLc  .- 1 
cyiiuder  must  be  alike. 

Siipposo  ii  cinnil«r  layer  to  bo  incladcc!  bet'wwn  tbe  cn>s^  sr>?f3 
8,  and  another  croaa  sectiou  at  lh<?  distancp  ri x  {rf<' 
twisting  moment  causes  one  of  tJiose  cross  sections  to  i 
tivcl}'  to  the  other,  about  thr  bxIs  of  tlie  cyliniler,   thr 
angle  -whieh  may  be  denoted  by  d  i.     Tlien  if  there  be  tw«ii 
at  the  same  distance  r  from  the  axis  of  the  cylinder,  one  in  tne  tA 
cross  section,  and  the  other  in  the  other,  which  points  w«)PO  <3rA 
nally  opposite  to  each  other,  in  a  line  parallel  t<i  tho  axis, 
twisting  moment  shifts  one  of  those  points  laterally,  rolativ 
the  other,  tliroiifrh   the  distance  rdt.     Coiisc<]uently  the 
tho  layer  which   lies  between  those   points  is  in  a  condf 
distortion,  in  a  piano  {lerpeudioiUar  to  the  nuiiiis  r ;  and  Uui  i 
tortion  is  oxpressed  by  the  ratio 


di 

~     dx' 


.(J>l 


ThH*| 


which  \-aries  jtroportiwiallj/  to  (h«  distance fnm  the  axit. 

thcrefoi-e  a  iJtearinff  stress  at  each  jKnnt  of  the  i 

whoso  direction  is  p<?rp«indicular  to  tho  radius   n 

axis  to  that  ytoint.  and  whose  intensity  is  proportional  io  Uuil  j Wi 

b«ing  reprustmtud  by 

^  =  «-Cr-^ „ (a) 


Tbe  BIBENOTH   of    the   axle    ia    determinrd    in    tito   foilo 
manner : — Let  f  >)e   the   limit  of  the  'itress  to 

the  materitU  w   to  l)e  oxp:iscd,  Iteing  t.  '^  rcaistww*^ 

wTcnching  if  it  is  to  lie  brokt.»n.  the  proof  i  if   it  in 

bo  tested,  and  the  tvcirhimj  resiHtanee  if  the  -  nir.irifnr 

torsion  is  to  lie  determined.     Let  rj  be  the  i'it<?ni 

nx]&     Then  f  is  the  value  of  tf  ut  i\w  di»liiuce  r,     , 

and  at  any  other  distance  r,  the  istcnsity  of  the  she  >vn<.:  si  n  ...  , 

fr 
«?=— 


Concfive  tlio  CTn»%  section  8  to  1>p  i' 

rinnif.  each  of  the  bn-adlli  dr.     I,iit 
ih.  ■■•■     .   ■ 

itiL. 


STBEKOTn  OP  AS  AXLE. 
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(toroent  of  the  shenring  stir<rt  nf  the  ring  in  qnestion,  bciug  the 
Nroduct  of  thoso  thu*  <]iiniitities,  is 

— ■i-.rdr\ 

n 

rliicli  Tiding  integrated  for  all  the  rings  from  the  centre  to  the 
Brciunfi'rencc  of  tlir  crosa  section  S,  gives  for  the  moment  of 
ion,  and  of  resistance  to  torsion, 

y[=^.hr'dr=^^f'- (4.) 

(1=1-5708). 

the  axle  is  hoUoic,  r„  being  the  radius  of  the  hollow,  the  Integral 
to  be  taken  from  r  =  r^  to  r  =  ri;  and  the  moment  of  torsion 


Dmes 


r,    -'  r.  2  r, 


.(5.) 


It  ia  in  general  more  conrenient  to  express  the  strength  of  an 
rie  in  t<>rmH  of  the  diameter  than  in  terms  of  the  rodiiLS.     Let  A, 
the  ext^'i-niil  diameter  of  the  axlo,  and  /%  its  internal  diameter, 
rbollow;  then 


M 


16    ~  61' 


.(G.) 


For  a  scHUl  ande, 

Tor  n  hollow  axle,  M= 1  oA^-  " -5.117" 

BPc  l'>iiiiiila>  be  compared  with  tlioso  ap))licable  to  solid  nno 

cylinilncnl  beams  in  Article  2t/'>,  it  will  be  soon  tluit  thry 

onJy  in  the  numerical  factor,  which,  for  the  moment  of 

«•        1  .        r        I 

e,  is  —  =  -— ,  and  for  tlio  moment  of  torsion,  fjj  =  ^• 

fccncc  wc  hare  this  nsefal  principle,  that  for  eqtuil  vnhirs  of  Ute 
Biitinff  Btrua  f,  the  resistavm  of  a  cylinder,  »did  or  hollote,  to 
dainif,  is  douhh  of  I'f  rmMunce  to  lynakiiiij  acit>s>. 
lues  of  the  cijH.iric'fut  of  jiltimato  resistance  to  sliearing  for 
«id  wrought  iron,  are  given  in  a  tabic  which  has  alreiul^  lw«w 
nsftTwd  to.     'J'iiO  co-ctHchtit  for  cast  iniu  ia  &om«;-«.\inX  ^v>v^iiVS.v\, 
heianuo  tbu  experiments  gire  nuying  resulta.    T\\a.\i  ^\oti.\^  vos 


;r>G 


TUEOBY  OK  STRLCTCRBl. 


taWfl,  viz.,  27,700,  is  adojited  on  thr  antlxirity  of  Mr,  TTod^t! 
Boil's  work  On  Ccul  Iron,  na  the  mean  of  the  exporiraeiits  cotiaidci 
by  Inm  the  most  truBtworthy;  but  some  experiments  give  a  vald 
as  low  as  24,0U0,  and  others  a  value  as  high  as  30,000. 

With  respect  to  the  worivH^  values  of  the  limiting  stress y,  i 
following  are  those  adopted  by  Trcdgiild  ioi  his  practicil  rules ; 

For  cast  iron, 7,650  llw,  per  square  inch. 

For  wrought  iron 8,570        „  ,, 

This  amounts  to  allowing  a  factor  of  safety  of  alxiut  4  for 
iron  and  6  for  ^vTought.     Practical  experience  of  the  strength  of 
wrought  iron  axles  confirms  the  co-efiicient  given  above  for  wrong 
inm  very  closely,  it  lia\-ing  been  found  that  such  axles  bear  a  wot 
ing  stress  of  9,000  lbs.  j)er  square  inch  for  any  length  of  time,] 
well  manufactured  of  good  material.     The  co-eflicicat  for  cast  ir_ 
npj)ear8  to  leave  too  small  a  factor  of  .safety  for  any  motion  exc<!p 
one  that  is  very  smooth  and  steady,  and  it  may  be  considerttl  tli 
/i.OOO  Iba,  per  square  inch  is  a  safer  co-elficient  for  general  use. 
Hence  we  may  put,  iia  the  limit  of  working  stress  in  shafts, 

For  cast  iron, ./=  5,000  lbs.  per  aqtwre  ruck 

For  wrought  iron, /=9,000         „  „ 

322,   Aniilr  of  Toraian  of  n  (.'rlindriral  Asir, — Suppose  a  pair  1 

<liiimet«r8,  originally  jmmllel,  to  be  drawn  across  the  two  cir 
ends,  A  and  B,  of  a  cylindrical  axle,  solid  or  hollow  ;  it  is  proinj! 
to  find  the  angle  which  the  directions  of  those  line.s  mako  wfl 
each  other  when  the  axle  is  twisted,  either  by  the  working  mor 
of  torsion,  or  by  any  other  moment. 

This  question  is  solved  by  means  of  equation  S  of  Article  SJ 
wliich  gives  for  the  angle  of  torsion  per  unit  0/ length, 

di         q 

The  condition  of  the  axle  being  unifonn  at  all  points  of  its  liaig 
the  above  quantity  is  constant ;  and  if  a:  be  the  length  of  the  1 
and  t  the  angle  of  torsion  sought,  expressed  in  length  <■■*"  nro 

nulius  1,  we  have  —  =  -r-i  and  therefore, 
—  '  X     ax 

xq 


X  Xi*t  the  moment  of  torsion  be  the  wvrkinig  inoiiiinl,  fur  «1 

1     .'■. 


TOBSIOS  OF  AX   AXLE — RESIUENQE. 

ben  the  angle  of  tonslon  is 


3<>7 


■(2.) 


and  is  the  same  ■whether  the  axle  is  solid  or  hollow. 

A  \Tilue  of  C,  the  co-efficient  of  transverse  elasticity  for  cast  iron, 

is  given  in  the  table ;  but  it  ia  uncei-tuin,  an  ex])eriments  are  dis- 

ordonU     For  wrought  iron,  that  constant  has  been  found  with 

Bore   precision,  its   mean   value  being  about  9,000,000  lbs.   per 

\v»xe   inch.      Hence,  for   the   icorlcimj  ioriion  of  wrought  iron 

»,  we  may  mnko 

/ 1 

C!~1,000 


.(3.) 


II.  Let  the  moment  of  torsion  have  any  amount  51  consistent 

ith  safety.     Then  for  — ,  we  liave  to  put  the  equal  ratio  deduced 
r 

am  the  equations  4  and  o  of  Article   321,  by  substituting  q 

br  /  in  the  niimeratons  and  r  for  r,  in  the  denominators  j  that  hi 


For  solid  axh 

•*•, 

q     2M.       . 
-=-—it  and 
r     *r} 

m 

i=21 

Qr 

2Mx    32Ma: 

10-2 

Ma: 
CA? 

m 

For  Itolloto  axles, 

q         2M 

and 

2Ma:           32Ma: 

=  10-2 

Ux 

(*•) 


SSS.   The  BealUcace  af  n  Crliaariral  AsIr  i.s  the  product  of  onc- 

'  of  the  greatest  moment  of  torsion  into  the  corresponding  angle 

of  torsion  j  and  it  is  given  by  the  following  equation  : — 


an 

2   '' 


f'h-x 
oiC 


for  a  solid  shaft ;  or 


— —  =  i-.  '  ,.  ,7-  for  a  hollow  shafU 
2  wlCAf 


(1.) 
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324.  Axle*  e«i  circniiir  in  Scctioa. — WLen  tbe  CTOM  Section  of  a 

nft  ia  Dot  circular,  it  is  certain  that  the  ratio  -  of  the  sheanog 

stress  at  a  given  point  to  the  distance  of  that  jKiint  from  tho  i 
of  the  sh:\i\,  is  not  a  constant  quantity  at  difl'crcut  p"i-' 
cross  section,  and  that  in  many  cases  it  is  not  oven  ap) 
constant ;  so  that  formulis  founded  on  the  ajssi-    •  '' 
cousUint  are  erroneous.     The  mutheuiatical  im 
St.  Venant  have  shovn  how  tlie  intensity  of  lin-  .^ 
disti-ibutcd  in  cei-taiu  cases. 

The  most  important  case  in  practice  to  which  M.  d.;  faL  \  ■ 
method  hu.s  been  n])plied  is  that  of  a  sf|uarc  sliaft ;  and  it  up 
that  its  moment  of  torsion  is  given  by  the  fonuuUi 

M  =  0-281//*' nearly. 

325.  Beadiug  aail  TwiMhm  comUncd;  Cnuik  Iin4 .4xle. — A   8il 

is  often  acted  upon  by  a  benrling  load  and  a  jmir  of  twisting  coupb 
at  the  same  time.     In  that  case,  the  greatest  direct  stress  duo 
the  bending  load,  and  the  greatest  shearing  stress  due  to  the  moma 
of  toriiion,  are  to  be  combined  in  the  manner  already  illustrated  fd 
beams,  in  Article  310. 

That  is  to  say,  let  p  bo  the  greatest  stress  due  to  bending,  and  7 
that  due  to  twisting  ;  let/;,  be  the  intensity  of  the  gj-eatost  ivHult- 
ant  stres-i,  antl  i  the  angle  which  its  direction  makes  with  the  a.'sis 
of  the  shaft.    Then 


) 


tan  2;  =  ^ 


Ono  of  the  most  ira|T<>rtaut  examples  of  this  is  illustrated  in 
lig.  1-18,  wliich  rcjinsents  a  sliaft  havi 
at  one  end.     At  tlie  centre  of  the 
P,  is  api>Iicd   the  iire.'ssure  of  the 
rod  ;  and  at  the  bearing,  S,  acta  the  eqti 
opposite  resistance  of  that  bearing,     Rep 
ing  the  common  m.'ignit\ide  of  those  for 
they  form  a  couple  whose  moment  is 

M  =  PSP. 


coaple  M  may  be  resolved  into 


Draw  P  N  |ierpendiculftr  to  S  X,  tho  axis  of  iLo 
shaft ;  aud  let  the  angle  I'HN  =j.     Then  tho 
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A  bonding  couple  P  •  N  8  =  M  cos  j ;  and 
A  twisting  couple  P  •  N  P  =  M  sin  J. 

Equal  and  opposite  couples  act  on  tho  farther  end  of  the  shaft. 
~  et  A  be  its  diameter. 
I  By  the  fiirmulie  of  Article  295,  the  greatest  Bti-eas  produced  at  8 
the  bending  couple  is 


102Mco«j  „., 

= n > ^^■) 


ad  that  pi-otluced  by  the  twisting  couple,  according  to  Article 
^1,  is 

51  M  sin  J      pianj 
1  =  ]^ =  — 2~  ' ^    ' 

quently,  by  the  equntions   1    of  this  Article,  tho   resulfcint 
Bt  stress  at  B,  und  ita  inclination  to  the  axis  of  the  ahait,  are 


_/> 


5-1  M 


Pi  =  ^  (««ci  4- 1)  =  —j^  (1  +  cos  j) 


,(4.) 


i-i; 


ad  by  making  p,  =/,  the  proper  diameter  can  be  determined. 
These  results  may  be  repn;>siented  graphically  as  follows  : — Draw 
\Q  bisecting  the  angle  N  S  P,  and  P  Q  perpendicular  to  S  Q.  S  Q 
rill  be  the  direction  of  tho  I'esoltant  greatest  stress  at  S,  and  the 
nfcnsity  of  that  stre,«s  wll  be  the  same  as  if  it  were  caused  by  the 
fndiug  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 
bon  of  the  shaft  peiiK'udicular  to  8  Q  ;  and  also  the  same  as  the 
lit  intensity  of  thy  stress  wliich  would  be  jjroduccd  at  S  by 
ect  bending  action  of  a  forro  equal  to  P  applied  at  M  iu  the 
I  of  the  shaft,  with  tho  loverago 


Bir=8P 


5^H-cosj_bP  +  8N- 


a 


(5.) 


326.  The  TeMb  •rvt'iKwh  are  made  suflTicientlv  strong,  to  provide 

uinst  an  action  analogous  to  combined  twisting  and  bending. 

vliich  may  ariw  fi-om  the  whole  force  transmitted  by  a  pair  of 

rlipf'la  hiippfning  to  act  on  one  comer  of  one  tooth,  such  as  C 

&r  1),  tig.  MU. 

In  tig.  liO,  lot  the  sJiadcd  part  repreaunl  a  YwixCwtt  <A  *  cbi^ 
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«vction  of  the  i-im  of  the  wheel  A  of  fig.  149,  and  Ut  K  H  K| 

be   the   face  of  a  toolb, 
oue  corner  of  wliich,  I\  a^ 
the    force     represented 
that   letter.      Conceive 
sectional   plane   E  F  to 
tcraect   the  toutU    fruiu 
side  EP  to  the  cirst  P] 
and  let  PO  be  periteiidicular  to  tJiat  pi 
Let  h  be  the  thickness  of  the  tooth,  and 
EF  =  6,  PO  =  i. 

Then  the  moment  of  flexure  nt  the  i 


% 


Fig.  149. 


If  is  Pi,  and  the  greatest  stn-sa  pi-oduced  by  that  niotoent 
tiexure  iit  that  section  is 

f.  Pi 

PEF  =  45',  and  6  =  2«,  bar 

t 
3P 


•»vhicli  is  a  maximnm  when 
.then  the  value, 


/= 


Conseqtiently,  the  proper  thickness  for  the  tooth  is  given  by 

eijiintiou 


-V'i 


■(!•) 


This  formula  is  Tredgold's ;  acconling  to  whom  the  proper  rail 
for  the  greatest  working  stress  /is  4,500  lbs.  per  square  inch,  wh 
the  tee^  are  of  cast  iron. 


Seitiox  S. — Oh  Crushing  by  Bending, 

327.  iBirodaciorj  Kcmarka. — Pillars  and  struts  whose  leng 
exceed  their  diameters  in  conaidciuble  piviwrtions  (a»| 
almost  always  the  case  with  those  of  timtxT  and  met 
[      ^      give  way  not  by  direct  crushing,  but  by  bending  sidewat 
I     /  ^  and  bre.iking  across,  being  cnjshed  at  one  side,  as  at . 
^^       fig.  151,  and  torn  asunder  at  the  other,  as  at  R 

There  does  not  yet  e.xist  any  complete  theory  of  til 

pheuomenoo.     The  fonuulie  wliich  liave  been  pl^)visio 

-.    jj.    ally  adopt4.<<l  arc   founded  on  a  mode  of  invi'stigaiio 

jmrtly  tiieoretical   and   partly  em|)irical.      Those   whio 

will  Smt  be  rxplained  are  of  a  form  proposed  by  Tr<-' 

ivlicnl  pounds.     Having  VnWeu  tut  o.  VVnvc  \\\to  di 
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ived  by  Mr.  Lewis  Gordon,  who  determined  the  valuea  of  the 
astftnta  contained  in  them  by  a  comparison  of  them  with  Mr. 
<lgkinsott'8  exfxiriments.     Then  will  be  given  Mr.  Hodgkinson'a 
empirical  foruiulse  for  the  ultimate  strength  of  caat  iron  pillars. 
328.   SirvBslh  of  Iran  Plllan  nii<l  Sunla. — Let  P  be  the  loud  whicli 
iictfl  on  a  long  fiillar  or  sti-ut,  and  S  its  sectional  area.     Then  one 
irt  of  the  intensify  of  the  pi-eatest  stress  on  the  material  is  simply 
^e  intensity  due  to  the  tmifonn  distribution  of  the  load  over  the 
etion,  and  may  be  represtuteil  thus  : — 

Another  part  of  the  greatest  stress  is  that  wliich  arises  from  the 
Itttcml  bending,  which  will  take  place  in  that  direction  in  which 
tiie  pillar  is  most  Uexiblc  ;  that  is,  in  the  direction  of  its  least  dia- 
meter, if  the  diameters  are  <i[ie(|ual.  Let  h  be  that  diameter,  and 
6  the  diamctor  i)eriJ«ndicular  t4>  it ;  let  I  be  the  length  of  the  pillar, 
and  let  v  be  the  greatest  deflection  of  the  axis  of  the  pillar  fi-om  its 
origitiul  straight  position.  Then,  as  in  the  case  of  a  spring.  Article 
31C,  the  greatest  moment  of  flexure  is  P  «  ;  and  the  greatest  stivss 
pnxluced  by  that  moment  (which  will  be  denoted  by  p")  is  directly 
.13  the  moment,  and  inversely  as  the  breadth  and  square  of  the 
thickness  of  the  pillar  (Article  2'J5)  ;  that  is, 

„      P" 

But  the  grejitest  ili'llection  consistent  with  .s:ilVty  is  directly  as  the 
wnuire  of  the  length,  and  inversely  as  the  thickness  (Article  SOU) ; 
ll<at  is, 

P 

idgo,  the  proiluct  hh-  is  proportional  to  the  sectional  area  S  and  to 
the  thickness  A.     Consequently  we  have  the  proportioiwl  equation 

.      VP         .    P 


rn  « /» •  ;7i 


S/t' 


A» 


I    timt  is,  'M  additiontU  slrws  due  to  bending  is  to  tJi£  8tre$«  due  to 
'  ire^  in  a  ratio  teliicJi  inerea«e«  as  t/ie  iiijuare  o/l/ie  jtropo}'- 

■  'h  the  length  of  the  pillar  exceeds  Uie  least  diameter. 
I'hu  wliole  intensity  of  the  greatest  stress  on  the  material  of  tho 
iiillar,  being  iwide  equal  to  a  co-efficient  of  stiviigthy)  is  exiircs-sed 
Ly  tho  following  equation  : — 


/--."  =  |(w  «.  9  i .^v^ 
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in  wliiel»  a  is  a  constant  co-efficifjit,  to  be  deteriiiiiied  by 
nieut.    Hence  the  following  is  the  stri*ugth  of  a  long  pillar : — 

/8 


P  = 


1  +  « 


A- 


(-1 


he  following  are  the  values  of /and  «  for  fl«i  ■iiUimate  . 

ns  computed  Ijy  Mr.  Gorilon  from  Mr.  noilgkin.son'.s  pxjm   

on  pillars  vwvm  at  the  ends,  by  having  llat  cupituls  and  Iwscri 
OS  in  iig.  lt}2  : — 

/,  111",  per  Inclu 


WroTujIU.  iron,  solid  rectangular  aoction,  3C,UUU 

Cast  iron,  hollow  cylinder, 80,000 

do.,        liolid  cylinder, 80,000 


1 


3,u<j(r 
1 

800 
J_ 
4UU 


A  I'lllar  KOCNDKD  AT  BOTH  KSD8,  OS  in  fig,  154,  IB  ns  rtexilili 

a  pilhir  of  the  same  diameter,  fixed  at  both  <■•  ' 

lcngt.li ;  nnd  its 

yl         I  II   fore  be  expected  to  W  tho 

(\  — \       conclusion  verified  by  the  exp 

of  Mr.  Hodgkinaon.    Hence,  for  i 
pilliirs, 

P  =  -^^-„ (3.) 


^ 


1  +  lo 


P 


Fig.  163.       Fig.  163. 


Mr.  Uodgkinson  foimd  the  strecstk 
of  a  pillAr.yiarc/ a<  COT»!  rt»</ciw/ ,■ 
p.    ..,,    at  thn  otitcr  (fig.   \o?>),  to  Iri 
between  the  strcnirlh.s  of  two  i 


be  same  length  and  diameter,  one  fixed  at  botli  ends,  and  t : 
rounded  at  both  ends. 

Taking  the  proof  load  aa  ono-hnlf  of  the  breaking  load  for  wroiiglif 
iron,  and  one-third  for  east  iron,  mid  the  woi 
fourth  to   one-sixth  of  the  breaking  loud  !■ 
following  are  the  values  to  be  assigned  to  the  limit  of  stroas/'  \ 
^'lerent  circumstances: — 


Load — Breaking. 

Wrought  iron, 'j6,ooo 

Oast  iron, 


..So,DOQ 


i8,ooo 
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iising  the  formula}  2  aud  3,  the  ratio  -  is  geuerally  6xed  before- 

hand,  to  a  degree  of  upproxinmtiua  suflicleut  for  the  purposes  of  the 
calculation. 

329.  CoBorcUng  Bada  of  cDgincs  aro  to  be  considered  as  in  Uio 
rondition  of  struts  rounded  at  both  ends ;  PUian  Bod*,  iis  in  the 
concUtiou  of  strutj)  fixed  at  one  end  and  rounded  at  the  other. 

330.  CamparUOB  of  Ca»i  aud  Wroughi  iron. — When  the  ultimate 
"Ii  per  square  inch  of  section  of  |iiliurH  is  cou)|)uted  by  meaog 

lion  2  of  Article  328,  it  apiioai-s  that  for  the  smaller  pro! 
[^louimis  of  length  to  diameter,  axxt  iron  Ls  the  stronger  material; 
but  that  its  strength  diminishcM  as  the  proportion  of  leuglh  to 
diunieter  increases,  faster  than  that  of  wrought  iron  ;  so  that  for 
the  pro]X)rtiou 

l-.h::  ^"695  :  1  :  :  2G.J  :  1  nearly, 

Sojtc  tnatoriuls  in  the  shape  of  solid  pillars,  rectiinjriilar  for  wrought 
I  isoii,  cylindriciil  for  cast,  are  equiilly  strong,  aud  lieyond  that  priw 
tiou  wnju|j;ht  iron  is  the  strouaer.     This  ifsult  was  pointed  out 
llr.  Uurduu.     The  followinij  t4tbk'  illustrates  it : — 


■  Wrought, 
Cost, 


10 

30 

36-4 

3. 

40 

34,840 

31,765 

29,230 

27,700 

23.480 

64,000 

40,000 

39,230 

24,620 

16,000 

331.   ar,  nadskinaon'o  Fonaulv  for  (lie  ClUmaie  StrcuxUi  •rCn'C 
■raa  Pniar*,  AS  deduced  by  that  author  front  his  own  e.Yperimeat3, 
«s  follows  : — 

When  the  lengili  is  not  less  than  thirty  times  the  diameter, 
'or  solid  cylindrical  pUlars,  h  being  the  diameter,  in  iiic/iai,  and 
10  length  inj'ixl, 

P  =  A^ (1.) 


hollow  cylindrical  pillars,  /t,  being  the  external,  and  h„  the 
'  diameter,  in  inchai,  and  L  the  length  in/cel, 


P  =  A 


/<r  -  Kv 


.(2.) 


lie  values  of  tLo  co-i:i£ideut  A  ore  as  follows  ; — 
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Tool 

(1.)  For  solid  pillars  with  rounded  ends, H9 

(2.)  „  ,.  Hat  ends, ^ 44"'6 

(3.)  For  IiuUow  pillars  with  rounded  ends, IS^O 

(4.)  „  „  flat  ends, +4-3 

II.  When  the  length  is  less  than  thirty  times  the  diameter. 
Let  6  denote  tlie  breaking  load  of  the  pillar,  as  computed  by  tb« 
l)reccding  formulce.    Let  c  denote  the  crushing  load  of  a  short  Woc^ 
of  the  same  sectional  area  S,  as  computed  by  the  formok 

c  =  4'J  tons  X  S  in  s<iuare  inches .....{3.) 

Then  the  correct  crushing  load  of  the  pillar  is 

5c 


t-: 


^ 


P  = 


6  + 


3  c' 


.(i)  ; 


332.  In  Wi«>Bhi  Iran  Vramrnvrk.  the  bftrs  which  act  as  iVriM, 
m  order  that  they  may  have  sufficient  stifihess,  are  made  of  varioo* 

figures  in  cross  sectiua, 


EO 


J^ 


of  which  some  ex 

are  given  in  t 

(angle  iron),  1  '■ 

nel  iron),  157 

shaped  section. 


Fig.  155.  Fig.  156.         Fig.  157.       Fig.  158. 

half-lattice  girders),  and  158  (T-iron).  In  some  large  lattioi- ^ 
the  struts  are  composed  of  a  pair  of  parallel  T-iron  ban^  !»udi 
as  fig.  ISa,  with  their  middle  ribs  turned  towurds  each  otha, 
and  connected  together  by  a  lattice  woik  of  small  diagonal  bati 
In  aiiplying  to  wrought-iroa  struts  the  formula  of  Article  SO, 

p  PS 

pages  361,  362,  for  p  there  is  to  be  substituted    ,t— j: ;  J  being  :i« 

leoH  moment  of  inertia  of  the  section  (Article  95,  jiages  77-82). 
333.  WroBgiii  ir*a  Ccib  are  rectangular  tubes  (generally  sqoan) 

composed  of  four  plate  ixon  sides,  rivetted  to  angle  iron  bars  at  the 
corners,  as  shown  in  the  section,  fig.  159.  Tbii 
mode  of  construction  was  designed  by  Mr.  Fail* 
bairn,  to  resist  a  thrust  along  the  axis  of  the  tube. 
The  ultimate  resistance  of  a  single  squiuv  cell  to 
crushing  by  the  buckling  or  bending  of  its  8id«% 
when  the  thickness  of  the  plates  is  not  Uta  (Aw 
one-tJiirtietlioftlte  diameter  of  the  cell,  as  detemuBol 
by  Mr.  Fairbairn  and  Mr.  Hodgkinson,  is 


Fig.  139. 


CELLS — SIDES  OF  GDIOEBS — TIMBEB    POSTS. 
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at  wLcn  a  number  of  cells  exist  side  by  aide  in  one  girder,  tlieir 
'  ~DCss  is  increased,  and  their  ultimate  resistance  to  a  thrust  may 
) taken  at 

33,000  to  36,000  Ibe.  per  square  inch  section  of  iron. 

I  latter  co-efficienta  apply  also  to  cylindrical  cells. 

The  HMca  vr  PUi«  iroB  Girden  are  subjected  to  a  diagonal 
arising  from  the  shearing  stress,  and  arc  usually 
stiffened  by  means  of  T-iron  ribs,  in  the  manner  shown 
fig,  160.  The  entire  depth  across  the  ribs  may  be 
Icon  to  represent  h  in  the  formulic  of  Article  328. 
335.  Timber  Pmm  aad  Simla. — The  following  for- 
mula is  given  on  the  authority  of  Mr.  Hodgkinson's 
experiments,  for  the  ultimate  resistance  of  posts  of  oak 
and  red  pine  to  crushing  by  bending  : — 


J 
{ 


.(1.) 


> 


Fig.  160. 


S  being  the  sectional  area  in  square  inches,  h  :  I  the  ratio  of  the 
least  diameter  to  the  length,  and  A  =  3,000,000  lbs,  per  square 
inch. 

Tlie  Jaetor  of  aafdy  for  the  working  load  of  timber  lieing  10,  A 
is  to  be  made  =  300,000  only,  if  P  is  the  working  load. 

For  square  posts  and  struts,  the  formula  becomes 


P  — A- 


.(2.) 


If  the  strength  of  u  timber  post  b«  commuted  both  by  this  formula 
and  by  the  fonnuhi  for  direct  crushing,  viz.  : — 


P=/S,. 


.(3.) 


the  Inser  value  sho\il<l  be  adopted  as  the  true  strenztlu 

The  above  formulae  are  for  posts  and  struts  fixed  at  both  ends. 
For  those  which  are  freely  jomtcd  at  both  ends,  the  strength  is 
reduced  to  one  fourth. 

Weisbach  a])plies  to  timber  posts  and  Rtints  a  fomniLi  idontical 
■with  eqiiatiou  2  of  pge  362,  with  the  following  vahies  of  tho  con- 
stants;— 

/=  7.200  lbs.  on  the  square  inch. 

1 

"=250 


RHHHI^^^H^^^^^^^S 

M 

^9 

^V       36fi                            THKOBT  OP  srnrnuBEs. 

^H               Tlie  rcaistiince  of  tinibor  to  mr                  k- 
^^^^^  half  of  its  resiutiince  alter  having  1 

gWUB, 

isnboot^^H 

Section  9. — On  Compound  Girders,  FnxiM*,  and  Briigtt. 


33G,    Compoond  <:ird«ni  la   Ocavntl. — A    COmi>' 


(t     I'lrtlrT'     tn 


rhich. 


vhole, 


,  V«3am, 


BtnictHTC 

brcftkiujj  by  a  tmnfri'ciwo  load;  but  wbosc  pjvrts  ...,    ,^«.,j» 
a  variety  of  stresses  of  tUfferent  kinds,  requiring  to  bo 
consideivd ;  siicb  n-s  the  Warren  ginler  of  Ai'tlcles  1C2 
nnd  the  Lfittiee  girder  of  Ai-ticles  161  und  1C5. 

In  Part  II.,  Cli!\[iter  II.,  Section  1,  it  has  already  ' 
how  to  determine  the  total  Btrossra  which 'net  on  the  r 
of  a  fmme  ;  in  .section  6  of  the  present  chapter,  it  ha*  b'* 
how-  the  stress  is  distributed  in  a  continuous  IxNiin  ;  aD<l  in1 
hor  sections,  the  resistance  of  materials  to  tho  varions  I 
rcss  has  been  considei-ed.      The  firineip;il  object  of  tho 
section  is  to  indicate,  by  rcfciTing  hick  to  previous  Article 
the  data  and  foruinlsc  for  determining  the  strength  of  the  ( 
jwrts  of  certain  componnd  Ktmctures  iire  to  bo  found. 

A  girder  consists  of  three  priiieipnl  parts  :  a  ^cw«<rr  rib,  to 
tension  :  an  upi^r  rib,  to  resist  thrust ;  and  a  vertienl  web  or /ft 
to  resixt  shearing  force. 

337.  PInic  Im  Ciinlcni  .ire  treated  ol'  in  this  aectioi; 
in  section  6,  becanse  the  slender  proportions  of  the  p;i ' 
to  a  thrust  eometimes  render  it  nccessarj-  to  compute  t! 
according  to  the  laws  of  w 
cnishing  by  bonding,  explained  in  Aj- 
ticlo  32ti.  Some  of  the  fonns  of  err-"-  -=-■■ 
tion  employed  in  such  bfiiiu«  nrr 
in  tigs.  IGl,  1G2,  1G3,  ICl.  and  IG:..  i  ,v 
llil  is  a  plain  I-shapcd  l)eam,  rolled  in 
one  piece.  In  fig.  H'.3,  the  npr  "  '"' 
lower  rihfl  consist  each  of  a 
namrn-  plate  riv<;tt<?d  t>' 
irons,  the  two  piiirs  of  : 
ri vetted  to  tho  uppw  anci  li' 
the  vertical  web.  In  fig.  \' 
stnictinn  is  the  name,  ■ 
vertical  web  is  donlile  :  i 
beam,"  lor  ■!  in  Uie  pi 

!;.•  by  Andr 


T  T 


A 


(lb 

I'i-lfil.  rig.162. 


d 

K^ 


P 


tint 


Fig.  161 
I'ig.  163. 

hlrtst  fivmacee,  and  first  ust'd  in  a  t 
60U  about  1832,  on  tlie  rollol; 
thi'  iij)pcr  and  lowor  t\V*s  we  > 
pktoa  or  ilat  bare,  melvA  io  «aR!o-  <*<i>»K  ««A  n»  ^^p« 


HATH  IBOIT  OtHBWBft 


!• 


;  thcripjvr  and  lowrr  fiaire  of  angle  irons  are  rivet  to(l  to  the 

.—  '  r  anil  lower  eilges  of  ILo  \-ertical  web,  and  the  plates  of  the 

Tcrticiil  web  ai-e  cfjujioctcd  and  Hlillt-ned  at  each  of  their  vertical 

joints  \ij  a  jKiir  of  T-irons,  in  the  niiinner  of  which  a  horizontal 

•ri  has  lioen  already  tpven  in  fig.  ItiO,  Article  .334.    The  object 

li Ming  the  larger  sizes  of  horizontal  ribs  in  layers,  iBstead  of 

milking  them  in  one  piece,  is  to  make  them  of  those  sizes  of  iron 

■which  can  easily  be  rolled  of  good  quality,  and  which  are  usually 

d  in  the  nr.vrket.      Bennis  resembling  lig.   164  aj-e  sometimes 

e  with  a  double  vertical  web,  for  the  sake  of  lateral  stiffiiess. 

Fig.  IC>5  repi-osents  the  general  form  of  the  cross  section  of  great 

''■>  -hir  or  oellfUfir  ijirden,  characterized  by  Mr. 

lonson's   principle,   of  carrying  thn  railway 

-'     tlie  interior  of  the  beam,  and   by  Mr. 

-  principle,  of  giving  Ftifliiess  by  mtains 

'       ly  describe.!  in  Article  333.      The 

I''  lis  are  connected  and  stiffened  by 

.      ■    ::  5   outside   as   well   as   angle  irons 

1:.     i  ■   plates  of  the  two  sides,  which  fonii 

.•I  double  vtilicaJ  web,  are  stiffened  and  connected 

by  T-irons,  like  those  of  Hg.  1G4. 

Smaller  cellular  girders  are  sometimes  used,  in 
wliieh  the  top  alone  consists  of  one  or  two  lines 
I'f  <  ills,  the  pii-der  in  other  re.spccts  lieing  similar 
*■■  liL'.  I'Jl,  with  either  a  single  or  a  double  vertical  web.  1 

In    .11  I il.ite  iron  girders,  the  joints expose<l  to  tension  sliotild  have 
covering   plates,   double  rivetted  if  the  stress  is  great  enough  to 
it,  which  is  almost  always  the  case  in  tin-  lower  rib  (see 
280).    The  joints  ex]>osed  to  thrust  should  be  exactly  plane, 
,ly  pcrjMnidieuliir  to  the  direction   of  the  thrust,  accurately 
.1   I'n.I   1.  rtVctly  close,  tluit  the  surfaces  may  abut  equally  over 
■  nt.      Should  o{K?n  or  uregular  abutting  joints  be 
.. ....  .,.o  1-  the  giixlor  has  been  put  together,  they  .should  be 

out,  nud  a  flat  jilatc  of  stefJ  driven  tight  into  each  opening.     I 
ic  plutr.s  or  bars  of  which  built  rib.s  are  coinjiosed  should  In-eak    \ 

iu  a  mtinner  sirailux  to  the  bond  of  brickwork. 
In  plate  irm  girder»  generally,  it  is  sulEcicntly  accnratfl  for  prao-    j 
tical  puT'poscs  t<«  consider  the  whole  bending  moment  M  at  any 

'  1  y  the  upjier  and  lower  ribs,  and  the  whole    I 

veilical   web ;   and  also  to  consider  the    I 

ul   I'iitii  ut  ihe  hori7.nntal   ri1)s  as  concentrated  at  the    j 

ravity  of  its  section.     I-ft  A  be  the  vertical  dcjith  between    I 

'y  of  the  -  '   the  upjier  and  lower  ribs;    ] 

thtr  itatiuu  iJou^  iLe  ftretcbrd  ritj,  ia  I 
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Let  S,  be  the  sectional  area  of  the  compressed  rib, /J  ito  ; 
to  crushing  per  sfpinro  inch,  S,  the  sectional  area  of  the 
rih,J).  its  resistance  to  tearing  per  square  inch;  then 

P_MPM 

^'^^'M'^'Z  ~M 

The  vftluea  of  the  tenacity/,  have  already  been  considered  in  sec- 
tion 3.  For  plate  beams  with  double-rivetted  covering  plates,  tUi 
ultimate  value  maybe  taken  at  alwiit  45,000  lbs.  {xa-sajunn  •'  ' 
of  section  of  rib.  The  ultimate  resistance  to  cni.sluiig,  /[, 
taken  at  its  full  value  of  36,000  lbs.  j>er  square  inch  in  grnat  t\M>iii.ir 
girders  ;  but  when  the  compressed  rib  is  iiaiTOw  as  coniftiired  with 
its  length,  the  tendency  to  lateral  bending  may  be  allowed  for  by 
means  of  the  following  empirical  formula,  of  the  kind  already  «• 
]iLiined  in  section  8,  Article  328 : — 

Ji  = JT> (i 


l+o 


where/ =  36,000,  a  =  -  „..;..  /*'  =  the  brea<lth  of  the  compreawd 

rib,  and  I'  =  the  span  of  the  girder,  if  it  is  not  laterally  stiffemd 
by  framing.  In  cases  in  which  para,llel  beams  are  stiffHned  by  hori- 
zontal diftgonal  braces,  I'  may  be  taken  to  denote  the  distance  alq 
tlic  rib  between  a  pair  of  the  points  to  which  braces  are  attache 

Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the 
of  the  thicknesses  if  double.     Then  its  sectional  area  is  A  t  nesij 
(x)nsequently,  if/,  Ijc  its  resistance  per  unit  of  section  to  the  sh4 
ing  force, 

F                   F  J 

ht=:-^  ;  ondi^z-rrT  ; • .•.•■n(4| 


"/, 


'M' 


And  as  the  shearing  stress  is  equivalent  to  a  pall  and  a  thmst  in 
<lirectious  perfiendicular  to  each  other,  and  at  anghvs  of  45" 
horizon,/  should  be  the  resistance  of  the  vertical  web  to  ci 
us  determined  by  equutiou  i  of  Article  328,  [iflge  362,  in  wli 

for  ^  is  to  be  substituted  .-„  h  being  the  dejith  of  the  web,  rs  1 

and  A"  the  width  across  the  flanges  of  the  stiffening  ribs. 

The  shearing  force  F  at  each  crora  section  is  to  he  oomput 
for  a,  partial  iMd,  extcnd\tt^  t>vex  V\v«i  ^xe»Mex  «sS  'Oor  tiro  i>i>«^u<ifll 
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into  which  the  section  divides  the  beam,  as  explained  in  Article 
"3.     The  weight  of  the  beam  itself  may  be  allowed  lor.  either 

the  method  of  Article  314,  or  by  the  approximate  method  of 

Article  315. 

Owing  prolwibly  to  the  yielding  of  the  joints,  it  is  found  that  in 
computing  the  deflection  of  plate  girders,  when  first  loaded  (Articles 
300  to  303),  a  smaller  modidus  of  elasticity  ought  to  be  taken  thiin 
continuous  iron  bars.     Its  value  in  lbs.  per  square  inch  in  about 

o-tliirds  of  the  value  for  a  continuous  bar,  so  that  the  deflection 
is  about  one-half  greater.  But  the  pai-t  of  that  deflection  due  to 
the  yielding  of  the  joints  is  permanent;  so  that  after  the  joints 
have  "come  to  their  bearing"  tlie  modulus  of  elasticity  becomes  the 
same  as  for  a  continuous  l>ar. 

338.  For  Hi>ir-I<aitic<<  Brnma  anil  Lallire  Bniina,  the  methods  of 

determining  the  totnl  stresses  have  been  fully  considered  in  Articles 
162,  163,  164,  nnd  1G5;  and  it  has  oidy  to  be  added  here,  that 
the  shearing  force  should  lie  computed  for  a  partial  load,  ii.s 
in  Article  313.  The  ultimate  tenacity  of  the  ties  may  In- 
jen  a,tf,=.  from  50,000  to  00,000  lbs.  per  square  inch.  The 
iistance  of  the  stmts  is  to  be  com]iut<;d  as  in  Article  32S.  The 
giire  of  the  stmt  diagonals  has  been  considered  in  Article  332. 
The  compreasod  rib  may  be  a  T-bar  in  small  beams,  and  in  lai^er 
beams  a  built  rib  or  a  cell.  The  remarks  made  in  the  last  Article 
on  abutting  joints  and  on  deflection  are  equally  applicable  in  tiic 
|ir--i"nt  case.  In  designing  those  joints  which  are  connected  by 
iJi-  aii:+  of  Iwlts,  rivets,  or  keys,  the  jirineiplea  of  Article  2tS0  shoidd 
!»•  observed. 

33!).  A  Bonritrinc  Girder  consists  of  an  arched  rib  resisting 
thrust  :  a  horizontal  tie  resisting  tension,  and  holding  together  the 
pnds  of  the  arched  rib;  a  series  of  vertical  sasi>ending  bars,  bjr 


111 


» 


'wbicb  the  platform  is  hung  from  the  arched  rib,  and  a  series  of 

'        ii.al  braces  between  the  suspending  bars.     Such  girdei-s  are 

:<;d  in  timber  and  in  iron;  sometimes  the  arched  rib  is  made 

1  I  rjist  iron,  as  being  stronger  against  crushing  than  wrought  iron, 

and  the  i-emaindcr  of  the  stmcture  of  wrought  iron. 

The  arched  rib  may  be  treated  as  uniformly  loaded.     Accord- 
ing to  Article  178,  ite  condition  is  like  ttwit  ot  mi  \vuJicjYVEL\-s. 

2b 
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londod  cluun  iiivorted,  and  its  proper  form  a  parabola  ;  And 
tlinist  along  it  at  ettoh  point  is  to  be  found  by  the  formnbcj 
Article   109.     The  tension  along  the   horizontal  tie  is  wjual' 
tlio  uniform  horizontal  component  of  the  thrust  along  iho  arch 
rib. 

The  ten-sion  on  each  vertical  suspending  Iwr  ia  the  weight  of  i 
portions  of  the  platform  and  of  the  tie  rod  vhich  bans;  from  ] 
To  give  lateral  stability  to  the  girder,  the  suspndinjf  b»r» 
usually  made  of  considerable  breadth,  and  of  a  form  of  ho 
section  rrsemblinj,'  figs.  160  and  Ifil,  and  are  firmly  lioltc 
cross  beams  of  timlier  or  of  wrought  iron  which  carry  the  : 

When  tho  beam  is  unifonnly  loaded,  the  arched  rib  is  eqc 
and  t/iere  in  no  ulress  on  the  diatfoncUf.     Tlie  strength  of  tr 
lUagonuls  whicli  cross  each  other  at  a  given  plane  of  section  S 1 
to  be  ailapted  to  sustain  the  cj-ccm  qf  the  tjreaier  sheariufj  forre  i 
to  a  jKirtial  land  abocfi  thai  due  to  an  vniform  load,  as  given  by  i 
formula'  of  Article  313. 

34U.  HiiOrurd  Huipmiimi  Brifisns- — The  suspension  bridge  is  I 
which  reqiiii-es  the  least  quantity  of  material  to  su|<port  a 
load.  But  when  it  consists,  as  in  Article  109,  solely  of  cnble 
chains,  susjiendiug  rod.i,  and  platfnrm,  it  altera  its  figure  with  c* 
idterntion  of  the  distribution  of  the  load ;  so  that  a  tnoviug 
cau-ses  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  i 
the  speed  great,  or  even  if  the  application  of  a  small  lojn' 
place  by  repented  shocks,  may  endangi-r  the  bi-idgr.  To  <■' 
this  evil,  it  has  long  been  the  practice  partially  to  stiffen  susi 
bridges  by  means  of  ii-amework  at  tlio  sides  re.scmblin.g  a 
ginler. 

It  was  fonnerly  supposed  that,  to  make  a  suspension  briJsie  m 
Stiff  as  a  girder  bridge,  wo  should  use  lattice  girder- 
strong  to  bi'ur  the  load  of  themselves,  and  that,  sucli  b<  , 
there  wo\dd  be  no  u»u  for  the  suspending  chains.     But  Mi-.  I'.  \\ . 
Barlow,  having  made  some  exiieriments  upon  model.-?,  find*  tin* 
very  light  girdei's,  in  comparison  with  what  were  supjKJs^-' 
iieceasary,  are  siiUioient  to  stiffen  u  suspension  bridge.     Il 
niaticians  iwnl  directed  their  attention  to  the  subject,  they  inbUt 
have  anticipated  this  ivsult. 

The  present  is  lielieved  to  be  the  first  investigation  of  its  theoiy 
which  has  appo-ired  in  print. 

The  weight  of  the  cliain  itself,  being  al\n»_vs  dLstrilnrtctl  ia  j 
Kime  manner,  resists  altenUion  of  the  fipirrj  of  tin?  l"-'"!  : 
leaving  it  out  of  account,  therefore,  an  error  will  be  • 
site  side  as  to  tho  sti&ess  of  tho  bridge,  uud  the  calouUi 
fiidifiJified 

JLct  fig.  1C7  rcprcscut  oTve  aift  oli  a  wia^-osvis^>8«\^,\Bi 
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der  is  nsed  to  Btiflfen  the  bridge.     In  order  that  it  may  do  so 
^    illy,  any  jjortial  or  coucentrated  load  on  the  platform  must,  by 


^►3Ci3»5i<S2'5?^'>C'ti"i<>I"i">I<>Ii»^i5 


TT 


Fig.  IG7. 


ins  of  the  girder,  be  ti-ans- 

itted  to  the  cliain  in  such 

( manner  as  to  be  uniformly 

"stributed  on  the  chain. 

The  girder  must  have  it« 

ads  so  fixed  to  the  piei-s  as 

be  incapable  of  rifiing  or 

Then    the    forces 

ch  act  upon  it  may  be 

clacBcd  : — downimrd, 

load  OS  applied  ;  doum- 


Fig.  170. 


or  vpicard,  the  resistances  of  the  fivstcmngs  of  the  ends  to- 
vertical  displacement;  upward,   the  uniformly  distributed 
ision,  acting  through  tho  suspensioQ  rods,  between  the  girder 
"  the  chain. 

The  ginlcT  will  be  supposed  to  be  of  uniform  section  throughout 
length. 

Two  ca«?s  will  be  considered  : — first,  that  in  which  a  given  load 
i»  concentrated  in  the  middle  of  the  girder;  and  secondly,  that  in 
■wliieh  a  given  portion  of  the  length  of  that  girder  is  uniformly 
liuiiit'd,  nud  the  remainder  unloadetl,  like  the  pnrtiully  loaded  lx>am 
of  jVrticle  313.  The  second  case  is  the  most  important  in  practice. 
In  each  ca.so,  tlie  h<tl/-gpan  of  the  bridge  will  be  denototl  by  C, 
nnd  the  horizontal  distance  of  any  point  from  the  middle  of  the 
l>riilj,'o  by  X, 

< '  <RK  T.  A  nrtfj^e  load  W,  apjiied  at  Ote  centre  of  the  girder,  tends 

f  ' '  •:  in  the  middle,  and  consequently  to  raise  it  at 

:;  with  it  to  raise  the  beam  near  the  ends;  but 

U'iiig,  by  its  attnrhment  to  tho  piers,  prevented  from 

lir  cuds,  takes  a  form  like  that  represented  l>y  fig.  168  : 

■  ■  mirldlc  at  A,  and  concave  upwards;  elevated,  and 

I  s  at  (J,  C ;  having  points  of  contrary  flexure  at  B,  B ; 

_»in  dcprcs.srd  at  D,  D,  the  points  of  attachment  to  the  piers. 

■  this  cur\'e<l  figure  is  tho   etl'oct  of  three  downward  forces, 

pplied  at  D,  A,  D,  respectively,  nnd  of  an  \m\foTn\\"j  ^uJwC^ivAaA. 

[>wa/iJ  fiirve,  actiug  ou  the  whoJe  length  o{  the  ^ivt<lv:r.    ILitf^v" 
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of  the  ginJer,  therefore,  is  in  the  condition  of  the  beam  descrilH'd  in 
Article  308,  inverted;  that  is  to  say,  the  half-girder  from  A  to  D, 
if  inverted,  Ixjconics  a  beam  supported  at  D,  supported-  arul  Jixed 
JiorizotUal  at  A,  and  loaded  unifomily  between  A  and  D  ;  and 
licnce  (i-cferring  to  the  formula;  of  Article  307,  case  3,  .  !  '' 
Article  308)  we  have  the  following  proportions  amongst  the  1 
of  the  parts  into  whicli  the  half-girder  is  ili^idcd  by  the  linn  • 
jioint  C,  and  the  jwint  of  contrary  ilexure  B, 


H]3  =  CD  =^  =  0-577  X  AC; 

and  consequently,  making  A  C,  the  distance  Ijotwocii    i  n'' 
and  liighcst  points,  =  c',  we  liave 


.(1.) 


1 


c      ad"  1577 


=  0-634 (2.) 


In  order  to  determine  the  greatest  moment  of  flexure,  and  the 
deflection,  of  the  stiifening  girder,  A  C  =  c'  is  to  be  taken  as  the 
half-qmn  of  a  girder  like  that  consider'ed  in  Article  307.  ■ —  ' 
fixed  at  both  ends,  and  loaded  with  an  nnifomi  load  of  the  iiJ 


W 

•"=27=1 


•258  c' 


.(a) 


Tlie  greatest  moment  of  flexure,  as  thus  detei-mined  by  the  for- 
inulse  of  Article  307,  case  3,  is  at  the  point  A,  and  has  the  foUowiiig 
value : — 


M.  =  -^  = 


c^     (/ W 


G 


=  01057  cW; (4.) 


and  to  that  moment  of  flexure  must  the  strengtli  of  th«  rtiffotiing 
girfler  be  adapted. 

The  proof  deflection  may  be  measured  in  two  wti%i»  :   rithir 
between  the  highest  and  lowest  points,  C  and  A,  or  1' 
ends  and  the  lowest  point,  D  and  A.     Tlie  first  may  1  •. 
and  the  second  Vp.     Now  by  Article  307,  case  3,  we  huvie 


1  •  ^  •  -  =  005025  X  '^. 
8    E 


Tlie  points  of  support  D  are  at  the  s.nmo  level  wiUi  the  yn^'iuU 
of  contrary  flexure  B,  being,  in  fact,  points  of  no  curvaturo  the 
selves ;  and  from  this  it  is  easily  found  that 

4 


"»  = 
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Case  2.    The  girder  partially  loaded. 
'  69,   1 70,  represent  the  length  o 


Let  E  B,  in  either  of  the 


"  the  loaded  part  of  the 
unloaded  part ;  let  w  be 
unifoiTii  intensity  of  the  load,  and  x  the  distance  of  the  point 
rhcro  the  load  terminates  irora  the  middle  of  the  beam  ;  x  being 
Dnaidcred  aa  a  positive  quantity  when  the  loaded  pai-t  is  the 
Sngcr,  as  in  fig.  169,  and  as  a  negative  quantity  when  the  loaded 
ia  the  shorter,  as  in  fig.  170. 

he  ends  E  and  D  of  the  beam  being  fastened  so  as  to  be  in- 

ftimble  of  vertical  displacement,  the  loaded  segment  E  B  is  convex 

Jown wards,  and  the  unloaded  segment  BD  coifvex  upwards:  the 

'  loaded  segment  is  in  the  condition  of  a  beam  supported  at  E  and 

B,  and  uniformly  loaded  with  the  excess  of  the  weight  sustained 

above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 

unloaded  segment  is  in  the  condition  of  a  beam  held  down  at  B  and 

~),  and  loaded  with  an  uniformly  distributed  upward  force,  being 

at  exerted  between  the  girder  and  chain.     The  greatest  moment 

flexure  of  each  segment  is  at  its  middle  pointy  being  A  for  the 

ided  part,  and  C  for  the  unloaded  part. 

The  length  of  the  loaded  segment  being 


I  groBS  load  is 


ITB  =  c  +  X, 
Bd  the  intensity  of  the  force  exerted  between  the  girder  and 


«/  = 


io{<i-\-x) 
2  c     • 


(1.) 


This  is  the  intensity  of  the  uptoard  load  on  the  segment  B  D, 
whose  length  is  B  D  =  c  —  a; ;  and  consequently,  according  to 
Irticles  290  and  291,  the  greatest  moment  of  flexure  of  that  scg- 
at,  at  C,  is 

_wf{c-xy  _  u}{c-\-x){o-xy 
^  -        8        -  16^  W 

lie  amoutU  of  the  upward  force  exerted  between  the  chmn  and 
IDis 

f'  =  IB  Ic  —  X\  ^    i-^ '  ■ 


W  =  t«!'(c-a:)  = 


.(3.) 


ad  this  also  is  the  amount  of  the  net  load  on  E  B,  being  the  excess 
the  gross  load  above  the  part  borne  by  the  chain.     Thu  half 
:  thitf  quantity. 


iibri&i 
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2   ~       ie      • 


.(4.) 


is  ttio  value  at  once  of  the  supixirtiag  force  exerted  ' 
against  the  girder  at  E,  of  the  iliaaiing  force  betwi 
divisions  of  the  gii-der  at  B,  and  of  tl»c  downward  forco  by  vrhicJ) 
tlie  end  D  of  the  girder  is  held  at  its, point  of  attachment,  tu  the 
pier. 

The  inteimtj  of  the  net  load  ou  E  B  is 


to  —  uf  ^ 


to(c— x) 
2c     ' 


(5.) 


and  the  length  of  that  segment  being  c-\-x,  ita  greatest  momGnt  of 
flexure,  at  A,  according  to  Articles  290  and  201,  is 

•J,   (to-M/)(c  +  a;)' to   {e  +  xy-^e-x) 


8 


16c 


By  the  usual  process  of  finding  maxima  and  minima,  it  is  i 
ascci-tained,  that  the  greatest  moment  of  flexure  of  tlie 

division  of  the  gii-der  occurs  •when  x  =  -x;  or  when  two-iAir 

o 

llie  beam  are  loaded;  and  that  the  greatest  moment  of  flexure  of  i 
uttloaded  division  of  the  girder  occtu-s  when  as  =  —  -,  or  wl 

o  1 

ticn-thlrds  of  Ifte  beam  are  unloaded;  and  further,  that  those  tits'* 
greatest  momenta  are  of  equal  magnitude   though   opp<isit.'  in 
direction,  vix- : — 

mas.  M^  =  -max.  Mo  =  -^  J (T.) 

and  the  stiflening  girder  must  be  made  sufficiently  strong  to  tn«r 

tliia  bendin^f  moment  safely  in  either  direction.     Now,  iho  ■_'• 
moment  of  flexure  which  would  arise  from  an  uniform  load 
given  intensity  to  over  the  whole  beam  unsupported  by  the  oluiia  u 

T' 

thoT*fore  the  Irontverae  glrev^lh  nf  tht  ttiffening  ffinUr  ulundd  hi 
fiitir  tinfnty-sevenlh  pnrU  of  that  of  a  simple  girder  ofth^  MUM  Aran 
yitcd  to  bfiar  an  wii/ortn  load  of  the  same  iiUtmnU/. 
TliG  grcMtcst  value  of  the  ehearing  force  F  in  •  ■ 
when  (nie-liulf  oi  tliu  givOict  \a V)wvkii, vk.  ■*.■=. 0, au  . 
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T.  "">  rot 

"^^  =  T ^) 

lien  two-fliirds  of  the  beam  are  loaded,  the  proof  deflection  of 
below  a  straight  line  joining  E  and  B,  according  to  Article 

"  „  =i./.(d:f).'  =  i.i./^_«  ./I',  fg. 

^       12    E        4y  'J     12    Ei/~27    Ey'"^   ' 

rfour-ninlhg  of  the  proof  deflection  of  a  beam  of  the  same  figure, 
iinil'ormi}'  loaded,  of  the  span  2  c,  tinsnpported  by  a  cliuiu.  At  the 
name  time,  the  elevation  of  C  above  a  straight  line  joining  B  and 
D  is 

*"'~12*1!"     4y     —  y  ■  l:i  ■Ey~108'Ey^^") 

he  proof  depression  of  the  lowest  point  of  the  beam,  A,  below 
1  highest,  C,  is  given  by  the  equation 

_  5     5     /c*         25/0* 
**'*■''«—  9    12  ■  El^  -  108  "  El' ^"-^ 

(r»-ntnl/i«  of  the  proof  deflection  of  an  uniformly  loaded  beam.  * 

'  III  the  preceilinp  solntion  of  Cue  2,  wMetripptarwl  in  tho  finit  edition  of  this  work, 

I  «3ect  of  the  raistanco  of  tho  chain  to  disfigaramcnt  upon  tho  figure  of  the  Muiliaiy 

d«  i*  OKlected ;  and  hence  the  remit  i*  in  Minoet  every  cue  on  mpproiimntlon  only ; 

\  tt  em  M  ifaoim  that  the  error  is  always  on  the  safe  side,  four  twenty-seventlii  of 

'      |ili  of  a  siinple  girder  being  tamnohat  man  thin  sofBoient  for  tho  strength  of 

nine  ^i^le''-    In  order  to  make  tho  solotion  exact,  tho  extensibility  of  the 

akfbe  <o  great  as  to  make  its  proof  cailral  dtprtuion  ne^irly  equal  to  the 

ton  of  the  stifiening  girder ;  Uat  in  pmoUcc  the  proof  dopreasioo  of  the 

my«  mncb  less. 

■ointion  in  trhieh  tho  action  of  the  chnin  jnit  rcrnrrivl  to  is  taken  into 
lared  in  an  eiUtorial  article  of  thu  Civil  '  '  Architect'!  JiHtrmil 

rand  Doccmlicr,  18C0;  ami  lliii  is  dnni'  ;  into  the  conditions 

blem  an  W]aalion,  expres&ing  that  under  i*'.'.   ,...     i-aLious  of  tlie  Hpiro 

■in  producnl  by  the  oeadiog  of  the  itiffening  girder,  the  spsn  continues 

■1  to  the  problem  of  Case  2,  tlic  nnthorof  this 
,  supposiop  tho  chain  to  be  iM^-r/i»n«»A/e. 

^'.reeson  uio  stiffcnins  inrder  takf«  place  when 

Mbuat  live-tweliiks,  of  the  Slum  of  the  bridge  are  loiulcd,  and  0-58J,  or  aboat 
'—^''^   ,  unloadetl, 

tisOl:''   "'     ''       -nnmcnt  wUeh  wonUI  Ih>  produced  by  an  uniftrm 
(into  I                               [lorted at  the  tnJ»  only. 
Bpears  til                            '  supposed  incxtcnsiblo,  the  proportion 
homely  tht«  sti-.;i.'/-Ii  ol'  tiiu  .^tili'oninc  cinler  to  that  of  a  simplt;  tinier 
of  Ihn  %inin  Aimn,  Miit^'il  to  bear  an  uniform  lo.-ui  of  the  same  intensity 
«-'•'•■••    '.    •        I  ....  .1..  ...  k. 0'138:1; 

»hilx  <-,  as  in  the  approxiniate  sola- 

iti  ..or O-l*):!; 

■^ht  in  llio  iiittiin'  li  ito  ':.'.■'  i  Out  ju.jr  ia  pnujlice  no  material  error  nill 

^^W  committed  if  that  /irofjuitioii  be  mada  1  s  7,  or  •• ,,.„^-\%-.\. 
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Fig.  171. 


341.   Bibbrd  Arckcs. — Bridges  arc  frequently  constructed  wt 
arches  cousi.st  of  ii-on  or  timber  ribs  spriuging  from  stone  abutme 

aaiufig.  171.  Ini 
cawa  it  ought  to  ' 
cncisidercd,  that 
rib  fulfils  at  once  the 
function!*  of  an  equi- 
librattd  arch,  sustaio- 
ing  an  uniform  loail 
of  a  cerfciin  int-ensity, 
and  having  a  certain  thnist  along  it,  to  be  computed  bv  '  ■]Aa, 

of  Articles  IC'J  and  178,  and  those  of  a  «<i/?e«in^  ji'c  .  to 

produce  an  uniform  distribution  of  a  partial  load,  acc< 
principles  of  Article  340.  Therefore,  in  designing  th. 
of  a  rib  for  such  a  bridge,  a  provisional  cross  Rcction  ought  tirsi,  u> 
lie  deaiguc<l,  suitable  to  bear  a  bending  moment,  upward  or  do»n- 
vard,  of  fowr  twenty-aevenlhs  of  that  which  an  uiiit'omi  load  of  tho 
given  intensity  would  produce  on  a  straight  girder  of  tho  same 
Hi>an ;  and  in  the  second  place,  it  should  be  determined  in  wlut 
proportion  the  thrust  along  the  rib,  considered  as  on  equilibrated 
arch,  will  increase  the  intensity  of  the  greatest  stress  on  the  pro- 
visional section  already  designed,  and  the  breadths  of  that  section 
tihould  be  increased  in  that  proportion,  to  obtain  the  final  cross 
section. 


Section  10. — Mitcdlaneoua  Remarks  on  Strength  aiid  Stiffhen- 

342.  KAcu  •!  Tempcramrc — At  a  temperature  of  600°  Fa 
heit,  the  tenacity  of  iron  was  found  by  Mr.  Fairbairn  not 
diminished.      That  of  copper  and  brass,  at  the  same  temper 
is  reduced  to  about  two-thirds  of  its  ordioaiy  magnitude.     Sad 
cooling  from  a  high  temperature  tends  to  moke  most  sub 
hunl.  stiff,  and  brittle ;  gradual  cooling  tends  to  make  tliem  j 
and  tough ;  and  if  often  repeated  or  performed  slowly  fivm  a 
high  temperature,  to  weaken  them,     v  arious  efiects  of  temper 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joulc^l 
Thomson,  and  Profe^or  Kupfer ;  but  they  are  more  imports 
the  science  of  molecular  j)hyBics  than  to  the  art  of  construction 

343.  Tho  ECecu   at  Brpcaied  IflclUas*  •■  Cnu  troa    huTP 

ascertained  by  Mr.  Fairbairn.  Up  to  and  beyond  (: 
melting  the  resistance  to  crushing  increases  ;  but  thi-  \ 
cross-breaking  reaches  its  nia.\imum  about  the  twelllh  tiieJtingi 
oilerwards  diminishes,  from  the  metal  becoming  brittle  atiil 
tailine. 

3ii.    The    EffMU  •t  1l«C\ttUl1  «tt.  tiW«Rl^  Vm\v  \W  -.i^,^vWi 
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.per  by  Professor  Jomea  Thomson  in  the  Cambridge  and  Dublin 

atheniaiical  Journal.      That  author  shows,  that  a  bent  bar  or  a 

isted  rod  of  a  ductile  material,  by  being  slowly  and  gradually 

ined,  may  be  brouglit  into  such  a  condition  as  to  have  nearly 

e  whole  of  its  cross  section  in  tlie  condition  of  proof  or  limiting 

instead  of  the  outer  layers  only,  and  may  thus  have  its 

ngth  increased  much  beyond  that  given  by  the  ordinaiy  formulffi. 

345.  iBicraai  FricUoa  is  a  term  which  may  be  used  until  a  better 

1  be  devised  to  express  a  phenomenon  recently  observed  by  Dr. 

William  Thomson  in  the  extension  of  copper  wire  by  a  direct  pull. 

"■he  tension  of  the  wire  is  increased,  step  by  step,  by  successive 

entations  of  the  load  within  the  limits  of  permanent  elasticity, 

.nd  the  elongation  is  observed  at  each  step.      Then  by  successive 

diminutions  of  the  load,  the  tension  is  diminished  by  the  same 

of  steps  in  tho  reverse  order,  and  the  elongpition  observed. 

hen  the  load  is  completely  removed,  the  wire  recovers  its  original 

igth  without  "set"  or  permanent  elongation,  but  for  each  degree 

tension  the  elongation  is  greater  during  the  shortening  of  the 

than  during  the  lengthening ;  as  if  there  were  some  molecular 

unalogons  to  friction,  in  so  far  as  it  impedes  motion  both  ways, 

_  the  elongation  lose  than  it  would  otherwise  be  while  the 

is  being  elongated,  and  greater  than  it  would  otherwise  be 

while  the  wii-e  is  returning  to  its  original  length.     It  appears  also 

that  the  force  in  question  nuist  depend  in  some  way  on  the  stress, 

from  its  disappearing  when  the  tension  is  removed. 

34ti.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
at.iffnmifl  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.      Considerable  improvement  in  both 
^^Bihese  respects  may  be  anticipated  from  researches  now  in  progress. 

^^  (Far. 
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PRINCIPLES  OF  CLNEiMATICS.  OR  THE  COaiPARISOX  OF 

MOTIONS. 

347.  ditIiIop  of  Ike  Ba^ccb — The  science  of  cinematicB,  and 
the  fundamental  notions  of  rest  and  motion  to  wliich  it  relateti, 
Laving  already  been  defined  in  tlie  Introduction,  Articles  8,  'J,  10, 
11;  it  remains  to  be  stated,  that  the  principles  of  cinematics,  or  the 
comp«riB4.in  of  motions,  will  be  divided  and  arranged  in  the  present 
|ittrt  of  this  treatise  in  the  following  manner  : — 

I.  Motions  of  Points. 
U Rigid  Bodies  or  Systems. 

III.       Pliable  Bodies  and  Fluids. 

IV.  ...     ...    Connected  Bodies. 


CHAPTER  I. 


MOTtOSS  OP  POINTS. 

Section  1. — Moiion  o/a  Pair  o/Pointa. 

348.  Fixnl  and  Ncarif  VbnA  DIrMltowk — From  the  detiniliou 
of  motion  given  in  Article  0,  it  follows,  tlmt  in  order  to  determine 
tht'  relative  motion  of  a  pair  of  points,  which  consists  in  the  ch.ingo 
of  Irngth  and  diroctioti  of  the  straight  lino  joining  them,  that  line 
•  lie  compared,  at  the  beginning  and  end  of  the  motion  con- 
il,  with  some  fixed  or  standard  length,  and  with  at  least  two 
tixtd  directions.  Standard  lengths  have  already  been  considered 
in  Article  7. 

An  'tbsdntdy  fixed  direction  may  be  ascertained  by  moans  whose 

TTrinr-iplri  cannot  be  demonstrated  until  the  subject  of  dynamics  is 

'      For  the  present  it  is  sufficient  to  state,  that  when  a 

-•  rotates  free  from  the  influence  of  any  external  force 

11'^  to  change  its  rotation,  there  is  an  absolnt4-ly  fixed  direction 

_  1  that  of  the  nxia  n/anguUir  viomailum,  which  bears  certain 

relations  to  the  succcnsive  j)Oi»itions  of  the  bwly. 

A  liearlyjurtd  ilinxlion  is  that  of  a  btnugUt  Uno  jovia^iig,  i».  \ikvkJ 
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of  points  in  two  bodies  whose  distance  from  each  otLer  Is  voij 
giX'at,  such  na  tko  cuH/h  and  a  fixed  star. 

A  lim  Jixed  rclativelt/  to  the  earth  chADges  its  absolnto  diiectioa 
(unless  parallel  to  the  earth's  axis)  in  a  luauncr  depending  on  tiw 
earth's  rotation,  and  returns  periodically  to  its  ">-! 
direction  at  the  end  of  each  eiderecU  day  of  8G,1  i' 
[  rate  of  change  of  direction  is  so  slow  compared  ».i.ii  iii.it, 
~  9.ke8  place  in  almost  all  pieces  of  mechanism  to  which  cinenia( 
'  and  dynamical  principles  ore  applied,  that  in  almost  all  qui?«t 
of  applied  mechanics,  directions  fixed  relatively  to  the  eurth 
bo  treated  as  sufficiently  nearly  fixed  for  practical  purposes. 

When  the  motions  of  pieces  of  mechanism  relatively  to  eacl» 
other,  or  to  the  frame  by  which  they  are  carrietl,  are  under  oon«a- 
deration,  directions  fixed  relatively  to  the  frame,  or  to  one  of  llie 
pieces  of  the  muchine,  may  be  considered  provisionally  as  fixed  for 
the  purposes  of  the  particular  question. 

349.   aiollan   of  a   Pair   of  Polal» — In  fig.  172,  let  A,  I' 

iij  sent  the  relative  si  ■ 

of  a  pair  of  points  ui  unu 
instant,  and  A]  ]i,  thf. 
relative  situation  of  tlic 
same  pair  of  points  iit  a 
later  instant  Then  the 
Ja/  change  of  the  straight  hue 
A  B  between  those  pointy 
from  the  length  and  di| 
tion  represented  by 

to  the  length  and  d 

represented  by  A,  B,,  constitutes  the  relatke  motion  of  thu 
points  A,  B,  during  the  interval  between  the  two  instants  of 
considered. 

To  represent  that  relative  motion  by  one  line,  let  there  bo  dial 
from  one  point  A,  fig.  173,  a  pair  of  lines,  AB„  AB,,  equal 
jarallel  to  AiB,,  A,B,,  of  fig.  172  ;  then  A  represents  one  of 
jttiir  of  points  whose  relative  motion  is  under  consideration, 
B,,  B,,  represent  the  two  successive  positions  of  the  other  poi 
relatively  to  A  J  and  the  line  BTBj  represents  the  molum  of  B 
tivdi/  to  A. 

Or  otherwise,  as  in  fig.  174,  from  a  single  point  B  \ot 
drawn  a  pair  of  lines,  B  A,,  B  A^  equal  and  parallel  to 
of  fig.  172;  then  Aj,  A„  represent  the  two  succeasivo  p 
A  relatively  to  B  •,  and  the  line  A,  A,,  equal  and  parallel  1 
%.  1 73,  but  /winting  in  the  coulTary  tivrrxtuwt,  repT«eeato 
o/'A.  relaticdy  to  B. 


fig.  172. 


Fig.  173. 


fig.  174. 


COMPOIfEST  AID  RESULTAST  MOTIONS — TIME. 
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350.  FIsMl  Palai  and  nicTing  Paiai> — In  fig.   17-3,  A  is  treated 

s  the  fixed  jioiiit,  and  B  a-s  the  nio\'ing  jxjint ;  and  in  fig.  174,  B 

in  trc:ite<l  na  the  fixed  point,  and  A  as  the  moving  jioint ;  and  thcs« 

imply  two  different  raethixis  of  representing  to  the  mind  the 

■   relation  between  the  points  A  and  B  (see  Article  10). 

3ol.     Canaponrnl    nnrf    Kraultnnl    Klalien*. Let    O    be    a    point 

assnnied  as  fixed,  and  A  and  B  two  sue-  :^ 

cessive  positions  of  a  second  point  rela- 
tively to  O.  In  order  to  express  mathe- 
matioally  the  amount  and  direction  of 
the  motion  of  the  second  point 
to  O,  that  line  rauv  be  com- 


AB, 

relatively 

pared  with  tlirce  axes,  or  lines  in  fixed 
airections,  traversing  the  fixed  iwint  O, 
such  as  <}  X,  0  Y,  O  Z. 

Through  A  and  B  draw  straight  lines 
AC,  BD.  parallel  to  the  plane  of  O  Y 
and  O  Z,  and  cutting  the  ajtis  O  X  in  C 

d  D.     Then  C  D  is  said  to  be  the  com- 
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leni  of  the  motion  of  the  second  point  relatively  to  O,  (Uoiig  or 
t»  (he  direelion  of  the  axis  O  X  ;  and  by  a  similar  process  are  found 
the  components  of  the  motion  AB  along  0  Y  and  O  Z.  The  entire 
motion  A  B  is  said  to  be  the  reaulUmt  of  these  components,  and  is 
evidently  the  diagonal  of  a  parallelopiped  of  which  the  components 
are  the  sides. 

The  three  axes  are  usually  taken  at  right  angles  to  encli  other  ; 
in  which  case  A  C  and  B  D  arc  perpendiculars  li't  full  fnjm  A  and 
B  upon  O  X  ;  and  if  ■  be  the  angle  made  by  the  direction  of  the 
motion  A  B  with  0  X, 

CT  =  AB  •  cos  «. 

The  rclatiiins  between  resultant  and  component  motions  are 
exactly  nualogous  to  those  between  the  lines  representing  resultant 
and  component  cotiplos,  which  h.avo  already  been  explained  in 
Articles  .'12,  33,  34,  35,  36,  and  37. 

3.31'.  The  Mcmtmnmcni  of  Timr  is  effected  by  comparing  the  events, 
and  e«|>eciBlly  the  motions,  which  take  place  in  inter\-ais  of  time. 

L'lpuil  lim«n  are  the  times  occupied  by  the  same  body,  or  by  equal 
And  nimilar  bodies,  under  precisely  similar  circumstances,  in  per- 
forming equal  and  similar  motions.  The  stantlnrd  unit  of  lime  is 
Cliie  ]K>rio<l  of  the  earth's  rotation,  or  sidereal  day,  which  has  l>e«Il 
broved  by  Laplace,  from  the  records  of  celestial  phenomena,  not  to 
nave  changed  by  so  much  as  one  ei/j/il-mUlionth  part  of  its  length 
in  the  course  of  the  last  two  tbou.'aand  year*. 
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A  subordinate  unit  is  the  second,  being  tlif>  time  of  onn  srwln?  of 
a  iiendulom,  so  adjusted  as  to  make  86,41 !' 
oi  a  sidereal  day  ;  bo  tliat  a  sidereal  day  i 

The  length  of  a  solar  day  is  variable ;  but  the 
being  the  exact  mean  of  all  ita  different  length.-.,   ...  . ... 

alit?ady  mentioned  of  1 00273791   of  a  sidereal   day,   or 
seconds.      The  divisions  of  the  mean  solar  day  into  24  houi^ 
each  hour  into  60  minutes,  and  of  each  minute  into  60  aoooada,  j 
ftuniliar  to  all. 

Fractions  of  a  second  are  measured  by  the  oscillations  of  i 
pendulums,  or  of  springs,  or  by  the  rotations  of  bodies  so 
us  to  rotate  through  equal  angles  in  equal  times. 

353.    Vrfocliy  is  the  ratio  of  the  nuniWr  of  units   of  ' 
described  bj'  a  jwint  in  its  motion  relatively  to  another  p. 
the  number  of  units  of  time  in  the  interval  occupied  ii- 
the  length  in  question  ;  and  if  that  ratio  is  the  siuue,  v  '■ 
computed  for  a  longer  or  n  shorter,  an  earlier  or  a  later,  piii ; 
motion,  the  velocity  is  said  to  be  UNiroliiL     Velocity  i.s  e\  . 
in  KHi'/tf  of  distance  j>er  innt  oj"  time.     For  different  pu! 
are  employed  various  units  of  velocity,  some  of  which,  t- 
their  proportions  to  each  other,  are  given  in  tlie  following  tabic : — 

Ccmtjxirison  of  Different  Measures  of  Ydochy. 


m 

Miles 
per  hoar. 

Fcot                   Foot                 r  m: 
p«r  second.         per  minot<.         jvt  in 

I 

o68i8 

=  146        =88         =  5380 
=  I       .      =    60         =  3600 

ooti36 

=  0016    .  ^       I       ,  =      6<] 

1  nautical  mile  \ 

o  •0001893 

=  000027  =      o"oi6  ^        t 

per  hour,  or 
"knot," J 

.=  i-i507 

=  1-6877     =  101-262  =  6073 

In  ti-eating  of  the  geTieral  principles  of  mccliaTiics,  tlie/i>o«  /xr  stA 
).s  the  unit  of  ■\clocity  commonly  employed  in  Bn'tiviu.     The  i 
of  time  being  the  same  in  uU  civili7,ed  countries,  the  pr 
amongst  their  units  of  velocity  are  the  same  with  those 
their  linear  measui-es. 

Component,  and  re-ndtant  velocities  arc  the  volocitiea  of  'n 
and  resultjint  niotiori»,  .ind  are  irhited  t.o  each  other  > 
■tt-iiy  with  those  motionsi,  which  have  already  been   ti  ... 
Article  3.91. 

.1j4.    Cnirarm  in«<i«a  consigtfl  in  the  combinatioo  of  u?!''^"™ 
%Tlocity  with  um^rm  AiiertioTv,  tVvat  ia,  with  motion  u! 
straight  line  whose  lUvccVwu  "^  ?ix<iA. 


MOTIONS  OP  poisra. 
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Section  2. —  Uni/brm  Motion  of  Several  Points. 

_    353.  natira  ot  'Tii'ee  Potato — Theoeem.     The  rdatlve  motions 
of  three  jminUin  a  giixn  iiitercal  of  time 

are  rrpraeriled  in  direction  and  viagni-  .—     * 

ludt  b;i  the  tJtrce  sides  of  a  tria7it/le.    Li:!t 

O,  A,  It,  dcuote  t\w  three  jmints.    Any 

ono  of  thom  may  be  taken  as  a  fixed 

point;  It^  0  be  so  chosen;  and  let  OX, 

O  Y,  0  Z,  fig.  176,  be  axea  traversing 

it  ill  fixed  directions.     Let  A,  and  B,  "    ^^ — ' 

Ix)  the  positions  of  A  and  B  relatively  '^'  ^''^ 

O  at  the  beginning  of  the  given  interval  of  time,  and  A,  and  Bj 
eir  positions  at  the  end  of  that  interval.     Then  A,  A,  and  Bj  B, 
the  i-espoctivo  motions  of  A  and  B  relatively  to  0.     Complete 
jKimllclogrum  A,  B,  6  A, ;  then  btjcausc  A,  6  is  parallel  and 
jual  to  A,  Bi,  b  is  the  position  which  B  would  have  at  the  end  of 
be  interval,  if  it  had  no  motion  rdaticely  to  A  ;  but  B,  is  the  actual 
position  of  B  ot  the  end  of  the  iiitcn-al ;  thci-cfore,  {iB,  is  the  motion 
,of  B  relatively  to  A.     Then  in  the  triangle  B,  6  B^ 


B,  6  =  Ai  Aj  Ls  the  motion  of  A  relatively  to  O, 
6  B,  is  the  motion  of  B  rektiwly  to  A, 

B,  Bj  is  the  motion  of  B  relatively  to  O; 

I  that  those  three  motions  are  represented  by  the  three  sides  of  a 

■iangle.— Q.  E  D. 
This  Theorem   might  be  othenWso  expressed  by  saying,  tJutt  if 

\rt€  vwving  jx/inUi  be  considered  in  an;/  order,  the  rnolion  oft/us  t/tird 
iivdtj  to  thejiml  is  the  restdlant  of  Ut&  motion  of  tlie  third  reliUively 
e  second,  and  of  the  vwtion  of  the  second  rdaiitdy  to  the  first; 

he  vTonl  "resullanl"  being  understood  as  already  explained  in 
acle  351. 

91ati»iw  nt  a  Svrttm  •!  Poinu. — COROLLARY.  If  a  series  of 
I  be  cojisida'cd  in  any  order,  a?>d  the  motion  nf  each  point  deter- 
'  niaHedy  to  that  which  precedes  it  in  t/te  series,  and  if  llie 
r  matitm  qftJtt  last  pviiU  ami  the  first  jtoiiU  be  also  deUrmimsd, 
then  will  Uiose  motions  he  represented  by  the  si/les  of  a  dosed  polygon. 
Lot  O  bo  the  first  point,  A,  B,  C,  ic,  successive  points  foUowing 
it,  M  the  last  j)oiut  b>jt  one,  and  N  the  last  point ;  and,  for  bre\ity"B 
motion  of  two  points,  such  as  B  and  C,  bo 
Theorem  of  AilicJo 


356. 


(B,  C). 


by 


(0.  A), 


B),  and  (O,  B)  ai-c  the  three  sides  of  a  triangle ;  also  ((J,'BY 
C),  and  (O,  C),  are  the  throe  sides  oli  a  U\a.tt^f,  XivtiAMX* 


3Si 


rnucciPLEa  or  cixESiATicaL 


(O,  A).  (A,  B),  (B,  C),  and  (0,  C),  arc  the  fmir  Bidps  of  n  rjni.lri- 
liitoml ;  and  by  coiitiminig  tlio  siimo  jiroceas,  it  is  ■  -v 

great  soever  the  number  of  points,  (O,  N),  is  the  •  ■'*_ 

polygon,  of  which  (O,  A).  (A.  B).  (B.  C).  (C.  D).  &r,,  (M,  N)  i 
tlio  other  sides. — Q.  E.  D.     In  other  words,  dte  moticn  of  the 
jmiiil  relaliveli/  to  lltn  Jlrid  is  the  rrindtemt  ofOte  motiotu  qfeaeA  poin 
of  I  fie  serie«  relatively  <o  l/uU  jyreeediny  it. 

This  proposition  is  exactly  analogous  to  that  of  the  "  polygon 
coujilcs,"  Article  37. 

357.  The  Piiniiiriapi|>cd  cr  na4i«B>  is  a  case  of  the  polygoaJ 
motions,  analogous  to  the  pamllelopiped  offerees  in  Article  54. 

tig.  1 77,  let  there  be  four  points,  O,  A,  T 
of  wliich  cue,  O,  is  assumed  as  fixed, 
is  traversed  by  three  axes  in  fixed  dlrw- 
tions,  O  X,  O  Y,  O  Z.  In  a  given  interval 
of  time,  let  A  have  the  motion  A,  A, 
along  or  parallel  to  OX;  let  B  have,  in  the 
same  interval,  the  motion  6  B,  pamllcl  to 
O  Y,  and  relatively  to  A ;  then  B,  B^  the 
diagonal  of  the  pnrallelopram  whoae  sidei 
are  B,  6  =  A,  A,  and  b  B„  is  the  motion  of 
Let  C  have,  relatively  to  B,  the  motion  c  C, 
parallel  to  O  Z;  then  C,  Oj,  the  diagonal  of  the  paralleli"iii'<I 
■whose  edges  are  A,  A^  6  Bj,  and  c  C^  is  the  motion  of  C  re) 
to  0,  being  the  resultant  of  the  motions  represented  by  those-  imh. 
edges.  This  is  a  TnecJumical  explanation  of  the  composition  of 
motions,  leading  to  residts  corresponding  with  the  ffernnetrical 
cxjilanation  of  Article  361. 

358.  CanporBiire  noiioa  is  the  relation  which  exists  K! v 
the  simultaneous  motions  of  two  points  relatively  to  a  tliird, 

ia  assumed  as  fixed.     The  comparative  motion  of  two  point 
pressed,  in  the  most  general  case,   by  means  of  four  (jniii 
viz.  : — 

(1.)  The  vdociti/  ratio*  or  the  proportion  which  their  velocities 
Ijear  to  each  other. 

(l!.)  (3.)  (4.)  Tlie  dirtctiojinl  rdalian*  which  reqiures,  for  its  com- 
plete expression,  tliree  angles.  Those  three  angles  may  be  in6Mun4 
in  diflerent  ways,  and  one  of  tho.se  ways  is  the  fnllowing  ; — 

(2.)  The  angle  made  by  the  directions  of  the  coni[)iired  motions 
with  each  other. 

(3.)  The  angle  made  by  a  plane  parallel  to  those  two  directiou 
with  a  fixed  plane. 

*  TbcM  termt  tie  kdovAie&tnnn^VT,\?\SU>.'t  votk  oa  trcchanlnn. 


Fig.  177. 
B  relatively  to  O. 


C0MPARI80K   OF  VABHED   MOTIONS. 
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I,  (4.)  The  angle  mode  by  the  intersection  of  those  two  planes  with 
,  fixed  direction  in  the  fixed  plane. 

Thus,  the  compiirative  motion  of  two  points  relativBly  to  a  thiiil, 
I  eipi-essed  by  means  of  one  of  those  groups  of  four  elements  which 
JirWilliiim  Rowan  Hamilton  has  called  "qvtatemiojis."  In  most  of 
Tit'  practical  applications  of  cinematics,  the  motionB  to  be  compared 
~"  limited  by  conditions  whicli  render  the  comparison  more  simple 
ban  it  is  in  the  general  case  just  described.  In  machines,  for 
Kamplc,  the  motion  of  each  point  is  limited  to  two  directions, 
brward  or  b.ick\vard  in  a  fixed  path;  so  that  the  comparative 
aotion  of  two  points  is  snlBciently  expressed  by  means  of  the 
elocity  nitio,  together  \N-ith  a  directionul  relation  expressed  by  +  or 
- ,  according  as  the  motions  at  the  instant  in  question  are  similar 

oontnuy. 

Section  3. — Varied  Motion  of  Points. 

359.    TcIvcilT  nnd    Dirrclion   vf  Varied    KlaMon The    motion   of 

oe  point  relatively  to  another  nwy  be 
ied,  either  by  change  of  velocity,  or 
change  of  direction,  or  by  both 
Bed,  which  last  case  will  now  be 
Bred,  as  Wing  the  most  general. 
'In  fig.  178,  let  O  represent  a  point 
inied  a-s  fixed,  O  X,  O  Y,  O  Z,  fixed 
directions,  and  A  B  part  of  the  path  or 
orbit  traced  by  a  second  point  in  its  m      7 

varied  motion  relatively  to  O.     At  the  ^"  " 

^staut  when  the  second  point  reaches  a  given  position,  such  as  P, 
it»  path,  the  direction  of  its  motion  is  obviously  that  of  P  T,  a 
kngent  to  the  path  at  P. 

To  find  the  velocity  at  the  in.stant  of  passing  P,  let  a<  denote  an 
Bterval  of  time  which  includes  that  instant,  and  a  s  the  distance 
ced  in  that  intei-val.     Tln-n 

At 

I  oa  a/ppnximali'm  to  the  velocity  .it  the  instant  in  question,  which 

i  approach  continually  neai-er  and  nearer  to  the  exact  velocity  as 

be  interval  a  t  and  the  distance  a  s  are  made  shorter  and  shorter ; 

bd  the  limit  towards  which  —  converges,  as  a»  end  a<  are  inde- 

A  t 

iiit*ly  diminished,  and  which  is  denoted  by 

'=% (■■) 

2c 


ritaMB 


^^Ig^ 
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is  the  exact  velocity  at  the  instant  of  poasiiig  P.    This  is  th«  proocsi 
callod  "differentiation," 

Should  the  velocity  at  each  instant  of  time  bo  tnotra,  then  Uiu 
dbtance  «,  —  s^,  described  during  an  interval  of  time  f,  —  f„  is  fbttsd 
by  integraiion  (see  Article  81),  as  foUo-vrs  : — 

»,  -  »o  =  j]  V  d  t (2.) 

360.   Canpoamn  of  Viu<««4  notian. — All  the  propositintL'*  nf  tfir> 
two  preceding  sections,  rcBpecting  the  composition  an 
of  motions,  are  applicable  to  the  velocities  of  varied  i : 
given  instant,  each  such  velocity  being  represented  by  a  line,  wjidi 
as  P  T,  in  the  dii-ection  of  the  tangent  to  the  path  of  the  point 
which  moves  with  that  velocity,  at  the  instant  in  question.     For 
example,  if  the  axes  OX,  O  Y,  O  Z,  are  at  right  angles  to 
other,  and  if  the  tangent  P  T  makes  with  their  directions 
tively  the  angles  »,  /3,  y,  then  the  three  rectangular  compouenU 
tlio  velocity  of  the  point  parallel  to  those  three  axes  are 

«  cos  <■ ;  V  cos  |3;  v  cos  y. 

Let  a,  y,  s,  be  the  co-ordinates  of  any  point,  siich  ns  P,  in  the  [ 
A  P  B,  aa  referred  to  the  three  given  axes.  Then  it  is  well  kna 
that 

dx  .      dy  d: 

di 


COS  s  = 


C08(9  =  -p^;cosy  =  — -, 

da  da 


d  X 

V  cos  a  r=  -7—  J  V  COS  .3 

a  t 


and  consequently  the  three  components  of  the  velocity  «  i 

dy  dz 

=  _;»e«iy  =  — ;. 

and  these  are  reLated  to  their  resultant  by  the  eqnaUon 

m*(M*m---- A 

361.    rBjrormlT-VnHcd   VelocUr- — Let    the   wlocity  of  a  _ 
^either  increase  or  diminish  at  an  unifonn  rote ;  80  that  if  I  ni 

its  the  time  ekpsed  from  a  fixed  instant  when  the  velooHjf ' 
"Vg,  the  velocity  at  the  end  of  that  time  shall  bo 

v  =  v^  +  at; 

a  being  a  constant  quantity,  which  is  the  rtxtti  nfvnriatiefkmi 
velocity,  and  is  called  accdcnUion  when  positive,  nnd 
when  negative.     Then  the  me<in  velocity  during  the  time  t  i 
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anr 


id  the  distMUfi  described  is 


*  =  *.'  +  -r- 


.(3.) 


To  find  the  velocity  of  a  point,  whose  velocity  is  unifonnly  varied, 
~^t  a  given  instant,  and  the  rate  of  variation  of  that  velocity,  let 
i  dis-toiiccs,  A»„  Af,,  described  in  two  equal  intervals  of  time, 
"  I  equal  to  A  t,  before  and  after  the  instant  in  question,  be 
red.     Then  the  velocity  at  the  instant  between  those  intei^ 


A  »,  +  A  »i 


•{*•) 


ad  its  rate  of  variation  is 


a  = 


"a7 


A  Ba  —  A  n, 

-(A7)i— 


.(5.) 


362.    Torivd  Rnle  of  Torialiaa  of  Vrlacllr- — "Wlien  the  Velocity 
of  a  point  is  neither  constjiiit  nor  uniformly-varied,  its  rate  of 
ation  may  stlLl  be  found  by  applying  to  the  velocity  the  same 
eiation  of  differenliaiion,  which,  in  Article  359,  was  applied  to 
be  distance  dcsoribcd  in  order  to  find  the  velocity.     The  result  of 
i  operation  is  expressed  by  the  symbols, 

dv  _d^_ 
Tt'dC' 

lid  is  the  limit  to  which  the  quantity  obtained  by  means  of  the 
aula  5  of  Article  3C1  continually  approximates,  as  the  interval 
noted  by  A  <  is  indefinitely  diminished. 

3i>3.  raUvna  Drruiiaa  is  the  change  of  motion  of  a  point  which 
Boves  with   uniform  velocity  in   a  circular 
tth.     Tlie  rale  at  which  uniform  deviation 
place  is  determined  in  the  following 

C,  fig-  179,  be  the  centre  of  the  dr- 
ir  path  described  by  a  point  A  with  an 
aiform  velocity  v,  and  let  the  radius  C  A  be 
noted  by  r.  At  the  beginning  and  vnd  of 
interval  of  time  a  t,  let  A,  and  A,  bo  the 
sitions  of  the  moving  point.     Then 

tho  aro  Ai  A,  =  r  -» « ;  and 

the  chord  A,  A,  =  v  itl- 

arc  • 

The  velocities  at  A;  and  A,  oro  represented  Vsy  Wia  cc^sa^  Xv&«^ 
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A|  V"|  =  Aj  V,  =  t',  toiiclting  the  circle  at  A,  and  A« 
tively.  From  A,  draw  A,  v  equal  and  parallel  to  A,  V„  and  joiu 
V,  r.  Then  thie  velocity  A,  V,  may  be  considered  as  crnnjionnilecl 
of  A^v  and  vV, ;  so  that  v  V,  is  the  devialwi  of  the  motion  dur- 
ing the  interval  At;  and  because  the  isosceles  fcriangleA  A,vV^ 
C  A|  Ai,  are  similar  : — 

-y   _  ATViATA.  _  t-'-Af    chord, 
.and  the  approximale  rule  of  tliat  deviation  is 


chord 
arc   ' 


but  the  deviation  does  not  take  place  by  instantaneous  changes  of 
velocity,  but  by  insensible  degrees  ;  so  that  tlie  true  i-ato  of  deviation 
is  to  be  found  by  finding  the  limit  to  which  the  approximate  nto 
continually  approaches  iis  the  interv-al  At  is  (limiuished  indefinitely. 

Now  the  factor  —  remains  unaltered  bv  that  diminution  :  and  ; 

r  "  , 

ratio  of  the  chord  to  the  aiT  approximates  continually  to  cqualo 
so  that  the  limit  in  question,  or  true  rate  ofdeviaium,  is  expressed^ 


364.  Tnrring  D«Tiati«n. — When  ft  point  moves  with  a 
velocity,  or  in  a  curve  not  circular,  or  has  both  these  v  ' 
motion  combined,  the  rale  of  devinticm  at  a.  given  in  tjj 
represented  by  equation  1  of  Article  3C3,  provided  v  he  takc.iiJ 
denote  the  velocity,  and  r  the  radias  of  curvature  of  the  [lath/ 
the  point  at  the  instant  in  q\iestion. 

365.  The  Rcanliani  Rale  of  Tarialioa  of  the   motiou    of  a  pOU 

is  found  by  considering  the  i-ate  of  variation  of  vclocitv  and  d 
rate  of  deviation  as  represented  by  two  lines,  the  fomior  in  d 
direction  of  a  tangent  to  the  jjath  of  the  point,  and  the  Utterl 
the  direction  of  the  nidius  of  curvature  at  the  instant  in  quos 
»nd  taking  the  diagonal  of  the  jrctanglo  of  which  thofle  two 
the  sides,  which  has  the  folloM-ing  \-alue  : — 

\/W^?=A/(Q'-^i.  ©'}••••<' 

3fif).  The  Rates  afVnrinlton  ortbe  CoB>|ioiirin  Ti  I 

pai'aliel  to  tlu'ee  ieclaugtt\o.v  vnvcs,  ^cw,  wijwt^iwV.s'. 


COMPARISON  OF  VABIED  HOnON& 


389 


df' 


dt' 


d'z 

df'' 


.(1.) 


and  if  a  rectangular  porallelopiped  be  constructed,  of  which  the 
edges  represent  these  quantities,  its  diagonal,  whose  length  is 

vmyn^yH^y] « 

will  represent  the  resvUarU  rate  of  variation,  already  given  in 
another  form  in  equation  1  of  Article  365. 

367.   The  CampariMn  •!  Ihe  Varied  aiellaas  of  a  pair  of  points 

relatively  to  a  third  point  assumed  as  fixed,  is  made  by  finding  the 
ratio  of  their  velocities,  and  the  directional  relation  of  the  tangents 
of  their  paths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  as  applied  to  uniform  motions.  It  is  evident  that 
the  oomporative  motions  of  a  pair  of  points  may  be  so  regidated  as 
to  be  constant,  although  the  motion  of  each  point  is  varied,  pro- 
vided the  variations  take  place  for  both  points  at  the  same  instant, 
and  at  rates  proportional  to  their  velocities. 
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CHAPTER  EL 


UOTIO^  OF  BIOIO  BODICS. 


Section  1. — Riff  id  Bodies,  and  thdr  Trantlaiion. 

368.  The  tei-m  nigid  Badr  is  to  bo  understood  to  denoto  a 
or  nn  assemblaije  of  lx)tlies,  or  a  Bystem  of  points,  ■who6<' 
undergoes  no  altcnition  during  the  motion  •which  is  uml 
(sideratiou- 

369.  TnwKiaiion  or  shmingc  18  the  motion  of  a  rigid  hMy 
tively  to  b  fixed  point,  -n-hcn  the  points  of  the  rigid  Iv 
motion  relati\cly  to  each  otlicr ;  that  ia  to  say,  when  tl. 
with  the  same  velocity  and  in  the  same  direction  at  the 
instant,  so  that  no  line  in  the  rigid  body  chanjjcs  ita  direction. 

It  is  obvious  that  if  three  points  in  the  rigid  body,  not 
same  straight  line,  move  in  parallel  directions  with  equal  vi  : 
at  each  instant,  the  body  must  have  a  motion  of  trin.slation. 

The  paths  of  the  diti'erent  points  of  the  body,  pro^-ided  tli.v  t- 
.all  equal  and  umilar,  and  at  each  instant  parallel,  may  Imvo  aaj 
liguro  whatsoever. 


Section  2. — Simple  RotatUm. 


370.  Rolallon  or  Toraiag  is  the  motion  of  a  rigid  bodv  vrh 
lines  in  it  change  their  direction.    Any  {)Ouit  in  or  rigidly  u 
to  the  body  may  be  assumed  as  a  fixed  jioint  to  w1m.1i  f<.  i 
motions  of  the  other  fioiuts.   Such  a  point  is  called 

371.  A»i»  or  B«iniioD. — Theorem.    In  even/  />  _ 
position  of  a  rigid  body,  relative! ;/  to  a  fuxd  centre,  there  ; 

Iraveraing  tJutl  cetitre  "■■''•  ■ 
tion  is  not  duxnijcd.      ' 
let  O  be  the  crntre  of  r 
let  A  and  B  denote  an 
points  in  the  body,  v 
tions  rol.itivcly  to  O 
the  tuniing,  A,,  B„  nu.i  ;'. 
turning,    A^,   B.,      Join 
B,  B,,  fomiii 
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D  pespcctivrly,  and  througU  the  points  of  bisection  draw  two  pknes     I 
peqiendicular  tt"  the  respective  liases,  intersecting  each  other  in  the     I 
straight  line  O  E,  wluch  must  traverse  O.     Let  E  be  any  point  in 
th<;  line  O  E;  then  EA,  A„  and  E  B,  B,,  are  isosceles  triangles; 
and  E  ia  at  the  same  distance  from  O,  A,  and  B,  before  and  after 
the  turning ;  therefore  E  is  one  and  the  same  point  in  the  body,     | 
whose  place  is  unchanged  by  the  turning;  and  this  demonstration 
applies  to  every  point  in  the  straight  Line  O  E;  therefore  that  line 
i»  unchanged  in  direction. — Q.  E.  D.  , 

CoROLLABT.  It  is  evident  that  every  line  in  the  body,  parallel  I 
t<i  the  axio,  has  its  direction  unchanged.  I 

372.  The  Piaae  of  Uoiaiien  is  any  piano  perpendicular  to  the  I 
axis.  Tlie  Aasie  of  Rataiioa,  or  angular  motion,  is  the  angle  made  1 
by  tho  two  directioii.<,  before  and  after  the  turning,  of  a.  lino  per-  I 
jvndicular  to  the  axis.  I 

373.  The  Anpiiar  Vriocitr  of  a  turning  body  is  the  ratio  of  tbe 
aiijrli?  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
niiild  of  time  ih  the  interval  of  time  occuj)ied  by  the  angular  motion.  1 
K|>ct'd  of  turiiing  ia  sometimes  expressed  also  by  the  number  of 
turns  or  fractions  of  a  turn  in  a  given  time.  The  relation  between 
these  two  modes  of  expression  is  the  following  : — Let  a  be  the 
angular  velocity,  as  above  dchned,  and  T  the  turns  in  the  same  unit 
of  time;  then 

a  =  2xT;  ^M 

(2  T  =  C-2S31852).  ^^ 

374.  rairann  Rataiian  consists  in  uniformity  of  the  angular  velo- 
city of  the  turning  body,  and  constancy  of  the  direction  of  its  axis 
of  rotAticjn.  ■ 

37 O.  KoOUloa  caaiawa  lo  all  Pan*  of  nadr- — Since  the  angular  I 

—  'on  of  rotation  consists  in  the  chnngo  of  direction  of  a  line  in  I 

iH!  of  rotation,  and  since  that  change  of  direction  is  the  same  I 

lion-  sliort  Bocvw  the  lino  may  be,  it  is  evident  that  the  condition  j 

tif  rotation,  like  that  of  translation,  is  common  to  every  particle,  j 

liow  small  soever,  of  the  turning  rigid  body,  and  that  the  angular  | 

\.l.  pjty  of  turning  of  each  particle,  how  small  soever,  is  the  same  I 

■  '  'i  that  of  the  entire  body.      This  is  otherwise  evident  by  con-  I 

in  jr.  that  each  part  into  which  a  rigid  body  can  bo  divided  I 
t                        'y  alxDut  in  the  same  time  with  every  other  part,  and 
\                          body. 

L       :'.7l'.    Bl«ln  Bad  Lcft-HnoHtHl  notnilon. — Thr  i/i'rcctton,  o{  TCiVaXvStt. 

[xound  a  giveu  axis  is  disUn^'-uishcd  in  an  acViWarj  iDaimRX  veto 
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rightrhanded  and  Ufl-handed.      One  end  of  the  axis  u  i 

tliat  from  which  an  observer  is  supposed  to  look  along  the  i 

of  the  axis  towards  the  rotating  body.     Then  if  the  body  i 

the  observer  to  turn  in  the  same  direction  in  wliich  the  mial 

to  revolve  to  an  obsen-er  north  of  the  tropics,  the  rotation  is 

to  be  righl-hamdtd ;  if  in  the  contrary  direction,  U/t-lvinded  :  and 

it  is  usual  to  consider  the  angular  velocity  of  right-handed  i  ■ 

to  be  positive,  and  tliat  of  left-handed  rotation  to   l>c  D'v 

but  thw  is  a  matter  of  convenience.      It  is  obvio\is   that  tiic 

Mame  rotation   which  seems  liglit-handed  when  looked    at    frum 

oijo  end  of  the  axis,  seems  left-handed  when  looked  at  from  the 

other  end. 

377.    Krlnlire  notion  of  a  Pnir  at  PoinU  in  n  Ralallns  Bad^. — Let 

I  and  A  denote  any  two  ]>oint8  in  a  rot;iting  body  ;  and  cuusiiler- 
ing  O  as  fixed,  let  it  Im;  i-cffuired  to  determine  the  motion  of  A 
relatively  to  an  axis  of  rotation  di'awn  tlux)ugh  O.     On  that  n-ci- 
let  fidl  a  perpendicular  from  A  ;  let  r  be  the  length  of  ' 
lUcular.     Then  the  motion  of  A  relatively  to  the  axis  i  -  ■_:_ 

is  one  of  revolidioii,  or  tratulation  in  a  circidttr  jnih  of  the  ; 
r  ;  the  centime  of  that  circular  path  being  at  the  point  where  1 
perpendicular  from  A  meets  the  axis.     If  a  be  tlie  angular  vehx 
of  the  body,  tlien  the  vducUy  of  A  relatively  to  tlie  axis  tmve 
Ois 


V  ^  ar;. 


and  the  direction  of  that  velocity  is  at  each  instant  X)cj"pend 
to  the  plane  drawn  through  A  and  the  axis.     The  rate  oft 
of  A  in  its  motion  relatively  to  the  given  axis  is 


—  =  o'  r : . 
r 


.(2-T 


in  which  the  first  expression  is  that  ab-eady  found  in  Article  3J 
and  the  second  is  deduced  from  the  first  by  the  aid  of  equation  1 1 
this  Article.  It  is  evident  that  for  a  given  rotation  the  motion  ( 
O  relatively  to  an  axis  of  rotation  traversing  A  is  exactly  the  sH 
with  that  of  A  relatively  to  a  jmrallel  axis  travensing  O  :  fori 
depends  solely  on  the  angular  velocity  o,  the  perpendicular  •!■ 
r  of  the  rao^-ing  point  from  the  axis,  and  the  direction  of  tli 
all  which  are  the  same  in  either  case. 

r  i.s  called  the  radiiu-vector  of  the  moving  point 

378.    Olindricnl    Harface   of  Eqnal    VrloclUca. —  If  n 

surface  of  circular  cros,s  section  be  describtid  about  an  :- 
tion,  alJ  the  {)oinU  in  that  surface  have  equal  vil 
t«  Uie  axis,  and  the  dixeu^xou  ol  -nuiVAiavLsS.  «mA\  y 
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tlrica]  sur&ce  relatively  to  the  axis  is  a  tangent  to  the  surface  in  a 
jlttne  perpendicular  to  the  axis. 

379.  C«Bi|iitnuiTc  .tlaiiona  sr  Twa  Paiau  icInilTelT  lo  •■  Axla< — 
),  A,  B,  denote  three  points  in  a  rotating  rigid  body ;  let  O  be 
dered  as  fixed,  and  let  an  axis  of  rotation  l>e  draNvn  through 

it.  Then  the  omjKirative  motions  of  A  and  B  relatively  to  that 
axis  are  expressed  ae  follows  : — tlu>  velocity-ratio  is  Uuii  of  the  radii- 
Metorw  of  the  pointt,  and  the  directional  rdation  eonsisls  in  the 
bettoeen  their  dirediona  of  motion  being  the  tame  with  tluU 
I  their  radii-veelores.  Or  symbolically  :  Let  r,,  r,,  be  the  per- 
nlar  distances  of  A  and  B  from  the  axis  truversiug  O,  and 
,  and  Cj  their  velocities  ;  then 

V,      r,  A  A 

—  =  -  :  and  v.v,  =  r,rr 
«i      r, 

380.  rampoarnu  of  Veloclir  of  a  Polui  in  a  RolntlnB  Bodr. — The 

omponont  purallul  to  an  axis  of  rotation,  of  the  velocity  of  a  point 
a  rotating  Wly  relatively  to  that  axis, 
nulL     That  velocity  may  be  resolved  v^ 

Bto  com|)onent8  in  the  plane  of  rotation, 
"bus  let  O,  in  fig.  181,  represent  an  axis 
■  rotation  of  a  body  whose  plane  of  i-ota-  b^ 

Bon  is  that  of  the  figure ;  and  let  A  be 
By  point  in  the  body  whose  radius- vector 

OA  =  r.      The  velocity  of  that  point  k  "^ 

Btng  V  =  ar,  let  that  velocity  bo  repre-  — 

»t«l  by  the  line  A  V  perpendicular  to  ^' 

>A-  Let  B  A  be  any  direction  in  the  plane  of  n.itation,  along 
■which  it  is  desired  to  find  the  component  of  the  velocity  of  A  ;  and 
let,^VAU  =/bethe  angle  made  by  that  line  with  A  V  From 
V  let  fall  V  U  perpendicular  to  B  A ;  then  A  U  reprusenta  the 
component  in  question  ,  and  denoting  it  by  u, 

tt  =  V  ■  COS  t  =  ar  ■  cos  / (1.) 

Prom  0  let  fall  O  B  perpendicular  to  B  A     Then  ^iA  O  B  = 
^U  =  ' ;  and  the  right-angled  triangles  O  B  A  and  A  U  V 
so  that 

AV  :  AU  :  :  OA  :  OB  =  r  cos  / (2.) 

^ow  the  entire  velocity  of  B  relatively  to  the  axis  O  is 

ar  cos  /  ^  u, (3.) 

that  the  eomponmt,  along  a  given  MraigfU  tiiie  in  tlus  plarni  of  | 
H<y  of  any  point  in  that  line,  it  erpud  to  l/ie  veto- 
t  a  perpendicular  from  tiiA  on«  rrvuU  Ovit  \«vu 
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Section  3. — Combined  Eotalions  oTtd  Trandaiioits. 

381.  PrapeHT  of  all  nMtoiu  •tWtlgUi  B«41c» — Tiie  forCgOlQg  ) 
position  niiiy  l)e  regarded  as  ii.  particular  case  of  tlie  fullowiug,  wh 
Li  true  of  all  motious  of  a  rigid  body. 

The  cirtiijwneiUti,  along  a  ijitva  straight  line  in  a  rigid  hody,  of  k 
fthe  jxrinU  in  lluxt  line  relatively  to  any  jxnnt,  vhdhmr  ( 
tltc  hody  or  olhenoite,  are  all  equal  to  eadh  i^her^ 
otlterwine,  the  distances  between  points  in  the  given  straight 
must  alter,  ■which  is  inconsistent  with  t!io  idea  of  rigidity. 

382.  ncllral  meitoB. — KotatioQ  is  the  only  movement  wl 
rigid  body  as  a  wliole  can  have  relatively  to  a  point  belot 
it  or  attached  to  it     But  if  the  motion  of  the  botly  be  dnt 
relatively  to  a  point  not  attached  to  it,  a  tranblation  may 
Lined  with  the  rotation.      ^Vlien  that  translation  takes 
the  direction  of  the  axis  of  rotation,  the  ni>itiou  of  the  rigid  1 
wiid  to  1*  lielical,  or  acreio-like,  because  each  point  in  the  rig 
descriln^s  a  lielix  or  screw,  or  a  part  of  a  helix  or  screw. 

Let  r,  denote  the  velocity  of  translation,  pirallel  to  the  axis  I 
rotation,  which  is  common  to  all  points  of  the  body ;  tins  ia  calf 
the  velocity  ofadvawe.     The  advance  during  one  completo  ttunl 
the  rotating  body  is  the  pitch  of  each  of  the  helical  or  scrow-I" 
ptttlis  de.scribed  by  its  particles ;  that  is,  the  distance,  in  n  din«- 
tion  parallel  to  the  axis,  bet\,een  one  turn  of  each  such  hnlix  au  * 

the  next;  and  «  being  the  angular  velocity,  so  that  —  is  the  I 

of  one  turn,  the  value  of  the  pitch  is 

2 


p  =  — ^ ;  whence  r,  =  ^. 


(i-rs 

Let  r,  as  before,  be  the  radius-vector  of  any  {nint  in  the  body,  and 
let 

v,  =  ar (2.) 

denote  its  velocity  of  revolution,  or  velocity  relatively  to  the  axis, 
due  to  the  rotation  alone.  Then  the  rMiiUarU  velocity  of  that 
}x)int  is ' 

t.=  ,AT+^  =  a-Y^{^^H-r-} (a) 

The  tncUnation  of  the  helix  described  by  that  point  to  the  pltUU  rf 
rotation  is  given  by  the  equation 


t  =  arc  •  ton  •  -  ^  aati  •  Viwi. ' 
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be  tangent  of  that  angle  being  the  ratio  of  the  pitch  to  the  circum- 
erenco  of  the  circle  described  by  the  point  rektively  to  the  axis  of 
otAtion. 

383.    PR00LE3L      To  Find    tbc  notion  of  a  Bigld   Bodr  Oom  Ike 
•■■  of  Tkrce  of  Urn  Point*. — 

A,  B,  C,  fig.  182,  be  three 
ninta  in  a  rigid  body,  and  at  u, 
[ivcn  instant  let  them  have  mo- 
iion.<i  relatively  to  a  point  indepen- 
t  dent  of  the  body,  whioh  motions 
arc  represented  in  velocity  and 
dirrction  by  the  three  lines  A  V,. 
B  V„  C  V,  It  is  required  to  find 
the  motion  of  the  entire  rigid 
Hj  relatively  to  the  same  fixed 
}iut. 

Through  any  point  o,  fig.  183, 
draw  thn-f  linos  o  a,  o  b,  o  c,  equiil 
and    landlcl   to   the   three  lines 


182. 


A  V ,.  B  v.,  C  V 


Tljrough  a. 


6,  and  c,  draw  a 


o  6  c,  on  ■wluch  let  fall  a  perptndiadar  o  n 
. ;  :..i  0.  Then  o  n  represents  a  component,  ■wliich 
is  common  to  the  velocities  of  all  the  three  j)oints 
A  ^.  C,  and  must  therefore  be  common  to  all  the 
<  in  tho  body ;  that  is,  it  is  a  vdoe'Uy  of 
4,1,  „.,/<!/ t</n. 


Fig.  183. 


From  the  points  T.,  V„  Y„  draw  lines  VTIL  "^^k  V.  U„ 

'  and  [)amllcl  to  o  n,  but  opposite  in  direction  to  it ;  and  join 
„,  B  U»,  C  U„  which  wUl  all  be  parallel  to  the  same  plane ; 
iLat  is,  to  the  plane  ab  e.  The  last  tlireo  lines  will  represent  the 
comfxjnent  velocities  which,  along  with  the  common  velocity  of 
translation  jmi-allel  to  on,  make  up  tho  resultant  velocities  of  the 
three  points  Through  any  two  of  the  points  A,  B,  draw  planes 
perpendicular  to  the  respective  components  of  their  motions  which 
are  parallel  to  o  6  c.  These  two  planes  will  intersect  each  other  in 
a  line  ODE,  which  will  bo  piii-allel  to  on.  The  perpendicular 
''•  '  nccs  of  that  line  from  the  points  A,  B,  being  unchanged  by  the 
ri,  it  represents  one  and  the  same  line  in  or  attached  to  the 
ii  i.>ody,  and  it  is  therefoi-o  the  axis  of  rotation.  A  plane  drawn 
lirongh  the  thu-d  point  C,  perpendicular  to  C  U„  will  cut  the  other 
Ftwo  planes  in  the  same  axis :  the  three  revolving  component 
Viilocities 


AI7«UU„0U, 
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will  be  respectively  proportional  to  the  perpendicuUr  distMice«,  or 

fodii-veetoret,  

AD,  BE,CF, 

of  the  tliree  pciints  from  tliat  axis  ;  and  the  angular  velocity 
will  be  equal  to  each  of  the  tliree  quotients  made  by  dividing  the 
revolving  component  velocities  of  the  points  by  their  respective 
radii-vectores.  This  rotation,  combined  ■with  a  translation  paraM 
to  the  axis,  with  a  velocity  represented  by  o  n,  constitutes  a  helieaL 
motion,  being  the  required  motion  of  the  rigid  body. — Q.  E.  I. 

384.  Special  Cmm  of  the  preceding  problem  occur,  in  vbidi 
either  a  more  simple  method  of  solution  is  sufficient,  or  the  general 
method  foils,  and  a  special  method  has  to  be  employed. 

I.    H7i«»  tJte  mottona  of  Uie  poinU  tf 
the  bofli/  are  himcm  to  be  all  paralld  l» 
one  plane,  it  is  sufficient  to  know  the 
motions  of  two  points,  such  as  A,  fiy  1>|^ 
184.     Let  A  O,  B  0,  l>e  two  planai  tiv 
versing  A  and  B,  and  i)eii>endiciilar  U» 
the   resjjective  directions  of  the  simul- 
taneous velocities  of  those  points ;  ii  thca; 
planes  cut  each  other,  the  entire  niutii'H 
is  a  rotation;  the  line  of  intersi  • 
the  planes  O,  being  the  axis  of  r.c  - 
and  the  fiiiguliir  velocity,  are  found  as  in  the  last  Article.    If  tbi 
two  planes  are  parallel,  the  motion  is  a  translation. 

II.  If  three  points,  not  in  the  game  platie,  have  parallel  mulifint, 
or  ifOiree  points  in  tJte  soTne  plane  luive  parallel  motions  oUiqiu  it 
the  platie,  the  inotion  is  a  translation. 

III.  //three  points  in  tlie  same  plane  move  perpimdicularlif  to  tk 
plane,  as  A  B  C,  fig.  184  a,  then  if  their  velocities  are  equal,  tlw 


Fig.  184  0. 


motion  is  a  traTia\a.t\oTv,  m\A.  M  \Votc  N<ilocities  are  unequal,  tit 
motion  is  a  rotatiou  aXxjvi^i  ^^:^e  asj^a  Vsi\«3tl^i'0^»^3s^iE^wMJ^i<«».<i><.illA 
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pliMte  of  the  three  points  with  the  plane  drawn  through  the  extre- 
niiticK  v.,  V„  V„  of  thp  three  lines  ■which  represent  their  veloci- 
ties ;  the  angiilur  velocity  lieiiig  found  as  in  Article  383. 

If  the  plane  of  rotation  if  known,  then  the  aiinnltancoun  veloci- 
Jiffl  of  two  points,  as  A  and  B  in  figs.  184  h  and  184  c,  are  sufficient 
^■detcrniine  the  axis  0. 

^^80.  Beliulon  Combined  iridi  Tran>Iaii«it  In  ibc  Same  Plaac — 
Let  a  IkkIv  rotate  about  an  axis  C  (tig.  185), 
fixed  relatively  to  the  body,  with  an  angular 
velocity  a,  and  at  the  same  time  let  that  axis 
huve  n  motion  of  translation  in  a  straight  path 
perpe^idicular  to  the  direction  of  the  axis,  with 
the  velocity  u,  represented  by  the  lino  O  U.  It 
is  requireil  to  liiid  the  velocity  and  direction  of 
motion  of  any  point  in  the  body.  From  the 
moving  axis  draw  a  straight  line  C  T  perpendi- 
cular to  that  axis  and  to  C  U,  and  iu  that  direction  into  wliich  the 
rotation  (as  represented  by  the  leathered  arrow)  tends  to  turn  C  U, 
And  m&ke 


Fig.  185. 


CT  = 


.(1.) 


Then  the  point  T  has,  in  virtne  of  IrandcUion  alony  with  the  axis 
C,  a  forward  motion  with  the  velocity  xi ;  and  in  virtue  of  rota- 
tion abmU  that  axis,  it  has  a  hachoard  motion  with  the  velocity 

a-CT=M, 

eqtial  and  opposite  to  the  former  ;  and  its  remiltant  velocity  is  0. 

tice  every  (joint  in  the  body,  which  comes  in  succession  int/O  the 
tion  T,  situated  at  the  distance  —  from  the  axis  C  in  the  dii-ec- 
u 

tion  above  described,  is  at  rest  at  lite  instant  of  Us  arriving  at  that 
position;  that  is,  it  luuf  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction ;  and  this  is  true  of  every 
f)oii\t  which  arrives  at  a  line  Iraversimj  T  parallel  to  C.  Conse- 
cjuciitly  the  resultant  motion  of  the  body,  at  any  given  instant,  is 
"the  sime  ns  if  it  were  rot-'iting  about  the  line  which  at  the  inMant 
<ptastion  occupies  the  position  T,  parallel  to  0,  at  the  distance 

and  that  line  is  called  thb  ixsTAirrANZovs  axis.    To  find  the 

tion  of  any  point  A  in  the  body  at  a  given  instant,  let  fall  tho 
It  a  T  from  that  jwnt  on  the  inHtantaue<jus  a.x\ft',  \,Vwo. 
ijf  A  lain  the  direction  A  V  per\KiuOlicula.x  \w  ^^&  ■'^\i»s»a 
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of  the  instentniiooiis  axis  and  of  the  ingtantaneoHS 
A.  T,  and  the  velocity  of  that  motion  is 


p  =  o  •  A  T. 


.(2.) 


386.  Bsiiing  Criinder;  TrochaM. — Eveiy  straight  Iin«  parallel 
to  the  moving  axis  C,  in  a  cylindrical  sarface  described  about  C 

•u 
with  the  radius  -,  becomes  in  turn  the  LnstaQtaneoas  axi&,     Hrooe 
a 

the  motion  of  the  body  is  the  same  ■with  thnt  produced  by  lht>  roll- 
ing of  such  a  cylindrical  surface  on  a  plane  P  T  P  piirallel  to  C  and 

i( 

to  C  U,  at  the  distance  -. 

Tlie  path  described  by  any  point  in  the  body,  such  as  A, ' 
is  not  in  the  monng  axis  C,  is  a  curve  well  known  by  the  i 
troeltoid.     The  particular  form  of  trochoid  called  the  cycAwc^i 
described  by  each  of  the  points  in  the  rolling  cylindrical  snr&oe, 

387.  PInne  Railing  on  CTHndpr;    Spiral   Pallu. — Another 
of  rei)rescnting  tlio  combination  of  i 
tion  with  translation  in  the  same  pi 
is  as  follows  : — Let  O  be  an  axis « 
as  fixed,  about  which  let  the  pi, 
(containing  the   axis   O)   rotat«' 
handedly,  in  the  figure),  with   tti.» ' 
kr  velocity  a.     Let  a  rigid  body  haj 
rehUinify  to  tli«  rntatin/j  plane,  and  in 
direction  perpondiculiir  to  it,  u  tr 
tion  with  the  velocity  u.     In  the 
O  C,  and  at  right  angles  to  the  i 


%.  I8fl. 


take  0T  =  -, 
a 

the  velocity 
M  =  rt  •  cTT, 


in  such  a  dii'cctioa  ' 


wluch  the  point  T  tn  th«  rotating  plane  has  at  a  eiven  fniitnnt,  i 

be  m  the  contrary  direction  to  the  equal  v," 

«,  which  the  ris^d'body  has  relatively  to  the  i 

each  point  in  Uie  rif/td  both/  which  arrivra  at  Uio  i 

any  position  in  a  lino  traversing  T  pariillcl  to  tin 

at  rest  at  the  instant  of  its  occui>ving  that  p<. 

Lne  traversing  T  j.arallel  to  the  fixed  axis  < 

axu;  tlie  motion  nt  a  meu  instant  of  any  p.-im  m 

•uch  as  A,  is  at  rigkt  wi^ca  \»  'Osvt  \a»ii\ui-^«i\j« 
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actilar  to  the  inatantaTieous  axis;  and  the  velocity  of  that 
is  given  by  the  equation 

•  =  a  •  AT. 

AH  the  lines  in  the  rypd  body  which  successively  occupy  the 

sition  of  instantaneous  axis  are  situated  in  a  plane  of  that  \yxly, 

T  P,  perpendicular  to  O  C  ;  and  all  the  positions  of  the  instun- 

aeotis  axis  are  situated  in  a  cylinder  described  about  O  with  the 

iius  O  T  ;  80  that  the  motion  of  the  rigid  body  ia  such  as  is  pro- 

ccd  by  the  Tolling  oftlte  ^^/a/w  VP  onUie  cylinder  toltoae  radius  t« 

—       **  .       .  .  I 

r  =  -.     Each  point  in  the  rigid  body,  such  as  A,  describes  a  ' 

pe  roiral  about  the  fixed  axis  O.  For  each  point  in  the  roUing 
unt,  P  P,  that  spiral  is  the  involute  of  the  circle  whose  radius  in 
T.  For  each  jjoint  whose  path  of  motion  traverses  the  fixed  axis 
jiluit  b,  for  each  point  in  a  plane  of  the  rigid  body  traversing  O 
bllel  to  P  P,  the  gpii-al  ia  jVrchimedean,  having  a  radius- vector 
snaasiiig  by  the  length  u  for  each  angle  a  through  which  it 
totea. 

98.   CmBMard  Parallel  Bolalloiu. — In  figs.   187,  188,  and   189, 


F!g.  188. 

I  be  an  axis  assumed  as  fixed,  and  O  C  a  plane  traversing  that 
and  rotating  about  it  with  the  angular  velocity  o.  Let  C  bo 
SJd  in  that  f>lane,  parallel  to  the  fixed  axis  O ;  and  about  the 
ing  axis  C  let  a  rigid  body  rotate  with  the  angular  velocity  b 
dy  to  the  j>!ane  0  C  ;  and  let  the  directions  of  the  rotations  a 
h  be  distinguished  by  positive  and  negative  signs.  The  body  is 
to  hrtve  the  rotations  about  the  parallel  axes  O  and  C  cond 
'  I  it  is  required  to  find  the  result  of  that 
i  rotations. 
g.  167  i'o{)resents  the  case  in  which  a  and  h  axe  wv 
ion;  fig.  1<;3,  that  in  whicL  a  and  6  arc  ia  ' 
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tion.^,  and  b  is  the  greater ;  and  iig.  189,  that  in  -which  a  unA  k  un 
ill  opposite  directions,  and  a  is  the  greater, 

Lvt  a  common  porpendicular  O  C  to  the  fixed  and  moviri!;  axrs 
l)e  intersected  in  T  by  a  stniight  lino  parallel  to  lx)tli  those 
such  a  manner  that  the  distances  of  T  from  the  fixed  and  : 
axes  respectively  shall  be  inversely  proportional  to  the  ;ir  ,      ■ 
velocities  of  the  component  rotations  about  them,  as  '"  ••■»  ■■ 
by  the  following  proportion : — 

o  ;  6  :  :  CT  :  OT (1.) 

When  a  and  6  ni-e  similar  in  direction,  let  T  fall  lx;tween  O       ■  '' 
a»  in  tig.  1S7  ;  when  they  are  contrary,  beyond,  as  in  figs.  ! 
189.     Then  the  velocity  of  the  line  T  o/Uie  plnru  O  C  is  a   uS 
and  the  velocity  of  the  line  T  of  the  rigid  body,  rdaticely  to  \ 
jilane  O  C,  is  6  •  C  T,  equal  in  amount  and  contrary  in  directio 
the  former ;  therefore  each  line  of  the  rigid  body  which  arrive 
the  position  T  is  at  rest  at  the  inatant  of  its  occapying  that 
tion,  and  is  then  the  inslanlaneotu  axis.      The  rvsidtant  anii 
wlocity  is  given  by  the  equation 

o  =  o  +  6; (2 

regard  Ijeing  had  to  the  directions  or  signs  of  a  and  6 ;  thki 
Bay,  if  we  now  take  o  and  6  to  represtent  arithmxelieal       _  ' 
and  affix  explicit  signs  to  denote  tlicir  directions,  the  directio 
c  will  be  the  same  with  that  of  the  grcjiter ;  the  case  of  fig. 
will  be  represented  by  the  equatdon  2,  already  given ;  and  tho 
ligs.  188  and  189  respectively  by 

c  =  6-0 ;  c  =  o  — 6 (3i 

The  relative  proportions  of  a,  h,  and  c,  and  of  the  distal) 
between  tho  fixed,  moving,  and  instantaneous  axes,  ure  driven  j 

the  equation  

a  :6  .c  ::0T:  or  :0C (3.| 

The  motion  of  any  point,  sucli  as  A,  in  the  rigid  body,  is  at  well 
instant  at  right  angles  to  the  i-adiiw-vector  A  T  drawn  I'l 
point  perjjendicular  to  tlie  iustantaucoiis  axis;  and  (lie  vrl 
that  motion  is 

«  =  c' AT 


389.    Crlindf-r  Balllaa  •■  CrllBdert  BpllivchaM*, — All   the 

in  the  rigid  body  which  successively  occupy  the  position  of  ii 
taneous  axis  are  situated  in  a  cylindrical  surface  descrilied  »\ 
with  the  ladiua  Ct  •,  onOi,  bM  \Xvi  ymtions  of  the  inftnntanvoidl 
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nxht  art-  cunt&ined  in  a  cjlindrical  KuHace  described  about  O  with 
till"  radius  O  T ;  tlierefore  the  resultant  motion  of  the  rigid  body 
jfi  that  wliich  ia  profhiced  by  rolling  the  former  cylinder,  attached 
^B  the  body,  on  the  latter  cylinder,  congidered  as  fixed. 
^■In  fig.  187,  a  convex  cylinder  rolls  on  a  convex  cylinder  ;  in  fig, 
^■8,  a  smaller  convex  cylinder  rolls  in  a  lui-ger  concave  cylinder ; 
^K  fig.  181),  a  larger  concave  cylinder  rolls  on  a  smaller  convex 
^Minder. 

H^Edch  point  in  the  rolling  rigid  Ixjdy  traces,  relatively  to  the 
^Bed  axis,  a  curve  of  the  kind  calk-d  epitroehoids.  The  epitrochoid 
^MMd  by  a  point  in  the  surface  of  the  rolling  cylinder  is  an  epi- 

^*In  certain  cases,  the  epitrochoids  become  curves  of  a  more  simple 
dasB.     For  example,  each  iioiut  in  the  moving  axis  C  traces  a 

■pde 

^KWhen  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 

^Mtloiibh  itg  radius,  each  point  in  the  surface  of  the  rolling  cylinder 

fbres  backwards  and  forwards  Lii  u  straight  line,  being  a  diameter 
oFthe  fixed  cylinder;  each  \wh\i  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the  same  raditis  with  that  cylinder,  and  each  other 

Htint  in^or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 

Hbatcr  or  leso  eccentricity,  having  its  centre  in  the  fixed  axis  O. 

^Ka  ])rinciple  has  been  made  available  in  instruments  for  drawing 

^■d  turning  ellip.seji. 

^H80.  CarrntBrr  of  Epiirochoida. — The  following  being  given  : — 

^P  the  radius  of  the  fixed  cylinder,  O  T  =:  r, ; 

H  the  ludius  of  the  rolling  cj'lindcr,  C  T  =: »"« J 

^■he  instantaneous  radius-vector  of  a  tracing-jioint  A,  AT"  =  r  ; 
^he  angle  made  by  that  radius-vector  with  the  rotating  plane, 

■  ^:CTA  =  «i; 

^B8  required  to  find  the  radius  of  cur\'aturo,  p,  of  the  path  of  the 
^■cing-poiiit  A,  at  the  instant  under  consideration, 
^n^e  radius  of  a  convex  cylinder  is  to  bo  considered  as  positive, 
^B  that  of  a.  concave  cylinder  as  negative ;  and  regard  is  to  be 

^Bd  to  the  principle,  that  cob  f  is  <  ^''^t-  ^  \  according  as  tf  is 

^ucuto  ) 
Hkbtuse  )  ' 

^pLet  r/  <  bo  an  indefinitely  short  interval  of  time ;  then  during 
^mt  interval  the  tracing-point  A  moves  through  the  distance  crdl. 
Let  the  direction  of  the  radius-vector  r,  which  is  perjiendicular  t' 
■kp  path  traced  by  A,  altf^r  in  the  same  time  by  tho  angle  tf  ■ 
^kn  the  railius  uf  curvature  of  the  imth  of  A  ia 

■  ^o 
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erdt 
di 


To  determine  the  angular  motion  di  of  the  radius- vector,  it  ] 
bo  considered,  that  the  ubsuluta  ao^lar  velocity  of  the  roll 
cylinder  is  c,  which  gives  that  cylinder  an  angular  motion,  cdi 
the  given  interval ;  and  also  that,  in  the  course  of  the  samo 
val,  a  new  line  comes  to  occupy  the  position  of  instantaneous  i 

^distant  troxa  the  original  line  by  the  length  br,dt,  in  a  dir 
tiU  to  that  of  the  rotation  of  the  rolling  cylinder.     The 

'of  this  shifting  of  the  instantaneous  axis  is,  to  turn  the  ang 
position  of  the  radius- vector  r,  in  a  vrgoUive  direction  relative 
the  rolling  cylinder,  through  the  angle 

br,CQSt  ■  dt 


•which  being  combined  with  the  angular  motion  of  the  cylin 
cdt,  gives  as  the  resultant  angular  motion  of  the  ladius-vecturJ 


di=(cJ-^')dl; 


which  being  substituted  in  equation  1,  gives  for  the  radius  of  cu?^ 
vature  of  the  puth  traced  by  A, 


or         r 

"           6  r,  cos  ^      '     br,  coat 
c 1  —  - 


•(-) 


er 


Now, 


e      r,+r,' 


(attention  being  paid  to  the  implicit  signs  of  r,  and  r,)  ;  and 

sequently, 

n+r.  t^] 

p  z=  r  ' • '■'•' 


r,  +  r, - 


r,  r,  cos  / 


The  sign  of  this  result,  when  -f  P<^*^'7^  I    shows  that  the 
°  '  \  negative  J  ' 

traced  by  A  is  |  ^^^*  [  towiuds  T.     Tho  following  ait  mb« 

limited  cases : — 

I.    When  the  (ractTif)-p<nTit  tg  tlu:  mrfofe  qf  the  roUinff  tylv^i 

■  =  2  7»  cos  /  ;  and  iWteluw-, 
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''  =  2''.««'-f^.; (*•) 

vhicli  is  the  radius  of  curvature  of  an  epicycloid. 

U.    When  a  cylinder  rolls  on  a  plane,  r,  becomes  infinitely  great 
•8  compared  with  r„  and  thus  reduces  equation  3  to 

p=  "^ (5.) 

r 

rhich  ifl  the  radius  of  curvature  of  a  trochoid. 

IlL    Wlien  a  cylinder  rolls  on  a  plane,  and  Hue  Iraeiny-point  ia 
in  Ui«  turjace  qftite  cylinder,  r  =  2  r,  cos  /,  and 

p  :=  2  r  ^  4  r,  cos  /, (6.) 

Iiich  is  the  radius  of  curvature  of  a  cycloid. 

TV.  When  a  plane  rolU  on  a  cylinder,  r,  becomes  infinitely  great 

I  compai'ed  with  r,  and  r ;  and  equation  3  becomes 

p  = , (7.) 

■^       .     r,  cos  /  *   ' 

r 

which  is  the  radius  of  curvature  of  a  spiral  of  the  class  mentioned 
in  Article  387. 

V.   When  a  plane  rolls  on  a  cylinder,  and  the  tracing-point  is  in 
ttte  plane,  cos  '  =  0  ;  and  equation  7  becomes 

P  =  n (8.) 

iich  is  the  radius  of  curvature  of  the  involute  of  a  circle. 
I  VI.   When  a  plane  rolls  on  a  cylinder,  and  the  tracing-point  ia 
the  distance  r,  from  the  plane  on  Vie  side  next  the  cylinder, 

,  /  = !  J  and  equation  7  takes  the  following  form  : — 

f'-^.' <^-> 

bich  i.i  the  radius  of  curvature  of  an  Archimedean  spiral.  Let  R 
I  tho  distance  of  a  point  in  tliat  spiral  from  the  fixed  axis  O ;  then 
'  =  K'  +  r'„and 

I  to  rolling  curves  in  general,  see  Professor  Clerk  Ma.x^«\S6\<a.\vw 
the  Trunaactioru  of  the  lioyul  Society  of  £diuliurgh,  \o\.  Tts\. 
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391.  KqnnI   nud   Opftoalre    Pnmll«l    Balalioaa  Combliu^, — Lrt   a 

pkne  0  C  rotate  with  ah  angular  velocity  a  ftbout  an  axis  O  cou- 
taiiii'tl  in  thu  [ilane,  and  let  a  rigid  body  rotate  about  the  axis  C 
in  that  plane  parallel  to  O,  with  an  nnguloi-  velocity -n,  equal  and 
op)>osite  to  that  of  the  plane.  Then  the  angular  relocitj*  of  the 
rigid  body  Ls  nothing  ;  tliat  is,  its  motion  is  one  of  trarutlation  only, 
all  its  points  moving  in  equal  circles  of  the  radius  OC,  with  the 
Velocity  «  •  O  C.  This  case  is  not  capable  of  being  reprQeente<l  by 
a  rolling  action. 

392.  R»lall«Ba   nb«Bi   lalcriwcilBg  Axra  Combined. — In  fig.    190, 

let  O  A  be  an  axis  assumed  aa 

fixed  ;  and  about  it  let  th'  ■ ' 

AOC  rotate  with  tho  :i 
velocity  a.     Let  OC  tie  an  nxis 
in  the  rotating  plane  ;  and  iil)out 
that  axis  let  a  rigi<l  body  rotat* 
with  the  angular  vohx-ity  ''  rr>- 
lativcly  to  the  rotating  pi 
Because  the   point  (i 
rigid  body  is  fixed,  the  instantaneous  axis  mu.st  travorue  thiu 
The  direction  of  that  axis  is  deterrainod,  as  lieforo,  by  con- 
tliat  each  point  which  arrives  at  that  line  must  have,  ■ 
the  i-otation  about  OC,  a  velocity  relatively  to  the  rot. 
equal  and  directly  opposed  to  that  which  the  coincident  ].• 
the  rotating  [>lane  has.     Hence  it  follows,  that  the  ratio  of  t  i 
])endicular  distances  of  each  ])oint  in  the  instantaneous  axis  fnHD 
the  fixed  and  moving  axes  respectively — that  is,  the  ratio  of  ' ' 
sines  of  the  angles  which  the  instantaneous  axis  makes  with  j 
fixed  and  moving  axes — must  be  the  reciprocal  of  the  ratio  of  j 
com{)onent  angular  velocities  about  those  axes ;  or  symbolicalli 
O  T  be  the  instantaneous  axis, 


Fig.  190. 


8inAOT:8inCOT 


:» (l.)1 

This  determines  the  direction  of  the  instantaneous  axis,  which  totf 
also  be  found  by  g^^iphic  construction  a«  follows  : — On  O  A  t»ke 
O  a  proportional  to  o  ;  and  on  OC  take  Ob  projiortionril  to  f<.    \A 
tlioHc  lines  be  taken  in  such  directions,  that  t^  an  obs' «         ' 
from  their  extremities  towai-ds  O,  the  component  rrit 
both  right-handed.      Complete  the  parallelogram  O  6  c  a  ;  tho  i 
gonal  O  c  will  be  the  instantaneous  axis. 

Tho  resultant  angular  volocitj' alxjut  Uiis  instautanooiu  axilj 
found  by  considering,  that  if  C  be  any  point  in  the  n 
the  linear  velocity  oV  <\\bA.  \>c»vi\\.  •vkwAVk',  tUo  imnr,  v  i 
piited  frwm  the  aT^gvvWc  veXocvV^j  o.  ol  ^Jivvs  \tt\*.\jvMj,  ^w:  v.<i\v.  i 
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fixed  axis  O  A,  or  from  the  resultant  angular  velocity  c  of  the  rigid 
hoilj  about  the  iostantaneoua  axis.  That  is  to  say,  let  C  D,  C  E, 
be  peri)en<liculars  from  C  upon  O  A,  O  T,  respectively ;  then 

oCD  =  cCE; 
butCD  :CE  ::sin,crAOC  :  sin  ^COT;  and  therefore 

sin^-cCOT:siji^:^AOC::a:cj 
and.  combining  this  proportion  -with  that  given  in  equation  1,  we 
bbtiUD  the  following  proportional  equation  : — 


Bin^iCOT 


a 
Oa 


sin  . 


Oc       ) 


•(2.) 


:AOT  isia. 

±       : 
06       : 

thnt  is  to  Bay,  iJie  ant/ular  velocities  of  the  component  atui  remltant 
,na  are  each  proporUonai  to  the  sine  of  Hie  angle  belioeeti  the  axt» 
'  ithcr  lioo  ;  nud  the  diotgotiol  of  live  paruJMogram  O  b  c  a  repre- 
'  oth  the  directimt  oft/ie  iruttaiUuiteotu  axis  and  the  angiUar  velo- 
•>i)Ul  thai  axis. 
^'J3.  r«iubii  c'eac*. — All  the  lines  which  successively  come  into 
th^  fiosition  of  instantaneous  axis  arc  situated  in  the  surface  of  a 
coue  descrilied  by  the  revolution  of  O  T  about  O  C ;  and  all  the 
"•■"'i'>ns  of  the  inatantaneoiia  axis  lie  in  the  surface  of  a  cone 
I  )ed  by  the  revolution  of  O  T  about  O  A.      Therefore  tlie 
•ii  of  the  rigid  body  is  such  as  would  be  produced  by  the  roll- 
ing of  the  former  of  those  cones  upon  the  latter. 

It  is  to  be  understood,  that  either  of  the  cones  may  become  a. 

It  disc,  or  may  Ixj  hollow,  and  touched  internally  by  the  other. 

for  example,  shuidd  .^^  A  O  T  become  a  right  angle,  the  fixed  cono 

Would  become  a  flat  disc  ;  and  should  ,.si  A  O  T  become  obtuse, 

that  cone  would  be  hollow,  and  would  be  touched  internally  by  the 

rolling  cone ;  and  similar  changes  may  be  mode  in  the  rolling  cono. 

The  path  described  by  a  point  in  or  attached  to  the  rollii^  cono 

j?  a  irphericxd  epitrochoid;  but  for  the  purposes  of  the  pre.<ient  trea- 

'  is  unnecessary  to  enter  into  details  respecting  the  properties 

:  class  of  curves. 

:     Aaatocr  of  Rolnliann  and  81n||lc  Farce*. — If  the  propoi-tiomil 

■n  3  of  Article  38.S,  wliich  shows  the  relatiouB  Wtwecn  tlio 

tient  angular  velncitics  of  rotation  about  a  pair  of  parallel 

the  resultant  angular  velocity,  and  the  position  of  the  inston- 

taucoos  axis,  be  com{)ared  with  the  jiroportional  equation  of  Article 

39,  by  means  of  which,  us  explained  in  Article  40,  the  magnitudu 

nnd  position  of  the  resiiltant  of  a  jwir  of  parallel  forces  are  foand, 

it  wdl  be  evident  that  those  equations  are  exactly  analogous. 

The  rwult  of  the  combination  of  a  rotatiou  willi  &  tmi&WiQXi  Y&. 
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the  same  plane,  in  producing  a  rotation  of  equal  angular  Tcln 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  | 
moving  axis,  as  explained  in  Article  385,  is  exactlj  aualogoui 
the  result  of  the  combination  of  a  single  force  with  a  couple  in 
ducing  an  equal  single  force  transfetred  laterally  to  a  certain 
tance,  aa  explained  in  Article  41. 

The  result  of  the  combination  of  two  cqnal  and  opposite  rotat 
about  parallel  axes,  in  producing  a  translation  with  a  vdo 
which  is  the  product  of  the  angular  velocity  into  the 
between  the  axes,  as  explained  in  Article  391,  is  exactly  analogoio 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppo- 
site forces,  as  ex])lained  iu  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
a.xc8,  as  exjilained  in  Article  392,  is  exactly  analogous  to  tho  ivsnll 
of  the  combination  of  a  pair  of  inclined  forces  acting  through  ottf 
point,  as  explained  in  Article  51. 

The  combination  of  a  rotation  about  a  given  axis  with  a  traniila- 
tion  parallel  to  tho  same  axis,  as  explained  in  Article  382,  is  oxactlr 
analogous  to  the  combination  of  a  force  acting  in  a  given  li' 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  cxplui 
Article  60,  cases  4  and  5. 

It  thus  appears,  that  just  as  tho  compoHition  and  rcsok 
translations  are  exactly  analogous  to  the  composition  and  ratolulj 
of  couples,  so  tho  comjKisition  and  resolution  of  rotations  arfi| 
analogous  to  the  composition  and  resolution  of  single  forccaj 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of 
and  in  length  the  angular  velocities  of  rotation  about  snch  axeSjil 
mathematical  theorems  which  are  tme  of  lines  repreaentiiic 
foi-ces  are  true  of  such  lines  representing  rotations :  and  if  v, 
be  combined  the  principle,  that  all  mathematical  the  ■• 
arc  true  of  lines  representing  in  direction  the  axes  and  i 
moments  of  couples  ore  true  also  of  lines  i-epresenting  t ' 
and  directions  of  translations,  all  problems  of  the  re.- 
composition  of  motions  may  be  solved  by  referring  to  tho  liuJu 
of  analogous  problems  of  statics. 

395,   CempamliTe  inaiian»  In  C'om|>oand  R»tatJ«a. — Tlie  vclo 
ratio  of  two  points  in  a  rotating  rigid  Ixnly  ot  any  instant  is  thAl 
their  perpendicular  distances  from  its  instantaneous  axis  ;  ami ' 
angle  between  the  directions  of  motion  of  the  two  points  is 
to  that  between  the  two  planes  which  traverse  tho  points  sad  1 

iuStOUtltneoUS  nvia, 

Section  4. —  Varied  Rotation, 

39G.  Tariation  of  AnvAnT  'v«\««wi  ^2  meamired  like  vanatu 
L'near  velocity,  by  com^m^v.Vi  tVax^-gi  -wVCxOskVCitsa.  -"^Wr  vn ' 
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_  t  velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
time,  ■with  the  length  of  that  interval,  a  <,  and  the  rate  of  variation  is 
the  value  towards  which  the  ratio  of  the  change  of  angular  velocity  to 

the  interval  of  time,  — ,  converges,  as  the  length  of  the  interval  ia 
indefinitely  diminished  ;  being  represented  by 

da 

dt' 

found  by  the  operation  of  differentiation. 

397,  Chaag*  *f  <i>*  AzU  of  B«iaii«a  ha3  l)een  already  considered, 

liar  as  it  is  consistent  willi  uniform  angular  velocity,  in  the  pre- 

'  Bg  section.     All  the  pro[K>8ition«  of  that  section  are  applicable 

I  to  cases  in  which  the  angular  vdocity  is  varied,  so  long  as  the 

DO  of  each  pair  of  component  angular  volociUes,  such  as  a  :  6,  is 

tstant 

l>en  that  ratio  varies,  the  propositions  are  true  also,  provided 
'be  understood,  that  the  rolling  cylinders  and  cones  with  ciraUar 
ieuetf  spoken  of  in  section  3,  are  simply  the  oscidating  cylinders  and 
I  at  the  lines  of  contact  of  rolling  cylinders  and  cones  -with  bases 
circular ;  and  that  r^,  r^  in  each  case,  represent  the  values  of 
variable  radii  of  curvature  of  non-circular  cylinders*  at  their 
of  contact,  and  .^i  A  O  T,  ..^  C  O  T,  the  variable  angles  of 
iiquity  of  the  osculating  circular  cones  of  non-circular  cones. 
SU8.  CaniwacBU  of  Varied  BainUoa. — The  most  convenient  vray, 
most  cases,  of  expressing  the  mode  of  variation  of  a  rotatory 
motion,  is  to  resolve  tlie  angular  velocity  at  each  instant  into  three 
component  angular  velocities  about  three  rectangular  axes  fixed  in 
direction.     The  values  of  those  components,  at  any  instant,  show  at 

Be  the  resultant  angular  velocity,  and  the  direction  of  the  instan- 
eous  axis.     For  example,  let  a„  a^  a„  be  the  rectangular  com- 
ponents of  the  angular  velocity  of  a  rigid  body  at  a  given  instant 

I                  rotation  about  x  from  y  towards  s,  _ 

about  y  icoja  z  towards  x,  fl 

and  about  :  from  x  towards  y,  ■ 

considered  as  positive  ;  then  * 

a=^{a\+a\^-alt (1.) 

Hthe  resultant  angular  velocity,  and  _ 

^B  coa«  =  — :  cosi8  =  _';  coBy  =  -;-"-  ■ 

^H  a  ■ 

^B^fte  QOline.'t  of  the  angles  which  the  iusta^  ■ 

^Hi  &t  axes  otx,  y  and  i,  ivspccti\'elj.  ■ 


I 
I 
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399.  DirtsioB  or  die  Subject. — The  Subject  of  the  present  chap 
so  far  as  it  comprehends  the  relative  motions  or  the  points  or 
pliable  solids,  has  been  already  treated  of  in  those  portions  of  the 
Third  Chapter  of  Part  II.  which  relate  to  strains.  There  remain 
now  to  be  considered  the  following  branches  : — 

I.  The  Motions  of  Flexible  Cords. 
II.  The  Motions  of  Fluids  not  alteiing  in  Volume. 
m.  The  Motions  of  Fluids  altering  in  Volume, 

Section  1. — Motions  ofFUxilie  Cordt. 

400.  Ocncrai  Principles. — As  those  relative  motions  of  the  pofl 
of  a  cord  which  may  arise  from  it«  extensibility,  belong  to  lie  i 
jcct  of  resistance  to  tension,  which  is  a  branch  of  that  of 
and  stiffiicss,  the  present  section  is  coniiued  to  those  mo 
which  a  flexible  cord  is  capable  when  the  length,  not  mc^e^ 
whole  cord,  but  of  each  part  lying  between  two  points  fixe 
cord,  is  invariable,  or  sensibly  invariable. 

In  order  that  the  figure  and  motions  of  a  flexible  cord  mnyl 
determined  from  cinematical  considerations  alone,  indeix'ndontiy 
the  magnitude  and  distribution  of  forces  acting  on  the  cord,  its  wci| 
must  be  insensible  compared  with  the  tension  on  it,  and  it  lul 
everywhere  be  tight ;  and  when  that  is  the  case,  eacJi  pai-t  of  ( 
cord  which  is  not  straight  is  maintaineil  in  a  curved  figui-c  by  ] 
'  Dg  over  a  convex  surface.    Tlie  lino  in  which  a  tight  coitl  lies  u^ 
Iconvex  surface  is  the  ahorleat  line  which  it  is  [)ossible  to  draw 
tliat  surface  between  each  pair  of  points  in  the  course  of  the  ( 
(It  is  a  well  known  principle  of  the  geometry  of  curved  surfai 
tliut  the  osculating  plane  at  each  point  of  such  a  line  is 
cular  to  the  curved  surface.) 

Hence  it  appears,  that  the  motions  of  a  tight  flexible  conil 
invariable  length  and  insensible  weight  are  regulated  by  tlje  fuU^ 
iiig  principles  : — 

I.  T/ie  length  between  eacA  pair  of  points  in  the  cord  it  < 

II.  Tluit  length  is  lite  ihotUtt  linf  which  can  be  draum  btiween  i 
extrtmiliea  over  the  gurfocw  by  viUvJi  0.<  «««!  \*  ij«.vltxj. 
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401.  niaiioB*  Clawed. — The  motions  of  a  cord  are  of  two  kind« — 

I.  Travelling  of  a  cord  along  a  track  of  invariable  form ;  in 
'which  case  the  velocities  of  all  {xjinta  of  the  cord  are  equal. 

II.  Alteration  of  the  figure  of  the  track  by  the  motion  of  the 
guiding  surfaces. 

Thoae  two  kinds  of  motion  may  be  combined. 

The  most  usual  problems  in  practice  respecting  the  motions  of 
cords  are  t^^ose  in  which  cords  are  the  means  of  transmitting  mo- 
tion between  two  pieces  in  a  train  of  mechanism.  Such  problems 
will  be  considered  in  Part  TV.  of  this  treatise. 

Next  in  point  of  fi-equency  in  practice  are  the  problems  to  be 
considered  in  the  ensuing  Article. 

402.  Card  Guldrd  br  Snrfiicca  of  Beralallon. — Let  a  COrd  in  SOme 

nrtions  of  its  course  be  straight,  and  in  others  guided  by  the  sur- 
us  of  circular  drums  or  pulleys,  over  each  of  which  its  ti-ack  is 
,  circular  arc  in  a  jilanc  pci-jiendicular  to  the  axis  of  the  guiding 
arface.  Let  r  be  the  radius  of  any  one  of  the  guiding  surfaces, 
I  the  angle  of  inclination  which  the  two  straight  portions  of  the 
ord  contiguous  to  that  surface  make  with  each  otlier,  expressed  in 
length  of  arc  to  radius  unity.  Then  the  length  of  the  portion  of 
the  cord  which  lies  on  that  surface  is  r  t ;  and  if  s  be  the  length  of 
any  straight  portion  of  the  cord,  the  total  length  between  two  giveu 
points  fixed  in  the  cord  nuiy  be  expressed  thus  : — 

L  =  3  •  «  +  J  •  rt (1.) 

^lict  c  be  the  distance  Ix-tween  the  centres  of  a  giveu  adjacent  i)air 
^Bf  guiding  surfaces,  8  the  length  of  the  straight  portion  of  conl 
^Hrldch  lies  between  them,  and  r,  r',  theii'  respective  i-adii ;  then 
^Bvidently  


■< 


¥ 


,=  Jc'-{r^ry (2.) 

Iio  <  j.n.  ^  of  the  radii  being  employed,  according  as  the  coixl 

i"*     ^  .  I  the  line  of  centres  c. 

does  not  cross  | 

Now  let  a  given  point  in  the  cord,  A,  be  considered  as  fixed,  and 

let  L  be  the  constant  length  of  cord  between  A  and  another  point 

in  the  conl,  B.     Let  one  of  the  giuding  surfaces  between  A  and  B 

be  moved  through  an  indefinitely  short  distance,  c^  x,  in  a  direction 

ivhich  makes  angle."*,//,  •with  the  two  contiguous  straight  divisions 
"  the  cord  reaprctivcly.  Then,  in  order  to  keep  the  cord  tight,  B 
ost  be  drawn  longitudinally  through  the  distance, 

dx  •  (cos  j  + cos/) ; (3.) 

and  consequently,  if  u  represent  the  velodty  o?  trMva\BA.\OTi.  o^  ^"v* 
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guiding  sarface  in  the  given  direction,  and  v  the  loogitodinal 
citj  of  the  point  B  in  the  cord, 

C=U(C08J+C08/); (*.) 

and  if  any  number  of  guiding  sorfbces  between  A  and  B  bo  t 
lated,  each  in  its  own  direction, 

V  =:  2  '  U  (cos  J  +  cos/) (6.) 

The  case  most  common  in  practice  is  tliat  in  which  tba  plies, 
straight  parts  of  the  cord,  are  all  parallel  to  each  other  ;  so    ' 
=  180°  in  each  case,  while  a  certain  number,  n,  of  the 
bodies  or  pulleys  all  move  simultaneously  in  a  direction  pi 
the  plies  of  the  cord  with  the  same  velocity,  «.    Then  ooaj 
^1  ',  and 

v  =  2nu 


(C-)j 


Section  2. — M(^ions  of  Fluids  ofCcmitatd  Density. 


403.  Tciociir  aad  vUw. — The  density  of  a  moving  fluid 
may  be  cither  exactly  invariable,  from  the  constancy  or  the  adjv 
mcnt  of  its  temperature  and  pressure,  or  sensibly  invariable,  fn 
the  smallness  of  the  alterations  of  volume  which  the  actual  alb 
tions  of  pressure  and  temperature  are  capable  of  j'     ' 
latter  Ls  the  case  in  most  problems  of  practical  mc  l.-ct 

liquids. 

Conceive  an  ideal  surface  of  any  figure,  and  of  the  area  A ,  to  1 
situated  within  a  fluid  masts,  the  parts  of  which  ha\e  ii  ! 

tively  to  that  surface  ;  and  lot  n  denote,  as  the  case  may 
form  velocity,  or  the  mfan  value  of  the  varying  velocity,  rcsolv 
in  a  direction  perpendicular  to  A,  with  which  the  particles  of  i 
lliud  pass  A     Then 

Q  =  mA (1.)^ 

is  the  volume  of  fluid  which  passes  from  one  side  t«  the  other  \ 
the  surface  A  in  an  unit  of  time,  and  ia  called  iiiajlow,  at  rata  i 
^ow,  through  A. 

When  the  particles  of  fluid  movn  obliqarly  to  A,  let '  dcna 
the  angle  which  the  direction  of  motion  of  any  particle  passing  ^ 
makes  with  a  normal  to  A,  and  v  the  velocity  of  that  partio' 
then 

U  ^  V  *  000  i ^1 

When  the  velocity  normal  to  A  varies  at  difTerent  p>"'i  '^ 
fi-om  tlie  ^-ariation  of  r,  or  of*,  or  of  both,  the  Hnw  n 
uxpressed  as  follows: — Let  A  be  divide*!  into  indctiuiiay 
(i/oxucnts,  each  of  vrVdcb.  'm  tu^^ttMuWV'Vi'j  d.  K.-,  then 
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(i  =  j  utlA=  I  vcosi-dA; (3.) 

if  vre  now  distinguish  tlie  mean  Twrmal  vdocity  from  the 
itj  at  any  particular  point  by  the  symbol  u,,  wo  have. 


Q 


«„=    T  = 


judA 


1 


dA 


(4.) 


404.  Priaelplc  of  CaniinaiiT.— AxiOM.  When  the  motion  of  a  fluid 
o/conttant  dengity  is  conndcred  relatively  to  an  enclosed  space  of 
xnvariohle  volume  which  is  always  filed  imth  tlie  fluid,  the  flow  into 
tik*  tpacn  and  the  flow  out  of  it,  in  any  one  given  interval  of  time, 
nrnit  be  equal — a  principle  expressed  symbolically  by 


iQ  =  0. 


.(5.) 


Be  preceding  self-evident  princi[ile  regidates  all  the  motions  of 
ids  of  coii.staut  density,  when  conaidered  in  a  purely  cinematical 
ner.     Tlie  ensuing  articles  of  this  section  contain  ita  most 
1  applications. 
F405.  Flow  iB  a  smam. — A  stream  is  a  moving  fluid  mass,  in- 
initcly  extended  in  length,  and  liuiitctl  transversely,  and  having 
ontinuous  longitudinal  motion.    At  any  given  instant,  let  A,  A', 
the  areas  of  any  two  of  its  transverse  sections,  considered  as 
fixed  ;  «,  w',  the  mean  nonnal  velocities  through  them  ;  Q,  Q*,  the 
ktes  of  flow  through  thcni ;  then  in  order  that  the  principle  of  con- 
Boity  may  be  fulfilled,  those  rates  of  flow  must  be  eqa:d ;  that  is, 

u  A  =  «'  A'  =  Q  =  Q"  =  constant  for  all  cross 

ions  of  the  channel  at-the  given  instant; (1.) 

[Qently, 

_  ^^' w 

or,  the  normal  vdoeUits  at  a  given  instant  at  twoflxed  cross  section* 
re  iiiversely  as  the  areas  nf  these  sections. 

1 406.    Pipe*.   ChnnneU.   Carrenin,  and   JeUk — Wlicn    a   stream    of 

aid  completely  fills  a  pipe  or  tube,  the  area  of  each  cross  section 

I  given  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 

.jrms  of  section  -varies  as  the  square  of  the  diutneter.     fieacA  th» 

mean  normal  velocities  of  a  stream  flowing  in  a  full  pipe.  ^ 

'       MS  sections  of  the  pipe,  are  inversely  aa  the 

ere  of  those  sections. 
_^  fAn/iHcJ  partially  encloses  i'  >• 

bpcr  surface  ftcej  and  this  '. 
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h^ni 


nels  commonly  so  called,  but  to  pipes  partially  filled.     In  Uhb  ck-v 
the  area  of  a  cross  section  of  the  stream  dept- iids  not  onlv 
figure  and  dimensions  of  the  cluvnnel,  but  on  the  figure  ami 
tion  of  the  free  upper  surface  of  the  stream. 

A  current  is  a  stream  bounded  by  other  portions  of  fluid  whotse 
motions  are  different 

A  jieJ  is  a  stream  whoso  surface  is  either  free  all  mnnd,  or  i< 
touched  by  a  solid  lK)dy  in  a  iuuall  portion  of  its  extent  only. 

407.  A  Kadiaiiog  Camai  is  a  part  of  a  stream  which   t!-"-'-« 
towards  or  from  an  axis.     It  is  evident  that  such  a  sti-eani  - 
extend  to  the  axis  itself,  but  must  torn  aside  into  a  diffV • 

at  .some  finite  distance  from  the  axis.     Conceive  am 
rent  to  be  cut  by  a  cylindrical  surface  of  the  radius  r  w^n- 
aboiit  the  axis,  and  lot  A  he  the  depth,  parallel  to  the  axis,  of 
portion  of  that  surface  which  is  traversed  by  the  current ;  thi 
the  7/iean  riulial  compomnt,  it,  of  the  velocity  of  the  cvinx-nt  at 
that  surface  has  the  value, 

n  =  ,^ (1.) 

408.  A  Vortex,  Eddy,  ar  Whirl,  is  a  stream  which  either  returns 
into  itself,  or  moves  in  a  sjiiriil  course  towurd.s  or  from  an  axis.  In 
the  latter  oise  two  or  more  successive  turns  of  the  same  vortex  but 
touch  each  other  laterally  wthout  the  intervention  of  any  solid 
pirtition. 

409.  sirndjr  iTiaiiaii  of  a  fluid  relatively  to  a  given  space  considered 
as  fixed  is  tliat  in  which  the  velocity  and  direction  of  the  motion  of 
the  fluid  at  each  Jixed  poitU  is  uniform  at  every  instant  of  the  timi' 
under  consideration  ;  so  that  although  the  velocity  and  direction  uf 
tlio  motion  of  a  given  particle  of  the  fluid  may  vary  while  it  is 
transferred  from  one  point  to  another,  that  particle  assumes,  at  each 
fixed  point  at  which  it  arrives,  a  certain  dcfiiute  volocity  anil 
direction  depending  on  the  position  of  that  point  alono ; 
velocity  and  direction  are  successively  a^umed  by  each  j-^.  - 
■which  successively  arrives  at  the  same  fixed  point. 

The  steady  motion  of  a  stream  is  expressed  by  tlie  two  conditioM. 
that  tlie  area  of  each  fixed  cross  section  is  constant,  and  tliul  iko 
flow  through  each  cross  section  is  constant ;  that  is  to  say, 


rfA 

(It  '' 


dQ 
di 


=  0- 


If  «  represents  tlie  normal  velocity  of  a  flnici  uio\  lug  steadUy,  ( 
a  ijivcnjixcd  poitit,  then 


du 
dl 


=Q' 


m 
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Kpresses  the  condition  of  steady  motion.    Next,  let  u  represent  the 
[lal  velocity,  not  at  a  given  fixed  jminl,  but  of  a  <jiven  identical 
iicU  of  fluid;  then  the  variation  undwg<:ino  by  u  in  an  indefi- 
■idaII  interval  of  time,  d  t,  is  that  arising  from  its  being 
iferred  from  one  cross  section  to  another,  whose  distance  down 
the  stream  from  the  former  ia  d  s  =  u  •  d  t.     Hence,  denoting  by 

-J-  'dt,  the  indefinitely  small  variation  of  velocity  which  takes 

d '  %t 
I  from  this  canse,  and  by  —7— ,  the  r<Ue  at  which  that  variation 
tt  t 

takes  place,  we  have 


d  •  u 

ITT'- 


d  u    da 
dl'  dl 


d  u 
dl- 


.(3.) 


Most  of  the  problems  respecting  streams  which  occur  in  pi-actice 
»ve  reference  to  steady  motion. 
410.  In  Vnsicadr  JioiioH,  the  velocity  at  each  fixed  poiiU  varies, 

at  a  rate  denoted  by  -;—  :  and  the  total  rate  of  variation  of  the 
■'  dl 

7  of  an  irulindtial  jmrlicle  in  a  stream,  being  found  by  adding 

ether  the  rates  of  variation  due  to  lajwe  of  time  and  U>  change  of 

pooitioo,  is  expressed  by 


d  'u 
lit 


drt 
ds  ' 


da 
dl 


=5r+» 


.(1.) 


411.  nauon  of  Piatau. — Let  a  mass  of  fluid  of  invariable 
V  .|nme  be  enclosed  in  a  vessel,  two  portions  of  the  lioundary  of 
V.  Ill'  li  (called  pistons)  are  moveable  inwards  and  outwaals,  the  rest 
<;t"  tiin  Iwundaiy  being  fixed.  Then,  if  motio)i  bo  transmitted 
I  brtwi'on  the  pi.stons  by  moving  one  inwards  and  the  other  outwanls, 
^H|  follnwn,  friini  till'  invariability  of  the  volume  of  the  enclosed  fltiid, 
^^piat  the  velocities  of  the  two  pistons  at  each  in.st.int  will  be  to  each 
^Hthcr  in  the  inverse  ratio  of  the  areas  of  the  rcsi)cctive  projections 
HHf  the  pistons  on  planes  normal  to  their  directions  of  motion.  Tliis 
is  tlif  i)rinciple  of  the  transmission  of  motion  in  the  kydraulie  pren 
an<l  hydraulic  cranf. 

'rb9fio%o  produced  by  a  piston  whose  velocity  is  m,  and  the  area 
of  whose  projection  on  a  plane  perpendicular  to  the  direction  of  ita 
motion  is  A,  is  given,  os  in  other  cases,  by  the  equation 


Q  =  mA.. 


41s.     Ci^cral  Diffrrcntlnl    Rqaallona    of  I'ontknaW]. — 

.i.fh'n'i  ,,f  u  fluid  of  iaviuiiMc  density  arc  cousvAi'tvl "t" 


m 
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.general  ■way,  the  principle  of  continuity  stated  in  Article  404  is 
■  expressed  symbolically  in  the  following  nuuiner.  The  gpaco  as- 
sumed as  fixed,  to  -which  the  motion  of  the  fluid  is  referred,  is  con- 
ceived to  be  diddcd  into  indefinitely  sniull  rectangular  elementanr 
spaces,  each  having  for  its  linear  dimensions,  dx,  dy,  dz,  and  for 
the  areas  of  its  three  pairs  of  ioces,  dy  dz,  dzdx,  dxdy.     Let 

X,  X  +  dXyhe  the  co-ordinates  of  the  pair  of  faces,  dydz; 
y,y^dy,  „  „  „  „  dadx: 

s,z  +  dz,  „  „  „  „  dxdy. 

Let  the  velocity  of  the  particles  of  ■water  at  any  point  be  rc5'  •Ircil 
into  three  rectangular  components,  «,  v,  to,  parallel  re^j^ecti 
X,  y,  z,  with  proper  algebraical  signs.     Let  outward  flow  i  ,  j 
tive,  and  inward  flow  negative.     The  values  of  the  flow  for  the  six 
faces  ore  as  follows  : — 

Through  the  first  face  dydz,  —u-dydz; 

„        „    second  taxx  d  y  d  z,  {u  +  —dx)dydai 

„        „    first  face  (i « (f  e,   —v  dzdx; 

„        „    aecoad  fa.ce  dzdx,  {v  h -J— dy)dsdx im 

„        „    first  face  (^ X (^ y,  —wdxdy; 

„        „    second  lace  dxdy,  (w  ^-  -y-  ds)  dxdy. 

Adding  those  six  parts  of  the  flow  together,  and  equnting 
re-sult,  in  \-irtue  of  the  principle  of  continuity,  to  nothing,  we  ( 
the  following  equation  : — 

(du      dv      dw\  J      ,     J         n. 
a*       dy       dz) 

and,  striking  out  the  common  factor, 


An 


du      dv       dio 
dx       dy       dz 

This  is  the  general  differential  equation  of  continuity  in  a  fluid  I 
invariable  volume. 

413.    Grnrml  Differrnllnl  Eqnnllaiis  of  Btrodr  :ilaiinn If 

jiarticle  whicli  arrivea  EvvctcsawcVj  a.t  a  given  i  ll 

city  and  diitction  o£  racAiWrtx  At^>ea5iivs\i{,vsw  >N,    ^ 


DIFFERENTIAL  EQPATI0N8  OP  UQriD  MOTION. 


415 


•lone,  and  not  on  the  lai>8e  of  time,  that  state  of  steadj  motion  is 
tepresentod  bj  the  equations, 


^=0;^=0;^=0;. 
dt         '  dt         '   dt        ' 


.{!.) 


d-ti 
dt 

du 

+  v 

dy 

+ 

du    "1 
""dz' 

d-v 

dt 

dv 
dx 

■\-v 

dv 
dy 

+ 

dv 

d'xo 
IT 

dw 

+f 

dw 
'd^ 

+ 

dw 
dt 

^■hcro  u,  r,  w,  are  the  compoTwrU  velocities  at  a  fixed  ])oint.  Next, 
instead  of  the  veiocitieB  at  a  fixed  point,  let  u,  v,  w,  be  the  compn- 
■nciU  velocities  of  an  individual  patiich ;  then  in  the  indefinitely 
short  interval  dt,  the  co-ordinates  of  that  particle  alter  by  the 
lengths  dx^^udt,  dy  =  vdt,  dz  =  wdt;  and  it  a&sumes  tho 
component  velocities  proper  to  its  new  position,  differing  from  its 
original  velocities  l>y  quantities,  which,  being  divided  by  dt,  give 
the  rates  of  \'ariation  of  the  component  velocities  of  an  individual 
particle,  vii  : — 


.(2.) 


414.  0«»OTl  DUrcmUiil  Eqaallon*  of  VnMrailr  nellea. —  When 

lie  motion  is  not  steady,  each  of  the  three  rates  of  \-a,riation  in  the 
Ijnatiomi  2  of  Article  413  requires  the  addition  of  a  term  represent- 
the  rate  of  variation  of  velocity  due  to  lapse  of  time  indepeii- 
'dently  of  change  n/'poiition,  as  follows  : — 

d'u      du  ,       du   ,       du  ,       du  ,,  , 

-r-  =  -r—  +  w  -;-  -t  V  -, t-Wj-  ; (1.) 

dt        dt  dx         dy  dz'  ^    ' 

d  *  V         d '  w 
and  similar  equations  for  —j—  and  —r—  :  the  presence  of  the  dot 

denoting  that  the  velocities  are  those  of  an  individual  particle,  and 
its  absence,  that  they  are  those  at  a  fixed  point 

415.  E^Haiiona  of  Dicpinccmcnt. — In  all  the  preceding  Articles, 
[r,  and  z,  denote  the  co-ordinates  of  a  real  or  ideal  fixed  point  in 
I  8pAC«  to  which  the  motions  of  tho  fluid  arc  referred;  and  the 

d  u 
atials  -g~ ,  ^C|  refer  to  the  differences  amongst  the  condi- 
d  X 
the  fluid  at  different  points  in  that  8[>uce.     Let  5,  b,  ^, 
at  the  co-ordiiiutes  of  an  individual  paiticle ;  then  tlio  thr 
aponents  of  tho  velocity  of  that  particle  have  the  values 

di  d,  di  ^, 
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Hnd  the  three  components  of  the  rate  of  variatuni  of  its  motion 
defined  in  Article  366,  arc 


dl- 


dl  ' 


dt' 


d-v 
dt  ' 


iPj     dw 
de~   dt  '• 


the  values  of 


d'u  d-  V        ,  d  •  w  ,    .         ,       ,         .     .,,,«• 
— ;— ,  — p-,  and  —. — ,  beinE  taken  from  Article  4131 
dt      dl  dt  '       ^ 

Bteaily  motion,  and  from  Article  414  for  unsteady  motion. 

416.  A  Ware  is  a  sUita  of  unsteady  motion  of  a  mass,  'vrhrther 
solid  or  fluid,  such,  that  the  state  of  motion  which  at  a  given  iiiatj 
of  time  takes  place  amongst  the  particles  occupying  a  c<-rtaiu  s(i ' 
is  transmitted  to  other  particles  occupying  a  certain  otiior  sjjj 
along  a  continuous  course,  it  may  be  imchanged,  or  it  may  bo  with 
iuo<Uiications  wliich  still  leave  a  certain  similarity  between 
motions  of  the  particles  originally  affected,  and  of  those  affect 
succession. 

For  example,  let  a  given  fixed  point  0  be  taken  as  the 
and  let  the  jiarticle  •which  is  at  that  point,  at  an  instant  of  ( 
denoted  by  0,  have  a  certain  velocity  and  direction   of  moti 
After  tlip  lapse  of  the  time  t,  let  another  particle  which  is  at  a  ] 
A,  distant  from  O  by  the  length  .r,  have  either  the  stime  veloi 
and  direction   of  motion,   or  a  velocity  and  dii-ection   h«arin 
definite  relation  to  those  of  the  original  particle;  the  motioa 
communicated  having  been  transmitted  in  succession  to  all 
jKirticlos  between  O  and  A 

The  vdodty  of  Irnnmnimon  or  prvjxigatunt  of  a  wave,  wh«n « 

stant,  is  the  ratio,  -,  of  the  distance  Ijctweeu  two  jioints  to  the  t3 

which  elapses  between  the  instants  when  the  motious  at  ''■' 
jioiuts  are  similar.     Let  a  denote  that  velocity  ;  then  the  c 
of  motion  at  any  point  whose  distance  from  the  origin  is  x, 
instant  t,  depends  upon,  or  is  a/unction  of,  a  t  —  x;  which  ipinnl 
or  a  quantity  bearing  some  definite  pro]70rtion  to  it,  is  called 
2>/icue  of  the  wave  motion.     Wave  motion  in  fluiib  of  iuvaii 
density  is  regulated  by  the  principle  ojcmUimiit;/  already  htat^-d. 

417.  OmUIbU*!!  in  a  fluid,  is  a  motion  in  whicii  each  individtui 
particle  of  the  fluid  retmTis  over  and  over  again  to  tli' 

tion,  and  repeats  over  and  over  again  the  same  m. 
period  of  an   oscillation    is   the  interval  of  time  which 
lietween  the  commencement  of  a  series  of  movemeutx,  n 
commencement  of  tile  repetition  of  the  same  movements.      ILc 
most  usual  kind  of  oscillation  in  a  fluid  is  that  of  a  Bcries  of  mrH- 
latorti  M.VM'M,  in  wYvicVv  a  certain  state  of  motion  Ls 
on>vard  fivm  jtarticVe  \a)  i[iarUv;\e,\XjsA-iw>\Ai>vVv\\\%  


IXOW  OF  FLCI08  OP  VAETIXO   DENSITV. 
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Bkction  3. — Motions  of  Fluids  of  Varying  Density. 

|18.    Fl*w  sf  ValMBie  mml  Flow  of  Mwm. — In  tllC    case  of  a  fluid 

varying  density,  the  volume,  which  in  an  unit  of  time 

F*i. .jj  jj  given  area  A,  with  a  uomial  velocity  u,  ia  still  repre- 
,  as  for  a  fitiid  of  constant  density,  by 
Q  =  A«; (1.) 

but  the  absolute  quantity,  or  mats  of  fluid  which  80  fluwg,  bears  no 
longer  a  constiinl  proportion  to  that  volume,  but  is  proportional 
tfi  rtn-  volume  multiplied  by  the  density.  The  density  may  be 
"(1,  either  in  units  of  weight  per  unit  of  volume,  or  in 
ly  units  suited  to  the  particular  case.  Let  ;  bo  the  density; 
1  the  flow  of  mass  may  be  thus  expressed  : — 

tQ-f  A« (2.) 

419.  The  Principle  of  Comiaaiir,  its  applied  to  fluids  of  varying 
ilensity,  takes  the  following  form  ; — titejiow  ititoorontt  of  any  fixed 
*jiae«  ofeonttmd  volume  is  tJiat  due  to  Uie  variation  of  density  alone. 
To  express  this  symbolically,  let  there  be  a  fixed  space  of  the 
Bonstant  volume  V,  and  in  a  given  inter\'al  of  time  let  the  density 
of  the  fluid  in  it,  which  in  the  first  place  may  be  supposed  uniform 
instant,  change  from  f ,  to  f^  Then  the  mass  of  fluid  which 
be  beginning  of  the  interval  occupied  the  volume  Y,  occupies 


e  end  of  the  interval  the  volume  ■ 


and  the  diflerence  of 


Q  = 


(E-0 


volumes  is  the  volume  which  flows  through  the  surface 
Imunding  the  space,  outward  if  (,  is  less  than  ei>  inward  if  ;>  is 
plater  then  f,.  Let  t,  —  <,  be  the  length  of  the  intcn-al  of  time ; 
itfaea  the  rate  of  flow  of  volume  is  expressed  as  follows  : — 

>f  flow  is  variable  during  the  instant  in  question,  thi' 
on  gives  its  mean  vulne;  and  in  that  case  the  exact 
T»te  otjfow  of  voliivte  at  a  given  instant  is  the  value  towards  which 
the  result  nf  equation  1  converges  as  the  interval  of  time  is  inde- 
finitely diminished,  viz.  : — 

Q=^::^^ C^'.) 


,(1.) 


_  ..dt  •••■ 

They?<««;  ofvwss  at  the  same  instant  is 

lis 

Si 


Qe-- 


..'?^ 
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Ifext  let  it  be  supposed  th&t  the  density  of  the  fluid 
different  points  of  the  space.  Then  on  the  right-han< 
equation  3,  ;  is  to  be  held  to  represent  the  menn  denxity  t 
Uie  space  at  the  given  instant;  while  on  the  left-hand  »!« 
be  held  to  repi-esent  the  7n«i«  density  at  the  surface  through 
fiow  takes  place.  Let  that  surface  be  di\nded  into  (mrts,  oi 
which  the  density  is  unifonn  at  a  given  instant ;  let  Q'  rep 
part  of  tlio  flow  of  volume  which  takes  place  through  om 
parts  of  the  surface,  and  f'  the  density  of  the  fluid  so  flowit 
Q'  {'  is  the  part  of  the  flow  of  mass  which  takes  place  throug 
of  the  sur&ice  in  question ;  then  for  equation  3  is  to  be  sa 

-«'=-¥' • 

420.  siKnin. — To  apply  the  preceding  principles  to  a 
fluid  of  varying  density,  let  the  axis  of  the  stream  be  a  lim 
or  curved,  which  traverses  the  centi-es  of  gravity  of  all 
sections  of  the  stream  made  at  right  angles  to  that  axi 
distances  from  a  fixed  point  in  that  axis,  measured  down^ 
denoted  by  »,  and  the  are«  of  any  cross  section  by  A.  L« 
the  po.sitions  of  two  cross  sections  of  the  stream  whow 
ajmrt  along  the  axis  is  «i  —  »i ;  then  the  volume  of  1 
between  those  cross  sections  is 


=/:• 


Kda. 


Let  Qi  be  the  rate  of  flow  of  volume  through  the  first  cnx 
Q»  that  through  the  second ;  k,,  ti,,  the  corresponding  a 
cities  normal  to  the  respective  cross  sections;  t  the  mesa  < 
the  fluid  in  the  space  V ;  ;,  the  mean  density  at  the  first  era 
and  <,  that  at  the  second.     Then  equation  4  of  Article  411 

The  rale  at  which  thejfoio  of  mats  varies,  in  {Kissing  from 
section  of  the  stream  to  another,  is  the  limit  to  which  tht 

Qat.-Q.ft 

», -«, 

convei^es  as  the  distance  «j  —  «,  is  indefinitely  diminishe 
to  say. 


d-Qi 


=  Q 


dt       dQ 
da'^'  ds' 


Ad, 


hav 


ds        "*   da  '  ^  ds  dt 

The  mean  normal  vetoeity  at  a  given  cross  section  oi 
tlie  value  u  =  —  ,  Sa  eaViystt,  to  the  equation 


smuLDY  Moncw — pisToire — oesixai,  equations. 
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d-Au 


I 


S 


Ad, 


.(4.) 


d»  dt 

421.  tHradr  JilMl»m. — In  the  case  of  steady  motion  in  a  fluid  of 
Tarying  density,  the  density,  velocity,  and  direction  of  motion  at 
each  fixed  point  of  the  space  to  which  the  motion  is  referred,  are 
constant,  and  ai-e  assumed  succes-iively  by  each  particle  which  arrives 
at  the  given  point  Hence  in  this  case,  equation  4  of  Article  419 
becomes 

S-Q'j'=0 (1.) 

The  case  of  a  stream  is  expressed  by  the  forms  assumed  by  equations 
3  and  4  of  Article  420,  viz.  : — 


dQ 
da 


d-  Au 
~d7 


«=0; 


.(2.) 


that  is  to  say,  the  floto  of  mast  is  uniform  for  aU  cross  sections  oftHa 
stream;  and  being  also  constant  for  all  instants  of  time,  is  therefore 
absolutely  constant 

422.  pi«i*Ba  nati  Criiadom. — Let  a  ma.ss  of  fluid  of  varinble 
density  be  enclosed  in  a  space  whoso  volume  is  capable  of  being 
varied  by  the  motion  of  one  or  more  jiistf^ns.  Let  A  be  the  area 
of  the  projection  of  a  piston  on  a  plane  poqjendieular  to  its  direction 
of  motion ;  «  its  normal  velocity,  positive  if  outward,  negative  if 
inward ;  j'  the  density  of  the  fluid  in  contact  with  it ;  V  the  whole 
volume  of  fluid  enclosed;  t  its  mean  density.  Then  equation  4 
becomes 


2- Am»'  =  - 


Vrf 


dt 


i_ 


dY 


dt 


.(1.) 


the  last  expression  being  introduced  because  ;  V  =  the  mass  en- 
closed, is  constant.     If  the  density  is  uniform,  tlien 

-^"=S. (1^-) 

•s  is  otherwise  evident 
If  the  space  is  not  completely  enclosed,  but  has  an  opening  whose 
section  is  A",  and  at  which  the  mean  normal  velocity  of  the 
is  u"  (positive  outward),  and  the  density  (",  then  the  flow  of 
1  through  that  opening,  A"  «"  <",  is  to  be  included  in  the  sum- 
ition  at  the  left  side  of  equation  1. 

423.  Cknrml  DlOrrenttel  Kqniillon*. — As  in  Article  412  and  the 

tbeeqnent  Articlt',<!,  let  »/,  t-,  and  xc,  be  the  rectingular  comjitments 

'of  the  velocity  of  the  fluid  at  any  given  fixed  point  in  the  space  to 

^•hich  the  motion  is  referre<I,  and  dx,dy,  dz,  the  dimensions  of  on 

•ndefinitely  small  fixed  rectangular  portion  of  that  amcc.    TVtfsa. 

[«onaiderij^  /ie /«air  a/"/iices  oitii&t  space  'wbosc  comxfto'o.  Me-jkSa 
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dydz,  the  flow  of  mass  in  at  the  first  &ice  is  —  Uf-di/dz,  and  1 
flow  of  mass  out  at  the  second  face  ia  (u  j  +  —. — -dx)  dydz; 
\  resultant  of  wliich  pair  of  flows  is 

d-v.,    J    J     J 
dx 

Taking  the  corresponding  resultant  for  the  other  two  pairs  of  di 
adding  the  three  quantities  thus  found  toj»ether,  observing 
'V  =  dxdyd:,  and  dividing  by  that  common  factor,  the  eqtiati 
4  of  Article  419,  which   expresses   the  principle   of  oontinu 
becomca  the  following  : — 


d-uf 

d-vt 

^  dv 

,dv)f_     dt_ 

dx 

dz           dt' 

(1.1 


whicli  is  the  eq^iaUon  of  etmtinwty  for  a  jiuid  of  varying  i 
This  equation  may  be  otherwise  expressed  as  follows  : — 

fdfi,dv,dio\/     d  d,        d    ,d\         -J 

'{d^  +  Ty-^dlJ+Vd^-^'dy  +  T.+d'Jf^^'^, 

or  diniling  by  {, 

(    d        d         d     d\,       , 

Vdic^Ty^^Tz^Ttry^'-^-*-'^-^^ 

The  fii-st  three  terms  of  the  last  equation  are  identical  with 
three  t«nna  of  the  equation  of  continuity  for  a  fluid  of  m 
density. 

The  conditions  of  steady  fnotion  aie  the  following : — 

dt*      n    dv      n    dw      .    dt      „ 

dt=^'d't='^'Tt=^'d't  =  ^' (5 


du    dv    dw 
d  X    dy     dz 


wliicli  conditions  apply  to  a  fixed  point  in  upaee,  an-' 
iudivi(hial  iMirticlo  of  fluid.    The  rates  of  variation  of  th' 
velocities  and  of  the  deuisity  of  an  individual  particle  v, 
expressed  as  follows  : — 

d-u      du  ,      du  ,      du   ,       du 

and  similar  equations  for  —r^.  — r^,  and  —?. 
dt      dt  dt 

424.  ThenofUn.  ar  coaBM-trd  RMiin  form  the  subject  of  i 
JJieoryof  Mccliauism,  to  which  the  Fourth  Part  of  (Lia 
rciatcs. 


.(4.) 


PART  rv. 

THEORY  OF  MECHANISM, 


CHAPTER  I. 

DEFlXmOSS  AXD  OESERAL  PRINCIPLES. 
425.    Tbeorr  •€  Pare  ncchanism  Drflned. — Machines  an;  bodies, 

ii&ieniblages  of  Iwdics,  which  transmit  fxnd  modify  motion  and 
e.  Tht)  word  "  machine,"  in  its  -widest  sense,  raaj'  be  applied 
every  material  substance  and  gyiitem,  and  to  the  material  uni- 
•rue  itself ;  but  it  is  usually  restricted  to  works  of  human  art,  and 
that  restricted  sense  it  is  employed  in  tliis  treatise.  A  machine 
nsmits  and  modifies  motion  when  it  is  the  means  of  making  one 
lOtion  cause  another ;  as  when  the  mechanism  of  a  clock  is  the 
ic&ns  of  making  the  descent  of  the  weight  cause  the  rotation  of 
e  Iiamls.  A  machine  tnuismits  and  modifies  force  when  it  is  the 
leans  of  tiiaking  a  given  kind  of  physical  energy  perfonn  a  given 
d  of  work  ;  as  when  the  Aimace,  boiler,  water,  and  mechanism 
a  marine  st«am  engine  are  the  means  of  nuiking  the  energy  of 
the  chemical  combination  of  fuel  with  oxygen  perfonn  the  work  of 
overcoming  the  i-esistanee  of  water  to  the  motion  of  a  ship.  The 
jictB  of  transmitting  and  modifying  motion,  and  of  ti-ansmitting  and 
modifying  force,  take  place  togotlicr,  and  are  connected  by  a  cer- 
I  tuiii  law ;  and  until  lately,  they  were  always  considered  together 
^^n  treatises  on  mechanics ;  but  recently  great  advantage  in  point 
^Bf  clearness  has  been  gained  by  first  considering  separately  the  act 
^Bf  transmitting  and  modifying  motion.  The  principles  which  re- 
^^■nlatc  this  function  of  machines  constitute  a  branch  of  Cinematics, 
^^feiUed  the  theonj  of  jniTe  7iiechanism.  The  principles  of  the  theory 
of  pure  mechanism  liavang  been  first  established  and  understood, 
liOBC  of  the  theory  of  the  tcork  o/  machines,  which  regulate  the  act 
transmitting  and  modii'yLng  force,  are  much  more  readily  de- 
lonstrated  and  apprehended  than  when  the  two  departments  of 
e  tlieory  of  machines  are  mingled.  The  establishment  of  the 
eory  of  pure  mechanism  as  uu  independent  subj»!ct  has  beeu 
inly  accomplished  by  the  labours  of  Mr.  Willis,  whose  no- 
enclatnre  and  metho<ls  are,  to  a  jjivat  extent,  followed  ia  tba 
Uitiav. 
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426.  The  General  Prablem   of  the   theory  of  pure  tntyhaaifl 
may  be  stated  as  follows  : — Given  IfiC  viode  of  con 
more  iiwveMe  poitUi  or  bodiea  ivUJt  each  other,  and  i- 
bodies ;  required  Uie  comparative  motions  ofttte  vwxxtxble  pvinU  i 
bodies :  and  conversely,  wlien  t/ie  com;Mrativ«  motions  of  tvo 
vune  7noveable  points  are  given,  to  find  l/usir  proper  mode  ^c 
tion. 

The  term  "comparative   motion"  is  to  bo   understood 
Articles  358,  367,  379,  and  395.     In  those  Articles,  the  con 
tive  motions  of  points  belonging  to  one  body  hare  Alrea4 
considered.     In  order  to  constitute  mechanism,  two  or  mor»1 
m<ist  be  80  connected  tliut  their  motions  depend  on  each 
through  cinumaticfd  principles  alone. 

427.  Fmiaei  n*rias  Pieoca;  cowmc«ot*. — The /raim  of  s  ma- 
chine is  a  structure  which  supports  the  moving  pieces,  and  regulatai 
the  path  or  kind  of  motion  of  most  of  them  directly.  Iii  cootiiln^ 
ing  the  movements  of  machines  mathematically,  the  firamc 
sidered  as  fixed,  and  the  motions  of  the  moving  pieces  are  i 
to  it.  The  frame  itself  may  have  (as  in  the  cujic  of  a  ship 
locomotive  engine)  a  motion  relatively  to  the  earth,  natl  ; 
case  the  motions  of  the  moving  ])iece.s  relatively  to  the  ca 
the  resultants  of  their  motions  relatively  to  the  frame,  and 
motion  of  the  frame  relatively  to  the  earth  ;  but  in  all  proh' 
pure  mechanism,  and  in  many  problems  of  the  work  of 
the  motion  of  the  frame  relatively  to  the  earth  does  not  requ 
be  considered. 

The  moviiuf  pieces  may  be  distinguished  into  primary  andi 
art/;  the  former  being  those  wliich  are  directly  caniiil  bv  til 
frame,  and  the  latter  those  wliich  are  carried  by  ot! 
pieces.     The  motion  of  a  secondary  moving  piece  relati. 
frame  is  the  resultant  of  its  motion  relatively  to  the  pr 
which  carries  it,  and  of  tlio  motion  of  that  primary  piece 
to  the  frame. 

Connectors  are  those  secondary  moving  pieces,  such  as  !■• 
cords,  and  chains,  which  transmit  motion  from  one  ii' 

another,  when  that  transmission  is  not  efl'ccted  by  unuirTii** 

QtllCt. 

438.    Bearlaii*  ai"e  tho  Burfiiccs  of  contact  of  | 
pieces  with  the  frame,  and  of  secondary  moving' 
piet«8  wliich  csirry  them,     '  "  •  the  moti 

which  they  support,  and  tl-  ud  on  tli 

motions.     The  bearings  of  a  pit;cu  wln.ii  has  a  m 
tiou  in  a  straight  line,  miwt  have  plane  or  cyli 
etadh)  elraiijht  in  the  diivotiou  of  motion.     Tliu  !■ 
iog  piixea  must  Uave  svutact*  w-cxmrvVVj  VMnwAv^ 
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,  snch  aa  cylinders,  spheres,  conoids,  and  flut  disc&     The  bearing 

a  i)iecc  whose  tnotion  is  helical,  must  be  an  exact  screw,  of  a 

cb  equal  to  that  of  the  helical  motion  (Ajticlo  382).     Those 

trti  of  moving  j)ieces  which   touch  the   bearings,  should   have 

faces   accunitely  fitting  those  of  the  bearings.     They  may  bo 

Blinguishcd  into  slides,  for  pieces  which  move  in  straight  lines, 

rrut,  juurnaU.  buslies,  and  pivote,  for  those  which  rotate,  and 

(  for  those  which  move  helically. 

i  The  accurate  foimation  and  fitting  of  bearing  surfaces  is  of  primary 

tportiince  to  the  correct  and  efficient  working  of  machines.     Sur- 

I  of  revolution  are  the  most  easy  to  farm  accurately,  screws  are 

ore  dilRcult,  aud  planes  the  mont  difhcult  of  all.     The  success  of 

Whitworth  in  muking  true  jilanes,  is  regarded  as  one  of  the 

»t<«t  achievements  in  the  construction  of  machinery. 

429.    The  notiMia  ar  PrinuMT  Kfaviag  Pircc*  aro  limited  by  the 

t,  that  in  order  that  dillcn-iit  jtortioiia  of  a  pair  of  bearing  sur- 

es  may  accurately  lit  each  other  daring  their  relative  motion, 

dose  surfiices  must  be  cither  straight,  circular,  or  helical ;  from 

'Which  it  follows,  that  the  motions  in  question  can  be  of  three  kinds 

only,  viz : — 

L  Straiijht  trajislation,  or  ihifiing,  which  is  necessarily  of  limited 

eartent,  and  which,  if  the  motion  of  the  machine  is  of  indefinite 

^kration,  must  l>e  reciprocating ;  that  is  to  say,  must  take  place 

Btematvly  in  opposite  directions.     (See  Part  111.,  Chapter  II., 

Hbction  1.) 

H  II.  Simple  rotation,  or  turning  about  a  fixed  axis,  which  motion 
^ay  bo  either  continuous  or  rec"iproc;iting,  being  called  in  the 
Btter  case  oadllation,  (8ee  Part  III.,  Chapter  II.,  Section  2.) 
H  III.  Helical  at  acrevo-like  viotii/n,  to  which  the  same  remarks 
Hpply  as  to  straight  translation.  (See  Fart  III.,  Chapter  IL, 
Kction  3,  Article  382.) 

H  430.   Tb«  noiieiM  at  Sccaadarr  Rlsviag  Uteres  relatively  tO  the 

Keces  which  carry  them,  aj-e  limited  by  the  same  principles  which 

^bply  to  tlie  motions  of  {irimary  pieces  relatively  to  the  frame.     But 

^■e  motions  of  secondary  moving  pieces  relatively  to  the  frame  may 

Hb  any  motions  which  can  be  comjxiunded  of  straight  translations 

Kid  simple  rotations  according  to  the  principles  already  explained 

K Part  III.,  Chapter  II.,  Section  3. 

B  431.  An  Eicmcniarr  c'ambiiraiiait   in   mechanism  consists  of  a 

Bfcir  of  jrrimary  moving  pieces,  so  connected  that  one   transmits 

Hktiun  to  the  other. 

H  The  piece  whose  motion  is  the  canse  is  called  the  dnver  ;  that 

Hihom  motion  is  the  eflbot,  the  fMoicw.     The  conrtectian  between 

^Bo  driver  and  the  follower  may  \xi — 

H  L  If}'  raiiinff  coiiUnX  of  their-  surfaces,  as  in  tootlilesa  xolieela. 
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II.  By  gliding  eorttaet  of  their  Bnr&ces,  as  in  tootAtd  tehtdt, 
Mcreios,  tofdges,  canu,  and  escapement*. 

III.  By  bands  or  wrajqnng  connecton,  such  as  belUi,  eordt,  uul 
yearing-c/iaimi. 

rV.  By  link-work,  Buch  as  amJiediTig  rodt,  unirertal  joitUt,  and 
dii'ka. 

v.  By  reiluplieatum  of  cords,  as  in  the  case  of  ropes  and  pnllcys, 

VI.  By  au  intervening  fluid,  transmitting  motion  between  two 
pistons. 

The  various  cases  of  the  transmission  of  motion  from  a  driver  to 
H  follower  are  further  classified,  according  as  the  relation  1"  f 
their  directions  of  vwtion  is  constant  or  changeable,  and  ftci 
as  the  ratio  of  their  velocities  is  constant  or  variable.     Thi  ■ 
principle  of  cla.ssification  is  employed  by  Mr.  "Willis  as  the  t 
tion  of  a  primary  division  of  the  subject  of  elementary  combinations 
in  mochunism  into  classes,  which  are  subdivided  according  to  the 
mode  of  connection  of  the  pieces.     In  the  present  treatise,  elemen- 
tary combinations  will  bo  classed  primarily  according  to  the  mcKie 
of  connection.  ~ 

432.  K.tue  or  CoBuccticn. — In  every  class  of  elementary  com' 
tions,  except  those  in  which  the  connection  is  made  by  rcdujilii 
tion  of  coiils,  or  by  an  intervening  fluid,  there  is  at  each  i 
H  certain  straight  line,  called  the  line  ofcminection,  arlbveofm 
action  of  the  driver  and  follower.     In  the  case  of  rolling  con' 
this  is  any  straight  lino  whatsoever  traversing  the  point  of  coni 
of  the  surfaces  of  the  pieces  ;  in  the  case  of  sliding  contact,  it  is 
line  perpendicular  to  those  surfaces  at  their  [xjint  of  contact ;  in 
the  case  of  wrapping  connectors,  it  is  the  centre  line  of  tli;»'  "'«. 
of  the  connector  by  whose  tension  the  motion  is  transmit' 
the  case  of  link-work,  it  is  the  straight  line  passing  tlirou^iii 
jiointa  of  attachment  of  the  link  to  the  driver  and  follower. 

433.  Principle  of  ConaeciiaB. — The  line  of  ciTnnection  of 
dinver  and  follower  at  any  instant  being  known,  their-compnrttUvf 
velocities  arc  determined  by  the  following  principle  : — The  rtuprc- 
tiv«  linear  velocities  of  a  point  in  the  driver,  and  a  point  in  M«  fd- 
loicer,  each  situated  anyioliere  in  the  line  of  curmedion,  ar«  to  tack 
oilier  iwoersdy  as  the  cosines  of  the  respective  angks  made  hy  the  paths 
of  the  points  ioiUi  tlie  tine  of  connection.  This  principle  nii. 
otherwise  stated  as  follows  : — T/u)  compotients,  aUmg  t/m  linr 
nection,  of  the  velocities  of  any  two  points  tituated  in  that  lint,  ^ 
equal,  H 

434.  Adjaumrnu  of  Speed. — The  velocity-ratio  of  a  driver  iS 
its  follower  is  sometimes  made  cftinible  of  bving  changed  at  will^H 
tne&ns  of  apparalv^s  for  vtvi-yiuR  thi;  position  of  their  line  of  coiinM 
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which  can  be  shifted  so  as  to  connect  portions  of  their  Burfaces  of 
different  diainetei& 

435.  A  TniB  mt  Biechaainn  consists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it,  and  driver  to  that 
vrhich  follows  it 

436.  AmrasMe  caaibinatiau  in  mechanism  are  those  by  which 
M>mpound  motions  are  given  to  secondaiy  pieces. 
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Section  1. — RoUing  Contact. 

437.  Pitch  Burfac«*  are  those  surfaces  of  a  pair  pf  moving  pie 
■which  toncli  each  other  when  motioa  is  communicated  by  i 
contact.     The  line  of  contact  is  that  lino  which  at  each 
traverses  all  the  pairs  of  points  of  the  {)air  of  pitch  surfiioea 
arc  in  contact 

438.  Smootlt  Wkccln,  Ballvra.  flnivolk  Racka. — Of  a  poir  Of  | 

niary  moving  pieces  in  rolling  contact,  both  rany  rot-itc,  or 
may  rotate  and  the  other  have  a  motion  of  sliding,  or  sfa 
tratul&tion.    A,  rotating  piece,  in  rolling  contuct,  is  called  a  j 
■m/tefl,  and  sometimea  a  roller;  a  alidiug  piece  may  be  callo 
smooth  rack. 

•13'J.   Gcnrml  Conillllena  of  Boiling  Cantact. — ^TllC  wliolc  of  ' 
principles  which  i-egulate  the  motions  of  a  pair  "f  ^lieops  in  rolli 
contact  follow  from  the  single  [)rincii)le,  // 
pitch  Bur/acen,  which  are  in  contact  at  a  'i 
tnstniU  l>e  irtoving  in  t/m  same  direction  with  the  saiiuf  rvluttiy. 

The  direction  of  motion  of  a  ])oint  in  a  rotating  body  U-iug  pcr- 
pendicuhur  to  a  piano  passing  thmugh  its  axis,  the  condition,  tlmt 
each  pair  of  points  in  contact  with  each  other  must  move  in  the 
same  direction  leads  to  the  following  consequences  : — 

I.  That  when  both  pieces  rotate,  their  axes,  aud  all  their  point* 
of  contact,  lie  in  the  same  plane. 

LL  Thiit  when  one  piece  rotates  and  the  other  slides,  the  axis  <rf 
the  ixjtating  piece,  and  all  the  points  of  contact,  lie  in  n  plane  per- 
pendicular to  the  direction  of  motion  of  the  sliding  piece. 

The  condition,  that  the  velocities  of  each  pair  of  points  of  con» 
tact  must  bo  equal,  loads  to  the  following  consequences  : —  " 

III.  That  the  angular  velocities  of  a  pair  of  wheels,  in  rol] 
contact,  must  be  inversely  as  the  perpendieidar  distances  of  i 
jMiir  of  points  of  contact  from  the  respective  axes. 

TV.  That  the  linear  velocity  of  a  smooth  rack  in  roll 
with  n  wliecl,  is  equal  to  the  product  of  the  angular  vt  1 
wheel  by  the  pcrpendiciikr  distance  from  its  axis  to  a  [kut  oi  (m 
oi'coutact. 
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iting  tlifi  lino  of  contact,  the  above  principles  ILL  and  TV. 

lead  to  the  following  conclusions  : — 
I        V.   That  i'oT  a  pair  of  wheels  with  parallel  axes,  and  for  a  wheel 
Hid  rack,  the  lino  of  contact  is  straight,  and  pnrallcl  to  the  axes  or 
^■ds  ;  and  hence  that  the  pitch  surfaces  are  either  phine  or  cylin- 
drical (the  tenn  "cylindrical"  including  all  surfaces  generated  by 
the  motion  of  a  straight  line  parallel  to  itself). 

VL  That  for  a  pair  of  wheels,  with  intersecting  axes,  the  line  of 

contact  is  also  straight,  and  traverses  the  point  of  intersection  of 

the  axes ;  and  hence  that  the  rolling  surfaces  ai-e  conical,  with  a 

common  apex  (the  term  "conical"  including  all  surfaces  generated 

by  the  motion  of  a  straight  line  which  traverses  a  fixed  point). 

^h440.  Clrrnlar  CrliBdrlcal  Wheel*  are  employed  when  an  uniform 

^Hocity-Ritio  is  to  be  communicated  between  parallel  axes.     Figs. 

To7,  \>ii<,  and  189,  of  Article  388,  may  be  taken  to  represent  pairs 

of  such  wheels ;  C  and  O,  in  each  figure,  being  the  pamllel  axes  of 

the  wheels,  and  T  a  point  in  their  line  of  contact.     In  fig.  187, 

both  pitch  .surfiiees  are  convex,  the  wheels  are  said  to  be  in  outside 

fftmrinff,  and  their  directions  of  rotation  are  contrary.     In  figs.  188 

und  189,  the  pitch  surface  of  the  larger  wheel  is  concave,  and  that 

of  the  sinaller  convex  ;  they  are  said  to  be  in  insidt  gearing,  and 

,  their  directions  of  rotation  are  the  same. 

f^o  represent  the  comparative  motions  of  siich  poii-s  of  wheels 
ibolicjilly,  let 
tl 


OT=r„CT  =  rj, 


their  nidii :  let  U  0  :=  c  be  the  line  of  centres,  or  perpondiculur 

P^'  'uuce  between  the  axes,  so  that  for 
outside  1         .  _. 

inside    [  gearing,  c=r,=±rr. 


.(I.) 


Jje^a^^  a,,  be  the  angidar  velocities  of  the  whoeb,  and  v  the  common 
linear  velocity  of  their  pitch  surfaces ;  then 

(2) 


t;  =  a,r,  =  ajj',; 


.} 


^K  c  :  rj :  rj  : :  Oj  =t  a^  :  a,  :  o,  ; 

H  sign  z±z  applying  to  |  l^j^"  |  gearing. 

441.  A  Klmigfal  Back  and  ClrrulBr  WUcel.  which  arc  UScd  when' 
an  uniform  velocity-ratio  i.s  to  be  communicated  between  a  sliding 
|)ii«c  ttud  a.  turning  piece,  may  be  represented  by  tig.  185  of  Article 
385,  C  l)eitig  the  axis  of  the  wheel,  P  T  P  tlic  [ilane  surface  of  the 
rack,  and  T  a  point  in  their  line  of  contact.  Let  r  be  the  radius  of 
(he  wheel,  «  its  angular  velocity,  and  v  the  linear  velocity  of  the 


then 


c  =:  »•  (t. 
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442.  Bcrri  Wbeela,  'whose  pitch  Barftuxs  are  frustra  of  jrjriiliir 
Iconcs,  are  used   to   transmit  an   uniform   angular    '■ 
tctwfeu  a  jiuir  of  axes  which  intersect  each  other. 
Article  392  will  Eorve  to  illustnite  tliis  case;  O  A  and  U  0 
tlie  pair  of  axes,  intersecting  each  other  in  O,  O  T  the  liue  of 
tact,  and  the  cones  described  by  the  revolution  of  O  T  about 
and  O  C  ivspectivcly  being  the  pitch  surfaces,  of  which  narrow 
or  frustra  arc  used  in  jirnctice. 

Let  n„  (»„  be  the  angtUar  velocities  about  the  two  »■>-'-  •■• 
tively ;  and  let  tj  =  ..^  A  O  T.  i,  =  ,^  C  ()  T,  be  the 
by  tiiose  axes  respectively  with  the  line  of  contACt  ,  imu 
the  principle  III.  of  Article  439  it  follows,  that  thcanpdur  %tu1i 
ratio  is 

rtj  _  sin  i,  _ 

a,      sin  i,' 

Which  equation  sen-os  to  find  the  angular  velocity-ratio  when  1 
axes  and  the  liue  of  contact  arc  given. 

Conversely,  let  the  angle  between  the  axes, 

.^  A  0  C  =  i\  -f  ij  =j, 

flu  ■ 

l>e  given,  and  also  the  ratio  — ;   then  the  position  of  the  lln»] 

contact  is  given  by  either  of  the  two  following  equations  : — 


sm  t,  = 


a-itiinj 


V(a!  +  aJ  +  2a,a,cos7V 
Oi  sin  J 


Graphically,  the  same  problem  is  solved  as  follows  : — On  the  ( 
axes  respectively,  t;ike  lengths  to  represent  the  angular  velooiti 
of  their  respectivi.'  wheels.  Complete  the  parallelo^Tani  of  wli' 
those  lengths  are  t-hc  sides,  and  its  di.'ij^>nal  willj 
the  lino  of  contact.  As  in  the  cose  of  tho  roIlT 
cones  of  Article  393,  one  of  a  pair  of  be\'eJ  whi 
may  be  a  flat  disc,  or  a  concave  cone. 

443.    NoB-ClrcoIar  WhrcU  ore   liscd  tO  tmtlRTl 

variable  velocity-ratio  Ijctwccu  a  pair  of 
axes.  In  fig.  191,  let  C,,  Cj,  r<.-I>rcaent  the  axe 
such  a  |mir  of  wheels;  T,,  IV  a  p'"r  of  points  wl 
at  a  given  instant  touch  each  other  in  the  lin« 
contact  (which  liue  is  j>arallel  to  tho  axes  an4 
tho  same  plane  with  theui)  ;  and  IT„  Ui,  anoti 
pair  of  points,  which  tout!h  each  other  at  anoti 
insliml  <A  V\ic  KwiXitiw,  a.\v<Sb.\e.t  the  fotir  point 


Fig.  liiJ. 
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Ui,  TJ„  be  in  one  plane  peq>endicular  to  the  two  axes,  and  to 
line  of  contact.  Then  for  every  such  set  of  four  points,  the 
I  following  equations  must  be  fulfilled  : — 


(1.) 


C,U,  +  C.U.  =  C,T,  +  C.T,  =  C,C,;1 
arcT,  U,  =  arcT,I7j;  J  ' 

and  those  equations  show  the  geometrical  rolatioDS  wliich  must 
exist  between  a  piiii'  of  rotating  surfaces  in  order  tliat  they  may 
move  in  rolling  contjict  round  tikcd  axes. 

The  same  conditions  are  expressed  differentially  in  the  following 

ner  : — Let  r„  r„  be  the  radii  vectored  of  a  pair  of  points  whicli 

each  other;  d«,,  d«„  a  pair  of  elementary  arcs  of  the  ci-oss 

tions  T,  U,,  T,  TJ„  of  the  pitch  surfaces,  and  c  the  line  of  centres 

ace  between  the  axes.     Then 


r, +  r,=  ej  \ 
da,  _  dsj  \ 
dr,  dr,'  ! 


..(2.) 


■If  one  of  the  wheels  be  fixetl  and  the  other  bo  rolled  upon  it,  a 
point  in  the  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
c  round  the  axis  of  the  fixed  wheel. 

B  The  e<^uations  1  and  2  are  made  applicable  to  inside  gearing  by 

^ptting  -  instead  of  +  and  +  instead  of  - . 

^vThe  angular  velocity-ratio  at  a  given  instant  has  the  value 


«> 


(3.) 


As  examples  of  non-circiJar  wheels,   the    following  may  bo 
^Mutioned  : — 

^KL  An  ellipse  rotating  about  one  focus  rolls  completely  round  in 
Vttsidc  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focns,  the  distance  between  the  axes  of  rotation  being  equal  to 
I  major  axis  of  the  ellipses,  and  the  velocity-ratio  varying  Ironi 

1  —  excentricity       1  -t-  excentricity 
1  +  excentricity       1  —  excentricity ' 

A  hyperljola  rotating  about  its  farther  focus,  rolls  in  inside 

ring,  throxigh  a  limited  arc,  with  an  equal  and  similar  hyperbola 

sting  about  its  nearer  focus,  the  di.stance  between  the  axes  of 

atjon  being  equal  to  the  axis  of  the  hyperbolas,  and  the  velocity- 

BO  varying  between 

excentricity  4-1       , 

— ^-TT z  and  unity, 

excentncity  —  1  ' 
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m.  Two  logtirithmic  spirals  of  equal  nMlmiitT  ToiaVi  !n  rsllill 

contact  with  encli  other  thitmgb  an  inJ<  I  tfthj 

jMamplea  of  nou-cireular  whe«la,  see  I'i;..„~;   '......   — ^^nH 

I  «^per  on  Rolling  Curves,  Trans.  Hoy.  Hoc  Edin.,  voL  xri, 
n^lneor  Willis's  work  on  MechaiiiaiL) 

Section  2. — Sliding  Contact, 

444.  Skcw-Berri  WTi*cU  are  employed  to  transmit  an  nnifji 
velocity-ratio  between  two  axes  which  are  neither  p.'ira!l.-l  nd 

fc — -rv« 


Fit:.  182. 


I'ig.  193. 


Fig.  194. 


inteifiecting.    The  pitch  8ni£ueafl 
.sk«w-l»>vel   wheel  is  a  fruztrum 
zone  of  a.  hyperboloid  of  • 
In  tag.  102,  a  piiir  of  largo  { 
such  hyperboloids  are  shown,' 
ing  alxjut  axes  A  B,  C  D.   In  fig.  \i 
are  shown  a  pair  of  narr<:>w  wncs  i 
the  same  figures,  such  as  are  cmp 
in  |iractice. 

A  lij-perboloid  of  revolution  i»  ] 
snrfoce  resembling  a  sheaf  or  a  dii 
box,  generated  by  the  rotation  of  a  straight  line  round  an  axis  f 

•which  it  is  at  a  constant  distance,  and  to  which  it  is  ir-i' ' 

constant  angle.     If  two  such  hyporlwloids,  equal  or  i 
placed  in  the  closest  possiVjle  contact,  as  in  fig.  192,  they  "  m  ■•■ 
e.ach  other  along  one  of  the  geneniting  straight  lines  of  each,  whil 
will  form  their  line  of  contact,  and  will  be  inclined  to  the  ftx 
A  B,  C  D,  in  opposite  directions.    The  axM  will  neither  be  panllcl, 
nor  will  they  intersect  eacli  other. 

The  motion  of  two  such  hyperljoloids,  rotating  in  contact  ■ 
each  other,  has  sonv    ■         '  '        '     : 

contact;  but  that  cl.i 

the  comiwnent  velocities  ot  ;i  ():iir  ol  [hjuiLs  of  cuutAi:t  m 
at  right  angles  to  the  line  of  cont-vt  ar«  pfjuiil.  Ktili,  np  • 
neitJier  paniUel  to  each  other  nor  to  ' 
of  a  pair  of  putntg  o{  couVacl  \uiln 
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itoct,  which  are  nnequal,  and  their  difTerence  constitateB  a  lateral 

directions  and  positions  of  the  axes  being  given,  and  the 

.  angular  velocity-ratio,  — ,  it  is  required  to  find  the  oblir 

r  of  the  generating  line  to  the  two  axes,  and  its  radii  vectorea, 

at  least  perpendicular  distances  from  these  axes. 

In  fig.  194,  let  A  B,  C  D,  be  the  two  axes,  and  G  K  their  common 
perpendicular. 
I  On  any  plane  normal  to  the  common  perpendicular  G  K  A,  draw 

^^  i  II  A  B,  c  c^  II  C  D,  in  which  take  lengtfait  in  tho  following  pro- 
^^■ortions  :— 
V  a^-.a^-.-.hp-.KJ; 

^Bomplete  the  parallcloiTram  hpeq.  and  draw  its  diagonal  e hf\  the 
^^nc  of  contiict  £  H  F  will  be  parallel  to  that  diogntmL 
^^     From  p  let  full  p  m  perpendicular   to  h  e.     Then   divide  the 
I      common  {x;rpendiculur  G  K  in  the  ratio  given  by  the  proportional 

^■touation  

^  r«:r^:fl»A:  :GK:GH:KH; 

then  the  two  segments  thus  found  will  be  the  least  distances  of 

lie  line  of  contact  from  the  axes. 

The  first  pitch  surface  is  generated  by  the  rotation  of  the  line 

\  H  F  about  the  axis  A  B  witli  the  radius  vector  G  H  =  r, ;  the 

econd,  by  the  rotation  of  tho  same  line  about  the  axis  C  D  with 

lie  radius  voctor  H  K  =  r. 

To  draw  the  hyperbola  wliich  is  the  longitudinal  section  of  a 

tew-lx'vel  wheel  whose  generating  line  has  a  given  radius  vector 

nd  obliquity,  Ift  AGE,  fig.  195,  re- 

pnt  tJie  axis,  G  H  J.  A  G  B,  the 

lius  vector  of  tho  generating  line, 

nd  let  the  rtraight  line  E  G  F  make 

ith  tho  axis  au  angle  equal   to  the 

bbliquity  of  the  generating  line.     H 

rill  lie  the  vertex,  and  E  G  F  one  of  Fie-  "5. 

e  asymptotes,  of  the  required  hyperbola.     To  find  any  number  of 

inta  in  that  hjqverbola,  proceed  as  follow.^  : — Drow  X  W  Y  narallcl 

G  H,  cutting  G  E  in  W,  and  make  XT  =  J  (G~B?  +  X^ 

len  will  Y  l>e  a  jioint  in  the  hyperbola. 

44.?.  nroarrd   whrria. — To  lucrcosc  the  friction  or  adhesion 

tweeti  a  pair  of  wheels,  which  is  the  means  of  tran-smitting  force 

nd  nioiion  from  one  to  the  other,  their  surfaces  of  contact  arc 

-  fomiecl  into  nlU^mate  circular  vidgw  M\i\  ijtv><wva,  ccfcv- 

*ijjjii  :^'  what  ia  csiUed  Jricttvnal  (jcaring.     5*^.   VJ'i  "vb  n. 


432 


TBEOBY   OF  KKCHAKtSlL 


Fig.  196. 


section  illustratiDg  the  kind  of  frictionol  gearinff  in^1ented  Uy  ' 
Robei-tson.  Tlio  comparative  motion  of  u  pair  of  wheels  t 
ridged  and  grooved  is  nearly  the  same  with 
of  a  pair  of  smooth  wheels  in  rolling  conti 
having  cylindrical  or  conical  pitch  surface  Ij 
midway  between  the  tops  of  the  ridges  and  )>oitti 
of  the  grooves. 

The  relative  motion  of  the  faces  of  cont 
the  edges  and  grooves  is  a  rotatory  slirj- 
the  line  of  contiict  of  the  ideal  pilch  surfaces  as  an  in 
axis. 

The  angle  between  the  sides  of  each  groove  is  about  W  ;  and  it 
in  stated  that  the  mutual  friction  of  the  wheels  is  about  on' 
ii-half  the  force  with  which  their  axes  are  pressed  towards  esii-ii 
44  G.  Tmtb  of  Wbccii. — The   most  usual   method  of  «in 
eating  motion  between  a  pair  of  wheels,  or  a  wheel  and    ^ 
and  the  only  method  which,  by  preventing  the  possibility  ol  tlie 
rotation  of  one  wheel  imless  accompanied  by  the  other,  insures  thtt' 
j)reservation  of  a  given  velocity-ratio  exactly,  is  by  means  of  ' 
pi-ojections  called  teetfi. 

The  ptteA  eiir/uce  of  a  wheel  ia  an  ideal  smooth  surface,  int<T- 
mediate  between  the  crests  of  the  teeth  and  the  bottoms  of  llie 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sur- 
face of  another  wheel,  would  communicate  the  same  yplo.'itvriti.. 
that  the  teeth  communicate  by  their  sliding  contact.  1 
wlieels,  the  forms  of  the  ideal  fdtch  surfaces  are  first  u-  .v . 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  surfaces  arc  called  »pur  i. . 
those  with  conical  pitch  surfaces,  bevel  w/ieela ;  and  thoste 
hyperlwloidol  pitch  surfaces,  skew-bevd  icheelt. 

The  pUcJi  line  of  a  wheel,  or,  in  circular  wheels,  tho  pi'teA  or 
is  a  transverse  section  of  the  pitch  surface  made  by  a  surface  i 
jiendicular  to  it  and  to  the  axis  ;  that  is,  in  spur  wheel.-;,  by  a  jii 
jyerpcudiculai'  to  the  axis  ;  in  bevel  wheels,  by  a  sphere  dcscrifa 
about  tlio  a^KJx  of  the  conical  jntch  surface ;   and  in  skew-be^ 
wliijffls,  by  any  oblate  spheroid  generated  by  the  rotation  of 
ellip.se  whose  foci  are  the  same  with  those  of  the  hyperbola 
enemtcs  the  pitch  surface. 
The  pitch  point  of  a  pair  of  wheels  is  the  point  of  contact  of  i 
pitch  lines ;  that  is,  the  transverse  section  of  the  line  of  cont 
the  pitch  surfaces. 

Bimilar  terms  are  applied  to  rack-s. 

That  part  of  the  acting  surface  of  a  tootli  which  projects  beyo 
the  pitch  surface  ia  caWed  thft  f<Kt ;  that  which  lies  within 
pitch  surface,  ihejlwik. 
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e  nidius  of  the  pitch  circle  of  a  circular  wheel  is  cnlled  the 
■rical  radius  ;  that  of  a  circle  touching  the  crests  of  tlie  teeth 

led  the  real  raulius ;  and  the  difference  between  those  radii, 

e  addejulum. 

447.  Fitrk  and  Nnrabrr  af  Tcctb. — The  distance,  measured  along 
Jic  j>itch  line,  from  the  face  of  one  tootli  to  the  face  of  the  next,  ia 
^^d  the  PiTcn. 

Htlio  pitch,  and  the  number  of  teeth  in  circular  wheels,  are  regu- 
|Bd  by  the  following  principles  : — 

I.  In  wheels  which  rotate  continuously  for  one  revolution  or 
,  it  is  obviously  necessary  tluU  the  pUc/i  should  bs  an  aliqttol 
of  the  cireum/erence. 

wheels  which  reciprocate  without  performing  a  complete  re- 
tion,  this  condition  is  not  necessary.     Such  wheels  are  called 

In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
tk  coiTiictly  together,  it  is  in  all  cases  essential  t/ial  the  pitcJt 
iliovil  be  Ok.  name  in  each. 

Mill-  ilence,  in  any  pair  of  circular  wheels  which  work  together, 
^K  nuinbcnt  of  teeth  in  a  complete  circumference  are  directly  as 
^■nulii,  nnd  inversely  as  the  angular  velocities. 
^KV.  Hence  also,  in  any  pair  of  circular  wheels  which  rotate 
^Ktinuously  for  one  revolution  or  more,  the  ratio  of  the  numbers 
^Bceth,  ajid  its  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
pressible in  whole  numbers. 

V.  Lot  «,  N,  be  the  respective  numbers  of  teeth  in  a  pair  of 
wIiccIh,  N  In-ing  the  greater.  Let  /,  T,  \m!  a  pair  of  teeth  in  the 
uroallcr  and  larger  wheel  respectively,  which  at  a  [)articuliir  instant 
work  togi'ther.  It  is  required  to  find,  first,  how  many  pairs  of 
[ccth  must  jMiss  the  line  of  contact  of  the  pitch  surfaces  Iwfore  t 
nnd  T  work  together  again  (let  this  number  be  called  a);  secondly, 
with  how  many  different  teeth  of  the  larger  wheel  the  tooth  t  will 
work  jit  (liflcrent  tinies  (let  this  number  be  called  b)  ;  and  thirdly, 
with  how  nuiny  different  teeth  of  the  smaller  wheel  the  tooth  T 
will  work  at  ilifl'erent  times  (let  this  bo  called  c). 
■|Gasb  1.  It'  )i  is  a  divisor  of  N, 


N;  b 


N 


1. 


.(1.) 


Cask  2.  If  the  givatest  ct)mmon  divisor  of  N  and  n  be  c^,  a  nam- 
^  ■       ■'     I  n,  so  that  n  =  jn  t/,  N  =  M «/,  then 


|«i»»N  =  Mn  =  'iJlmd;  6  =  M;  c  =  m.. 

If  N  and  n  be  prime  to  each  other, 
2r 


.(2.) 
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a  =  Nm;  6  =  N;  c  =  n. ...» 


It  is  considered  ilesirable  liy  minwrights,  with  a  Ti«W 
presprvation  of  the  unil'ormity  of  BliajH?  u(  the  teeth  of  a 
•wheels,  that  each  given  tooth  in  one  wheel  should  work  ' 
many  different  teeth  in  the  other  whol  m  possible  Ther, 
fore,  study  to  make  the  numbers  of  teeth  in  each  pair  of 
which  work  together  such  as  to  be  either  prime  to  each  othc 
liuve  their  greatest  common  divisor  as  small  as  is  poBsibl 
aistently  with  the  purposes  of  the  machine. 

VX  The  snuUlfsl  number  of  teeth  which  it  is  practicable 
to  a  pinion  (that  is,  a  small  wheel),  is  regulatt-d  by  the  pri 
that  in  order  that  the  communication  of  motion  from  one 
another  may  be  continuous,  at  least  one  pair  of  tcetli  shi 
bo  in  action  ;  and  that  in  "wdor  to  provide  for  the  contf 
tooth  breaking,  a  secorul  pair,  at  least,  should  be  in 
For  reasons  which  will  Bpj)«ir  when  the  forms  of  teeth 
sidered,  this  principle  gives  the  following  as  the  least 
teetli  which  can  be  its^taUy  euiployed  in  pinions  having 
three  classes  of  figui-cs  named  below,  whose  propextiea 
plained  in  the  sequel : — 

I.  Involute  teeth, 25. 

IL  Epicydoidal  teeth, 

HL  Cylindrical  teeth,  or  «tot-'e«, ^ 

448.  noatiac  c»B, — When  the  ratio  of  the  angular  velin 
two  wheels,  being  reduced  to  its  least  terms,  is  expi-^  -•■■'  '■- 
numbers,  less  than  those  which  can  be  given  to  wli 
and  it  becomes  necessary  to  employ  maltiples  of  th<.f-  huuk 
a  common  multiplier,  which  becomes  a  common  diviwir 
numbers  of  teeth  in  the  wheels,  millwrights  and  ena 
avoid  the  evil  of  fi-pquent  contact  between  the  game 
by  giving  one  additional  tooth,  allied  a  / 
of  the  two  wheels.     This  exixdient  cau^' 
not  exactly  but  only  apprnximati-ly  equal  lu  that  wIiicU  wS?l 
contemplated  ;  and  therefore  it  rn tmot  Ih"  used  where  the  i 
of  certjun  velocity-ratios  amongst  the  wheels  is  of  imp 
in  clockwork. 

449.  A  Trnia  af  irbrciwork  con.<ii.<rt«  of  a  Series  of  axe 
having  upon  it  two  wheels,  one  of  which  i<(  dri'i'ti  br  a  w| 
the  jneceding  nxLs,  while  the  other  ./  ..J 
axis.     If  the  wheels  hiv  till  in  out  ij 
rotation  of  each  axis  is  controiy  to  V 
Home  caaea,  a  single  wheel  upon  one  : 
of  receiving  motion  from  a  whetJ  on  the  preceding  axis  oiidl 
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bn  to  a  wLecl  ou  the  following  axia.     Such  a  wheel  is  called 
idle  iv/teel :  it  afTeota  the  directioa  of  rotatiuu  only,  and  not  the 
locity-ratio. 

Let  the  series  of  axes  be  distinguished  by  numbers  1,  2,  3, 
m ;  let  the  numbers  of  teeth  in  the  driving  ic/teeU  be 
aoted  by  N's,  each  with  the  number  of  its  axis  affixed ,  thus, 

•„  N;,  A'c N„_,;  and  let  the  numbers  of  teeth  in  the  driven 

r  following  wheels  be  denoted  by  n's,  eacb  with  the  number  of  its 

aitLxed  ;  thus,  «.,,  «„  iStc n„.     Then   the  ratio  of  the 

velocity  a„  of  the  wi'"  axis  to  the  angular  velocity  ai  of  the 
;  axis  is  the  product  of  the  m  —  1  velocity-ratios  of  the  succes- 
I  elementary  combinations,  -viz. : — 

y..N. -Ac-.-N... 


w,  •  n,  •  ifcc. 


«- 


at  is  to  say,  the  velocity-ratio  of  the  last  and  first  axes  is  the 

Itio  of  the  product  of  the  numbers  of  teeth  in  the  drivcra  to  the 

luct  of  the  numbere  of  teeth  in  the  followci-s;  and  it  is  obvious, 

it  so  long  as  the  same  drivcre  and  followers  constitute  the  train, 

te  order  in  which  they  succeed  each  other  does  not  affect  the 

altant  velocity-ratio. 

Supposing  all  the  wheels  to  be  in  outside  gearing,  then  as  each 

ementary  combination  reverses  the  direction  of  rotation,  and  as 

|ic  number  of  elementary  combinations,  m,  -  1,  is  one  less  than 

he  number  of  axes,  m,  it  is  evident  that  if  tti  is  odd,  the  dii-ection 

^  rotation  is  preserved,  and  if  even,  reversed 

It  is  often  a  question  of  imiwrtanco  to  determine  the  numbers  of 

eth   in  a  train  of  wheels  best  suited  for  giving  a  deteiTninate 

elocity-ratio  to  two  axes.     It  was  shown  by  Young,  that  to  do 

Ua  with  the  lemt  Mai  number  oflerJh,  the  velocity-ratio  of  each 

nentnry  combination  shoidd  a]>proximate  as  nearly  as  possible 

|'59.     Tiiis  would  in  many  cases  give  too  many  axes ;  and  as  a 

wfiil  practical  rule  it  may  be  laid  down,  that  fi-om  3  to  6  ought 

I  be  the  limit  of  the  velocity-ratio  of  an  elementary  combination 

I  -wheelwork. 

Let  ^  be  the  velocity-ratio  required,  reduced  to  its  least  tctniB, 
\j 

let  B  be  greater  than  C. 

If  T^  is  not  greater  than  6,  and  C  lies  between  the  prescribed 

idnimum  number  of  t<.'etli  (which  may  bo  called  <),  and  its  double 
\U  tli'n  tmc  yi.iir  of  wheels  will  answer  the  purpose,  and  B  and  C 
iti  -  be  the  numbers  required.     Should  B  asv^\  C  \3tt 

_   lojye,  ihry  niv  U'  possible  to  be  resolved.  mXo  W^«», 
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and  those  factors,  or  if  they  are  too  small,  multiple*  of  tb«n,  \ 
for  the  numbers  of  teeth.    Should  B  or  C,  or  both,  be  at  onoe  icd 

veniently  largo,  and  prime,  then  instead  of  the  exact  mtio  — ,. 

i-atio  npprosiraating  to  that  ratio,  and  capable  of  r  - 
venicut  factors,  is  to  be  fouud  by  the  method  of  on! 

■D 

Should  -77  be  greater  than  6,  the  best  number  of  clemen^ 

combinations,  »j  -  1,  will  lie  between 

log  B  -  log  C  ^^  log  B  -  log  0 .J 

log  6  log  3        "'"* 

Then,  if  poKsible,  B  and  C  themselves  are  to  be  reaolvcd 
into  m  —  1   factors  (counting  1   as  a  factor),  which  facton,! 
multiples  of  them,  shall  be  not  less  than  (,  nor  greater  tlion  6<^ 
if  B  and  C  contain  inconveniently  large  prime  fnetors,  un  appr 
mate  velocity-ratio,  found  by  the  method  of  continued  f — ' — 

to  be  substituted  for  =  as  before. 
\j 

So  far  as  the  resultant  velocity-ratio  is  concerned,  the 
the  drivers  N  and  of  the  followere  n  is  immaterial ;  Vmt  to  ( 
equable  wear  of  the  t«cth,  as  explained  in  Article  447,  Pi-inciplr 
tlie  wheels  ought  to  be  so  arranged  tliat  for  each  elementary  cO| 
biuation  the  greatest  common  divisor  of  N  and  n  shall  Iw  eitf 
1,  or  as  small  as  jwaable. 

450.  Principle  or  inUdiag  Conincf. — The  line  0/ action,  or  0/1 
neclion,  in  the  case  of  sliding  contact  of  two  moving  piecce,  is  1 
common  i)crpendicuhir  to  their  surfaces  at  the  jioint  where 
touch ;  and  the  principle  of  their  comparative  motion  is,  that  j 
components,  along  that  jierpendicular,  of  tltc  vdocities  of  any 
points  traversed  b;/  it,  are  eijital. 

Case  1.  Tim  shifting  pieces,  in  sliding  contact,  have  linear  1 
cities  pro|>ortional  to  the  wcants  of  the  angles  which  their  ( 
of  motion  make  with  their  line  of  action. 

Case  2.  Two  rotating  pieces,  in  iiliding  contact,  have 
velocities  inversely  proportional  to  the  pcrjiendicuhvr  di 
from  their  axes  of  rotation  to  their  line  of  action,  each  multi|id 
by  the  sine  of  the  angle  wliicli  the  line  of  action  makes  with  ' 
particular  axis  ou  whicii  tlic  iHTpendicular  is  let  fall 

In  fig.  1D7,  let  C,,  C„  represent  the  axes  of  rotation  of  tlte  I 

pieces;   A,,  A„  two  portions  of  their  resixsctivo  surface*;  and] 

T»,  a  pair  of  points  in  those  surfaces,  which,  at  the  in'^'' 

eonaidcration,  arc  in  con^acV  -wiUv  each  other.     Let  I 

common  perpendicuW  oii  ^.^\c  ■s.vvrtaiMa  ^\. ii^«s  ■^vt  cS  Yy.i...j  i,,  i 
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at  is,  the  lijie  0/ action;  aud  let  C,  P„  C,  P«  be  the  comraon  poi-. 

pcndiciJars  of  the  line  of  action  and  of  the  two  axes  resjjectiveljr. 

Then  at  the  given  instunt,  the  components 

along  the  line  P,  P,  of  the  vclocitica  of  the 

Bints  Pi,   P;,   are  eqxuil.     Let  t',,  i,,  \>e  the 

Dglvs  -which  that  liue  makes  with  tlie  direc- 

1  of  the  axes  respectively.     Let  Oi,  o,,  be 

he  respective  angular  velocities  of  the  moving 

then 

a,  •  Ci  Pj  •  sin  »,  =  a,  •  C,  Pi  •  sin  ij; 

equcntly, 

Oj C|  P|  sin  »,  _  ,.  . 

aI~CrP,sini,' ^  ■' 

ich  i»  the  principle  stated  above. 

When  the  line  of  action  is  jieqK'nclicular  in  direction  to  botl 
Kes,  then  sin  t,  =  siu  ij  =  1 ;  and  equation  1  becomes 


c.p; 


.(1     A.) 


IHien  the  aws  are  parallel,  »,  =  t,.  Let  I  be  the  point  where 
•he  line  of  action  cuts  the  plane  of  the  two  axes;  then  the  triangles 
ft  Ci  I,  P,  C|  I,  are  similar;  ao  that  equation  1  A  is  equivalent  to 
Be  following : — 

a.  To; 
[  «,-m. (^  "•) 

I  Case  3.  A  rotatinff  piece  and  a  ahiftiTuj  piece,  in  sliding  contact, 
■ive  their  comjiarative  motion  regulated  by  tlie  following  prin- 
Bple  : — Let  C  P  denote  the  perpendicular  distance  iix>m  the  axis  of 
lie  rotating  piece  to  the  lino  of  action ;  t  the  angle  which  the  direc- 
kin  of  the  line  of  action  makes  with  that  axis;  a  the  ang\ilar 
klocity  of  the  rotating  piece;  1;  the  linear  velocity  of  tlie  sliding 
Bocc ;  ]  the  angle  which  its  direction  of  motion  makes  with  the 
faie  of  action;  then 
I  t;  =  o  ■  (J  P  "sin  » 'sec^' (2.) 

When  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
^  the  rotating  piece,  sin  i  =  1 ;  aud 

[  r  =  o-OP-Bec'j  =  a-rO; (2  a.) 

^Ht  I C  denotes  the  distance  from  the  axia  o{  \ke  ToV&\iii\^  -^vcsa 
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to  the  point  where  the  line  of  action  cuts  a  perpcndi«iW  from  tl«t 
;s  on  the  direction  of  niotiou  of  the  aliifting  piece. 

451.  Tcrlh  of  Dpar-WhvoU  tinii  Backa.     Ucnrml  frtmrlfiU. — 1 

IgUi'f'H  of  the  teeth  of  wheelB  are  rrgiilated  1 
tlic  trcth  of  a  pair  of  icfteeU  Aail  give  t/ic  fam':  ■  Ike 

tliilinrf  contact,  which  the  ideal  smooth  pikh  n 
tfif^ir  ToUiiuj  contact.     Let  B,,  B^  in  lig.  197,  1.    _ 
lin<>s  (that  is,  of  cross  Bectiona  of  the  pitch  surt'aoes)  of  a  |  ■ 
■wlieds  with  parallel  axos,  and  I  the  pitch  point  (that  i^  a  if 
of  the  line  of  contact).    Then  the  angulai-  velocities  whidi  wnidd ) 
given  to  the  wheels  by  the  rolling  contact  of  those  pitch  lines  ( 
inversely  as  the  segments  I  Cj,  I  0„  of  the  line  of  centres ;  and  I 
also  is  the  proportion  of  the  angular  velocities  given  by  a  pair  ( 
surfaces  in  sliding  contact  whoso  line  of  action  traverses  the  poii 
I  (Article  450,  case  2,  equation  1  B).     Hence  the  condition  i 
correct  working  for  the  teeth  of  wheels  with  parallel  axes  ii,  i 
tlus  line  of  action  of  the  teeth  shall  at  erery  instant  travers«  the  i 
of  Contact  of  the  pilch  surfaces;  and  the  saine  condition  obTii>iid||. 
applies  to  a  rack  sliding  in  a.  direction  perpendicular  to  that  oft' 
axis  of  the  wheel  with  which  it  works. 

452.  Trclli  npwribvd  hj  Rvllion  Carre*. — FrOin  the  ' 

the  preceding  Article  it  follows,  that  at  evtiy  inst.iiit,  ' 
of  the  point  of  contact  T,  in  the  cross  srction  of  tl; 
of  a  tooth  (such  as  the  line  A,  T,  in  fig.  197^,  and  tli^ 
position  of  the  pitch  point  I  in  the  pit<'h  line  I  B|  of  the  wi. 
whicli  that  tooth  belongs,  are  so  relatt'd,  that  the  line  T  T; 
joins  them  is  nonn.-il  to  the  outline  of  the  tcx)th  A,  T,  ■■■■ 
T,.     Now  this  is  the  relation  which  exists  between  1 1 
p<Hnt  T|,  and  the  instantanfotts  axia  or  line  of  contact  I,  iu  a  : 
curve  of  such  a  figure,  that  being  rolled  upon  the  pitch  surla 
its  traciug-fKjint  T,  traces  the  ontliue  of  the  tooth.     (As  to  r^lim- 
cur%-es,  ste  Articles  386,  387,  389,  390,  393,  39fl,  397,  and  Pro:^--^     J 
Clerk  Mux  well's  paper  there  referred  to).  ^     I 

In  order  that  a  pair  of  teeth  may  work  oorrectl-  ^•■■•  ■■>i..—  '.t  t.    " 
nece*inry  and  sufficient  that  the  instantaneous  rn 
the  pitch  point  to  the  points  of  contact  of  the  t\»>i  i-riu  niiu.i.i.. 
coincide  at  each  instant,  as  expressed  by  the  equation 

Tf,=lT,; {l.)| 

rend  this  condition  is  fulfilled,  ift/w  o^itUnrt  of  the  two  teeth  be  ( 

by  the  motion  of  the  same  tracinrf-point,  in  roHintj  ''"•  -'i""-  rJlt^ 

curve,  mi  the  same  side  of  the  jntch  rntrfaces  oftht  rt- 

The,//anA-  of  a  tooth  is  tniccd  while  the  rolling  i  u. ,.   i-i,.- 
oi'  the  pitch  line  j  Uie  jocv,  -wViiia  it  rolls  oubntU.     Hoac* 
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lent  thot  the  flcmka  of  the  teeth  of  the  driving  -w-heel  drive  the 
of  the  teeth  of  the  driven  wheel ;  and  that  the  facta  of  the 
of  the.  driving  wheel  drive  the  jianks  of  the  teeth  of  tlie 
irivcn  wheel.  The  former  takes  ])lace  while  the  point  of  contact 
fctlic  teeth  18  approachinij  the  pitch  point,  aa  in  fig.  1 97,  suppotsing 
BmotioD  to  be  from  P,  toward.^!  P,;  the  latter,  after  the  point  of 
Ktftct  has  passed,  and  while  it  is  receding  from,  the  pitch  point 
'ho  pitch  jKiiut  divides  the  path  of  the  point  of  amtuct  of  the  teeth 
two  ])arts,  called  the  path  of  approacJi  and  the  path  of  recess; 
the  lengths  of  tliose  paths  must  be  so  odju.sted,  that  two  paits 
cth  at  least  shall  be  in  action  at  each  instant, 
in  evidently'  neccasary  that  the  surfaces  of  contact  of  a  pair  of 
1  should  either  be  both  convex,  or  that  if  one  in  convex  and  the 
IhiT  concave,  the  concave  surface  should  have  the  flatter  curvature. 
e  equations  of  Article  390  give  the  relations  which  exist 
cen  the  radius  of  curvature  of  a  pitch  Hue  at  the  pitch  point 
r^,  the  nidius  of  curvature  of  the  rolling  cui-ve  at  the  same  (joint 
I,  the  radius  vector  of  the  tracing-point  (r  =  I  T),  the  angle  made 
at  line  with  the  line  of  centres  of  the  fixed  and  rolling  ciu"vcs 
^  T  I  C),  and  the  rndins  of  curvature  of  the  curve  traced  by 
wint  T  (5),  all  at  a  given  instant. 

heu  H  [tail'  of  tooth  suifaces  are  both  convex  absolutely,  that 
i^liiclr  is  a  face  is  concave,  and  that  wliich  is  a  flank  is  convex, 
rds  the  ]iitch  point ;  and  this  is  indicated  by  the  values  of  t 
g  contrary  signs  fur  the  two  teeth,  being  positive  for  the  face 
negative  for  the  flauk.     The  /ace  of  a  t«oth  is  alwajrs  convex 
plutcly.  and  concave  towards  the  pitch  point,  f  l>eing  positive ; 
'lat  if  it  works  with  a  concave  flank,  the  value  of  ;  for  that  flank 
>»itive  also,  and  greater  than  for  the  face  with  which  it  works. 

3.    The  MidlBC  •[  u  Pnir  «r  Tc««b  an  Kach  Oikvr.  that  is,  their 

ive  motion  in  a  direction  peqiendicular  to  their  lino  of  action, 

nd  bj-  supposing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 

if  centres  C,  C,  to  rotate  backwards  round  Ci  with  the  angtdar 

y  «i,  and  the  wheel  2  to  rotate  round  C,  as  before  with  tho 

r  velocity  o,  relatively  to  the  line  of  centres  C,  Cj,  so  as  to 

the  Mmo  motion  as  if  ita  pilch  surface  roUed  on  the  pitch 

V  of  the  first  wheel.     Thus  the  relative  motion  of  the  wheels 
ichanged;  but  1  is  considered  as  fixed,  and  2  has  the  resultant 

Ion  given  l<y  the  principles  of  Article  389  ;  that  is,  a  ^jtation 
t  the  instantaneous  axis  I  with  the  angular  velocity  «,  +  a. 

V  the  velocity  0/ sliding  is  that  duo  to  this  rotation  about  I, 
tlio  nuliua  IT  =  r j  that  is  to  say,  its  value  is 

r  (a,  +  Oj); (1.) 

lat  it  18  greater,  the  farther  the  point  oi  couV«k\.  \a  tcoxa  ^^ttO 
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line  of  centres ;  and  at  the  instant  when  that  point,  pn.-.vinf  tlif 

centres,  coincides  with  the  pUcJi  ptrint,  the  velocitj 

and  the  action  of  the  teeth  is,  for  the  instant,  that  u:  .-.,,.. ^  , 

The  roots  of  the  teeth  slide  towards  each  other  during  t)ie| 
))ix>ach,  and  from  each  other  during  the  recess.    To  find  the  ariu. 
or  UiUd  dtgtamce  through  which  the  sliding  t«kc«  place,  let  /,  be  ( 
time  occupied  by  the  approach,  and  «,  that  occupied  by  th«  i 
then  the  distance  of  sliding  is 

8=  f''r(a,  +  a,)dt  +  /"''r(a,+a,)rf<; (SJ 

J  a  J  n  1 

or  in  another  form,  if  eft  denote  an  element  of  the  cIiAuge  of  i 
lar  position  of  one  wheel  relatively  to  the  other,  i,  the  amoua 
that  change  during  the  approach,  and  t,  dui'ing  the  trcufs,  theal 

{a,  •\- a,)  d  t  =s  d  i ;  and 

»=l    rdi-^j    nil (3.1 

^^bo  Article  45o.) 

454.  Th«  Arc  of  roBlncI  an  Ihe  Pilch  lilacs  is  the  length  of  t 

portion  of  the  pitch  lines  which  passes  the  j)itch  point  during  I 
notion  of  one  pair  of  teeth  ;  and  in  order  that  two  pairs  of  teetb 
least  may  be  in  action  at  each  instant,  its  length  should  bo  at  Id 
double  of  the  pitch.  It  is  divided  into  two  parts,  the  are  of  I 
proach  and  the  arc  of  recess.  In  order  that  the  teeth  mar  b«l 
length  sufficient  to  give  the  required  duration  of  contact,  the  ( 
tanoc  moved  over  by  the  point  I  upon  the  pitch  line  during  i 
iwlling  of  a  rolling  curve  to  describe  the  face  and  flank  of  a  ( 
must  be  in  all  equal  to  the  length  of  the  required  arc  of  oont 
It  is  usual  to  make  the  arcs  of  appi-oach  and  rece.ss  equal. 

455.  The  Lcngtli  of  b  To«ih  may  be  tlividc<l  into  tiro 
that  of  the  face  and  that  of  the  flank.     For  teetli  in  the  driv 
■wheel,  the  length  of  the  flank  dciwiids  on  the  ajv  I'l 
of  the  face,  on  the  arc  of  recess  ;  for  those  in  tht  ,  whd 
the  length  of  the  flank  depends  on  the  arc  of  recess, — that  of  I 
face,  on  the  arc  of  approach. 

Let  q,  be  the  arc  of  appi-oach,  q,  that  of  recess  ;  I,  ' '  < 

the  flank,  f,  the  length  of  the  face  of  a  tooth  in  the  di 
Let  r,  be  the  radius  of  curvature  of  the  pitcli  Unc,  r,,  that  nf  i  lie  ruili 
curve,  r  the  mdius  vector  of  the  tracing-j)oint,  ut  any  instant 
angular  velocity  of  the  rolling  curve  relativoly  to  tlie  whi!<!l  i» 


dl   \r. 
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the  positive  sign  applying  to  rolling  outside,  or  describing  the  face, 
Hud  the  n^ative  sign  to  rolling  inside,  or  describing  the  flunk. 
Hence  the  velocity  of  the  tracing-point  ut  a  given  instant  is 


dt 


dd  consequently 


.(1.) 


For  the  following  wheel,  q,  and  q,  have  to  be  interchanged,  so  that, 
if  Tf  be  the  radius  of  that  wheel, 


'9 


^2.) 


The  equations  2  and  3  evidently  give  the  means  of  finding  the  dis- 
noe  of  sliding  bctweru  a  pair  of  teeth,  in  a  different  form  fram 
hat  given  in  Article  453 ;  for  that  distance  is 

«=(r._j,)  +  (f,-/.) 

45G.  To  laaide  Ccmrian  all  the  preceding  {)rinci])lo8  apply,  ob- 
erving  that  the  radius  of  the  gixiatcr,  or  coni'avo  pitch  surface,  is 
I  be  considered  as  negative,  and  that  in  Article  453,  the  difference 
'  the  angular  velocities  is  to  be  taken  inateatl  of  their  sum. 

457.    InrolaM  Teelb  for  Cirrniar  Whccla.  being  the  first  of  tllO 

|threc  kinds  mentioned  in  Article  447,  are  of  the  form  of  the  in- 
olute  of  a  circle,  of  a  radius  less  than  the  pitch  cii-clo  in  ii 
itio  which  may  be  expressed  by  the  sine  of  a  certain  angle  /, 
nd  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  nii 
be  pitch  circle,  the  angle  made  by  that  s]>iral  at  each  point  ■with 
own  nuliuH  vector  being  the  complement  of  the  given  angle  i. 
Jut  this  mode  of  describing  involutes  of  circles,  being  more  com- 
plex tliHU  the  ordinary  method,  is  mentioned  merely  to  show  that 
licy  fall  under  the  general  description  of  curves  described.  Vi-j 
oiling. 


443 


THEOKT   or   IRCHAXIRJI. 


In  fig.  108,  let  C„  C„  be  the  eentT»»  of  two  eirmilar  wl 
"wlioae  pitch  circles  fti-e  B ,  B".     Through  the  pitrh  point  I  dr 
tlie  intended  line  of  action  P,  P„  making  the  auglu  C  I  P  ^  / 1 
the  line  of  centres.     From  €„  G^  draw 


.(1-), 


C,  P,  =  I C,  ■  sm  d,  ] 

CTP,  =  IC, •  aiu  /»,  I 

pcrp<ni(1icnlftr  to  Pi  P„  with  which  two  perpendiculars  as 
deaoribe  circles  (called  base  circles)  D„  D, 

SupiK)se  the  base  circles  to  b«  a  pair^ 
circvilar  pulleys,  connected  by  means  of 
cord  whose  c<3urse  from  pulley  to  pulley  i 
Pi  I  P,  As  the  line  of  connection  of  th 
pulleys  is  the  same  with  tlmt  of  the  prop 
teeth,  they  will  rotfite  with  the  r 
volocity-i-atio.  Now  suppose  a  tracii 
T  to  be  fixed  to  the  cord,  so  as  to  be  < 
along  the  jMith  of  contuct  P,  I  P^ 
point  will  tr.ice,  on  a  piano  i-otatiu 

with  the  wlieel  1,  part  of  the  invo  

the  base  circle  D,,  imd  on  a  piano  rotsti 
along  with  the  whoel  2,  part  of  tlie  im-olii 
of  the  base  circle  D„  and  the  two  curve*  i 
traced  will  always  touch  each  other  in 
required  point  of  contact  T,  and  will  therefore  fulfil  the  conditid 
required  by  Article  451. 

All  involute  tc<!th  of  the  same  pitch  work  smoothly  together. 
To  find  the  length  of  the  path  of  contact  on  either  side  of 
pitch  point  I,  it  is  to  bo  observetl  that  the  dLstonce  l)etw«<ll  ' 
fronts  of  two  successive  teeth  as  measured  along  P,  1  Pj,  in  ]« 
than  the  pitch  in  the  ratio  sin  <  :  1 ,  and  consfijui'ntly  that  if  i 
aces  not  less  than  the  pitch  x  sin  f  be  markcxl  off  cither  way  fri 
townirds  P,  and  P,  respectively,  as  the  extremities  of  t.hv  path  i 
mtact,  and  if  the  addejidum  circles  be  described  throu 
points  so  found,  there  will  always  be  at  least  two  pairs  of 
action  at  once.    In  j)nictice,  it  is  usual  to  make  the  jxith  t^ « 
somewhat  longer,  viz.,  altont  2 J    times  the  pitch ;  and  with 
length  of  path  and  the  value  of  f  which  is  usual  in  pniotioe^  • 
75J'',  the  addendum  is  almut  t^  of  the  pitch. 

The  teeth  of  a  rack;  to  work  cnn'cctlv  .     ' 
lute  tooth,  should  have  plane  siirliice.s,  p  >  lij 

connection,  and  conscqnnntly  ni.ikini;,  with  tbo  ilnucUou  of  mo 
of  the  mck,  angles  o*\uaV  to  tW  WLoxc-\tivi\v\.\«wnl  an^le  A 


Fig.  198. 
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_  458.  MitdiBg  of  iBToimc  Teeth. — The  distance  through  -which  a 
pair  of  involute  teeth  slide  on  each  other,  is  found  by  observing 
that  the  distance  from  the  jwint  of  contact  of  the  teeth  to  the  pitch 

""  '  it  is  given  by  the  equation 

CP 
r^q-^^qidni; (1.) 

fbich  reduces  equation  3  of  Article  455  to  the  following  : — 

-ik-D-H^-'" m 

is  distance  may  al.so  be  expressed  in  tenns  of  the  extreme  dis- 
Bces  of  the  point  of  contact  from  the  pitch  point.      Let  these  be 
Bnoted  by  t,,  <, ;  then 

^  =  y.sin*;  /,  =  g,Ein<j  and  «  =  (^l  +  1)  •  |±1  ..(2A.) 

For  i)ig{de  gearing,  the  difference  of  the  recipi-ocals  of  the  radii  of 
'  ;e  •wheels  is  to  bo  taken  instead  of  their  sum. 
The  preceding  formula;,  which  are  exact  for  involute  teeth,  are 
iproximately  correct  for  all  teeth,  if  0  be  taken  to  represent  the 

mean  value  of  the  angle  C I  P  between  the  line  of  centres  and  the 

line  of  action. 

31 
The  usual  value  of  t  being  75^°,  sin  <  =  ^r^  nearly. 

459.  The  AddeadBm  of  Inrelme  Teelb,  tlmt  18,  tlieir  projection 
beyond  the  pitch  circle,  is  found  by  considering,  that  for  one  of  the 
wheels  in  fig.  198,  such  as  the  -wheel   1,  the  real  ra<liiis,  or  radius 

lif  the  addendum  cii-cle,  is  the  h3q)otbenuso  of  a  right-angled  tri- 
■ngle,  of  which  one  side  is  the  radius  of  the  base  circle  C  P,  and  the 
■ther  is  P I  +  the  portion  of  the  path  of  contact  beyond  I.  Now 
BF  =  r,  •  sin  <  ;  P I  =  r,  .  cos  '.  Let  t^  be  the  portion  of  the  path 
Wi  contact  above  mentioned  {=qs  '  sin  i),  and  d,  the  addendum  of 
Bhe  wheel  1 ;  then 

■  (r,  +  rf,)' =  »1  •  sin' < +  (r.  cos  0 +  «.)'; (1.) 

■ud  for  the  wheel  2  the  sui&xes  1  and  2  are  to  be  interchanged 

■  The  usual  value  of  sin  t  is  about  — ,  and  that  of  cos  t  about  -. 

Kho  same  formula?  apjily  to  teeth  of  any  figure,  if  /  be  taken  to 
Tepresent  the  extreme  value  of  the  ajigle  C  I  P. 

460.  The  Smnllml  Plniaa  wiUi  lurolMie  Trcih  of  a  given  pitch  p, 
has  its  siae  fixed  by  the  contaderation  that  the  path  of  contact  of 
iSaa  flanks  of  its  teeth,  which  niu^t  not  be  lesa  tliau  p '  &\Ti  i,  ca.'un.ctNi 
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be  greater  than  the  distance  along  the  line  of  action  from  the  ] 
ix)int  to  the  base  circle,  I  E  =:  r  •  cos  i.     Hence  the  least  radiu 
r  ^p  tun  I; (l.J 

which,  for  '  =■  75^°,  gives  for  the  radius'  r  =  3*867  p,  and  for  \ 
circumference  of  the  pitch  circle,  p  x  3-867  x  2  «■  :=  24 '3  p;\ 
wliicli  the  next  greater  integer  multiple  of  y>  is  25  p;  and  the 
luxiUy-five,  as  formerly  stated,  in  Article  447,  is  the  least  nu 
of  involttU  teeUi  to  bo  employed  in  a  pinion. 

461.  Epirrcioidal  Tecih. — For  tracing  the  figures  of  teeth, 
most  convenient  rolling  curve  is  the  circle.  The  path  of  conti 
which  a  point  in  its  circumference  traces  is  identical  with  the  cinJp 
itself;  the  flanks  of  the  teeth  are  internal,  and  their  faces  eit<?ni»! 
epicycloids,  for  wheels;  and  both  flanks  and  faces  are  cycloids  for 
a  rack. 

Wheels  of  the  same  pitch,  with  epicycloidal  teeth  traceil  byt 
same  rolling  circle,  all  work  correctly  with  each  other,  whatj 
may  be  the  numbers  of  their  teeth ;  and  they  ore  said  to  belong  to 
Ute  same  set. 

For  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  descrOiing 
circle  (as  it  is  called),  the  internal  epicycloid  is  a  sti-aight  line,  1 
in  fact  a  diameter  of  the  pitch  circle ;  so  that  the  flanks  of  the  to 
for  such  a  pitch  circle  are  planes  radiating  from  the  axis.  Fa 
smaller  pitch  circle,  tlie  flanks  would  be  convex,  and  incunw/  or 
niuler-cut,  which  would  be  inconvenient ;  therefore  the  smallett 
wheel  of  a  set  should  have  its  pitch  circle  of  twice  the  radius  of  tie 
describing  cii-cle,  so  that  the  flanks  may  be  either  straight  or  concave. 
In  fig.  I'jy,  let  B  bo  part  of  the  pitch  circle  of  a  wheel,  C  C  the 

line  of  centres,  I  the  pitch-point, 
B  the  internal,  and  R'  the  eqntl 
external  describing  circles,  so  placed 
OS  to  touch  the  pitch  circle  anil  enA 
other  at  I ;  let  D  I  D'  be  the 
of  contact,  consisting  of  thv  l>ath] 
approach  D  I,  and  the  path  of  re- ' 
cess  I  D'.  In  order  that  there  tmj 
always  be  at  least  two  pairs  of  twit 
in  action,  each  of  those  ara  should 
be  equal  to  the  pitch. 

The  angle  i,  on  passing  the  Un 
centres,  is  90° ;  the  least  value  oft 
angle  is  I  =.^C1'D  =  ^Cl\ 
■^  It  appears  from  experience 

^■e-  »09-  the  least  value  of  I  should  be  ttb 

60°;  therefore  tlie  aica  "D  \  =-'V\S  ^<svA\  Sfado.  Nssusoft-sixth  of  a  < 
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ciimference;   thereforo  the  circumference  of  tlic  describing  circle 

tould  tw  six  times  tJie  pitcL 
It  follows  that  the  smallest  pinion  of  a  set,  in  ■which  pinion  the 
inks  are  straight,  should  have  twdve  teeth,  as  has  already  been 
elated  in  Article  447. 

462.  The  Addcndam  far  Eplrrrlaldnl  Verfh  is  found  from  the 
formula  already  given  in  Article  4.51),  equation  1,  by  putting  for 
I  the  anpie  C  I  D,  and  for  /,  the  chord  I  D'  =  2  Tq  •  cos  i,  r^  being 

^e  radius  of  the  rolling  circle.     Hence 

(r,  +rf,)'  =  fl  sin* <  +  (ri+  2 uY •  cos* t (1.) 

3  1 
•  the  usual  value  of  t,  60°,  sin' t  =  -,  and  cos' t  =  -  ;  whence 

4  4 

(r,  +  rf,)'  =  »t  +  r,ro  +  r: (2.) 

1463  A.  The  Niidinc  of  Epicrdaidai  Terih  is  deduced  from  equation 
of  Article  45.5,  by  observing,  that  the  radius  vector  of  the  point 
(contact  is 

r=2ro-8in^, (1.) 

that  the  extreme  vafues  of  q  are  the  arcs  of  approach  and 

?=?.  =  2r„(f-*), (2.) 

kence  wc  have  H 

=  8(l-8inOr;(Ui); (3.) 

ich,  for  i  =  60°,  has  the  value 

*  =  1-07  rl  {-  +  1) (3  A.) 

463.  Appnxinaie  Epicrciaidni  Tecib. — Mr.  Willis  has  shown 
how  to  approximate  to  the  figui-e  of  an  epicycloidal  tooth  by  means 
of  two  circular  arcs,  one  concave,  for  the  flank,  the  other  convex,  for 
the  face,  and  rach  having  for  its  radius,  the  viean  radius  of  curva- 

^we  of  the  epicycloidal  arc.  Mr.  Willis's  formulae  are  deduced  in 
^a  own  work  from  certain  profKisitions  respecting  the  transmission 
^J  motion  by  linkwork.  In  the  present  treatise  they  will  be 
^Buced  fivm  the  values  ab-cady  given  for  l\\o  rasiix  ol  c\Mr<«A.M.\«.  o!^ 
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epicycloids  in  Article  390,  case  1,  equation  4:  vi*.,  let  r,  1 
radius  of  the  pitch  circle,  r^  that  of  the  rolling  dtele,  f  th* 
of  curvature  requii'cJ;  then 


e  =  2  To  •  cos  < 


—  =  4  Ta  '  cos  *  — 
r,  = 


^.--.(L) 


the  sijm  +  applying  to  an  txtermd  epicycloid,  that  is,  to  the  foot  ( 
a  tootli,  and  the  sign  —  to  an  internal  epiot/cloid,  that  is,  to  " 
fltvik  of  a  tooth. 

To  find  the  distances  of  the  centres  of  curvature  of  ''■■•  ■•• 
jHjint  in  an  epicycloid  from  the  point  of  contact  I  of  the  i 
and  rolling  circle,  there  is  to  be  subtracted  fjx>ni  the  m<iiii>  ••<  . 
vatui'C,  the  instantaneous  radius  vector,  r  =  2  r^  cos  S;  that  is  to  s 


-  ;•  =  2  To  cos  < 


:  3  r," 


.(3.)  I 


The  value  to  be  assumed  for  4  is  its  mean  value,  that  is,  75^°; 
cos  '  =  7  nearly :  r,,  is  nearly  equal  to  the  pitcli,  p;  and  if  »  be  < 
number  of  teeth  in  the  wheel, 

6  :  n  :  :  To  :  »v 

Therefore,  for  the  proportions  approved  of  by  Mr.  Willis, 
2  becomes 


'-^  =  1 


n 


nrt  12' 

+  being  used  for  the  face,  and  '-  for  the  flank ;  also 


(M 


r  =  ^  nearly., 


Ffg.  200, 


d] 

Hence  the  following 
»truction.     In   fig.   200, 
B  C   bo   part  of  the   pit 
circle,  A  the  point  wh« 
tooth  is  to  cross  iU     Set 

AB  =  AC  =  ^.  Di*wi 


Draw  F  B,  C  O,  making  angles  of  75.J° 
tako 


BF  =  ?, 


nH-12 
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and  F,  with  the  radius  F  A,  dmvr  the  circular  arc  A  H ;  this 
%riU  bo  the  face  of  the  tooth.     Round  G,  with  the  radius  G  A, 
draNV  the  circular  arc  G  K ;  tliis  will  bo  the  flank  of  the  tooth. 

To  fiicilitute  the  application  of  tliis  rule,  Mr.  Willis  has  published 
HActs  of  the  values  of  (~r,  and  invented  au  instrument  called  the 
*  odonlograph." 
404.  Trrih  of  trheci  and  Traniiie. — A  tnmdle,  as  in  fig.  201, 
cylindrical  pins  called  u/acar  for  teeth.  The  face  of  the  teetli 
'  a  -wheel  suitable  for  driving  it,  in  outside  gearing,  ore  described 
first  tracing  external  epicjcloids  by  rolling  the  pitch  circle  B,of 
ie  trundle  on  the  pitch  circle  IJ|  of  tho  driving  whctil,  with  the 


Fig.  201.  Fig.  S02. 

tro  of  a  rtave  for  a  tracing-point,  as  shown  by  the  dotted  lines, 

d  then  drawing  curves  parallel  to  and  within  tho  epicycloids,  at 

distance  from  them  equal  to  the  mdins  of  a  stave.     Trundles 

ving  only  six  .staves  mil  work  with  large  whecLs. 

To  drive  a  trundle  in  inside  gearinr/,  the  outlines  of  the  teeth  of 

,e  wheel  should  be   curves  parallel  to  internal   ejiicycloids.      A 

nliar  case  of  thi.s  is  represented  in  fig.  202,  where  the  radius  of 

pitch  circle  of  the  tnmdle  is  exactly  one-half  of  that  of  the 

>tch  circle  of  the  wheel ;  the  trundle  has  three  cqui -distant  staves; 

d  the  internal  epicycloid.s  de.scribed  by  their  centres  while  the 

tch  circle  of  the  trundle  is  rolling  within  that  of  the  wheel,  arc 

ree  straight  lines,  diameters  of  the  wheel,  making  angles  of  GC 

th  each  other.     Hence  the  surfaces  of  the  teeth  of  the  wheel 

nn  thri'i'  straight  grooves  intersecting  each  other  at  tho  centre, 

ih  being  of  a  breadth  equal  to  the  diameter  of  a  stave  of  the 

ndlp. 

46.'>.  DiaM!nal«n«  of  Terih. — Toothed  wheels  being  in  general 
tended  to  rotate  either  way,  tho  bac/cs  of  the  teeth  ai-c  mado 
ilar  to  the  fronts.  The  »p<ice  between  two  teetli,  measured  ou 
>»tch  circle,  is  made  about  one-iifth  jtart  wider  than  tho  thick- 
of  the  tooth  on  the  pitch  circle;  that  is  to  say, 

tliickneaa  of  tooth  =  —  pitch. 
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width  of  spaco  =  .-:  pitch. 

The  difference  of  —  of  the  pitch  is  called  the  haek-iaA. 

The  clearance  iillowed  between  the  points  of  teeth  anil  the  bottoa 
(if  the  spaces  between  the  teeth  of  the  othn*  wheel,  is  almat  i 
tenth  of  the  pitch. 

The  thickness  of  a  tooth  is  fixed  according  to  the  principle  air 
Atftted  in  Article  326;  and  the  brf.adUi  is  so  adjusted,  that - 
multiplied  by  the  jiitch,  the  product  shall  contain  on«  square  i 
for  each  160  lbs.  of  force  tn»tisniitto<l  by  the  t«eth. 

466.  Mr.  Mttna'*  VrtKrmm. — Mr.  Sang  has  published  an  clalwr 
work  on  the  teeth  of  wheel.s,  in  which  a  proccs-s  is  followed  difTorin 
in  Bome  respects  from  nny  of  those  before  described.     A  form  i 
selected  for  the  path  of  the  point  of  contact  of  the  teeth,  :>ud 
that  form  the  figures  of  the  teeth  are  deduced.     For  drtAil 
i-eader  is  referred  to  Mr.  Sang's  work. 

467.  Thr   Tr«lli  of  a  Brrrl-WHiwI   haTB  OOting   BurfhcCR   of 

conical  kind,  generated  by  the  motion  of  a  line  traversing  the  ap 
of  the  conical  pitch  suriacc,  while  a  point  in  it  is  carried  I'ound  tin 
outlines  of  the  cros-s  section  of  the  teeth  made  by  a  sphere  deaciih 
about  that  apex. 

The  oijcrations  of  describing  the  exact  figures  of  the  teeth 
Ixjvol-wheels,  whether  by  involutes  or  by  rolliug  curves,  are  in  evor 
n-spcot  analogous  to  those  for  describing  the  figures  of  the  teeth  i 
spur-wheels,  except   tliat  in   the  case  of  bevel-wheels,  all  Uio 
operations  are  to  be  pcrfonned  on  the  surface  of  a  sphere  deaor 
about  the  apex,  instead  of  on  a  pLinc,  substituting  poles  for  etntrm^ 
au<l  rfreat  cirdat  for  straiglU  lines. 

Ill  consideration  of  the  practical  difficulty,  especially  in  the  < 
of  largo  wheels,  of  obtaining  an  accurate  sphericid  surface,  and  i 
drawiug  ujion  it  when  obtained,  the  following  approximate  met" 
proixjsed  originally  by  Tredgold,  is  genetally  used  : — Let  O, 
203,  be  the  apex,  and  O  C  the  axis  of  i 
])itch  cone  of  a  bevel-wheel;  and  let 
largest  pitch  ciwle  be  that  whose  radiuit  i 
C  B.  PeriJcnilicular  to  O  B  draw  B  A  c«ii 
ting  the  axiu  produced  in  A,  lot  the  out« 
rim  of  the  pattern  and  of  the  wheel  b«  mad 
a  portion  of  the  surface  of  thi;  coav  who 
apex  is  A  and  side  A  B.  The  narrow  ; 
y.    J  of  that  cone  thus  employed  will  apj 

■       ■  sufficiently  near  to  a  s»ne  of  the    ^ 

wwrilxd  about  0  with  the  radius  0  B,  to  be  used  in  it«  stoiuL 
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Hfclane  snrface,  with  the  radius  A  B,  draw  a  circular  arc  B  D ;  a 
Retor  of  that  circle  will  represent  a  jx>rtion  of  the  surface  of  the 
cone  ABC  devdoped,  or  spnad  out  Jlat,  Describe  the  figures  of 
teeth  of  the  required  pitch,  suited  to  the  pitch  circle  B  D,  an  if  it 
■Were  that  of  a  spur-wlieol  of  the  radius  A  B;  those  figures  will  be 
the  required  cross  sections  of  the  teeth  of  the  bevel-wheel,  made  hy 
the  conical  zone  whose  apex  is  A 

468.  TmUi  orskew-Brrei  Wheels. — The  cross  Sections  of  the  teeth 
of  a  skew-bevel  wheel  at  a  given  pitch  circle  are  similar  to  those  of 
a  bevel  wheel  whose  pitch  surface  ia  a  cone  touching  the  hyperbo- 
loidal  pitch  surfiice  of  the  skew-bevel  wheel  at  the  given  pitch 
circle;  and  the  surfaces  of  the  teeth  of  the  skew-tevel  wheel 
are  generated  by  a  straight  line  which  moves  round  the  outlines 
of  the  cross  section  and  at  the  same  time  is  kept  always  in  tlie 
position  of  the  generating  line  of  a  hyperboloklal  surface  similar  to 
the  pitch-surface  (see  Article  414,  jiages  430,  431). 

469.  The  Tccih  of  NoB-cirrainr  whceiii  are  described  by  rolling 
circles  or  other  curves  on  the  pitch  surfaces,  like  the  teeth  of  cir- 
cular wheels;  and  when  they  oit;  small  compared  with  the  wheels 
to  which  they  Wlong,  each  tooth  is  nearly  similar  to  the  tooth  of  a 
circular  wheel  hR\niig  the  same  radius  of  curvature  with  the  pitch 
Bur&ce  of  the  actual  wheel  at  the  point  where  the  tooth  is  situated. 

47U.  A  Cam  or  Wiper  is  a  single  tooth,  either  rotating  continu- 
ously or  oscillating,  and  driving  a  sliding  or  turning  piece,  either 
constantly  or  at  intervals.     All  the  principles  wliich  have  been  ^ 
stated  in  Article  4dO,  as  being  applicable  to  sliding  contact,  arsa 
applicable  to  cams  ;  but  in  designing  cams,  it  is  not  usual  to  deter-  ' 
xnine  or  take  into  consideration  the  form  of  the  ideal  pitch  suriiico 
which  would  give  the  same  comparative  motion  by  roUing  contact 
that  the  cam  gives  by  sliding  contact. 

471.  Screws.     Piteh. — The  figure  of  a  screw  is  that  of  a  convex 
or  concsivo  cylinder  with  one  or  more  helical  projections  called 
threads  winding  round  it.     Convex  and  concave  screws  are  diA><| 
tinguished  technically  by  the  respective  names  of  male  and/emo^J 
Or  external  and  inlernal;  a  short  internal  screw  is  called  a  niU,  and 
>rben  a  «Teu>  is  not  otherwise  specified,  external  is  understood. 

The  relation  Iwtween  the  advance  and  the  rotation,  which  corn- 
hose  the  motion  of  a  screw  working  in  contact  with  a  fixed  nut  or 
belicnl  guide,  has  already  been  demonstrated  in  Article  382,  equa-J 
lion  1  ;  and  the  same  relation  exists  between  the  rotation  of  »^ 
screw  •'.bout  an  axis  fixed  longitudinally  i-ebitively  to  the  fmme- 
\rork,  and  the  advance  of  a  nut  in  which  that  screw  rotates,  the 
nut  being  free  to  shift  longitudinally,  but  not  to  turn.  The  advance 
lof  the  nut  in  the  latter  cose  is  in  the  direction  opposite  to  that  of 
^K  advance  of  the  Krew  in  tlie  former  case.  M 

■  1 
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P\ 


.«.., 


Fig.  S06. 


A  screw  is  caUed  riglU-handed  or  UJi-handed,  according 

adrance  in  a  fixed  nut   i~  'wi-mmii 
by  rigbt-handed  or  left 
•when  viewtxl  by  aii  oKs^. , 
the  advance  takes  place.      I 
presents  a  right-handod  stac  .. .  . 
205  a  left-handed  screw. 

The  pitcfi  of  a  screw  of  one 
and  the  total  pitch  of  a  screw  of  i 
number  of  threads,  is  the  pitch  of  I 
helical  motion  of  that   ktow,  as 
plained  in  Article  .382,  and  is  the  i 

tance  (marked  p  in  figs.  204  and  205)  measumd  parallel  to  the  i 

of  the  screw,  bietween  the  corresq)onding  points  in  two  i 

tnms  of  the  same  thread. 

In  a  screw  of  two  or  more  threads,  the  distance  measnreri  jianllii 

to  the  axis,  between  the  corresjwnding  points  in  two  adjaemi 

ttirends,  may  be  called  the  divided  pitch. 

472.    Namml  mnd  Circnlnr  Pilch. — When  the  pitch  of  A  KTTW  ri 

not  otherwise  specified,  it  is  always  understood  to  bo  irii 
parallel  to  the  axis.     But  it  is  sometimes  convenient  for  p.>  - 
j)urpo.se3  to  measure  it  in  other  directions;  and  for  th:' 
ci/lirulrical  pitch  surface  is  to  be  conceived  as  describfi  i 
axis  of  the  screw,  intermediate  between  the  crests  of  the  thnadi 
and  the  bottoms  of  the  grooves  between  them. 

If  a  helix  bo  now  descriljed  npon  the  pitch  cylinder,  so  as  fa> 
cross  each  turn  of  each  thread  at  right  angles,  the  distance  betwmi 
two  corresponding  points  on  two  successive  turns  of  the  ■am* 
thread,  measurotl  along  this  normal  helix,  may  be  calle<l  f'-"  -'>'■»"' 
pitch;  and  when  the  screw  has  more  than  one  thread, 
pitch  from  thread  to  thread  may  be  called  the  normal  n' 

The  distance  from  thread  to  thread  measured  on  a  cir' 
on  the  pitch  cylinder,  and  called  the  jyifch  cirek,  may  U   >■., 
circular  pitch ;  for  a  screw  of  one  thread  it  is  one  circumi' 
for  a  screw  of  n  threads 

one  circumference 
n  ' 

The  following  set  of  formulae  show  the  relations  en. 
ent  modes  of  measuring  the  pitch  of  a  screw.     11 
speaking,  as  originally  detined,  is  distinguished  as  tlic 
and  is  the  same  for  all  parts  of  the  same  screw :  the  ; 
circular  pitch  depend  on  the  radius  of  the  pitch  cylindiOT. 

Let  r  denote  the  radius  of  the  pitch  cylinder ; 

n,  tbo  number  of  threads ; 
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_   1,  the  obliquity  of  the  threads  to  ttko  pitch  drclea,  and  of  tbe 
nortmil  hclLx  to  the  axis ; 


— I  =  p^  j  (  divided  pitch  ; 

n         J 


5-'1 


the 


normal  <'?■■,',    • 


\  divided  pitch; 


p„  the  circuliir  pitch ; 
Then 


V,  =^  Pa'  cotan  i  =  p,'  cosec  t  =  - —  j 


Pa  =  Pn'  sec  i  =  p,'  tan  ♦  = 


p,=p,'smt=  pa'cosx  = 


2xr 'tanf 
n         ' 
2»r -aini 


473.  Bciww  Ocnring. — A  pair  of  convex  screws,  each  rotating 
"klwut  its  axis,  are  used  as  an  elementary  combination,  to  transmit 

motion  by  the  sliding  contact  of  their  threads.  Such  screws  are 
commonly  called  eiuUett  aoreto*.  At  the  piint  of  contact  of  the 
screws,  their  threads  mast  be  paiullel :  and  their  lino  of  connection 
is  the  common  pti-pendictilur  to  the  acting  siirfacos  of  the  threads 
at  their  point  of  contact.     Hence  the  following  principles  : — 

I.  If  the  screws  are  both  rifjht^Ii.anded  or  both  left-handed,  the 
angle  between  the  directions  of  their  axes  is  the  sum  of  their  obli- 
quities : — if  one  is  right-handed  and  the  other  left-handed,  that 

^le  is  the  difference  of  theii'  obliquities. 

IL  The  normal  pitch,  for  a  screw  of  one  thread,  and  the  normal 
Plvided  pitch,  for  a  screw  of  more  than  one  thread,  must  be  the 

ae  in  each  screw. 

m.  Tho  angular  relocities  of  the  screws  are  inversely  as  their 
number  of  threads. 

474.  Uaake*a  Gmrtag  is  a  case  of  screw  gearing,  in  which  the 
les  of  the  screws  are  jiarallel,  one  screw  licing  right-handed  and 
lie  other  letVhoudcd,  ond  in  which,  irom.  the  shortucss  and  great 

aeter  of  the  screws,  and  their  large  num- 

'  of  threads,  they  are  in  fact  wfuHa,  with  /y/^,yy^ 

ih  whose  crests,  instead  of  being  parallel 

^\a  the  line  of  contact  of  the  pitch  cylinders, 

cross  it  obliquely,  so  as  to  be  of  a  sci-cw-like 

or  holicid  form.    In  wheelwork  of  this  kind, 

lie  contact  of  each  jmr  oi  teeth  commeucea  at  l\ie  SotftUw*\.  cwV.  «*• 


Fig.  206. 


p 
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the  helical  front  and  terminates  at  the  aftermost  end  ;  iitiij 
helix  is  of  such  a  pitch  that  the  contact  of  one  pair  of  t<xth 
not  terminate  until  that  of  the  next  jmir  has  commenced, 
object  of  this  is  to  increase  the  smoothness  of  motion. 

With  the  same  object,  Dr.  Hooke  invented  the  making  of  i 
fronts  of  teeth  in  a  scries  of  stops, 
wheel  thus  formed  resembles  in  i " 
series  of  equal  and  similar  toothed  i 
placed  side  by  side,  with   thw  teetii 
each  a  little  bcliind  those  of  the  prcc« 
ing  disa     In  such  a  wheel,  let  />  be  ( 
Fig.  807.  circular  pitch,  and  7i  the  nmulier  of ! 

Then  the  arc  of  contact,  the  addendum,  and  the  extent  of  slid 

n 

are  those  due  to  the  smaller  pitch  -,  wliile  the  strength  of  tho  1 

n 

is  that  due  to  the  thickness  corresponding  to  the  entire  pitch  j 

that  the  smooth  action  of  small  teeth  and  the  strength  of 

teeth  are  combined.      Stepped  teeth  being  more  exjjcnsive 

difficult  to  execute  than  common  teetli,  are  used  for  sjiecial 

poses  only. 

475.  The  Wbcci  and  Screw  is  an  elementary  combination  of  tn 

screws,  whose  axes  are  at  right  angles  to  each  other,  botli  beia 

right-handed  or  both  left-handed.    As  the  usual  object  of  tliis  < 

bination  is  to  produce  a  change  of  angular  velocity  in  a 

greater  than  can  be  obtained  by  any  single  jwiir  of  oi-dinary  wl 

one  of  the  screws  is  commonly  wheel-like,  being  of  large  diamet 

and  many-threaded,  while  the  other  is  short  and  of  few  thrcftJ 

and  the  angular  velocities  ore  inversely  as  the  uomber  of  thit: 


Fig.  208. 


ng.  SOD. 


Fig.  208  represents  a  side  -v-iew  of  this  combination,  and  fig. 
B  cross  section  at  right  angles  to  the  axis  of  the  smaller  s<'rnw. 
has  been  shown  by  Mr.  Willis,  that  if  each  section  of  1' 
be  made  by  a  plane  perpendicular  to  the  axis  of  the  In? 
wheel,  the  outlines  of  the  threads  of  the  larger  an 
should  he  those  of  thcte«:l\voi\!L-»iVc«;\M.\\T™*ifw- 
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in  fig.  208,  for  example,  being  the  pitch  circle  of  the  wheel,  and 
Bj  B,  the  pitch  line  of  the  rack. 

The  periphery  and  teeth  of  the  wheel  are  usually  hollowed  to 
fit  the  screw,  as  shown  at  T,  fig.  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  fit  correctly  and 
work  smoothly,  a  hardened  steel  screw  is  made  of  the  figure  of  the 
unialler  screw,  with  its  thread  or  threads  notched  so  as  to  form  a 
iiitting  tool ;  the  larger  screw,  or  wheel,  is  cast  approximately  of 
the  required  figure  ;  the  larger  screw  and  the  steel  screw  ore  fitted 
up  in  their  proper  relative  ]x>8ition,  and  made  to  rotate  in  contact 
•with  each  other  by  turning  the  steel  screw,  which  cuta  the  threads 
of  the  larger  screw  to  their  time  figure. 

476.    The  BclaliTC  Hliillng  »f  a  Pair  of  ^rewa  at  their  point  of 

contact  is  found  thus: — Let  r,,  r,,  bo  the  rutlii  of  their  pitch  cylin- 
ders, and  1,,  tj,  the  obliquities  of  their  threads  to  their  pitch  circles, 
one  of  which  is  to  be  considered  as  negative  if  the  screws  are  con- 
trary-handed. Let  u  be  the  coninion  component  of  the  velocitiea 
of  a  pair  of  points  of  contact  along  a  line  touching  the  pitch  sur- 
'  ces  and  perpendicular  to  the  threads,  at  the  'pitch  point,  and  v 
e  velocity  of  sliding  of  the  threads  over  each  other.     Then 


that 


u  =  O]  ri  -  em  tj  =  Oar,  •  sin  i, ;  -j 
o,  =  r—ri  (h=  ^^;} 


.(1.) 


r,  *  sin  tj 


r,  •  sin  t, ' 


V  =  o,r,-  cos  t,  -\-  a^r^  •  cog  ij  =  u  (cotan  i,  +  cotan  t^ (2.) 

When  the  screws  are  contrary-lianded,  the  difference  instead  of  the 
im  of  the  terms  in  equation  2  is  to  be  taken. 
477.  Oldham's  Ceapiing, — A  coupling  is  a  mode  of  connecting  a 
pair  of  shafts  so  that  they  shall  rotate  in 
the  same  direction,  with  the  same  mean 
angular  velocity.    If  the  axes  of  the  shai'ts 
are  in  the  same  straight  line,  the  coupling 

» consists  in  so  connecting  their  contigxious 
ends  that  they  shall  rotate  as  one  piece ; 
but  if  the  axes  arc  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re- 
quired. A  coupling  for  parallel  shafts 
which  acts  by  slidimj  contact  was  invented 
by  Oldham,  and  is  represented  in  fig.  210, 


Fig.  210. 


C,,  Cj, 


are  the  axes  of  the  two  parallel  shafts  ;  Dj,  Dj,  two  cross- 


headsT  facing  each  other,  Gxed  on  the  ends  ot  t\ie  \,viQ  f^cAi\&  t*- 
spectively;  Ej,  Ej,  a  bar,  sliding  in  a  diametral  groove  "ml  \!aft  ^*R^  '^ 
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Dj;  £j,  £{,  a  bar,  sliding  in  a  diametral  giYMvc  id  the  (aae  of  D,', 
those  bora  are  fixed  together  at  A,  so  as  to  form  a  rigid  crosL  The 
angular  velocities  of  the  two  ehafts  and  of  the  cross  are  .-:"  •- '  • 
every  instant  The  middle  point  of  the  crons,  at  A,  < 
the  dotted  circle  described  upon  the  Hue  of  centres  t,  v  ,,,  i-  i 
diameter,  twice  for  each  turn  of  the  shafts  and  cross;  uic  inst.in- 
taneoas  axis  of  rotation  of  the  cross,  at  any  instant,  is  at  I,  the 
point  in  the  circle  C^  C,,  diametrically  opposite  to  A. 

Oldham's  coupling  may  be  nsed  with  advantage  whc 
of  the  shafts  are  intended  to  be  as  nearly  in  the  same  ^; 
as  is  possible,  but  where  there  is  some  doubt  as  to  the  pructica- 
bility  or  permanency  of  their  exact  continuity. 


I 


Section  3. — Connection  by  Bands. 

478.  Baada  ci««— J. — Bands,  or  wrapping  connectors,  for 
municating  motion  between  pulleys  or  drums  rotating  about  fiw«l 
axes,  or  between  rotating  pulleys  and  drums  and  shifting  pii 
may  be  thus  classed  : — 

I.  Sells,  which  are  made  of  leather  or  of  gutta  percho,  are  I 
and  thin,  and  require  nearly  cylindrical  pulleys.     A  belt  tends  ' 
move  towards  that  part  of  a  pulley  whose  radius  is  greatest ;  pulle 
for  belts,  therefore,  are  slightly  swelled  in  the  middle,  in 
that  the  belt  may  remain  on  the  pulley  unless  forcibly  shil\<yL 
belt  when  in  motion  is  shifted  off  a  piilley,  or  from  one  pidlcy  i 
to  another  of  equal  size  alongside  of  it,  by  pressing  against 
part  of  the  belt  which  is  moving  totoards  the  pulley. 

II.  Cords,  made  of  catgut,  hempen  or  other  fibres,  or  wire,  are 
nearly  cylindrical  in  section,  and  require  cither  drums  with  ledgo^ 
or  grooved  pulleys. 

III.  Chaing,  which  are  composed  of  links  or  bars  jointed  togetha 
require  puller's  or  drums,  grooved,  notched,  and  toothod,  so  aa 
fit  the  links  of  the  chains. 

Bands  for  communicating  continuous  motion  are  e7idltg«. 

Bands  for  communicating  reciprocating  motion  ha-ve  usually  the 
ends  made  fast  to  the  pulleys  or  drums  wliich  they  connect,  i 
which  in  this  case  may  be  sectors, 

479.  Principle  of  Conaectlon  br  Ilanda. — ^The  Unt  of  crmJtodioH 

of  a  pair  of  pulleys  or  drums  connected  by  means  of*  twuid,  is 

central  line  or  axis  of  that  part  of  the  band  whose  tension  traiisniil 

the  motion.     The  principle  of  Article  433  being  applied  to  tin 

5,  leads  to  the  following  consequences  : — 

X  for  a  pair  of  rotniing  pieces,  let  r,,  r„  be  the  perfienUicitl 

Ipt  fall  from  their  axes  on  t\ie  ceuUe  liu"  of  the  baud,  ci,.  a,,  the 

angiilnr  velocities,  and  i\,  i^  tW  twi^ea  -wVvviJtt.NJiisi  <»so!«t\isi.'  of  ( 


id  Bjftlwswith  the  two  axes  respectively.  Then  the  Iwngitudi- 
velocity  of  the  band,  that  is,  its  component  velocity  in  the 
ction  of  its  own  centre  line,  is 

u  =  riai  sin  t\  =  r,  Oi  sint,; (1.) 

khence  the  angalar  velocity-ratio  is 

Ot  _  r,  aini,  „  \ 

Oj       r,  sin  t, ^  "•' 

;  the  axa  are  parallel  (which  is  almost  always  the  cane),  ^ =4, 

^  =  2 (3^ 

be  same  equation  holds  when  both  axes,  whether  parallel  or  not, 
are  peqieudiculor  in  direction  to  that  part  of  the  band  which  trans- 
mits the  motion  ;  for  then  sin  <i  =  sin  ij  =  1. 

IL  For  a  rotating  piece  and  a  sliditig  piece,  let  r  be  the  perjiendi- 
ctilar  fxom  the  axis  of  the  rotating  piece  on  tike  centre  line  of  the 
baud,  o  the  angular  velocity,  i  the  angle  between  the  directions  of 
tlie  band  and  axis,  w  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  band  and  that 
of  the  motion  of  the  sliding  piece,  and  v  the  velocity  of  the  sliding 
jiiccc;  then 

u  =  ra  sin  t  =  »  cos/;  and (4.) 

ra  sin  i  >_  v 

V  = ;- (5.) 

C03J  * 

^V^len  the  centre  line  of  the  band  is  parallel  to  the  direction  of 
motion  of  the  sliding  piece,  and  pcr]>eudicular  to  the  direction  of 
the  uda  of  the  rotating  piece,  sin  i  =  cos  j  =:  1,  and 

t)  =:  M  =  ra (6.) 

480.  The  PUch  sarface  of  b  PuUcr  •r  Dnim  is  a  sar£»ce  to 
which  the  line  of  connection  is  always  a  tangent ;  that  is  to  say, 
it  is  a  surfiice  parallel  to  the  acting  surface  of  the  pulley  or  drum, 
Mid  distant  &om  it  by  half  the  thickness  of  the  band. 

481.  Circalar  PaiicTs  and  Umau  are  used  to  Communicate  a 

<r'  — ?i(- 


I  ng.su.  Fig.  212. 

¥    conslaat  velocity-ratio.     In  each  of  them,  tihe  \eng^\\  Acuo\«A  Vj  T 
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in  tbe  equations  of  Article  479  is  constant,  nnd  la  called  the 
live  radiun,  being  equal  to  the  real  raiUua  of  tho  pullcjr  or 
added  to  half  the  thickness  of  the  band. 

A  erotfed  belt  connecting  a  pair  of  circular  puUejrs,  as  in  fi^  2 
reverses  the  direction  of  rotation ;  an  open  belt,  as  in  &g.  21 S, 
serves  that  direction. 

482.  The  i^nstk  of  on  Enaiieaa  Beh.  connecting  a  pair  of 
■whose  effective  radii  nre  C,  T,  =  r,,  C,  T,  =  r„  with  parallel 
whose  distance  apart  is  C,  C,  =  c,  is  given  by  formnliB  founded 
equation  1  of  Article  402,  viz., — L  =  s  • «  +  x  •  r  i.     Each  of  the  t 
equal  stmight  parts  of  the  belt  is  evidently  of  the  length 

«  =  J^~-lj\  +  r^''  for  a  crossed  belt ;  | 

8  =  Jc*  -  (r,  -  r^V  for  an  open  belt ;    j 

Ti  being  the  greater  radius,  and  r,  the  Icsa.     Lot  t,  be  the  arc 
radius  unity  of  the  greater  pulley,  nnd  t,  that  of  the  less  pi 
•with  which  the  belt  is  in  contact ;  then  for  a  crossed  belt 

»!  =  t,  =  (  «•  +  2  arc  •  sin 

and  for  an  open  bclt^ 


(1.) 


<.=(' 


•f  2arc .  sin 


r,~r, 


■);,,=  (^- 


2  arc 


i^> 


(2) 


and  the  introduction  of  those  values  into  equation  I  of  Article  i 
gives  the  following  results  : — 
For  a  crossed  belt, 


L=  2  v'«'-(r,  +  r,)'  +  (r,  +  r, 
and  for  an  open  belt, 


■'■( 


■»■  +  2arc  •  sin  • 


I  +  n V 


L  =  2  J<f-(ri-r,y  +  «  (r,  +  r,)  +  2  (r,  -  r.)  •  arc  ■  sin 


r.-r. 


As  the  last  of  these  equations  would  be  troublesome  to  emplo 
"^    practical  application  to  be  mentioned  in  the  next  Article,  I 
pproximatiou  to  it,  sufficiently  close  for  iiractical   purpose*,! 
btaincd  by  considering,  that  if  r  —  r,  is  small  coinpuii-d  with! 

Vc"^»W^  =  C-^iiI^  nearly,  and  arc  •  sin  •  ^IZL'  —  I:^ 


2e 


nearly ;  whence,  for  an  ojien  belt, 

L  nearly  =  a  e  +  »(r,  +  r.)+^!^^^. (3  a.)' 
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'•■M  (figs.  213,  214,  215,  216)  are  a  contrivance  for 


Fig.  2U. 


Fig,  215.  Fig.  216. 


Kelt 
Wie- 
the 

^Q)Ofi 


jriug  and  adjusting  the  velocity-ratio  communicated  between  a 
^mir  of  parallel  Bluifta  by  means  of  a  belt,  and  may  be  either  conti- 
nuous cones  or  conoids,  as  in  figs.  213,  214,  whose  velocity-ratio 
be  varied  gradually  wlule  they  are  in  motion  by  shifting  the 
elt;  or  sets  of  pulleys  whose  radii  vary  by  steps,  as  in  tigs.  215, 
"216,  in  which  case  the  velocity- ratio  can  be  changed  by  shiftiug 
the  belt  from  one  pair  of  pulleys  to  another. 

In  order  that  the  belt  rauy  be  equally  tight  in  every  possible 
^  Dfiition  on  a  pair  of  speed- cones,  the  quantity  L  in  the  equationB 
of  Article  482  must  be  constant. 

For  a  crossed  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 

e  and  on  r,  +  r^      Now  c  is  constant,  because  the  axes  are  iHindlel, 

therefore  the  mm  of  the  radii  of  the  pitch  circles  connected  in  every 

position  of  the  belt  is  to  be  constant.     That  condition  is  fulfilletl 

by  a  pair  of  continuous  cones  generated  by  the  revolution  of  two 

straight  lines  inclined  opposite  ways  to  their  respective  axes  at 

cjual  angles,  and  by  a  set  of  pairs  of  pulleys  in  which  the  sum  of 

lie  radii  is  the  same  for  euch  pair. 

For  an  ojien  belt,  the  following  practical  role  is  deduced  from  the 

approidmate  equation  3  A  of  Article  482  : — 

Let  the  speed-cones  be  equal  and  similar  conoids,  as  in  fig.  214, 
but  with  their  large  and  small  ends  turned  opposite  ways.  Let  r, 
UU)e  the  radius  of  the  large  end  of  each,  r,  that  of  the  small  end,  r, 
^^fehat  of  the  middle ;  and  let  y  be  the  soffiita,  measured  perpendi- 
^^pnlar  to  the  axis,  of  the  arc  by  whose  revolution  each  of  the  conoids 
^^■B  generated,  or,  in  other  words,  the  bxdijing  of  the  conoids  in  the 
^^Tttiddle  of  their  length ;  then 


{r.-r.y 


,(1.) 


T  =  G-2832  ;  but  6  may  be  used  in  most  practical  CASCb '^^ctohi 

[flensible  ciTor. 
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^m  The  radii  at  the  micMlo  and  ends  being  thiis  dctcnniiied, 

^K      the  generating  cime  an  arc  either  of  a  circle  or  of  u  parabolft. 
^^B  For  a  pair  of  stepped  coues,  as  in  fig.  210,  let  a  seri       '' 

^K     eitcea  of  the  radii,  or  values  of  r,  —  r^,  be  assumed;  tli. 
^^      pair  of  pulleys,  the  sum  of  the  radii  Ib  to  b«  couputoa  :r. 
difference  by  the  formula 

(n-r.)'. 


r,+r,  =  2r,-- 

W   Q 

2  ro  being  that  sum  when  the  radii  are  equal 


(2-)l 


Sectios  4. — LinktDork. 

484.  DeflniUaBa. — The  picces  which  are  connected  by  1 
if  they  rotate  or  oscillate,  are  usually  called  cranks,  beamt, 
levers.     The  UtJc  by  which  they  are  connected  is  a  rigid  bar,  i 
inay  bo  etraight  or  of  any  other  figure ;  the  straight  figuro 
the  most  favourable  to  strength,  is  used  when  there  is  no  i 
reason  to  the  contrary.    The  link  is  known  by  various  names  und 
various  circumstances,  such  as  cottpling  rod,  ccnmeeting  rod,  < 
rod,  eccentric  rod,  &c.    It  is  attached  to  the  pieces  which  it  couned 
by  two  pins,  about  which  it  is  free  to  turn.     The  effect  of  the  I 
is  to  maintain  the  distance  between  the  centre."?  of  those  plm 
variable ;  hence  the  lino  joining  the  centres  of  the  pins  is  ^ " 
of  connectum;  and  those  centres  may  be  culled  the  conn 
In  a  turning  piece,  the  perpendicular  let  fall  from  its  con 
jwLnt  upon  its  axis  of  rotation  is  the  arm  or  craiik  arm, 

4Sd.     Prtnrlplea    of  Cauecllan. — The   wholo    of  the    cquatid 

already  given  in  Article  479  for  bands,  are  applicable  to  linkwo^ 
The  axes  of  rotation  of  a  pair  of  tuiiiing  pieces  connected  by  a  I 
are  almost  always  parallel,  and  perpendicular  to  the  line  of  connt 
tion ;  in  which  case  the  angular  velocity-ratio  nt  any  instant  is  ■ 
reciprocal  of  the  ratio  of  the  common  perpendiculars  let  fall 
the  line  of  connection  upon  the  respective  axes  of  rotation  (Artid 
479,  equation  3).  ' 

486.  Dead  Painu. — If  at  any  instant  the  direction  of  ono  of  t 
crank  arms  coincides  with  the  line  of  connection,  the  cot 
perpendicular  of  the  line  of  connection  and  the  axis  of  that 
nrm  vanishes,  and  the  directional  relation  of  the  motions  beoan 
indeterminate.     The  position  of  the  connected  point  of  the  cr 
arm  in  question  at  such  an  instant  is  called  a  dead  pohtt, 
velocity  of  the  other  connected  point  at  such  on  instant  is  nil] 
unless  it  olso  reaches  a  dead  point  at  tlie  same  instant,  so  that  i " 

Ji'ne  of  connection  ia  m  t\vc  \v\!»m>  qC  the  two  axes  of  rotation,  i 

which  case  the  ■velocity -taVvQ  is  \u^e\«x\ia.T>BXie. 
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87.  Coopitag  af  Parallel  Am« — ^Tlie  only  case  in  which  an  uni- 
inn  angular  velocity-nitio  (being  that  of  equality)  is  communicated 
f  linkwork,  is  that  in  which  two  or  more  parallel  shafts  (such  as 
lose  of  tho  driving  wheels  of  a  locomotive  engine)  are  made  to 
>tate  with  constantly  equal  angular  velocities,  by  having  equal 
tinks,  which  are  mitintiuned  parallel  by  a  coupling  rod  of  such  a 
ngth  tliiit  the  line  of  connection  is  equal  to  the  distance  between., 
le  axes.  The  cranks  pass  their  dead  [>oints  simultaneously.  To 
yviate  the  unsteadiness  of  motion  which  this  tends  to  cjiuse,  tho 
i&fts  arc  provided  with  a  second  set  of  cranks  at  right  angles  to 
le  first,  connected  by  means  of  a  similar  coujiling  rod,  so  that  one 
st  of  cranks  pass  their  dead  points  at  the  instant  when  the  other 
rt  are  farthest  from  theirs. 

488.  The  CamracnilTC  Ilf  ollon  af  (be  Connectrd  P«hil>  in  a  piece 
f  linkwork  at  a  given  instant  is  capable  of  determination  by  the 
tethod  exi)laincd  in  Article  384  ;  that  is,  by  finding  the  instanta- 
eouB  axis  of  the  link  ;  for  the  two  connected  points  move  in^the 
iDLie  manner  with  two  points  in  the  link,  considered  as  a  rigid  body. 

If  a  connected  jwint  belongs  to  a  turning  piece,  the  direction  of 
a  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
\g  the  axis  and  crank  arm  of  tho  piece.  If  a  connected  point 
•Tongs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 
istant  is  given,  and  a  plane  can  be  drawn  poq)ondicular  to  that 
irection. 

The  line  of  intersection  of  the  planes  perpcndiculnr  to  the  paths 
rthe  two  connect«'d  points  at  a  given  instant,  is  the  iiuilaularieitus 
ri«  o/l/te  link  at  that  instant;  and  the  velocities  ofUii  connected 
nnte  ««  directly  as  tlteir  distances  frovi  that  oris. 

In  drawing  on  a  plane  surface,  the  two  planes  perpendicular  to 
le  paths  of  the  connected  points  are  represented  by  two  lines 
leiug  tlieir  sections  by  a  plane  normal  to  them),  and  the  instanta- 
eous  axis  by  a  jKiiut ;  and  should  the  length  of  the  two  lines 
•ndcT  it  impracticable  to  produce  them  until  they  actually  inter- 
(Ct,  the  velocity-ratio  of  the  connected  points  may  be  found  by 
16  principle,  that  it  is  cqxial  to  the  ratio  of  the  segments  which  a 
De  parallel  to  the  line  of  connection  cuts  ofi"  from  any  two  lines 
wvn  fi-om  a  given  jioint,  perpendicular  respectively  to  the  jxitha  • 
be  connected  points. 

■vmple  I.  Two  Rotating  Pieces  with  Parallel  Axes  (fig.  217). — 
■■  Ci,  C„  be  the  parallel  axes  of  tho  jjieces  ;  T„  T„  their  con- 
ed pointa ;  C,  Ti,  C',T„  their  crank  arms  ;  T,  Tj,  the  link.    At 

jivcn  instant,  let  »,  be  tlie  velocity  of  T, ;  r,  that  of  Tj. 
Po  find  the  ratio  of  those  velocities,  produce  C,  T,,  C,  T|,  till 
intersect  in  K  :  K  is  the  iustaiitaucouB  axia  ot  ViiB  \vvJk.  ot 
ivg  rod,  and  tbo  reJocity-rtttio  is 
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K  T,  :  K  T,. 


Should  K  be  inconveniently  far  off,  drew  any  triangle  wii 
sides  rci;i>cctively  pai:allel  to  C,  T„  C,  T^  and  T,  T, ;  tUe  ratio 
tho  two  sides  fii-st  mentioned  will  be  the  velocity-ratio  rwji  ' 
For  example,  draw  C,  A  parallel  to  C,  T,,  cutting  T,  T,  in  A; 


fi  ::C,A:CT;, 


Fig.  217. 

Example  II.    Rolaling  Piece  and  Sliding  Piece  (fig.  218).- 
C,  be  the  axis  of  a  rotating  piece,  and  T,  R  the  straight  line  i 
which  a  sliding  piece  moves.     Let  T„  T,,  be  tho  connected 
»C,  T,  the  crank  arm  of  the  rotating  piece,  and  T,  T,  the  lunl 
connecting  rod.    The  points  T„  T^  ajul  tlie  line  T,  11,  are  sur 
to  be  in  one  plane,  perpendicular  to  the  axis  C.     Draw  T, . 
pcndicular  to  T,  R,  intersecting  C,  T,  in  K  ;  K  is  the  instant 
Axia  of  the  link ;  and  the  rest  of  the  solution  is  the  same  i 
Example  I. 

489.  An  Eccentric  (fig.  219)  being  a  circular  disc  keyed  nn  ■ 
shatt,  with  whoso  axis  its  centre  does  not  Oh 
incide,  and  usetl  to  give  a  reciprocating  m<)tioa 
to  a  rod,  is  equivalent  to  a  cnink  whose  con- 
nected point  is  T,  the  centre  of  the  ecocntnd 
disc,  and  whose  crank  ann  is  C  T,  tho  distancs 
of  that  point  from  the  axis  of  the  shaft,  i 
the  ecceiitrxcily. 

An  eccentric  may  be  made  capable  of  having  its  cocent 
altered  by  means  of  an  adjusting  screw,  so  as  to  vary  tho  ex 
of  the  reciprocating  motion  which  it  communicates,  and  whic&l 
called  tho  throw,  or  travd,  or  length  o/ stroke. 

490.  The  LcDBih  of  8ir«ke  of  a  point  in  a  reciprocfttinc  niecf  t» 
the  distance  Iwtween  the  two  ends  of  the  path  in  whii ' 

uiovea.     When  it  ia  coBiiwAe.<i  V'j  s^\^5^'«S.^!a.  ».  ^,i 


Fig.  219. 


LEVGTH  or  STROKE — HOOKE's  JOIKT. 

•tinuously  rotating  piece,  the  ends  of  the  stroke  of  the  reciprocating 
jtoint  correspond  with  the  dead  points  of  the  continuously  i-ovolving 
[  piece  (Article  486). 

Let  S  be  the  length  of  stroke  of  the  reciprocating  piece,  L  the 
length  of  the  line  of  connection,  and  R  the  crank  arm  of  the  con- 
tinuously turning  piece.  Then  if  the  two  ends  of  the  stroke  be  in 
rOne  straight  line  ■with  the  axis  of  the  crank, 

S  =  2R; ([.)' 

if  their  ends  be  not  in  one  straight  line  with  that  a.\ia,  then 
■R,  and  L  +  R,  are  the  three  sides  of  a  ti-iangle,  having  the 
jle  opposite  S  at  that  axis  j  so  that  if  <  be  the  supplement  of  the 
I  between  the  dead  points, 


S'=  2  (L'  +  R'}-2  (L='-B')  cos  <  n 

2L'  +  2R'-S- 


cos  9  == 


2(L'-R») 


J 


(2.) 


Fig.  220. 


491.  Kcake's  I7nircnai  Joint  (fig.  220)  is  a  Contrivance  for  coup- 
shafts  whose  axes  intersect  each  other  in  a  jxjint. 
t  O  be  the  point  of  intei-sectiou  r. 

of  the  axes  0  Ci,  0  C,,  and  i  their 
angle  of  inclination  to  each  other. 
Tke  pair  of  shafts  C,,  C..,  terminate 
IB  ft  pair  of  forks  F„  F,,  in  bearings 
ithe  extremities  of  which  turn  the 
ns  at  the  ends  of  the  arms  of 
%  rectangular  cross  having  its  centre 
It  O.     This  cross  is  the  link ;  the 
connected  points  are  the  centres  of 
the  bearings  F,,  F^   At  each  instant 
tech  of  those  points  moves  at  right  angles  to  the  centra!  plime  of 
ite  Kh&ft  and  fork,  therefore  the  line  of  intei-section  of  tbo  central 
llftnee  of  the  two  forks,  at  any  instant,  is  the  instantaneous  axis  of 
tbe  cross,  and  the  vdocity-ratio  of  the  points  F,,  F,  (which,  as  the 
fitrlcB  are  equal,  is  also  the  angular  velocity-ratio  of  the  shafts),  is 
eqoal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
%uieou3  axis.     The  nvean  value  of  that  velocity-iiitio  is  that  of 
•tonality  ;  for  each  successive  quarter  iwm  is  made  by  both  shafts  in 
jMifi  same  time  ;  but  its  actual  value  fluctuates  between  the  limits, 

—  := :  when  Fi  is  in  the  plane  of  the  axes ; 


'.  when  Fi  is  in  tliat  plane. 
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Its  valae  at  intenuediate  instants,  as  well  as  the  relAtion  iB-tniTB 
the  positions  of  the  shafts,  ure  given  by  the  following  ttjtm' 
Let  *i,  Va  be  the  angles  resjjcctivoly  wade  by  the  n-ntiul  )■; 
the  forks  and  shafts  with  the  plane  of  Uio  two  axes  at  a  gitts 
iusUiut;  then 

tan  9i  *  tan  9,  =  cos  * ;  \ 

tan  9i  -f  cotan  ^i    > (%) 

tan  if,  +  coton  *»  ) 


a, 
a, 


da, 
'difi' 


492.  The  Double  nookc'*  joiMi  (fig.  221)  is  used  to  obvute  , 
vibratory  and  unsteady  motion  caused  by  the  fluctuation  cfl 

velocity-ratio  indicated  in  the  < 
tions  of  Article  491.     Betwe 
two  shafts  to  bo  connected,  Cy 
there  is  introduced  a  short  intee 
diate  shaft  C„  making  eqa 
with  C,  .and  Cj,  connected  \ 
^h-  221.  of  them  by  a  Hooke's  jo 

having  both  its  o'B-n  forks  in  the  same  plane. 

Let  I  be  the  angle  of  inclination  of  C,  and  C|,  and  bLk> 
iCi  and  C,     Let  9„  0t,  9g,  be  the  angles  made  at  a  given  ill 
the  planes  of  the  forks  of  the  three  shafts  with  the  plane  o£  t 
axes,  and  let  a,,  Oq  a^,  bo  their  angular  velocities.     Tinea 


whence 


tan  9, -tan  9,  =  cost  =  tan  9,  ■  tan ^; 
tan^  =  tan^,j  and  03=0,; 


II 


so  that  the  angular  velocities  of  the  first  and  third  shafts  1 
to  each  other  at  every  instant 

403.  A  Click,  being  a  reciprocating  Iwr,  acting  upon  a  ratchrt 
wheel  or  rack,  which  it  pushes  or  pulLs  through  a  r.i  t'lin  nrn  «( 
each  forward  stroke,  and  leaves  at  rest  nt  each  backw 
an  example  of  intermittent  linkwork.  During  the  foi  ■.. .. ,  ■ ,  .^. ...,.• , 
I  the  action  of  the  click  is  governed  by  the  principles  of  linkwotk; 
during  the  backward  sti'oko,  that  action  ceases.  A  catch  or/mlL 
turning  on  a  fixed  axis,  prevents  the  mtchet  wheel  or  mck  ftvtt 
reversing  its  motion. 


Sectioit  5. — Sech^ication  o/Conk. 

494.  DcAniiiaiKi. — Tlie  combination  of  picocs  • 
several  plies  of  a  cord  or  rope  consists  of  a  p«ir  ■ 
called  blocks,  eacU  containing  one  or  more  pullrys  < 
OuQ  of  the  blocks  c»\l«^  tVe  j'oll-\Ao<Jc,^,-uk^osKd-, 
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BLOCKS  AND  TACKLE. 

running-hl(Kk,  B,,  \a  moveable  to  or  from  the  fall-block,  witb  which 
it  is  connected  by  means  of  a  rope  of  which  one  end  is  attached 
either  to  the  fall-block  or  to 
the  running-block,  while  the 
other  end,  T,,  called  the  fall, 
or  tackle-fall,  ia  free;  while 
the  Intermediate  portion  of 
the  rope  passes  alternately 
round  the  pulleys  in  the  fall- 
block  and  running-block.  The 
whole  combination  is  called  a 
tacM«  or  purcJiaae. 

495.  Theveiocitjr-Raiiochief- 
I7  considered  in  a  tackle  is  that 
between  the  velocities  of  the 
mnning-block,  u,  and  of  the 
tiMskle-Ml,  V.  Tliiit  ratio  is 
given  by  equation  6  of  Article 
402  (which  see),  viz. : — 

v  =  nu;. 

where  n  is  the  nvmher  of  plies  of  rope  by  which  the  running-block 
is  connected  with  the  fall-block.  Thus,  in  fig.  222,  n  =  7  :  and  in 
fig.  223,  n  =  6. 

496.  The  Triocity  •r  abt  Pir  of  the  rope  is  found  in  the  follow- 
ing manner  : — 

L  For  a  ply  on  the  side  of  the  fall-block  next  the  tackle-fall, 
such  as  2,  4,  6,  fig.  222,  and  .3,  5,  fig.  223,  it  is  to  be  considers d 
what  would  be  the  velocity  of  that  ply  if  it  were  itself  the  tncklo- 
falL  Lot  that  velocity  be  denoted  by  t^,  and  let  n'  be  the  number 
of  plies  between  the  ply  in  question  and  the  point  of  attachment  by 
which  the  first  ply  (marked  1  in  the  figures)  is  fiicd  to  ono  or  other 
block.     Then 

ff  =  n'u (1.) 

IT.  For  a  ply  on  the  side  of  the  fall-block  farthest  from  the 
iackle-fall,  the  velocity  is  equal  and  contrary  to  that  of  the  next 
mooeeding  ply,  with  which  it  is  directly  connected  over  one  of  tbo 
sheaves  of  the  fiiU-block. 

UI.  If  the  first  ply,  as  in  fig.  223,  is  attached  to  the  fall-block, 
it«  velocity  is  nothing;  if  to  the  running-block,  its  velocity  is  equal 
to  that  of  the  block. 

l!)7.  wiiu«"»  Tiukifs — The  sheaves  in  a  block  are  usually  made 

[of  the  same  diiimt'tcr,  and  turn  on  a  fixed  pin;  and  they  have, 
lueutly,  diHercnt  angular  velocities.     But  by  making  the 
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diainetor  of  each  sheave  proportional  to  the  velocity, 
tie  block,  of  the  ply  of  rojie  which  it  Ls  to  .carry,  t)io  anfrnla 
cities  of  the  sheaves  in  one  block  may  be  rendered  eqjuii,  »i  th»t 
the  sheaves  may  )>e  made  all  in  one  pit.>ce,  and  may  hav«j  jonrn 
turning  in  fixed  bearings.     Tliis  is  csilled  Whiffs  Tavklt,  from  \ 
inventor,  and  is  represented  in  figs.  222  and  2215. 


Section  6. — Hydra\d'u:  Connection. 

498.  The  Oeacnal   Priaciple  of  the  communicsituMi   oi 
lx;twoeD  two  pistons  by  means  of  an  jnten'euiiig  fluid  of  con 
density  has  already  been  stated  in  Article  411,  \iz.,  that  the  vd 
cities  of  the  pistons  are  inversely  as  their  areas,  measured  on  ]  " 
normal  to  their  directions  of  motion. 

Should  the  density  of  the  fluid  vary,  the  problem  is  no  Ioniser  flW 
of  pure  mechanism ;  because  in  that  case,  besides  til  ■ 
of  motion  from  one  piston  to  the  other,  there  is  an  n  . 
of  one  or  other,  or  both  pistons,  due  to  the  clmnge  of  volume  of  Um 
fluid. 

499.  Tiil»r»  aro  used  to  regulate  the  communication  of  i 
through  a  fluid,  by  opening  and  shutting  i>aBsages  througli 
the  fluid  flows;  for  example,  a  cylinder  may  be  provided  witli 
which  shall  cause  the  fluid  to  flow  in  through  one  ]ia88»^; 

out  through  another.     Of  this  use  of  valves,  two  cases  may  bo 
distinguished. 

I.  When  th«  piston  moves  the  fluid,  the  valves  may  ho  what  i* 
called  self-acting;  that  is,  moved  by  the  fluiii     If  there  1«-  fw  > 
uasBBges  into  the  cylinder,  one  provided  with  a  valve  < 
inwards,  and  the  other  with  a  valve  opening  outwards  ; 
during  the  outward  stroke  of  the  piston  the  former  viUve  is  oji'  u'-i 
and  the  latter  shut  by  the  inward  pressui*  of  the  fluid,  whiel'   ' 

in  through  the  former  passage;  and  during  the  inward  pt 
the  piston,  the  former  valve  is  shut  and  the  latter  opened  i>¥  lur 
outward  pressure  of  the  fluid,  which  flows  out  through  the  latter 
passage.     This  combination  of  cylinder,  piston,  and  valves,  oooati* 
tutes  a  pump. 

II.  Wiien  Hie  fluid  moves  iJie  piston,  the  valves  must  be  i':        ' 
and  shut  by  mechanism,  or  by  liand.     In  this  case  the  cylr 

a  working  ci/liitder. 

500.  In  the  Hrdraniic  PrcM,  the  rapid  motion  of  a  small  pixtnn 
in  a  pump  causes  the  slow  motion  of  a  large  piston  in  n  « ■ 
cylinder.     The  pump  ilraws  water  fi"oin  a  rf8er\'oir,  and  |i 

into  the  working  cylinder;  during  the  ontwiii-d  stroke  of  th' 
piston,  the  piston  of  the  working  cj'liuder  stands  still ;  dm  ■  -• 
inward  stroke  of  the  pomp  piston,  the  piston  of  the  wurktuj 
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cylinder  moves  outward  with  a  velocity  as  much  leas  tlinn  that  of 
■the  pump  piston  aa  its  ai-ca  is  greater.  When  the  piston  of  the 
-working  cylinder  has  finished  its  outward  stroke,  which  may  be  of 
»ny  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 
«  valve  by  hand  and  allowing  the  water  to  csca]H.'. 

501.  In  the  DrdrnaUc  Hoiu,  the  slow  inward  motion  of  a  large  i 
piston  drives  water  from  a  large  cylinder  into  a  smaller  cylinder,] 
and  causes  a  more  rapid  outward  motion  of  the  piston  of  the  smaller  | 
cylinder.     When  the  latter  piston  is  to  V)e  moved  inward,  a  valve 

^  between  the  two  cylinders  is  closed,  and  the  valve  of  an  outlet  from 

I  the  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 

escape  from  the  smaller  cylinder.     The  larger  cylinder  is  filled  and 

r)n  moved  outward,  when  requiretl,  by  means  of  a  pump,  in 
er  resembling  the  action  of  a  liydraulic  press. 
Section  7. — Trains  o/Medtanism. 

502.  TTotaa  »f  Kicmrnurr  Combinniioa*  have  been  defined  in 
Article  435,  and  illustrated  in  the  ca.se  of  wheelwork,  in  Article 
449,  and  in  the  case  of  a  double  Hooke's  joint,  in  Ai-ticle  492.  The 
general  principle  of  their  action  is  that  the  comparative  motion  of 
the  first  driver  and  last  follower  is  expressed  by  a  ratio,  which  is 
found  by  multiplying  together  the  several  velocity-ratios  of  the 
series  of  elementary  combination.^  of  which  the  train  consists,  each 
with  the  sign  denoting  the  directional  rektion. 

Two  or  more  trains  of  mechanism  may  converge  into  one ;  as  when 
the  two  pi.stons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shal't.  One  train  of  mechanism 
may  diverge  into  two  or  moro ;  as  when  a  single  shaft,  driven  by  a 
prime  mover,  carries  several  pulleys,  each  of  which  drives  a  different 
machine.    The  principle's  of  comparative  motion  in  such  convetgiog 

".  diverging  trains  are  the  same  as  in  simple  trains. 
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503.  The   General  prinripim   of  (if^in'pgate  combinntions  bamp 
already  been  given   in   Part  III.,   Ctmpter  IT.,  Section  3.     ~ 
problems  to  which  those  principles  are  to  be  applied  may  be  dirii 
into  two  classes. 

I.  Where  a  secondary  moving  piece  is  connoctcd  at  three, 
two  points,  08  the  case  may  be,  with  three  or  with  two  other  pi 
whose  motions  are  given  ;  so  tlmt  the  problem  is,  from  the 
of  three  or  of  two  poinU  in  tJte  s^conrlar;/  pine,  to  find  i/.«  jitolion 
whole,  and  On  motion  of  any  point  in  it.     The  solution  of  tliis 
blem  is  given  in  Articles  383  and  384. 

II.  Where  a  secondary  piece,  C,  is  carried  by  another  pi«»w,  B; 
and  denoting  the  frame  of  the  machine  by  A,  there  av- 
out  of  the  three  motions  of  A,  B,  and  C,  relatively  t<i 
and  the  third  is  required.     The  motion  of  C  relatively  to 
resultant  of  the  motion  of  C  relatively  to  B,  and  of  B  relai 
A ;  and  the  problem  is  solved  by  the  methods  already  explaintd 
Articles  385  to  395,  inclusive. 

Mr.  Willis  distinguishes  the  effects  of  aggrpj.'ate  c 
into  aggregate  velocities,  whether  linear  or  nnjfular,  \ 
eecondoiy  pieces  by  the  combined  action  of  different  drivrrs,  ii 
aggregate  path»,  being  the  curves, 
as   cycloids   and   trochoids,    epicycl 
and    epitrochoids,    described    by  gi 
points  in  such  secondary  pieces. 

The  following  Aiticles  give  oxam; 
of  the  more  ordinary  and  useful 
gate  combinations. 

0  504.     Dlircrcnllal   WladlaM.  —  lu 

224,  the  axis  A,  carries  two  barrels' 
different  radii,  r,  being  the  greaterj 
j'a  the  less.    A  running  block  coi 
n  single  piUley  is  hung  by  a  ro|i 
passes   below   the  pulley,   and 
end  wound  round  thi' Inri:' 
the  other  won 
tbe  smaller  barrcL  "Vf^c^  vixia  VKo\*ix\ 
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common  angular  velocity  a,  the  division  of  the  rope  which  hanga 
irom  the  larger  barrel  moves  with  the  velocity  ar,,  and  the  divi- 
sion which  hangs  irom  the  smaller  barrel  moves  in  the  contrary 
direction  witli  the  velocity  —ar,  (whose  direction  is  denoted  by 
the  negative  sign).  These  are  also  the  velocities  of  the  two  points 
at  opposite  extacmities  of  a  diameter  of  the  pulley,  where  it  is 
touched  by  the  two  vertical  divisions  of  the  rope.  The  velocity  of 
the  centre  of  the  pulley  is  a  mean  between  those  two  velocities ; 
that  is,  their  half-difference,  because  their  signs  are  opposite ;  or 
itonoting  it  by  v, 


.(1.) 


I  ifulanlaneous  axis  of  the  piilley  may  be  found  by  the  method 
*  Article  384,  as  follows  : — In  tig.  184  c,  let  A  and  B  be  the  two 
cuds  of  the  horizontal  diiunetcr  of  the  pulley,  and  let  A  V,  ^  o  Ti, 
and  B  V,  =  o  r,  represent  their  velocities  ;  join  V,  'V^  cutting  A  B 
in  O ;  this  is  the  instantaneous  axis,  and  its  distance  from  the 
centre  or  moving  axis  of  the  pulley  is  obviously 


AB 


(2.) 


^  --"    2(r,  +  r.y 

The  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 

point  in  a  rope  wound  on  a  barrel  of  the  radius  — ,r— ?.    The  use  of 

the  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
I  a  small,  and  therefore  a  weak,  barrel. 

Conpoand  Screws.  —  (Fig.  225.)     On  the  Same  oxls  let 
re  bo  two  screws  Si  S„  and  Sa  8,^  of  the  respective  pitches 


N/ 


*f  u 


Fig.  225. 


\j>*r  Pi  being  the  greater,  and  let  the  screws  in  the  first  in- 
_  be  both  right-hiinded  or  both  left-handed.  Let  N,  and  Ni 
two  nuts,  fitted  on  the  two  screws  resjiectively.  When  tho 
oonififiund  screw  rotates  with  the  angular  velocity  a,  the  nuts  ap- 
proach towards  or  recede  from  each  other  with  the  relative  velocity, 


t)  = 


•V^ 
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Fig.  227. 


being  that  clue  to  a  screw  -whose  pitch  is  the  tliffifrenre  of  the 
pitclies  of  the  compound  screw.     (See  Article  382,  equatio 
The  object  of  thb  contrivance  is  to  obtain  the  slowadTancol 
to  n  fine  pitch,  together  with  the  strength  of  largo  tbrrarfs. 

Fig.  226  represents  a  compoxmd  screw  in  which  the  two  i 
are  contrary-handed,  and  the  relative  velocity  of  the  tints  Nu] 
is  that  due  to  the  sum  of  the  two  pitches ;  or,  ns  these  are 
equal,  to  double  the  pitch  of  each  screw.    This  C(.>iubiiiatIon  w  \ 
in  coupling  railway  carriages. 

50G.  i.uik  Kioiion. — Let  C  be  the  axis  of  the  shaft  of  •  atetts 
engine,  CT  the  crank,/" the  conructal point  (see  Article  489)  ot, 
jn^.^  forward  ecamlrie    (whic' 

suited  to  move  the 
valve  when  the  engine  mO 
forwiu'ds),  6  til 
jwint  of  the  ho' 
trie  (which  i.s  suited  to  i 
the  8li<le  valve  when 
engine  is  reversed),  /¥  th? 
forward  and  6  B  the  h»ri- 
ward  eccentric  roiR,  FB  » 
piece  called  the  Hid;  jointed  to  those  two  rods  at  F  and  B, 
slider,  which  is  capable  of  being  slid  to  and  iixed  at  difiei 
positions  in  the  link,  and  to  wliich  the  slide  valve  i-od  is  join 
I^'t  the  arrow  represent  the  direction  of  fonoard  rotation 
(ihaft,  and  at  the  instant  represented  in  the  figiire,  let  the 
l)e  at  one  end  of  its  stroke.  Let  L  L  l)e  a  lino  showing  the  ; 
in  which  the  crank  ann  of  an  eccentric  should  stand,  in  onli 
the  middle  of  the  stroke  of  the  slide  valve  should  be  nt  th«  < 
instant  with  the  extremity  of  the  stroke  of  the  piston. 
.^^  L  Gf  is  the  angidar  lead  or  advance  of  the  forward  i 
and  the  angle  ..^  L  C  6  (usually  equal  to  the  former)  the  i 
lead  or  adi'arux  of  the  backward  eccentric. 

When  8  is  at  F,  the  engine  is  in  J'idl Juniyird  (tear,  th^ 
of  the  slide  valve  being  governed  by  the  forwaixi  ccofut 
The  stroke  or  throw  of  the  slide  valve  is  2  Cf,  and  its  lead  i 
sponds  to  the  angle  ,^i  L  Cf. 

When  S  is  at  B,  the  engine  is  in  fidl  backward  gta/r,  the  motion 
of  the  slide  valve  being  governed  by  the  backward  eccentrii-  -'l'"" 
The  stroke  or  throw  of  tho  slide  valve  is  2  C  6  (tuBually  — 
and  it«  lead  corresponds  to  the  angle  .^  L  C  6  (usually  =  .^^  L  <  /,;■ 
When  S  is  at  A,  the  engine  is  in  mid  genr,  the  velocity  nf  th« 
valve  rod  at  cacU  'iu'itant  being  n  mean  iHitweon  thutu*  which  i' 
woiild  receive  itum  taWt  etcviiiVns.  'SK\w3ra.'«e.Vj. 
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The  lead  corresponds  to  90°,  or  a  quarter  of  a  revolution.  The 
throw  is  nearly,  though  not  exactlj-,  =  2  C  a,  a  being  the  middle 
of  the  straight  line  fb. 

To  find  exactly  the  motions  of  the  slide  valve  for  different  jx)si- 
tions  of  tlie  slider  8,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
senting the  positions  of  the  eccentrics,  rods,  and  link,  for  a  series 
^«f  angular  positions  of  the  crank  (usually  dividing  a  revolution  into 
Hi  equal  angles) ;  and  the  corresponding  scries  of  positions  of  8 
^Rien  fixed  at  various  pointa  in  the  link.     Several  examples  of 
thia  process  are  given  in  Mr.  D.  K.  Clark's  treatise  on  Eailway 
Machinery. 
A  useful  approximatiiyn  to  the  motions  of  the  valve,  when  the 
ils  are  long  compared  with  the  link,  is  jjot  by  dividing  the  line 
at  c  in  the  same  proportion  in  which  8  divides  F  B,  an<l  con- 
dering  the  motion  of  the  valve  as  produced  by  the  crank  C  a ; 
that  the  tlirow  is  approximately  2  C  s,  and  the  lead  approxi- 
itely  ^iLCa. 

I  £07.    Paniiiri  moUoaa  are  jointed  combinations  of  linkwork, 

lesigned  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 

^|»igton  rod  of  a  steam  engine,  either  exactly  or  approxinmtfly  in  a 

|Kuight  line,  in  order  to  avoid  the  friction  which  attends  the  ase 

0r  straight  guides.     Four  kinds  of  pai-allel  motion  will  now  bo 

described  : — 

I.  An  Exact  Parallel  itioiioa,  believed  to  have  been  first  proposed 
by  Mr.  Scott  Russell,  is  represented  in  tig.  228.  The  same  parts 
of  the  mechanism  are  marked  with  the 
same  letters,  and  different  successive 
positions  are  Indicated  by  numerals 
affixed.  The  lever  C  T  turns  about 
the  fixed  centre  C,  and  carries,  jointed  ^vcd 
to  its  other  end,  the  bar  or  link  P  T  Q, 
in  which  Pf  =  TQ  =  CT.  The  point 
Q  is  jointed  to  a  slider  which  slides  in 

Kdes  along  the  straight  line  C  Q.       ^''         „    ,,. 
>m  Q  draw  QD-LCQ,  cutting  CT  *t«.  ^.». 

produced  in  D;  then  by  Ai-ticle  488,  D  is  the  instantaneous  axis 
of  the  link ;  and  because  D  P  ||  C  Q,  the  motion  of  P,  which  is 
J-  D  P,  is  always  -L  C  Q ;  that  is  to  say,  the  point  P  moves  in  the 
stnight  lino  P,  C  Pj,  -L  C  Q.  In  a  steam  engine,  a  jmir  of  the 
combinations  here  shown  are  used,  one  at  each  side  of  the  cylinder ; 
ftnd  the  pair  of  bars  P  Q  are  jointed  at  their  extremities  P  to  the 
head  of  the  piston  rod.  The  distance  through  which  Q  slides  at 
each  sloglo  stroke  of  the  piston,  of  the  length  Pj  P,  =  S,  is  given 
hj  the  equation 


J? 


opj 


THEOBT  or  iraniTATfnaf. 


2QiQ3=2{pT5-y'F^-J}.. 


-m 


I 

^m  and  is  small  compared  wiih  the  IcDgth  of  stroke  of  the  pkton, 
^^  II.  An  Ann«xbaaie  Pantllel  iHaUaa,  somewhat  resembling 

^H  preceding,  is  obtained  by  guiding  the  Enk  P  Q  entirely  by  mr 
^H  of  oscillating  levers,  iostezid  of  by  a  lever  and  a  slide.  To  find  I 
^H  length  and  the  position  of  the  axis  of  one  of  those  levers,  e  t,  selfl 
^^      any  convenient  point,  f,  in  the  link  P  Q,  and  lay  down  on  a  drawn 

the  extreme  and  middle  ])ositions,  ?„  tj,  <„  of  that  point,  c<:ii 
1^  sponding  to  the  extreme  and  middle  positions  of  tlio  link  P  Q. 
^H  centre  e  of  a  circle  traversing  those  three  points  'nill  be  the  reqc 
^"      axis  of  the  lever,  and  c  t  will  be  its  length ;  and  if  the  link  P  Q I 

guided  by  two  such  levers,  the  extreme  and  middle  positions  ofP 

will  be  in  one  straight  line,  and  the  other  positions  of  that  point 

very  nearly  in  one  straight  line. 

III.    Wnu'm  Apprsxlmnle  Parnllrl  nioliaa. — In  fig.  229,  let  CI 

e  t,  be  a  pair  of  levers,  connected  by  a  link  T  t,  and  oscillating  ah 


Tig.  229. 


the  axes  C,  c,  between  the  positions  marked  1  and  8.     Lot 
middle  positions  of  the  lev<.'rH,  C  T,,  c  f-,,  Ix?  parallol  to  Mch  o 
It  is  required  to  find  a  point  P  in  the  link  T  I,  such,  thnt  iu  i 
jposition  P|,  and  iU  tis.U«m<i  \><»\\A.(>'tvatv,'^v,'*Siail-  h«  in  tl 
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it  line  peqiendicular  to  0  T„  o  ^,  and  so  to  place  the  axes  C,  c, 
B  lines  C  T^  c  (.,  that  the  ]mth  of  P,  betnreeu  the  positions 
^  P^  shall  be  as  near  as  possible  to  a  straight  line, 
ft  axes  C,  c,  are  to  be  8o  placed,  tliat  the  middle  M  of  the 
I  sine  Y  Tj,  and  the  middle  m  of  the  versed  sine  v  tt,  ot  the 
itive  arcs  whoso  equal  chorfls  Ti  T,  ^  <,  (,  represent  the  stroke, 
IRch  be  in  the  line  of  stroke  M  m.     Then  Tj  and  T,  will  be  as 

one  side  of  that  line  as  T,  is  to  the  other,  and  <i  and  I,  will 
£ir  to  the  latter  side  of  the  same  line  as  4  is  to  the  former; 
juently,  the  two  extreme  positions  of  the  link,  T,  /j,  Tj  <,,  are 
el  to  each  other,  and  inclined  to  ^I  m  at  the  same  angle  in 
irection  that  the  middle  position  of  the  link  Tj  <,  is  inclined 

it  line  in  the  other  direction;  and  the  three  intersections 
3,  are  at  the  same  point  on  the  link. 

position  of  the  point  P  on  the  link  is  found  by  the  following 
.ouul  equation : — 

T<  :  PT  :  F7 

::TV  +  ri»  :TV  itv 
:  :  CM  +  cm:cm: CM  , 

lions  of  the  point  P  in  the  link,  intermediate  between  its 
and  extreme  positions,  we  near  enough  to  a  straight  lino 
nctical  purposes.  Wlieu  there  are  given,  the  axes  C,  e,  the 
t  stroke  P,  P,  Pj,  the  length  of  stroke  Pi  P,  =  S,  and  the  per- 
eular  distance  M  m  between  the  middle  positions  of  the  two 
],  the  following  equations  serve  to  compute  the  lengths  of  the 
and  link ; — 

idainM,         ^^'        ^'       ~        ^ 


.(2.) 


TV  = 


80M' 


tv=. 


8  cm 


(3.) 


WMi'a  ParaDci  noiioa  nsdiflrd  by  haviog  the  guided  point 
ihc  prolongation  of  the  link  T  I  boyoo(ii|^naM||^poi]itt*, 
id  of  l)etween  those  jwints,  it  represo^j^^^^^^^^lj^  this 
»he  centres  of  the  two  l- 
d  of  at  opposite  sideti,  tli' 
tided  point  P;  and  the  eqii 
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>  fi^me&ts  of  the  link, 


Ti-.VT-.Tt 
:  -.ii  —  fv.fy  :<» 

:  :  CM  —  cm:  em:  CM.  J 


•(<•) 


renedaines, 

Levers, 

Link,  T< 


TV  = 


S* 


B« 


tiCM'*"      8cm' 


CT  =  CM  +  ^j  71  =  ^  +  '-^; 


=V(5r^+(-^-}.J 


■w 


This  parallel  motion  is  used  in  some  marine  engines,  in  s  ponii 
inverted  with  respect  to  that  in  the  figure,  P  being  the  upper,  i 
t  the  lower  end  of  the  link. 


Fig.  881. 

When  Watt's  parallel  motion  (I 
",  is  applied  to  steam  engine*  writh  Ix 
it  is  more  usual  to  guide  the  air  pa 
rod  than  the  piston  rod  directlvl 
means  of  the  point  P.     The  head] 
the  piston  rod  is  guided  by  being 
nccted  -with  that  point  by  means  ( 
pnrallelogram  of  bars,  shcrwn  in  fig. ' 
c  is  the  axis  of  motion  of  the 
tl>e  engine,  ct  A  one  arm  of  that  1 
C  T  a  lever  called  the  rculitui  iuf^ 
bridle  rod,  Tie.  link  called  the 
link     C  T.  c  t,  and  T  t,  fonn  tlie 
bination  alrc.idy  described  (IIL),  I 
229;  and  the  point  P,  found  as  alrcatly  showd 
lided  ill  a  vertical  line,  almost  exactly  straight.    The  total  le 
9f  the  beam  arm,  c  A.,  "vj  txvivi Vi  ^'^  \v\5\wi>i«tj. 


Fig.  330, 


ahown  in  fig. 
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P< :  Tt :  :  C<  :  C  A; (6.) 

that  is,  t  A  is  very  nearly  a  tliird  proportional  to  C  T  and  c  t  Draw 
A  B  II  T  <,  and  c  P  B  intersecting  it;  then  from  the  proportion  G  it 
follows  tliat  A  B  =  T  t  A  B  is  the  main  link,  by  the  lower  end 
of  which,  B,  the  head  of  the  piston  rod  is  guided.  B  T  =  and  \\t  A. 
is  the  jiaraUd  bar,  by  which  the  niuin  and  back  links  are  connected. 

c  B      c  A 
1'  moves  sensibly  in  a  straight  line;  •==■  =  -=-  is  a  constant  ratio; 

cV       ct 
therefore  B  moves  sensibly  in  a  straight  line  parallel  to  that  in 
which  P  moves. 

A  parallelogram  analogous  to  A  B  T  (  may  also  be  combined  with 
the  jjarallel  motion  IV. 

508.  BplcTclic  Train*. — The  term  epicydie  train  is  used  by  Mr. 
WilUa  to  denote  a  train  of  wheels  carried  by  an  arm,  and  having 
certain  rotations  relatively  to  that  arm,  which  itself  rotates.  The 
arm  may  either  be  driven  by  the  wheels,  or  assist  in  driving  them. 
The  comparative  motions  of  the  wheels  and  of  the  arm  relatively  to 
each  other  and  to  the  frame,  and  the  aggregate  paths  traced  by 
points  Ln  the  wheels,  are  determined  by  the  principles  of  the  com- 
position of  rotations,  already  explained  in  Articles  385  to  395. 


PART  V. 

PKES'Cn'LES  OF  DYNAmCS. 


509.  DiTbioa  ofilie  Hnbject. — The  Bcience  of  Dynamics,  wlilcli 
treata  of  the  relations  between  tlio  motions  of  bodies  and  the  forcea 
acting  amongst  them,  may  be  ili%-ided  into  two  primary  divisions,  i 
according  aa  it  has  reference  to  balanced  forces  and  uniform  motions, 
or  to  uubaUinccd  forces  and  varying  motions.  A  secondary  mode 
of  dividing  the  subject  is  founded  on  the  distinction  between  ques- 
tiona  respecting  the  motions  of  masses  which  are  either  insensibly 
small,  or  which,  being  of  sensible  magnitude,  have  motions  of  trans* 
latioD  only, — questions  respecting  the  motions  of  rigid  bodies  and  J 
rigidly  connected  systems  which  rotate, — and  questions  respecting 
the  motions  of  pliable  bodies  and  of  fluids.  The  dynamics  of  fluids 
has  received  the  special  name  of  hydrodynamics.  It  is  a  branch  of 
mechanics  so  extensive  in  its  applications,  and  depending  so  much 
in  its  details  upon  special  experiments,  as  to  require  a  separate 
work  for  its  full  ex])o.sition ;  nevertheless,  in  the  present  tr«iti.so 
its  fundamental  principles  will  be  set  forth,  in  their  proper 
place. 

The  dynamical  principles  of  the  motions  of  rotating  rigid  bodies, 
of  pliable  bodies,  and  of  fluids,  ai-e  deduced  firom  those  of  the  motions 
of  rigid  bodies  having  motions  of  simple  translation,  by  concciv-inj; 
the  bodies  imdcr  consideration  to  be  divided  into  indefinitely  snuill 
molecules  or  particles,  so  that  the  laws  of  the  motion  of  each  mole- 
cule shall  difler  from  those  of  a  body  having  a  motion  of  simple 
translation  to  an  extent  less  than  any  given  diflerence.     It  is  to 
such  indefinitely  small  molecules  that  the  term  phj/siad  poijU, 
already  mentioned  in  Article  7,  ia  applied. 
^—  UencG  it  appears  that  the  laws  of  the  relations  between  tho 
^■Dtiona  of  a  so-called  pliysical  point,  and  the  forces  acting  on  it, 
^■e  the  foundation  of  the  science  of  dynamics  ;  and  the  same  laws 
^■e  applicable  to  a  rigid  body  in  which  every  point  moves  in  the 
^■Dae  manner  at  the  simic  instant ;  that  is  to  say,  which  has  a 
^Botion  of  tran.-^lation,  as  dclincd  in  Article  !^60. 
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The  subjects  to  ■which  the  principles  of  dynamica  relate 
therefore  be  classed  in  the  following  manner : — 

I.  Uniform  Motion. 
IL  Varied  Translation  of  Points  and  Rigid  Bodicai 

III.  Rotations  of  Rigid  Bodies. 

IV.  Motions  of  Pliable  Bodies. 
V.  Motions  of  Fluids. 


CHAPTER  I. 


OS  iTniform  motion  xjitder  balanced  forces. 

10.  Wirrt  iMw  »t  naiisB.^ — A  hody  %mder  the  action  of  no  /m 
or  of  ba/anced  forces,  is  eilJter  at  rest,  or  mova  uniformli/.    (Unifo^ 
motion  has  been  defined  in  Article  354.) 

Such  is  the  first  law  of  motion  as  usually  stated ;  but  in  i 
statement  is  implied  something  more  than  the  literal  meaning] 

the  words  ;  for  it  is  understood,  that  the  rest  or  motion  oftks  hA 

to  which  the  law  refers,  is  its  rest  or  motion  relatively  to  anolAtr 
body  which  is  also  under  the  action  of  no  force,  or  of  balanced  fortm- 
Unless  this  implied  condition  be  fulfilled,  the  law  is  not  true. 
Therefore  the  com])lete  and  explicit  statement  of  the  first  law  of 
motion  is  as  follows : — 

If  a  pair  of  bodies  be  each  under  Ut«  action  qf  no  force,  or  qf 

lanced  forces,  t/te  motion  of  each  of  t/tote  bodies  relatively  lo  lit 
'^ other  is  either  rume  or  uniform. 

The  first  law  of  motion  has  been  learned  by  experience  and 

r  observation  :  not  directly,  for  the  circumstences  supposed  in  it 

never  occur ;  but  indirectly,  from  the  fact  that  its  consequences, 

'  "when  it  is  taken  in  conjunction  with  other  laws,  are  in  accordiinco 

w^ith  all  the  phenomena  of  the  motions  of  bodies. 

The  first  law  of  motion  may  be  regarded  as  a  consequence  of  the 
definitions  ot  force  and  of  baianee  (Articles  12,  13)  :  at  the  sama 
time  it  is  to  be  observed,  that  the  framing  of  those  definitions  lias 
been  guided  by  experimental  knowledge. 

511.    EOant  KraUlancei  I>alrrBl  Force. — Let   F  denote   ' 

applied  to  a  moving  point,  and  t  the  angle  made  by  th'>  il 

of  that  force  with  the  <lirection  of  the  motion  of  the  pi- 

by  the  principles  of  Article  67,  the  force  F  may  br  r< 

two  rectangular  coTO\>«,*vients,  one  along,  and  the  other  acro«B|  ti»« 

liiroctiou  of  uioliou  oi  VV.  \».n\\.\.,  Vvj.  •. — 


VNiFoan  uonoN — work — potential  esebgy. 
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The  direct  force,  F  cos  /. 
The  lateral  force,  F  sin  /. 

A  direct  force  is  further  distingiiisbed,  according  as  it  acts  vnlli  or 
aijaingl  the  motion  of  the  point  (that  is,  according  an  t  v&  acute  or 
pbtuBo),  by  tlie  name  of  efftyrl,  or  of  ratutance,  aa  the  case  may  be. 
^ence  each  force  applied  to  a  moving  point  may  be  thus  deuom* 


Effort,  P  =  F  CCS  ^,  if  tf  is  acute ; 

Retittance,    R  =  F  cos  (»•  —  <l)  if  *  is  obtuse ;  ]> (1.) 

Lateral  force,  Q  =  F  sin  f. 


4 


512.  The  c'ondiiian*  of  Uni/onn  iTioiion  of  a  [>air  of  points  are, 
liat  the  forces  applied  to  each  of  them  shall  balance  cacli  other ; 
bat  is  to  say,  tluii  t/ie  lateral  forces  applied  to  each  point  ahall 

Janee  each  other,  and  t/uU  t/ie  efforts  applied  to  each  point  »haU 
balance  the  resistances. 

The  direction  of  a  force  being,  as  stated  in  Article  20,  that  of 
the  motion  wliich  it  tends  to  produce,  it  is  evident  that  the  balance 
'  lateral  forces  Ls  the  condition  of  uniformiti/  of  direction  of  motion, 
|i*t  is,  of  motion  in  a  straight  line ;  and  that  the  balance  of  efforts 
1  tenstances  is  the  condition  of  uniformity  of  velocity. 

513.  w*rk  eonsLsts  in  moving  against  resistance.  The  work  is 
Rftid  to  be  jierfortned,  and  the  resistance  overcome.     Work  is  mea- 

1  by  the  product  of  the  resistnuco  into  tlie  distance  through 
.  Ii  its  point  of  application  is  moved.  The  unit  qf  loork  com- 
uiouly  used  in  Britain  is  a  resistance  of  one  jwund  overcome  thi-ough 
a  distance  of  one  foot,  and  is  called  afool-jwund. 

514.  KneruT  taeans  C'ipacily  for  }>er/'ornii)u/ work.  The  energy  of 
an  effort,  or  ])otential  energy,  is  measured  by  the  pn)duct  of  the 
effort  into  the  distance  tliruugb  which  its  point  of  application  is 
cnfMibU  of  being  moved.  The  unit  of  energy  la  the  same  with  the 
unit  of  work. 

When  the  point  of  application  of  an  effort  has  been  moved  through 
a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  effort  into  the  distance  through 
which  its  point  of  application  hsA  been  moved. 

615.  Enrrxr  >■••  Work  of  v>rriB«  Farce*. — If  an  effort  has  dif- 
ferent m.ignitudes  during  different  portions  of  the  motion  of  its 
point  of  application  through  a  given  distance,  let  each  different 
magnitude  of  the  effort  V  be  multiplied  by  the  length  a*  of  the 
oorrcejionding  portion  of  the  path  of  the  point  of  application ;  the 
mm 

2    Pa. (1.) 

is  the  whole  energy  exerted.      If  the  effort  vanes  >3\  \to«\\s{<J«i 
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degrees,  the  eneigy  exerted  is  the  integral  or  limit  towards  which 
t)iut  sum  approaches  continually,  as  the  divisions  of  the  j»th  are 
made  smaller  and  more  numerous,  and  is  expressed  by 


/ 


PJ». 


•(2-). 


Similar  processes  are  applicable  to  the  finding  of  the  work 
fumied  in  overcoming  a  varying  reisLstancc^     As  to  integration  j 
general,  see  Article  81. 

OIG.   A  Drnamamewr  «r  Indicator  is  an  instrument  which  mq 
^Bures  and  records  the  cnei'gy  exerted  by  u.n  eflbrt.     It  usually  ca 
essentially,  first,  of  a  piece  of  pui>er  moving  •«vith  a  velo 

sportional  to  that  of  the  point  of  ai)[ilication  of  the  effort,  i 
having  a  straight  lino  marked  on  it  pundlel  to  its  din^ction 
motion,  called  the  zero  line ;  and  secmuffy,  of  a  spring,  acted  up 
»nd  bont  by  the  effort,  and  carrying  a  jM-ncil  whoso  perpendic 
distance  from  the  zero  line,  as  i-cgulatcd  by  the  bending  of 
spring,  is  proportional  to  the  effort.    The  {leneil  traces  on  the  pia 
of  ]iaper  a  liue  like  that  in  fig.  2-1  of  Article  81,  such  that  its  i 
mUe  E  F,  pcrpendicidar  to  the  zero  line  O  X  at  a  given  point, 
represents  the  effort  P  for  the  corresponding  point  in  i " 
the  point  of  application  of  tho  effort ;  and  the  area 

ortlinates,  such  aa  A  C  D  B,  represents  the  energy  exerted,  |  P<i», 

for  the  corres|x)nding  portion,  A  B,  of  the  path  of  the  point  of 
ai)pliciition  of  the  effort. 

517.  The  Earrcr  ■■><>  Wark  of  Fiaid  Pmmire  may  be  expreoed 

as  follows  : — Let  A  denote  the  projection  on  a  plane  ptrrprnifittdtr 

to  the  direction  ofvuAion  of  the  moving  body,  of  that  p  : 

body's  surface  to  which  the  pressure  is  ui)pliiHl.  p  the 

the  pressure  in  units  of  force  per  unit  of  aixu  (Article 

the  distance  through  which  tho  body  is  moved  in  a  gi\ 

of  time;  then  during  that  interval,  the  enci-gy  exerted  by,  or  wnrit 

I)erformed  against,  the  fluid  pressure,  accortling  as  it  acts  with  or 

against  the  motion,  is  given  by  the  formula 

P-Aa(orE*Aa)=;jA-^«  =p  •  aTj..,- (L) 

where  a  Y  is  the  volume  of  the  space  swept  through  by  the  i  ■■    ■ ' 
of  the  body's  surface  which  is  pressed  ujKjn,  during  thi 
interval  of  time. 

518.  The  CoBMrrmtion  of  Envrgr,  in  tlm  OflW  of  nnifnpin  tnotiop, 
means  the  fact,  that  the  enerij;/  cxei-ted  in  >■       ' 

and  is  a  consequence  of  the  tii-st  law  of  i 
consideration  of  tho  MVjVtov*  i3u<k«  •. — 
Case  1.  F(yr  ti\a  J^rrtxn  ociiiyj  (w  o.  spowjl*  yJvvA,'CBs.voto,v.  ■, 
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self-evident;  for  as  the  effort  applic^l  to  the  point  balances  the 
reaistanoe,  tLo  products  of  these  forces  into  the  distance  traversed 
hj  the  point  in  any  interval  mnst  be  equal ;  that  is, 

P •  A «  =  R   A* (1.) 

Case  2.  For  tfie  forces  acting  on  any  system  of  balanced  poinls, 
the  principle  must  be  true,  because  it  is  true  for  those  acting  on 
each  single  point  of  the  system.     This  is  expressed  as  follows  : — 

(2.) 


2PA8  =  2-RAi 


Case  3.  When  a  system  of  points  are  rigidly  connected,  so  that 
beir  relative  positions  do  not  alter,  there  is  neither  energy  exerted 
Bor  work  performed  by  the  forces  which  act  anton^at  the  points  of 
'  !  system  themselves;  and  therefore,  from  case  2  it  follows,  that  the 
principle  of  the  conservation  of  enei^  is  true  of  the  forces  acting 
beiween  the  points  oflfui  system  and  external  bodies. 

Symbolically,  let  the  efforts  acting  amongst  the  points  of  the 
system  be  denoted  by  P„  the  resistances  by  R, ;  the  efforts  acting 
between  the  points  of  the  system  and  external  bodies  by  P^  and 
lie  resistances  by  R^     Then  by  case  2, 

2(P,  +  Pj):i,=  2(Rj  +  Rj)A,; 

but  by  the  condition  of  rigidity, 


therefore, 


a-P,A»=s-R,A» 


(3.) 


Case  4.  The  same  principle  is  demonstmble  in  the  same  manner, 
for  the  forces  acting  between  external  bodies  and  the  points  of  a 
system  so  connected,  that  though  not  absolutely  ngid,  they  do  not 
vary  their  rdative  positions  in  the  directions  in  tehich  lite  internal 
forces  of  the  system  act  Such  is  the  ideal  condition  in  which  a 
train  of  mechanism  would  be,  if  no  resistance  arose  from  the  mode 
of  connection  of  the  pieces. 

519.  The  Principle  of  Tinnal  TdacMcs  is  the  name  given  to  the 
application  of  the  principle  of  the  conservation  of  energy  to  the 
determination  of  the  conditions  of  equilibrium  amongst  the  forces 
externally  applied  to  any  connected  system  of  pointa.  That  appli- 
cation is  effected  in  the  following  manner  : — Let  F  be  any  one  of 
the  exteniftlly  applied  forces  in  question.  The  conditions  of  equiU- 
brium  are  those  of  uniform  motion.  Conceive  the  points  of  the 
system  to  be  moving  with  uniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  and  perfor- 
maace  of  work  by  tlieir  mutual  or  iutevnul  iorcea.    \ieXi  u  \*i  SX^'^ 
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velocity,  or  any  number  proportional  to  the  velocity,  of  the  pou 
to  which  the  external  force  F  is  apj)lied,  and  i  the  angle  bctwfM 
the  direction  of  that  force  and  the  direction  of  motion  of  its  poil 
of  application.  Then  from  cases  3  and  4  of  the  principle  of  the 
conservation  of  enerey,  it  follows  tliat  the  condition  of  equilibrium 
amongst  the  forces  F  is  ^ 

3-Ft;co8<  =  0; (1.) 

attention  being  paid  to  the  principle,  that  cos  t  isi  ^^^i^   \ 

when  <  is  <  ,  !*  >  .  The  same  principle  may  bo  otherwise  ex- 
pressed thus :  let  «  be  the  virtual  velocity  of  any  point  to  which  an 
effort  P  is  applied,  u  the  virtual  velocity  of  any  point  to  which  a 
resistance  R  is  applied ;  then 

i-Pt;=  j-R« (2.) 


The  principle  thus  expressed  ia  culled  that  of  virtual  vflocUiet, 
because  the  velocities  denoted  by  v  are  merely  velocities  which  th« 
points  of  the  system  migfU  liavo. 

As  the  projKirtiona  of  the  several  velocities  v  are  all  that  are 
required  in  using  this  principle,  it  enables  the  conditions  of  cquih- 
brium  of  the  forces  applied  to  any  body  or  machine  to  be  found,  ao 
soon  as  the  comparative  velociliet  of  the  points  of  application  of 
those  forces  have  been  determined  by  means  of  the  principles  of 
cinematics,  and  of  the  theoty  of  mechanism ;  and  every  proposition 
which  has  been  proved  in  Parts  III.  and  IV.  of  this  treatiK, 
respecting  the  comparative  velocities  of  points  in  a  body  or  in  a 
train  of  mechanism,  can  at  once  be  converted  into  a  proposition 
respecting  the  equilibrium  of  forces  applied  to  those  points  in  givBD 
directions. 

520.  Energr  »T  Componcni  Forcca  and  n*liana. — Let  the  motion 
A  «  of  a  point  in  a  given  interval  of  time  make  angles,  «,  fi,  y,  with 
three  rectangular  axes ;  then 

A  «  '  cos  «,  A  «  -  cos  /3,  A  «  '  cos  y, 

are  the  three  components  of  that  motion.  To  that  point  let  tiitm 
be  applied  a  force  F,  making  with  the  same  axes  the  angles  ■',  ff,  •/, 
BO  that  its  rectangular  components  ore  ^S 

F  •  cos  «',  F  •  cos  /S",  F  •  COS  y.  H 

Then  multiplying  each  component  of  the  motion  by  the  component 
of  the  force  in  its  own  direction,  there  are  found  tlie  three  qu&atitiH 
of  energy  exerted,  ^M 
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F  '  At  -ooe  ■ooaa';  ' 

F  ■  A«  ■  cos  /S  cos  /S*;    .  (1.) 

P  •  A«  'cosy  oosy; 

and  the  sum  of  those  three  quantities  of  energy  is  the  whole  energy 
exerted.    Now  it  is  well  known,  that 

C06«C08»'  +  C08|8C0S/3'  +  C0SyC08y'±:006#, 

t  being  the  angle  between  the  directions  of  the  force  and  of  the 
motion;  so  that  the  addition  of  the  three  quantities  of  energy  in 
the  foimul<B  1  gives  for  the  whole  energy  exerted,  simply 

F  •  A  «  •  cos  *, 

as  in  former  examples;  and  similar  remarks  apply  to  work  per- 
formed. 


St 
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CHAPTER  IL 

09  THE  TARIED  TBAjrBI.A!nOS  OF  POUTTS  AND  BIGtD  BODIB& 

Skctiojt  1. — DffinUiorus. 

521.  Tke  niawh  or  lB«nia,  of  a  body,  is  a  quantity  proportia 
the  nnbalanced  force  which  is  required  in  ordir  to  firoilm-),-  ai 
definite  change  in  the  motion  of  the  body  in  a  ■ 

It  is  known  that  the  weight  of  a  body,  i  r,i 

between  it  and  the  earth,  at  a  fixed  locality  on  tbe  earth's  snr 
acting  unbalanced  on  the  botly  for  a  fixed  interral  of  time 
for  a  8ecx)nd),  produces  a  change  in  the  body's  motion,  which  i 
same  for  all  bodies  whatsoever.     Hence  it  follows,  that  the  i 
of<ill  bodies  are  proportional  to  their  vxujhls  at  a  given  loeatUjf 
tlic  earth's  surface. 

This  fact  has  been  learned  by  experiment ;  but  it  can 
shown  that  it  is  necessary  to  the  pennanent  existence  of  the 
verse ;  for  if  the  gravity  of  all  bodies  whatsoever  were  not  jjrop 
tional  to  their  respective  ma-sses,  it  would  not  produce 
equal  changes  of  motion  in  all  bodies  which  arrive  at  ^ 
tions  with  respect  to  other  bodies,  and  the  different  piuta, 
miiko  up  stars  and  systems  would  not  accompany  each  other  1 
motions,  never  departing  beyond  certain  limits,  but  would 
persed  and  reduced  to  chaos.     Neither  an  imjondeniMe  body,! 
a  body  whose  gravity,  as  comj>ared  with  its  mass,  differs  j 
slightest  conceivable  degree  from  that  of  other  bodies,  can^ 
to  the  system  of  the  universe.* 

623.  The  rcDire  of  jiaaa  of  a  body  is  its  centre  of  gravity,  found 
in  the  manner  explainetl  in  Part  I.,  Chapter  V.,  Section  1. 

523.  The  memniiani  of  a  body  means,  the  product  of  itti  msa 
into  its  velocity  relatively  to  some  point  assumed  as  lixwL  Tli<» 
momentum  of  a  body,  lite  its  velocity,  can  be  resolved  into  com- 
[lonents,  rectangular  or  othersviae,  iu  the  manner  already  ex pUinoi 
ibr  motions  in  Pai-t  III.,  Cliaptcr  L 

524.  The  Rnntmnt  lUamcniBn  of  a  System  of  bodies  >s  tbe  re- 
sultant of  their  separate  momenta,  compounded  aa  if  they  wew 
motions  or  statical  couples. 


*  See  theRev.  Di.  ^^icv^ttowmiiat.'Cwia.^'&aSi.'iU.tuttn 
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Thxorem.  77m  momentum  of  a  tyitem  of  bodies  m  the  same  at  \f 
all  their  matMs  were  concentrated  at  lite  cejUre  of  gramiy  of  the  eye- 
tem.  Conceive  the  velocitj  of  each  of  the  bodies  to  be  resolved 
into  three  rectangular  components.  Consider  ail  the  component 
velocities  parallel  to  one  of  the  rectangular  directions.  These  are 
the  rates  of  variation  of  the  perpendicular  distances  of  the  bodies 
from  a  certain  plane.  If  the  mass  of  each  of  the  bodies  be  multi- 
plied liy  its  distance  from  a  certain  plane,  the  products  added,  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  whole  system  from  that  plane ;  there- 
fore, if  the  component  velocity  of  each  of  the  bodies  in  a  direction 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  system  will  be 
the  prwlnct  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
centre  of  gravity  in  a  direction  peqwudicular  to  the  plane  in  ques- 
tion; so  that  this  product  is  one  of  tlio  three  rectangular  com- 

anents  of  the  resultant  momentum  of  the  system  of  bodies  ;  and 
mme  may  be  proved  for  the  other  rectangular  components. 

Kprcssed  symbolically,  let  v.,  v,  w,  be  the  three  rectangular  com- 

bnents  of  the  velocity  of  any  moss,  m,  belonging  to  a  system  of 
lies,  and  w„,  v^  «?,„  the  rectang\tlar  components  of  the  velocity 

f  the  centre  of  gravity  of  that  s^'stem  of  bodies ;  then 

Kg  •  3 TO  =  s-  tow; 
»,  -STO  =  3  •mv; 

«j  ■  5  TO  =  5  •  m  UJ. 

CoKOix\RT.  The  remtUanl  momentum  of  a  ej/atem  of  hodiee  rdor 
ticeltf  to  tJieir  common  centit  of  gravity  ia  nothintf  ;  that  is  to  say, 

*3TO(it-«„)  =  0;  2OT(o-fo)  =  0;  1 
STO  (to— «Jo)  =  0.  J' 

525.    Tartatlon*  aad  DrTlallOM  of  monieniniB    aro    the    products 
of  the  maf^s  of  a  })ody  into  the  rates  of  variation  of  its  velocity  and 
riation  of  its  direction,  found  as  explained  in  Part  IIL,  Chapter 
Section  3. 

626.  laipaUe  is  the  product  of  an  unbalanced  force  into  the  time 

during  ■which  it  acta  unbalanced,  and  can  be  resolved  and  com- 

unded  exactly  like  force.     If  F  be  a  force,  and  dl  an  intervid  of 

c  during  -wliich  it  acts  unbalanced,  Frf<  is  the  impulse  exerted 

the  force  during  that  time.      The  impulse  of  an  unbalanced 

«  in  an  unit  of  time  is  the  magnitude  of  the  force  itself. 

£27.    Impalac,  Accelcmtia(,  Brainlios,  I>eflecllB||.  —  Correspond- 

ig  to  the  resolution  of  a  force  applied  to  a  moving  body  into  etfort 
resistouco,  aa  the  case  may  be,  and  lateral  stress,  ays  ex.^lau:iKd.\w. 


.(1.) 


(2.) 
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Article  511,  there  ia  a  rosolntion  of  impulse  into  «ooe)<w»tiii?^ 
retarding  iTHpulse,  which  acts  with  or  B^iut  the  bod 
and  deflectiug  impulse,  whicl>  acts  across  the  direction  ' 
motion.     Tlius  if  /,  as  before,  be  the  angle  which  the  iiuL 
force  F  makes  with  the  body's  path  during  an  iiidefiiiitef 
interval,  dt, 

'P  d  t  =F  cos  t  •  dt  is  accelerating  impidae  if  *  i«  acute  ;     j 
Erft  =  F  cos  (x  — *)•</<  is  retarding  impulse  if  /  is  obtuse ;  /(l^ 
Qrft  =  F5in  tdl  is  deflecting  impulse.  ) 

528.  Relalionn  bclwerji  f  mpulaci  Enrrcr.  noil  Work. — If  V  be  I 

meou  velocity  of  a  moving  body  during  the  interval  dt  of  the  act] 
of  the  unbalanced  force  F,  then  d«  =  vdl  ia  the  distance  doscrih 
by  that  body  ;  and  according  ns  *  is  acute  or  obtuse,  there  is  eilll 
energy  exerted  on  the  body  by  the  accderaiing  impulte  to  tbo  aiiuiu 

Tds  =  Fvcoef  dt; (l.)j 

or  work  performed  by  the  body  against  iJie  retarding  impulte  to  ' 
amount 

B,da  =  Ft>  cos  {T-f)  ■  dt (2.>| 

Sbction  2. — Lata  of  Varied  Translation, 

529.  Second  E,nw  of  iTlaiioii. — Clumye  of  momentum  is  _ 
tiffital  to  t/ie  impulse  producing  it.  In  this  statement,  as  in  that  i 
the  first  law  of  motion,  Article  510,  it  is  impUod  that  tlie  motid 
of  the  moving  body  under  consideration  is  referred  to  a  fixed  poil 
or  body  whose  motion  is  uniform.  In  questions  of  applied 
chanics,  the  motion  of  any  part  of  the  earth's  surface  may  be  trcaU 
as  uniform  without  sensible  error  in  practice.  The  units  of  m 
and  of  force  may  be  so  adapted  to  each  other  as  to  make  ch'truj*\ 
momentum  eqval  to  tlie  impidse  producing  it.     (See  Article* 

530.  GvBcral  Kqnnlionn  of  DraoBiira. — To   express    the 

law  of  motion  algebraically,  two  methods  may  be  follow 
first  method  Wing  to  resolve  the  change  of  momentum  int 
variation  and  deviation,  and  the  impulse  into  direct  and  de 
impulse ;  and  the  second  method  being  to  resolve  both  tho  (_ 
of  momentum  and  tho  impulse  into  oomponeiii«  parallel  to 
rectangular  axes. 

First  •metlwd.     m  being  the  masM  of  the  lx>dy,  r  its  v 
r  the  radius  of  curvature  of  ita  path,  it  follows  from  .\ 
and  362  that  the  rate  of  direct  variation  of  its  momeutum  it 
dv  d'a 
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\   and  from  Articles  363  and  364,  that  tlie  rate  of  deviation  of  its 
^Botnentum  is 

'  Equating  these  respectively  to  the  direct  and  lateral  impulse  per 
unit  of  time,  exerted  by  an  unbalanced  force  F,  making  an  angle  ' 
with  the  direction  of  the  body's  motion,  we  find  the  two  following 
juations ; — 


P  or  —  B  =  F  cos  '  =  m  •  T-  =  TO  J-. ;. 
at  at 

Q  =  F^n»  =  ^ 

r 


.(1.) 
.(3.) 


lie  radius  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 
Second  meUiod.     As  in  Article  366,  let  the  velocity  of  the  body 


\te  resolved  into  three  rectangular  components, 


dx  dy  dz 


dt'  dt'  dt 


;  so  that 


ko  three  component  rates  of  variation  of  its  momentum  arc 
d'x       d^i/       d'z 

let  the  unbalanced  foree  F,  making  the  angles  »,  fi,  y,  with 
axes  of  co-ordinates,  and  its  impulse  per  unit  of  time,  bo 

~    ~    ~      Then  we  obtain 


into  three  components,  F„  F,,  F, 
F.  =  F  cos  ■  =  OT  • 


»> 

d^ 

df  '• 


F,  =  Fcos^  =  «.  ^^; 


F,  =  F cos  y  =m 


d^ 

di" 


(3.) 


equations,  which  are  substantially  identical  with  the  eqna- 
1 1  and  2. 

Bfau  in  Trmm  of  Wpigbi. — A  body's  own  weight,  acting 
unbalanced  on  the  bo<ly,  produces  velocity  towards  the  earth, 
increasing  at  a  rate  per  second  denoted  by  the  symbol  g,  whose 
uiunerical  value  is  as  follows : — Let  %  denote  the  latitude  of  the 
e,  h  its  elevation  above  the  mean  level  of  the  sea, 

jfj  =  32'1695  feet,  or  9805 1  metres,  per  second; 
ling  the  value  of  y  for  »  ^  45'  and  A  =  0,  and 

R  =  20900000  feet,  or  6370000  raHws,  ueaA'j, 
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•(l)j 


beuig  the  earth's  mean  radius;  then 

9=9i  •  (1  -000284  cos  2  A)  •  (l  -^*) 

For  latitudes  exceeding  46°,  it  is  to  be  borne  in  mind  that  i 
is  negative,  and  the  teims  containing  it  as  a  fuctor  have  their  i 
reversed. 

For  practical  puiposes  connected  with  ordinary  nutchineB,  it  1 

sufficiently  accurute  to  asauiue 

g  =  32-2  feet,  or  9-81  metres,  per  second  nearly....M(2.)J 

If,  then,  a  Ixxly  of  the  weight  W  be  acted  upon  by  an  nubolandl 
force  F,  the  change  of  velocity  in  the  direction  of  F  produced  in 
second  will  be 

F_F£. 

•whence 

m  =  — .»..„.. ...iS.] 

is  the  expression  for  the  mass  of  a  body  in  terms  of  its  weig 
suit«!d  to  make  a  change  of  momentum  eq^ial  to  thp  iiTipiil*»  jij 
(hieing  it.  m  being  absolutely  constant  for  the  ^: 
W  vaiy  in  the  same  proportion  at  dillcrent  el 
difl'erent  latitudes. 

532.  An  AbMiaic  itbIi  of  Force  is  the  force  which,  acting  dat 
on  unit  of  time  on  an  arbitrary  unit  of  mass,  produces  an 
velocity.     In  Britain,  the  unit  of  time  being  a  second  (m  it  is  i 
where),  and  the  unit  of  velocity  one  foot  per  second,  the  nni^ 
mass  employed  is  the  mass  whose  weight  in  vacuo  at  Luadou  I 
at  the  level  of  the  sea  w  a  standiird  avoirdujwis  ])ound. 

The  toeight  of  au  unit  of  mass,  in  any  given  locality,  has  : 

value,  in  absolute  units  of  force,  the  oo-efBcient  g.     When  the  i 

of  weight  is  employed  as  the  unit  of  force,  instead  of  the  ahto 

lit,  the  corresponding  tmit  of  mass  becomes  <j  times  the  unit 

■  '^ncntioned :  that  is  to  say,  in  British  measures,  the  piasa  of  . 

Iba;  or  in  French  measures,  the  mass  of  9'81  kilogrnramea. 

533.  The  idoiioa  af  ■  FniUuK  Mo*T'  uuiler  the  unbaL':      ' 
of  its  own  weight,  a  sensibly  unifonn  force,  is  a  ca» 
formly  varied  velocity  described  in  Article  361.     In  the  ^41 
of  that  Article,  for  the  rate  of  variation  of  velnolty  tt,  is  to  lie  1 

tituted  the  co-efficient  g,  mentioned  in    ' 

be  the  velocity  of  the  Wly  at  the  b' 

time  I,  its  velocity  Sit  tko  end  of  that  time  iit 
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v*^v,  +  gt,. 
be  mean  velocity  during  that  time  is 


t'o  +  « 


=  f.+ 


9f 


uid  the  vertical  height  fallen  through  is 
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,.(1.) 

(3) 
.(3.) 


Hio  preceding  pquations  give  the  final  velocity  of  the  body,  and  the 
ktiglit  lallen  tlu-ough,  each  in  tertua  of  the  initial  veloci^'  and  the 
time.  To  obtain  the  height  in  terms  of  the  initial  and  final  velo- 
cititjs,  or  i-ict  tvrsa,  equation  2  is  to  be  multiplied  hy  v  —  v„  :=  g  t, 
thu  accch'ration,  and  comjiared  with  equation  3  j  giving  the  follow- 
ing results ; — 


h  = 


^3 


.(1) 


W  hen  the  body  falls  from  a  state  of  rest,  Vg  is  to  be  made  ^  0;  so 
at  the  fullowing  equations  are  obtained  : — 


.  =  gt;h=2l=. 


.(5.) 


Bt 
;  height  h  in  tho  last  equation  is  called  the  IteiglU  or  fall  due  lo 
velocity  v;  and  thut  velocity  is  called  tJie  velocity  due  to  tJie  height 
or  Jail  /(. 

Should  the  body  be  at  first  projected  vertically  upwards,  the 
initial  velocity  r^  is  to  be  made  negative.     To  find  the  height  to 
itich  it  will  rise  before  reversing  it^  motion  and  beginning  to  foil, 
is  to  be  made  =  0  in  the  last  of  the  equations  4;  then 


2g 


.(6.) 


being  a  rise  equal  to  the  full  duo  to  the  initial  velocity  v„ 

O'M.  An  I'Hrv^uicd  Prajfctue,  or  a  projectile  to  whose  motion 
fluTe  is  no  sensible  rt«i»tancc,  has  a  motion  compounded  of  the 
\<  itir-al  motion  of  a  fulling  body,  and  of  the  horizontal  motion  due 
t"  the  horizontal  comjionrnt  of  its  velocity  of  projection.  In  fig. 
232,  let  0  repvojent  thu  point  from  which  the  froiectAftSi  ofv^gsis&^ 
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projected  in  the  direction  O  A,  making  the  angle  X  0  A  ^  *  Viih 
a  horizontal  line  O  X  in  the  same  vertical  plane  with  0  A.    Let 

horizontal   distances  paiaUel  toj 
O  X  be  denoted  by  x,  and 
cal  ordinatea  parallel  to  O  Z  bj 
positive  upwards,  and   negatf 
^        downwards.    In  the  equati' 
*\     vertical  motion,  the  sytab 
the  equations  of  Article  ■ 
be  replaced  by  —  z,  liccauso  ( 
^*  *'*•  aud  z  being  measured  in  op 

directions. 

Let  v„  bo  the  velocity  of  projection.     Then  at  the  instant  of  J 
jection,  the  component«  of  that  velocity  are, 

,  d x  ,  ,    .  dz  .    . 

horizontal,  — -  =  Uj  cos  'j  vertical,  — -  =  Vo  am  »; 
at  at 

and  after  the  lapse  of  a  given  time  I,  those  components  havs  ] 

d  X 

-f—  =  v„  cos  *  =  constant ; 

a  t 


dz 

3,-  =  t^.sm 


-gi- 


(1.). 


Hence  the  co-ordinates  of  the  body  at  the  end  of  the  time  <  are 
horizontal,  a:  =  r,  cos  '  •  /; 

vertical,  s 

X 


X  =  Vo  COS  f  '  t;       \ 

.    fff  y (8 

=  «,Mn#-r  — Y;[ 


and  because  t  = .  those  co-ordinates  ore  thus  related, 

t>n  COS  r  ' 


VgCOS 

=  X  •  tan  '  — 


9 


2  t;Sco8'/ 


«•;. 


.(^y 


I  equation  which  shows  the  path  0  B  0  of  the  projectile  to  be  a 
tporabola  with  a  vertical  axis,  touching  U  A  in  O. 

The  total  velocity  of  the  projectile  at  a  given  instant,  being  the 
resultant  of  the  components  given  by  equation  1,  has  for  th«vt^ 
of  its  square 


d3f       d^         . 

•^=^7  +  5^=*^ 


2  Vo  ain  #  •  flr  <  +  ^  <•  =  «J -*  2y  «;...(4 
>m  the  last  form  ot  -wVii^^  \&  ^\«^nii^'Cs»  v^oaddsm. 
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.(5.) 


Dg  compared  with  equation  4  of  Article  533,  shows  that 
the  relation  betioeen  Una  varialwii  of  vertical  elevaiion,  atui  the  varia- 
tion of  Ote  square  of  tlie  resultant  velocity,  is  tin  same,  tc/ut/ier  the 
,  vdocity  ii  in  a  vertical,  inclined,  or  horixontal  direction.     This  is  a 
^Brticular  coae  of  a  more  general  principle,  to  be  explained  in  the 

^■Thc  iTsistanco  of  the  air  prevents  any  actual  projectile  near  the 

PBrth'a  snrfiice  from  moving  exactly  as  an  unresisted  projectile. 

Tlie  approximation  of  tlie  motion  of  an  actual  projectile  to  that  of 

an  unresisted  projectile  is  the  closer,  the  slower  is  the  motion,  and 

the  heavier  the  body,  because  of  tlie  resistance  of  the  oir  increiwiii^ 

^dth  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 

^kng  de|iendeiit  u[)ou  that  of  tlie  body's  surface  to  its  weiglit. 

'  53d.   The  noiian  or  a  Bodr  AUna  ■■  ■■cUanI  Path,  under   the 

force  of  gravity  alone,  is  regulated  by  the  principle,  that  the  varia- 
tion of  momentum  in  each  interval  of  time  is  equal  to  the  impid.so 
exerted  in  that  inU»rvttl,  by  that  component  of  the  body's  weight 
which  acts  along  the  direction  of  motion.  If  the  path  is  straight, 
the  other  rectaiigidar  component  of  the  body's  weight  is  balanced 
by  the  resistance  of  the  surface  or  other  guiding  body  which  causes 
the  inclined  |)ath  to  be  dcscriln-d ;  if  the  path  is  cur\-e<l,  the  difference 
between  those  two  forces  which  act  across  it  is  employed  in  deviat- 
ing the  direction  of  motion  of  the  body. 

Let  r  be  the  velocity  of  the  body  at  any  instant,  -r— ,  as  before, 

the  rate  of  variation  of  that  velocity,  *  the  inclination  of  the  body's 
path  to  the  horizon,  positive  upwards,  and  negative  downwards. 
Then  the  liody  is  acted  u|)on  in  a  direction  along  its  jtath  by  a  force 

Inal  to  its  weight  multiplied  by  siu  t,  which  is  a  resistance  if  /  is 
Bitive,  and  an  e^ort  if  4  is  negative;  therefore 
!  di  =  -9^^' 0) 

\VTien  the  inclination  of  the  path  is  imiform,  this  rate  of  varia- 
m  of  velocity  is  constant,  and  the  body  moves  in  the  same  manner 
with  an  unresisted  body  moving  vertically,  except  that  each  change 

K velocity  occupies  an  inter\'al  of  time  longer  in  the  ratio  of  1  :  ain  ' 
r  the  inclined  path  than  for  the  vertical  path. 
The  motion  of  a  body  in  any  path  on  an  l^'CLl^'Kn  flake  being 
lolved  into  two  rectangular  components,  one  horizontal,  f 
other  in  the  direction  of  steepest  declivity, — the  ho"'  M 

ponent  (in  the  absence  of  fnction)  is  umSonu  ■ 
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component  takes  plnce  according  to  tho  law  expreased  hj  cqnAti^| 

1  of  this  Article.     Consequently,  the  rcsiiltont  motioa  of  the  lx^| 

p|»  that  of  an  unresisted  projectile,  as  described   in  Article  5^M 

BKcept  that  g  •  sin  /  is  to  bo  substituted  for  g.  ^M 

The  motions  of  bodies  on  inclined  planes  being  slovner,  a&d  tha^H 

fore  more  easily  observed  than  their  vertical  motions,  yreT«  used  1^| 

Galileo  to  ascertain  the  laws  of  dynamics,  which  ho  discovered  ^M 

For  a  body  sliding  on  an  inclined  plane  without  friction,  v^t 

equation  connecting  the  velocity  directly  with  the  position  of  w^ 

body  is  the  following  : — 

'where  v,  is  the  velocity  at  the  origin  of  the  motion,  and  v  (b» 
"jrolocity  which  the  body  has  when  it  reaches  a.  position  whjuw 
mKclined  co-ordinate  relatively  to  the  origin  of  the  motion  is  t', 
paiitive  upwards.  But  z  sin  *  =  z,  the  difference  ofvertica' 
(ion  of  the  two  positions  of  the  body;  bo  that  the  variation 
square  of  the  velocity  Ijeara  the  same  relation  to  the  differcucc  ut 
vertical  elevation  in  the  pn«icnt  case  as  in  the  case  of  an  unrcsistctl 
projectUO)  or  a  free  body  moving  vertically. 

536.  An  VuUomt  Eorort  or  Krakiancc.  unbalanced,  causes  tba 
velocity  of  a  body  to  vary  accoi-ding  to  the  law  expressed  by  this 
equation, 

'^=/r, (1.) 

whore  /is  the  constant  ratio  which  tho  unbalanced  forrn  hcnrr;  tn 
the  weight  of  the  moving  body,  j)asitive  or  ne^jative  .i 
the  direction  of  the  force ;  so  that  by  substituting  J'c/  . 
equations  of  Article  533,  those  equations  are  tnuisfoniied  i: 
equations  of  motion  of  the  body  in  question,  h  Uiing  tu.L... 
represent  the  distance  traversed  by  it  in  a  positive  dirw^tion. 

In  the  apparatus  known  by  the  name  of  its  inventor,  A^'n-""<V 
for  illustrating  the  eflbct  of  unil'orm  moving  forces,  this  pi 
is  applied  in  order  to  produce  motions  foUuw-ing  the  same  hi\^  ...... 

those  of  falling  bodies,  but  slower,  by  a  n\cthod  leas  liable  to  crrow 
caused  by  fidction  than  that  of  Galileo.  Two  wnighta,  P  and  R,  of 
which  P  is  the  greater,  are  hung  to  the  opposite  ends  of  a  cnnl 
p.'wsing  over  a  finely  constructed  pulley.  Considering  the  massea 
of  the  cord  and  pulley  to  be  insensible,  the  weight  of  tlju  tuaaa  I* 
be  moved  is  P  +  JR,  and  the  moving  force  P  —  R,  being  leas  Uiou 
the  weight  in  the  ratio. 
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Cionsequently  the  two  weights  move  according  to  the  same  law  with 
^  *  Jling  body,  but  slower  in  the  ratio  of  y  to  1. 

537,  A  DertaUBf  Force,  which  acts  uubalonced  in  a  direction 

pendicular  to  tliat  of  a  body's  motion,  and  changes  that  direc- 

without  changing  the  velocity  of  the  body,  is  equal  to  the  rate 

1  deviation  of  the  body's  momenttun  per  unit  of  tune,  aa  the  fol- 

ring  equation  expretiiiea : — 

«=7?' C) 

being  the  deviating  force,  W  the  weight  of  the  body,  W  -=-  ^  its 
mass,  »•  its  velocity,  and  r  the  radius  of  curvature  of  its  path. 

i[ii  the  case  of  an  unresisted  projectile,  already  mentioned  in 
tide  534,  the  deviating  force  at  any  instant  is  that  component 
the  body's  weight  which  acts  perpendicular  to  its  direction  of 
tion;  tliat  is  to  siiy 
«-^*v'(>*^3-^'^^ « 
e  well  known  expression  for  the  radius  of  oun'ature  of  any  curve 
who&e  co-ordinates  are  x  and  •  is 


t^  'COS** 


.(3.) 


Consequently  Q  r 


,  which  agrees  with  equation  1. 


■In  the  case  of  projectiles,  just  described,  and  of  the  heavenly 
tties,  devi:»tiug  force  is  su])filicd  by  that  component  of  the  mutual 
fcraction  of  two  mas.ses  wliich  acts  peq^endicular  to  the  direction 
Hhrir  relative  motion-  In  machines,  deviating  force  is  sup])lied 
f  the  strength  or  rigidity  of  .some  body,  which  guides  the  deviating 
tes,  making  it  move  in  a  curve, 

IA.  pair  of  free  bodies  attracting  each  other  have  both  deviated 
Btions,  the  attraction  of  CJich  guiding  the  other;  and  their  devio- 
BS  of  momentum  are  equal  in  equal  time^;  that  is,  their  deviu- 
ns  of  motion  are  inversely  as  their  masses. 

In  a  machine,  each  revolving  body  tends  to  press  or  draw  the 
By  whi(;h  g\iidcs  it  away  from  its  position,  in  a  direction  fixim 
b  centre  of  curvature  of  the  path  of  the  revolving  body;  and  that 
Money  is  resisted  by  the  strengtli  and  stiffness  of  the  guiding 
Hy,  and  of  the  frame  with  which  it  is  connected. 
038.  CeMrira|p<i  Force  is  the  force  witli  which  a  revoUHng  b<i<l<j 
^ctB  on  the  boJj  that  guides  it,  and  is  e^\vLa\  &iiOi  o^'^».\j&  \a  \!&» 
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deviating  force  with  vrhich  the  guiding  body  acts  on  the  revolvii 
body. 

In  fact,  as  has  been  stated  in  Article  12,  every  force  is  an  actaon 
l)etwef  11  two  botUes ;  and  detrinling  force  and  centrifugal  force  aro 
but  two  diiierent  names  for  the  same  force,  ap|)lied  to  it  acoor"' 
lis  its  action  on  the  revolving  bmly  or  on  the  guiding  body  is  un4 
considei-ation  at  the  time. 

i')39.  A  Rcrolriacc  Mimpir  PentlulMBt  C0ns(| 
of  a  small  mii.s.s  A,  Biis|>ondfd  from  a  f)oint  C 
a  rod  or  conl  C  A  of  insensibly  small  weight  j 
conifKired  with  the  mass  A,  and  revolving  ii 
circle  alnjut  a  vortical  axis  0  B,  The  tension  of 
the  rod  is  the  rcsiUtant  of  the  weight  of  the 
mass  A,  .icting  %'crtically,  and  of  its  centrifugal 
force,  acting  horizontally ;  and  therefore  the  rod 
will  assume  isuch  an  inclination  that 


Fie-  233. 


height  B(!  weight  _  9^ 

radius  AiJ  ~  centrilugal  force  ~   «** 


.(1.) 


where  r  =  A  B.     Let  «  be  the  number  of  turns  per  seeond  of  the 
pendulum;  then 

«  =  2 


nr; 


and  therefore,  making  B  C  =  A, 


(in  the  latitude  of  London) 


?J1-      g 
08154  foot      9-7848  inches 


.(2.) 


When  the  speed  of  revolution  varies,  the  inclination  of  the  jiendu- 
Inm  varies,  so  as  to  adjust  the  height  to  the  varying  speed. 

S40,  Srriailitg  Force  in  Tcrma  of  Aasalar  Triocllj- — If  the  radiuS 

of  curvatui-e  of  the  path  of  a  revolving  body  be  reganlcd  as  a  sort 
of  arm  of  constant  or  variable  length  at  the  end  of  which  the  body 
is  carried,  the  angular  velocity  of  that  arm  is  given  by  the  cxprt*- 
sioii, 

«  =  I (!•) 

Let  or  be  substituted  for  v  in  the  value  of  deviating  force  of 
Article  537,  and  that  value  becomes 


<4  = 


W 


a'r 


•(2.J 


DETIATINO  FORCE. 
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In  the  case  of  a  body  revolving  with  uniform  velocity  in  a  circle, 
like  the  bob  A  of  the  revolving  pendulum  of  Article  539,  a  =  2  »  n, 
where  n  is  the  number  of  revolutions  per  second,  so  thut 

Q  = ; (3.) 


9 


m 

I 


from  which  equation  the  height  of  a  revolving  pendulum  might  be 
deduced  with  tlie  same  result  as  in  the  lu.st  Article. 

541.  Rrctaniialar  CompaocnU  of  DcTintinB  Force. — First  Demon- 
stration. Let  O  in  fij?.  234  be  the  contro 
of  the  circular  path  E  F  G  H  of  a  body 
revolving  in  s  circle  with  an  uniform 
velocity,  through  which  centre  draw 
rectODgnlar  axes,  0  X  and  O  Y,  in  the 
plane  of  revolution.  Lt't  the  angle 
^  X  O  A,  which  at  any  instant  the 
radius  vector  of  the  revolving  body 
makes  with  the  axis  of  x,  bo  denoted 
ij  t.    Let 

A  D  =  «  =  r  ■  cos  f,  and  1    /|  \ 


Fig.  284. 


AB  =  y  =  r-sin<, 

be  the  rectangular  co-ordinates  of  the  revolving  body  at  any  in- 
stant.. Let  Q„  Q^  be  tlio  componenta  of  the  deviating  foi-ce, 
parallel  to  0  X  and  O  Y  respectively.  Then  from  the  obvious 
proportion  between  the  magnitudes  of  those  componenta, 

Q.Q,:Q,  ::  r  :  x  :  y, (2.) 

combined  with  the  equation  2  of  Article  540,  follow  the  values  of 
those  components, 


.(3.) 


^-       T"'^'-       V~ 

Those  two  components  have  the  negative  sign  affixed,  because  they 
represent  forces  tending  to  dimiui^  the  co-ordiuatea  x  and  </,  to 
which  they  ore  proportional. 

Second  Der?umttrati<m, — The  same  result  may  be  obtained,  though 
leas  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows : — Let  intervals  of  time,  I,  be  reckoned  from  an  instant  when 
the  revolving  body  is  at  E.  Then  t  =  at,  and  the  values  of  the 
co-ordinates  x  and  y,  in  terms  of  the  time,  are 

X  =  rcosot;  y  a  rwa.al. (4.) 

The  components  of  the  wlocity  of  the  body  are, 
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-J-  =  — or  smot;  -~-  =  ar  cos  at, (0.) 

at  at 


the  velocity  parallel  to  each  co-ordinate  being  proportional  to  tha 
other.     The  components  of  the  variation  of  uiution  tiro 

■a'r  cosa^  =  —a'x; 


.(6.) 


■—  =  —a'r  emal  =  —a'y; 

W 

■which  being  multiplied  by  the  mass  — ,  reproduce  the  componcnta 

y 
of  the  deviating  force  as  before  given  in  equation  3, 

642,    Hmight  Oaciiiaiiou   is  the  motion  perfm'med  by  n   ''"'<- 
■which  moves  to  and  fro  in  a  straight  line,  ullenintely  Ut  i' 
and  to  the  other  of  a  central  point;  and  in  order  that  thia  imuf u 
may  take  place,  the  body  must  be  urged  at  each  iustant  to-wiinla 
the  central  point 

In  mosit  cases,  the  force  so  acting  on  tho  osoillnting  body  is  HlhsT 
exactly  or  very  nearly  proiwrtiouaJ  to  its  dutplaamieiU,  or  di  ' 
from  the  central  point  of  equilibriiun  ;  that  ia  to  say,  tL:i' 
follows  the  law  of  one  of  the  rcctangidar  coniponi'iita  of  the  dL-%tit- 
ing  force  of  a  body  revohnnj;  unifoniily  in  a  circle  once  for  eock 
double  oscillation  of  the  oscillating  body. 

In  fig.  23t,  let  a  body  B,  equal  in  weight  to  the  body  A, 
at  the  same  instant  from  E,  and  osteillato  to  and  fro  al 
meter  E  G,  ■while  A  revolves  in  tho  ciixde  E  F  G  11.     'I 
urged  to'warda  the  centre  O  ■with  a  force  at  c.ich  in!<t4ii)i    i  i 
tional  to  its  distance  from  that  point,  and  given  by  the  tquamtu 


Q,=  - 


■VTn' 


being  equal  to  the  p.arallel  component  of  the  Ac\'\    ' 

B  will  accompany  A  in  it«  motii:'U  p.Hrull<<l  to  (j 

bodies  being  at  each  instant  in  the  same  straight  iiuo  £  A  ||  O  )l 

at  the  distance 

SB  =  r  C08o<  =  r  cos* (£) 

from  O :  the  ■velocity  of  B  being  at  each  instant  oqua]  to  tlte  pir> 
allel  component  of  tho  velocity  of  A ;  that  is  to  any. 


dx 

—  =  -ar  eaxat  =  —ar  sm  *;..„... 

And  eacU  doMe  osciUalion  ot  '&iixuQx^\aCl  vadbMit 


(ij 


oacaxATtox. 
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performed  in  the  same  time  with  a  rerolntioa  of  A ;  that  is 
in  the  time 


L=^  =  2,a/^; (4.) 


9<i       _      

trhero  r  is  the  temi-ampUtude  of  the  oscillation,  O  E  =  O  G,  Q  is 
the  corresponding  greatest  magnitude  of  the  force  urging  the  body 
towards  O,  being  the  same  with  the  entire  deviating  force  of  A, 
and  n  ia  the  numlxir  of  double  oscillations  in  a  second.  (The 
angle  4  =  at  is  called  the  phase  of  the  oscillation.) 

The  greatest  value  Q  of  the  force  which  must  act  on  B  to  pro- 
duce n  doable  oscillations  of  the  semi-amplitude  r  in  a  secondj  is 

ven  by  the  equation 

^  =  -T-  =  — ^' <^> 

eing  similiir  to  equation  3  of  Article  540. 

Revolution  in  a  circle  may  be  regarded  as  componnded  of  two 

cillations  of  equal  amplitude,  in  directions  at  right  angles  to  each 

lier. 

S43.  Blllpdcal  OKinalloaa  ar  Beralallaaa  COmponnded  of  tWD 
Straight  odcillations  of  equal  periods,  but  un- 
equal amplitudes,  may  b«  performed  by  a  body 
m>ged  towards  a  central  point  by  a  force  pro- 
jiortiona.1  to  its  distance  from  that  point.  In 
lig.  235,  let  A  be  the  position  of  the  body  at 
any  instant ;  let  O  A  =  ;,  and  let  the  force 
urging  the  body  towards  O  be 

^^'  .(1.) 


F  = 


( Iseiiig  a  constant.    Then  the  rectangular  com- 
ponents of  that  force  are 

Wb'x    „  "W6*y 


F.=  - 


;...(2.) 


Fig.  235. 


the  former  force  being  suited  to  muintuin  a  straight  oscillation 
ilcl  to  0  X,  and  the  latter,  a  stmight  oscillation  parallel  to 
I Y,  the  period  of  a  double  oscillation  in  either  case  being  the 
Kme,  viz.: — 

I'T- <^) 

ng  to  equntion  4  of  Article  542.    Hrnce  let  ar,  =  (TR  =  OTl 
I  the  semi -amplitude  of  the  former  straight  oadWatvou,  axi^  >)v'= 
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O  F  =  O  H  that  of  the  latter ;  then  at  any  ioatont  the  co-ordinate* 
of  the  body  will  be 

a:  =  X,  cos  bl;  f/  =  y,  sin  b  t ; (4.) 

which  equations  being  respectively  divided  by  ij  and  y„  the  rcsiJi? 
squared,  and  the  squares  added  together,  give 


\") 


•(«•) 


the  well  known  equation  of  an  ellipse  described  about  O  as  a  ccntrr 
with  the  semi-axes  a;,,  y,.  The  components  of  the  velocity  of  the 
body  at  any  instant  are 

-T-  =  — 6>a;i8m6<=  -6  —  y; 
dt  y/ 

dt         "  X, 

6ii.  A  simple  OMiiiaiinB  Prndniina  consists  of  an  indefinitely 
Q  small  weight  A,  fig.  236,  hung  by  a  cord  or  rod  of  in- 

sensible weight  A  C  from  a  jioint  0,  and  swinging  in  ■ 
vertical  plane  to  and  fro  on  either  side  of  a  Cfiitml  point 
D  vertically  below  C.  The  jmth  of  the  weight  or  bvl 
is  a  circular  arc,  A  D  K 

Tlie  weight  W  of  the  Iwb,  act.ing  verticnlly,  mar  be 
resolved  at  any  instant  into  two  coupouents,  viz, : — 


W-co8^DCA  =  'W 


DO 

Ca' 


acting  along  C  A,  and  baknced  by  the  tension  of  the 
Fig.  236.      rod  or  cord,  and 


W  •  sin  .<::  D  C  A  =  W 


AB 

CA' 


acting  in  the  direction  of  a  tangent  to  the  arc,  towards  D,  and  na- 
balanced.     The  motion  of  A  de|)ends  on  the  latter  force. 

When  the  arc  A  D  E  is  small  compared  wth  the  length  of  the 
pendulum  A  C,  it  veiy  nearly  coincides  with  the  chord  A  B  T         ' 
the  horizontal  distance  A  B,  to  which  the  moving  force'  is  i 
tioual,  is  very  nearly  equal  to  the  distance  of  the  bob  from 
central  point  of  its  oscillations.     Hence  the  bob  is  very  m 
the  condition  ot  stwi^tit  oscilktion  described  in  Artirl 
the  time  wUlc^  it  cKic^L'^via^vL'VMiicvi^t.AaviI/iusc^^,,         ..    _ 


OSCILLATUiO  PENOULCK. 


4'J7 


fore  found  approximately  by  means  of  eqaatioa  4  of  that  Article, 


vtx.:- 


n  V    yQ 


AB      r 


(1) 


■where  r  denotes  the  semi-amplitude,  and  Q  the  maximtun  value  i 
I~8  

"W  •  •=^.     But  if  the  length  of  the  pendulum,  C  A,  be  made  =  I, 
C  A 

I e  have 
henco,  approximately,  for  small  arcs  of  oscillatioDi 

which  being  compared  with  equation  2  of  Article  539,  shows,  IJkU 
the  feiiijth  i/a  ninple  otcillatinff  pendxdum,  making  a  given  number 
oftvudl  rlouble  oscillalionB  in  a  second,  w  tensibly  equal  to  the  height 
v/a  revolving  pendtdum,  making  t/ie  same  numher  of  revolutions  in 
a  s«<xnul. 

When  the  amplitude  of  oscillation  becomes  of  conisidcrablo  mag- 
nitude, the  i)criod  of  osoiUation  is  no  longer  sensibly  iuJejKiudent 
of  the  length  of  the  arc,  but  becomes  longer  for  greater  am])litudes, 
according  to  a  law  which  can  be  expressed  by  an  elliptic  function, 
but  which  it  is  unnecessary  to  explain  in  this  treatise.  (See  Le- 
gendre,  Traiti  des  Fonctions  elliptique.i,  vol.  i.,  chap.  vLLi.) 

545.  Crcloidai  Peiidniani. — In  order  that  the  oscLUations  of  a 
aimple  pendulum  may  be  exactly  isochronous  (or  of  equal  duration) 
for  all  amplitudes,  the  bob  must  oscillate  in  a  curve,  the  lengths  of 
whose  arcs,  measured  from  its  lowest  jioint,  are  proportional  to  the 
aines  of  their  angles  of  declivity  at  their  upper  ends,  to  which  sines 
the  moving  forces  at  those  upper  ends  are  proportionaL  That  this 
may  be  the  case,  the  radius  of  cur^'atiire  at  eadi  point  of  the  curve 
must  be  proportional  to  the  cosine  of  the  declivity :  the  greatest 
radius  of  curvature,  at  the  lowest  point  of  the  curve,  being  equal  to 
I,  as  given  by  equation  1  of  Article  A44 }  and  from  Article  390, 
case  3,  eqimtion  6,  it  appears  that  such  a  curve  is  a  cycloid,  traced 
by  a  lolliing  circle  whose  radius  is 


I 


■CM 


Sk 
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It  IB  well  known  tliat  a  cycloid  is  the  inrolnte  of  an  equal 
simibir  cycloid.     Hence,  in  fig.  237,  Ift  C  F,  C  G,  Iw  a 

cycloidal  cheeks,  dt8crit:>od  liy  mU 
circle  of  the  radius  r^  on  a  horizoul 
line  traversing  C  ;  let  C  A  K*  a  fl^ 
iblc  lino,  fixed  at  C,  and  bav-ing  u  I 
at  A,  its  length  being  J  =  4r„  =  < 
=:  the  length  of  each  of  the  sea 
cycloi.la    C  F,    C  G.     Then    as 
pendnliim  C  A  swings   Victween 
cycloidal    cheeks,   the  l>nb   oscU' 
in  an  arc  of  the  cycloid  F  D  (" 
double  oscillations,  for  all  amplitudes,  have  exactly  the  p 
time  given  by  equation  1  of  Article  544,  U'iiig  that  of  a 
lution  of  a  revolving  pendulum  of  the   height   C  I> ;   and 
motion  of  the  bob  in  its  cycloidal  path  foUovv-a  the  kw  of  stmi^ 
oscillations  de^cribti-d  in  Article  542. 

546.  Rnidnni  Forcw. — K  two  bodies  be  acted  upon  at  ev 
instant  by  imbalanecd  forces  -which  arv.-  p-iiiUlel  in  direction,  i 
proportional  to  the  masses  of  the  borlics  in  magnitude,  the^ 
lions  of  the  motions  of  those  two  bodies,  irlatively  to  a  fixe 
,  whether  by  change  of  velocity  or  by  dl!^•iation,  are  idmull 

nd  equal;  so  that  their  motion,  rchitivoly  to  each  other,  i»  tliw 
^eame  with  that  of  a  pair  of  Iwdics  acted  up<in  by  no  force  or  by 
balanced  forces ;  that  is,  according  to  the  first  law  of  motion,  Ar*ifW 
510,  that  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  unbalanced  fonx» 
whatsoever,  and  if  &om  the  force  acting  on  B  there  be  taken  twoji* 
force  parallel  to  that  acting  on  A,  and  projx)i-tional  to  the  taMe  of 
B  (in  other  words,  if  with  the  actual  force  acting  on  B  there  l* 
combined  a  foi-ce  equal  and  opposite  to  that  wliidi  would  make  the 
motion  of  B  change  in  the  same  manner  with  that  of  A),  tl^ 
resultant  or  residual  unbalanced  force  acting  on  B  is  thn' 
spoiuling  to  ific  rariallons  of  the  motion  o/*B  i    '         'A 

This  is  the  exact  statement  of  the  case  of  a  i  K    .    i '  1 ' 

snrface.     From  the  total  attraction  betwwn  the  bmly  .i: 
is  to  be  taken  away  the  deviating  force  neccs.sary  to  tnr. 
iiccompony  tlie  earth's  surface  in  its  motion,  by  rev 
round  the  earth's  axis  once  in  a  sidereal  day  (A  i 
residval/oree  is  the  weight  of  the  Iwdy,  W  =  g  m,  whn 
its  motions  rdatiixly  to  the  earth's  mir/ace.     Th\is  the  ■ 
tho^  co-efficient  ij  in  different  localities  of  tin;  • 
diflercnt  elevations,  expifssed  by  the  fominlie  ol    ■  ._ 

<lnf>  partly  to  \aritti\ot»  kX.  dtvojction,  and  portly  to  variations  of 
deviating  fiirce. 
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When  bodies  are  carried  in  a  gliip  or  vehicle,  and  are  free  to 
move  with  respect  to  it,  then  when  the  ship  or  vehicle  varies  its 
motion,  the  bodies  in  question  perform  motions  relatively  to  the 
ship  or  vehicle,  such  as  would,  in  the  case  of  the  uniform  motion  of 
the  ship  or  vehicle,  be  produced  by  the  application  to  the  bodies  of 
forces  equal  and  contrary  to  those  which  would  moke  them  accom- 
pany the  ship  or  vehicle  in  the  variations  of  its  motion. 


SEcnON  3. —  TransfomuUlon  ofEnerijy. 

547.  Tlie  Acwai  Encrxr  of  a  moving  body  relatively  to  a  fixed 
point  is  the  product  of  the  mass  of  the  body  into  one-ltalf  of  the 
tquare  of  its  velocity,  or,  as  Article  533  shows,  the  product  of  the 
uxiijhl  of  tho  body  into  the  hcigfU  due  to  its  velocity;  that  is  to  say, 
it  i»  representetl  by 

OT»^_WV  ... 

3    ~  2jr  ^   ■' 

Tho  product  m  «*,  the  double  of  the  nctiiul  energy  of  a  body,  was 
formerly  colled  its  vis-viva.     Actual  encrgj',  being  the  product  of 

.  weight  into  a  height,  is  expressed,  like  potential  energy  and  work, 

i/tiot-pounds  (Article  513,  514). 

548.  c«ap«itcn»  of  Aciuni  Enrrsr- — The  actual  energy  of  a  body 
(unlike  its  momentiun)  is  essentially  positive,  ajid  irre-spcctivo  of 
direction.  Let  tho  velocity  v  be  resolved  into  three  components, 
<i X  dy  d z 

-J-,  -TT,  -j-,y  parallel  to  thi-ce  rectangular  axes;  then  tho  quantities- 

of  actual  energy  due  to  those  three  components  respectively  are 

W     dj^     W^    rfy"     W     rf^ 
~2y'  dt"  2g  •  7?'  2<j'  </«•• 


Bat  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  components,  or 

df'^df  "^  dt" 

tlifrefore  the  actual  energy  of  the  body  is  simply  the  sum  of  the 
actual  energies  due  to  tho  rectangular  componeuts  of  its  velocity. 

549.     SumwwJ  ofVarte*  niollaii. — TUEOBEM  I.    A    devicUiftg  foTM 

proditees  no  change  in  a  body's  (u^tial  energf/,  because  such  force 
produces  change  of  direction  only,  and  not  of  velocity;  and  actual 
energy  is  irrespective  of  diirectiou,  and  depends  on  velocity  only. 

Theorem  II.  The  increase  of  actual  mergy  produced  by  an  un- 
balanced effcni  is  e(piai  to  the  potential  energy  exerted.  This  theorem 
is  a  consequence  of  the  second  law  of  motion,  dQd\ic«\«&^'&.'aN(%  -< — 


■--*** 
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Let  TO  =  W  -^  jr,  be  the  mass  of  a  moving  body  acted  ujion  by" 
rffort  P,  and  a  resistance  R,  the  effort  being  the  greater,  so  tliiit_ 
there  is  an  unha/anced  effort  P  —  R;  and  in  the  first  place  Itt  i " 
unbalanced  effort  be  constant     Then  the  body  is  umformly  i 
lerated ;  and  if  its  velocity  at  the  l>eginuing  of  a  given  int 
time  A(  is  v„  and  it«  velocity  at  the  end  of  that  interval  c^  j 
increase  of  the  body's  momentum  is 

W 


-  (r. -r,)  =  (P-R)At. 


Because  of  the  uniformity  of  the  acceleration  of  the  body,  its  I 
velocity  is  -^^ — ■',  and  the  distance  traversed  by  it  ia 

Let  both  sides  of  equution  I  bo  multiplied  by  that  mean  velocity; 
the  following  equation  ia  obtained  : — 


2g 


=  (P  — R)4«;. 


.(i) 


Bow  the  first  side  of  this  equation  is  the  ineretue  qftlte  '" 
^  mergy,  and  tlie  second  is  the  poieiUial  erterfft/  tBerteti 
balanced  effort. ;  and  those  two  quantities  arc  wjual. — Q.  E.  L>. 

^Vhen  the  unbalanced  effort  NTirii.'S,  let  d  «  be  taken  to  dimuk^H 
distance  in  which  it  varies  less  than  in  any  given  i)roj)ortion,  ifflT 
d  •  i*  the  change  in  the  square  of  the  velocity  in  that  distAuoo ;  tbm  i 


Wd-v*       Wvdv 
2ff      ~       9 


=  {r-Jt)d>; (3 


or  if  «,,  «»  denote  the  two  extremities  of  a  finite  portion  of) 
body's  path, 

^^^^=iy-B,4.. p., 

Theorgh  IIL  The  diTninution  of  actual  energy  produced  i 
wibakmeed  miitance  is  eqttal  to  the  work  prrfarmed  in  nvnnnij  nya 
the  mittanoe.    This  is  a  consequence  of  the  second  law  of  moti 
demonstrated  by  considering  R  to  be  grrater  than  P  iu  the  i 
tiona  of  the  preceding  theorem;  so  that  equation  1  become* 


^(t-.  — r,)  =  (R  — P)A|;. 


.(*•) 


equatiou  2  Vkscotobs 
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W(tf  —  v^ 


=  (R  — P)a«; 


.(«.) 


tuation  3  and  3  A  become 


^(R  — P)d« (6.) 


=  r\R  — P)d«. (6  A.) 


'^9  'J 

•W(t>?  — t^ 

550.  EnerBT  Sioreii  nnd  RcKioird. — A  body  alternately  accelerated 
and  retarded,  so  as  to  be  brought  bock  to  its  original  speed,  per- 
forms work  by  means  of  its  retardation  exactly  equal  in  amount  to 
Ie  potential  energy  exerted  in  producing  its  acceleration;  and  that 
louut  of  energy  may  be  considered  as  stored  during  the  accelera- 
m,  an<l  reMored  during  the  rettu-dation. 
551.  The  Tni»ramiiuia«  of  Encrgr  ia  a  term  applied  to  sacli 
■processes  as  the  expenditure  of  potential  energy  iji  the  production 
of  an  equal  amount  of  actual  energy,  and  vice  versa. 

■  S52.  The  (.'onavmiUva  of  Earrcr  ia  Tnrlcd  notion  is  a  fact  Or 
bciple  expressed  by  combining  the  Theorems  II.  and  III.  of 
-Article  549  with  the  delinition  of  stored  and  restored  energy  of 
Article  550,  and  may  be  stated  as  follows  : — in  ««»/  intervcU  of  time 
during  a  body's  motion,  the  potential,  energy  exerted,  added  to  the 
«»««r?y  restored,  is  eifual  to  the  energy  stored  tuJded  to  tfte  work  per- 
/ormed.  This  principle,  exprtased  in  the  form  of  a  differential 
nation,  is  as  follows : — 

Pd,_Wll^_Iirf,_0; (1.) 


IflOOl 


which  includes  equations  3  and  6  of  Article  549;  and  in  the  form 
integral  equation, 


JFdt 


(2.) 


3.  Periodical  inoiion. — If  a  body  moves  in  such  a  manner  that 

riodically  returns  to  its  original  velocity,  then  at  the  end  of 

period,  the  entire  variation  of  ita  actiial  energy  is  nothing ; 

;d  in  each  imch  period  the  wliolo  jK>tential  energy  exerted  is  equal 

to  the  whole  work  performed,  exactly  as  in  the  case  of  a  bodyl 

l^•ing  nnifonnly  (Article  517). 

i£o4.  neararra  of  Unbaiiuced  Force. — From  Articles  530  and  531, 
from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
iced  force  may  be  computed  in  two  ways, — either  fromtho 
ige  of  momentum  which  it  produces  by  acting  for  a  given  time, 
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or  by  the  change  of  energy  which  it  prodnoes  by  acting  along  • 
given  distance.  Both  those  ways  of  computing  are  expressed  iit  tbc 
ioUowing  equation : — 

p_W  crr_W  vdv 

~  g    dt~  g  '   ds' 

and  each  ia  a  necessary  consequence  of  the  other ;  yet  in  fon 
times  a  fallacy  prevailed  that  they  were  inconsistent  and  ecu 
(lictory,  and  a  bitter  controversy  long  raged  between  their  i 
live  portizaus. 

555,   Bbmst  due  la  OUiqae  Force. — It  has  alrr-  '- 
in  Chapter  L  of  tin's  Part,  and  especially  in  Artir' 
unbalanced  force  F  acts  on  a  l)o<ly  while  it  moves  mi 
tance  ds,  making  the  angle  i  with  the  direction  of  ti' 
product 

F  cos  <  •  da 

represents  the  energy  exerted,  if  *  is  acute,  or  the  work  perfa 
if  <  ia  obtuse,  during  that  motion.     Now  that  protlnct  mnyj 
treated  mathematically  in  two  ways  :  either  as  the  product  ob 
cos  ^  =  P  (or,  as  the  case  may  be,  F  cos  (x  —  *)  =  R),  the  cum[i 
of  the  force  along  the  direction  of  motion,  into  d  »,  the  motion  jj 
as  the  product  of  F,  the  entire  force,  into  cos  *  •  </».  the  con 
of  the  motion  in  the  direction  of  the  force.     The  former  : 
that  pursued  in  the  preceding  Articles  ;  but  occosionaUy  ' 
may  be  the  more  convenient.     For  example,  when  the  for 
either  directed  towards  or  from  a  central  jxiint,  or  is  alwrt\ 
jiendicular  to  a  given  surface;  let  z  denote  the  distance  of  tl 
at  any  instant  from  the  ceiitnil  point,  or  its  normal  distaui.' 
the  given  surface,  as  tho  cast'  may  be ;  then 

dz=cosS-ds (1.) 

is  the  component  of  the  motion  of  tlie  body  in  the  direction  of  s. 
The  force  F  is  to  bo  treated  as  positive  or  negative  acconi ••■■..•  ■^■' 

it  tends  to  increase  or  diminish  z.     Then  iff,,  t'j,  be  the  vi  I 
K,of  tho  body,  and  s^,  su,  its  distances  from  the  given  point  or  am  im  •-- 
Hit  the  beginning  and  end  of  a  given  interval,  the  change  of  its 
Victual  eneigy  in  that  interval  is 

^^^=rYcosrd.=  rFd.; (2.H 

2g  J  ^  J  'I  '  ^  H 

and  if  F  is  either  constant,  or  a  function  of  x  only,  tJw  volocity  <r' 
V  varies  with  s  alone. 

This  princip\c,  as  a,YV\vid  \a  the  force  •  ' 
fiurfiice,  has  alrcaAy  Viviea  \W\]*iVto.\.4iW3x  X  .   ■...>, 
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for  in  tliat  case,  z  denotes  tbe  elevation  of  the  body  abore  a  given 

Irel,  F  =  —  W  (because  it  ttiads  to  diminiali  s),  and  thereforo 
B5 


.(3.) 


-J/ 
•was  formerly  proved  by  anotlicr  process. 

£.56.  A  BcciprocminB  Force  ij  a  force  which  acts  alternately  as 
an  clTort  and  as  an  equal  and  opposite  resistance,  according  to  the 
direction  of  motion  of  the  body.  Such  a  force  is  the  weight  of  a 
body  which  alternately  riscg  und  falls ;  or  the  attraction  of  a  body 
irards  a  point  from  wliich  ita  distance  periodically  changes.  Such 
force  is  the  force  F  in  the  lust  Article,  when  it  is  constant,  or  a 
ction  of  z  only ;  and  such  is  the  elasticity  of  a  perfectly  cloHtio 
ly.  The  work  which  a  Iwdy  performs  in  moving  against  a  reci- 
ting force  is  employed  in  increasing  iia  own  potential  .energy, 
and  is  not  lost  by  the  body. 

1657.  The  Toiai  Enercr  of  a  body  is  the  sum  of  its  potential  and 
ttial  energies.  It  is  evident,  that  if  at  each  point  of  the  course 
a  moving  body  its  total  energy,  or  capacity  for  j)erforming  work, 
added  to  the  work  wliich  it  has  already  performed,  the  sum 
iKt  be  a  constant  quantity,  and  eqnal  to  the  INITIAL  EXEnov  which 
)  body  pos.Mis.'icd  l)cfore  begiuniug  to  perform  work.  If  a  Injily 
pfomis  no  work,  its  total  energy  is  constant ;  and  the  same  is  tho 
Ciisc  if  its  work  consists  only  in  moving  iUelf  to  a  place  where  itx 
jwttntial  cneriji/  is  greater,  that  is,  moving  against  a  reciprocating 
force  ;  and  tlie  increase  of  potential  energy  so  obtained  being  taken 

t  account,  balances  the  work  performed  in  obtaining  it. 
xample  1.  If  a  body  whost;  weight  is  W  be  at  a  height  s,  nbovo 
ground,  .and  bo  moving  with  the  velocity  v,  in  any  direction, 
iu  initial  total  energy  relatively  to  the  gronnd  is 

L         ^{''*T-)-- ('■) 

of  ■which  Wsi  is  jiotential  and  "W  -^  octnaL     Supposing  the  body 

to  have  moved  without  any  resistauce  except  such  as  may  ariM 
from  a  component  of  its  own  weight,  which  is  a  reciprocating  force, 

t different  height  s,  abovo  the  ground,  its  total  energy  relatively 
B  ground  is  now 

being  tbe  mme  in  amount  as  before,  but  differently  divide 
the  actual  and  potential  forms. 


W 


(=-+f;)^ w 
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Examfle  11.  Should  the  motion  of  the  body  be  opposed  bj 
resistance  such  as  friction,  which  is  not  a  reciprocating  force,  t' 
the  total  energy  in  the  second  position  of  the  body  is  diminishe 

^  (^+f|)  =  ^  (='  +  ^,)-/^''' <'•)' 

Example  III.  Let  a  body  oscillate  (as  in  Article  542)  in  a  straight 
ne  traversing  a  central  point  towards  which  the  body  ia  tiTged  I    " 
I  force  varying  as  the  distAnce  from  the  point ;  let  x,  be  the  scl( 

aplitude  of  oscUlation,  x  the  displacement  at  any  instant, 

—  Q  X 
the  greatest  value  of  the  moving  force,  so  that —  is  the 

for  the  displacnment  x.  Then  when  the  body  is  at  its  ext 
displacement,  its  actual  energy  is  nothing ;  and  its  total  ene 
which  ia  all  potcntiiU,  is 


t/>^"^ 


Qi*. 


.aj 


When  the  body  is  in  tljo  act  of  p.-issing  the  central  point,  its  f" 
tial  energy  is  nothing,  and  its  total  enci-gy,  which  is  now  all  ac 
is  in  amount  the  same  as  before,  viz. : — 


WrJ 
'^9 


Q.«., 

1    ' 


.(5.) 


r,  being  the  maximum  velocity.  At  any  intermediate  poiat,  the 
total  energy,  partly  actual  and  pai-tly  potential,  is  still  the  aune, 
Ixjing 

"Ww   ,    Qa:       Wi^     .   ,    ,,Q,x,  ,      Q.e,        ... 

-5—+— 5-  =— — °-sui»o<  +  -:5--cos  af=-P;...(C.) 


2ff 


■where,  as  before,  a=^irn;  n  being  the  number  of  double  • 
tions  in  a  second.  For  the  elliptic  oscillations  of  Article  ■'■ 
total  energy  of  the  body  is  at  each  instant  the  sum  of  the  • 
ties  of  energy  due  to  the  two  straight  oscill.itions  of  wli, 
elliptic  oscillation  is  compounded  ;  and  for  a  liody  rcrolvii. 
circle,  and  urged  towards  the  centre  by  a  deviatjng  force  ] 
tional  to  the  mdius  vector,  the  total  energy  relatively  to  the  ccutrc 
is  one-half  actual  and  one-half  potential,  viz. : — 


.r.) 
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^V       Sbction  4. —  Varied  Traiwlation  of  a  SysUm  of  liodies. 

B5S.  Coawnrslion  •mamcBiam. — THEOREM.  I'he  rWlllMl  OCtwna 
of  a  siislem  of  bodies  cannot  duinge  their  remdtant  mamenluvi.  (Re- 
RoltaQt  momentum  has  been  defined  in  Ai-ticle  ,'i24.)  Every  force 
is  a  pair  of  equal  and  ojiposite  actions  between  a  pair  of  bodies  ;  in 
any  given  interval  of  time  it  constitutes  ii  jwiir  of  equal  and  oppo- 
site impulses  on  those  bodies,  and  produces  equal  and  opposite 
momenta.  Therefore  the  momenta  produced  in  a  system  of  bodies 
by  their  mutual  actions  neutralize  each  other,  and  have  no  result- 
ant, and  cannot  change  the  resxiltant  momentum  of  the  system. 

559.  MolioB  of  Cenlni  of  Orarifr. — CoROLLABY.  The  variations 
of  the  motion  of  the  centre  of  grnrity  of  a  gi/ntem  of  bodies  are  te/ioUi/ 
produced  bi/ forces  exerted  by  bodies  external  to  the  si/stem;  for  the 
motion  of  the  centre  of  gravity  is  that  wliich,  being  multiplied  by 
the  total  mass  of  the  s\-8tcm,  gives  the  resultant  momentum,  and 
this  can  be  varied  by  external  forces  only. 

It  follows  that  in  all  dynamical  questions  in  wliich  the  mutual 
actions  of  a  certain  system  of  lx)dies  are  alone  considered,  the  centi-o 
of  gravity  of  that  system  of  bodies  may  be  correctly  treated  as  a 
point  whose  motion  is  none  or  uniform  ;  because  its  motion  cannot 
be  changed  by  the  forces  under  consideration. 

500.  The  Aagniar  namcainni,  relatively  to  a  fixed  point,  of  a 
body  having  a  motion  of  translation,  is  the  product  of  the  momen- 
tum of  the  body  into  the  perpendicular  distance  of  the  fixed  point 
from  the  line  of  direction  of  the  motion  of  the  body's  centre  »( 
gravity  at  the  instant  in  question  ;  and  is  obviously  equal  to  the 
product  of  the  mass  of  the  l>ody  into  double  the  area  swept  by  tho 
radius  vector  drawn  from  the  given  point  to  its  centre  of  gravity 
in  an  unit  of  time.     Let  m  bo  tlie  mass  of  tho  body,  v  its  velocity, 

re  length  of  the  bcfore-nieutioned  per|>euilicular ;  tlicu 
,      Vt'vl  _ 

mvl  = M 

^  .  .  1 

is  the  angular  momentum  relatively  to  tho  given  point. 

Angular  momenta  are  comiwunded  and  resolved  like  forces, 
each  angular  momentum  being  reprewmted  by  a  line  who.>«  length 
is  proportional  to  the  magnitude  of  the  angular  momentum,  and 
whose  direction  is  j)erpendicular  to  the  plane  of  the  motion  of  tho 
body  and  of  the  fi-xed  point,  and  such,  that  when  the  motion  of  the 
body  is  viewed  from  tho  extremity  of  the  line,  tho  radius  vector  of 
the  body  seems  to  have  right-handed  rotation.  The  dirt^ction  of 
Buch  a  line  ia  called  the  aaris  of  the  angular  momentum  wliich  it 
jttpresents.  The  resultant  angidar  momentum  of  a  system  of  UxlieM 
^Bthe  resultant  of  all  their  angular  momenta  TelnitivcV}  \a  'Oncvc 


5oa 
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common  centre  of  gravity;  and  the  axis  of  that  resultant  onTulnr 
momentum  is  «ilk'd  the  axis  ofnivjuhxr  moinrtiium  of  the  - 
The  term  mufular  momentum  was  introdiicpd  by  Mr.  Haywi. 
561.  Aasnlar  imituiM  is  tlie  product  of  tho  moment  of  a  > 
of  forces  (Article  29)  int<5  the  time  during  which  it  acts.     L^i  !•  ..^ 
the  force  of  a  couple,  I  ita  leveruge,  and  d  I  tho  time  during  whicli 
it  oct^  then 

Yldt 

is  angular  impulse.    Angular  impulses  are  compoonded  and  rcsolr«d 

like  tho  momoDts  of  couploa. 

5()2.    Rclaliona   of  Aasnlar   Iropnlac   nad   Auisnlar   ilfo^uMBaii^— 

Theorem.   7'/i«  variatioii,  in  a  ijiurn  tlniv,  nfthe  nuijulnr  monumtum 
of  a  bodi/,  in  cjmil  lo  l/ie  anf/ular  impulsr:  ftrodiwimj  iJuU  vu, 
and  lias  tlic  same  axis.     This  is  a  consequence  which  in  il 
from  tho  second  law  of  motion  in  tho  following  manner  : — C'l 
^an  unbahmced  foivo  F  to  lie  applied  to  a  body  m,  and  an     , 

pposite,  and  jKirallel  force,  to  a  tiixed  point,  during  the  int<jrvul  dl; 

nd  let  I  be  the  per{)cndicular  distance  fi-om  the  fixed  point  to 
lino  of  action  of  the  first  force.     Then  the  couple  in  quetitiou 
the  angular  impulse 

FldU 

At  tlic  same  time,  the  body  vi  acquires  a  variation  of  momcstinn 
in  the  dii-ection  of  the  force  applied  U)  it,  of  the  amount 

vtdv=.F  dl; 
80  that  rehitivcly  to  the  fixed  point,  the  variation  of  the  body's 
angular  momentum  is 

mldv  =  Fldt; (1.) 

being  equal  to  the  angular  impulse,  and  having  the  Game  oxiA— 
Q.  E.  D. 

5(53.    Contvrmlim  of  Angular  namrnlam. — TlIEOnir<t.    Tkr  rvwr^f. 
aiit  anffular  nwmentum  of  a  synti'm  of  bodien  cani 
Wfir/iiitude,  1WT  in  Uie  dirtclion  of  ita  aaeif,  by  t/ic  m 
the  bwiian. 

Considering  the  common  centre  of  cravity  of  the  frv-«t.iii  of  ImkII.s 
as  a  Ibced  p<nint,  conceive  that  for  cuch  force  with 
Iwdies  of  the  system  b  urged  in  virtue  of  the  comln  i 
the  other  bodies  ujjon  it,  there  is  an  equal,  oppoaite,  and  j 
force  applied  to  the  common  centre  of  £T:i\!tv    mi  -.it  Ij 
cou|)le.     The  forces  witli  which  the  b<><! 
equal  and  opposite  in  pairs,  and  their  rt 
fore,  the  resultant  of  the  ideal  forces  conci  mo 

cuatre  of  gravity  is  nothing,  and  tho  sup]  ■  lui 

cot  effect  tho  ct^uViiVmvwa  ox  ■cwA.viw  >  ■ 
rustiltant  of  aU  iVic  co\i\iVea  tima  forois-A  .,  , k.,.^ 
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resnltont  of  their  angular  impulses  is  nothing ;  therefore,  tho  rosuU- 
ant  of  the  sevcrol  \jiriittiiius  of  uugiiliir  nionrifiitiim  rirr)duc<>fl  l.y 
those  angular  inipulsc-s  is  nothing;  therefore,  the  resulUuit  iingiiliir 
momentum  of  the  system  is  iuvuriuble  in  amount  and  in  tho  dirue- 
tion  of  its  axis. — Q.  E.  D. 

This  theorem  is  sometimes  called  the  principle  of  the  conseiration 
qfartas.  When  applied  to  a  system  cousisting  of  two  bodies  ouly, 
it  forma  one  of  the  laws  discovered  by  Kepler,  by  obson'ation  of 
the  motions  of  the  planets. 

In  considering  tlie  reliiti\ij  motions  of  a  sysUim  of  lM)dii<H  lu 
depending  ou  their  mutual  actions  only,  the  txxia  of  angular  uionien- 
turn  may  be  treated  as  a  fixed  direction,  as  nlri-iulr  stiitod  in  Article 

«8.     A  piano  perpendicular  to  the  axis  of  iiiigular  uomentuiii  I* 
Jed  by  8<jmo  wi-itew  the  invariable  plane.     The  nearcRt  appi-<>iicli 
an  absolutely  tLxed  direction  yet  known  is  tho  invuriublo  axio  of 
the  discovered  bodies  of  the  solar  system. 

564.  Acnnl  Encrmr  ar  a  8TM«m  of  Bodlea. — TlIKORDt.  Thenchial 
energy  of  a  systitm  of  bodies  relatively  to  n  point  e-v/nnial  to  tlui  tn/Hleni, 
W  the  gum  oftlie  actual  eneryiea  oft/ie  bodies  relatively  to  l/irir  eommon 
centre  ofrp-ainty,  added  to  (lie  actutd  energy  due  to  Uie  motion  of  the 
ma»a  of  the  ic/iole  system  iviih  a  vdi>city  equal  to  that  which  iti  ci:iitr» 
of  gravity  has  rdativcly  to  the  external  point. 

Let  the  motion  of  each  of  the  bodies,  and  of  their  common  wntm 
of  grovity,  relatively  to  the  external  jioiut,  be  n.'Nolved  into  tlircn 
Eingulur  comiwnents.  L'^t  m  be  any  one  of  the  uiu.hhi'h,  uud  u, 
\y},  the  comjwnenta  of  its  velocity  i-elatively  to  the  cxU.Timl  |Kiint ; 
2  •  m  bo  tilt-  mass  of  the  whole  system,  and  «o,  r„  itv  *'"'  '-"ui- 
[lents  of  the  velocity  of  its  centre  of  gravity  wliilively  to  tho 
emal  point. 
^Conceive  the  motion  of  each  of  the  bodies  to  be  rcool  vod  into  twf) 
ts;  that  which  it  has  m  common  with  the  centre  tf  grant y  rein 
L'ly  to  tho  external  fioint,  and  that  which  it  has  relatvvdy  to  Hik 
centre  qf  gravity.     The  component  velocities  of  tho  iintt  jNirt  iiru 


•nd  thooe  of  tho  second  part 


«»  ^0,  w»; 


U Up  : 


tJo  =  «/;  W tPo  =  ' 


i  that  tho  components  of  the  ¥rha 
uted  by 

«  =  Mo  +  «';  «j 

tactual 


,  of  tho  bodjr  may  bi 


4^— 1(- 


508 


PniNCIFLES  OF  DVXAItiC& 


■which  being  developed,  tind  common  factors  removed  outside  1 
siigu  of  aummation,  gives 

i  ('«J  4-  fJ  4-  ipj)  •  s  n» 
+  «o  ■  2  ■ »«  m'  +  'o  '  s  ■  »•  «'  +  Wo  ■  2  "  r»  to 
+  i  I  •m(«'» +  «"  +  «;'). 

Biit  in  Article  524  it  baa  been  shown,  that  the  resnltant  mora^ffi 
of  11  »yntein  of  bodies  relatively  to  their  common  centre  of  gzuvj 
is  nothing;  that  is  to  suy, 

2  -mv.'  =  0;  3'jnv'  =  0;  s*mic'  =  0; 

Ro  that  the  above  expression  for  tlie  actitaJ  energj-  of  the  i 
becomes  simply 

tJ  (uj  +  rj  +tr5)  •  im  +  4  J  •m(u''  +  tf  +  u/^; (l.)1 

of  -wliich  the  first  term  is  </u!  actual  enenfi/  of  the  tcfuAa  mam  ot'tkt 
iti/tlem  due  to  the  motion  of  Vte  cattre  of  graxnti/  rrlai' 
>!.tl«mal  point,  and  the  second  term  is  <A«  mm  of  the  act' 
ofthe  bodies  relativeh/  to  ttieir  common  centre  of  i/rant;/. — (^  K   I>. 

Those  two  parts  of  the  actual  energy  of  a  sj-steni  may  be  distin- 
guished a«  the  exti^rnal  and  hilerncd  actual  vuur^. 

CoROLLAUT.  Thr.  mutual  actions  of  a  eystcm  oj  bodies  change  thtiir 
internal  actttal  energy  alone. 

505.   ConarrralUn  of  ■■irmal  Enrrgy. — LaW.    7%«  to(al 
energy,  actual  and  potential,  of  a  system  of  bodies,  cannot  be 
by  their  mutual  actioTis.     This  is  a  proposition  made  known^ 
by  reasoning  and  partly  by  experiment.     The  total  internal  en^ 
of  a  system  ia  the  sum  of  the  total  enersjies  of  the  bodie«  of  wi 
it  consists  relatively  to  their  common  centre  of  gravity, 
been  shown  in  xVrticles  549  to  557,  that  the  total  enet^  of  tt 
>x)dy  can  bo  diminished  only  by  performing  work  against  a 
ance  which  is  not  a  reciprocating  force;  in  other  words,  ngiunct 
irreversible  or  passive  resistance. 

Now  it  has  been  proved  by  experiment,  that  all  work  performed 
.against  passive  resistances  is  accompanie<l  by  the  production  of  an 
equal  amount  of  energy  in  a  different  form  (ns  when  friction  pp> 
ijuccs  heat) ;  therefore  the  total  internal  energy  of  a  system  of  Ujdiw 
cannot  be  changed  by  their  mutual  actions. — Q.  E.  D. 

Although  this  law  has  become  known  in  the  first  instance  by 
experiment  and  observation,  it  can  l)e  shown  to  be  necessary  to  tu 
porniaueut  existence  of  the  universe  as  actually  cou.stitutod.  H 

566.  Coiiiaian  is  a  pressure  of  inappreciably  short  dn  —  *- — :  hm 
tween  two  Ixidiea     Tlio  most  usual  problem  in  cases  ol  '  iM 

when  two  bodies  whose  masses  are  given  move  before  tin-  '-"^^hmm 
HI  one  straigbt  \me  Vvt,Vi  ^-veu  •s'SVwS.XMia.,  «Lu.d  it  is  required  ^^H 
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thuir  velocities  after  the  collision.  The  two  bodies  form  a  system 
■whose  rpmiltttiit  momeiitiiin  uad  internal  energy  are  each  unaltered 
1>y  the  collision;  but  a  certain  fraction  of  the  internal  energy 
<li8n))peats  as  visible  motion,  and  appears  us  vibration  and  heat. 

I      If  the  bodies  are  equal,  similar,  and  perfectly  elastic,  that  fraction 

'      i»  nothing. 

I  Let  m„  m^  be  the  masses  of  the  two  bodies,  and  w,,  u„  their 

velocities  before  the  collision,  whose  directions  should  be  indicated 

'      by  their  signs.     Than  the  velocity  of  their  common  centre  of  gra- 

I      vity  ia 

»«»="'!!'!!!:"'•; (!•) 
d 


«0  = 

m,  +  »«i 

Bd  this  is  not  altered  by  the  collision ;  neither  is  the  exleriwl 
Tc/y,  whose  amount  is 


(20, 


ft 


(m,  +  TO.)-i 

The  internal  energy  of  the  system  of  two  bodies  ia 
TO,  («,  -  «„)•  ,  m,(M, -«.,)' 
2 "^  2 ^  ' 


^TVheu  the  bodies  strike  together,  this  actual  internal  energy  is 

^HBpended  in  altering  the  tigrircs  of  the  bodies  at  and  near  their 

^Hnrface  of  contact,  in  oppo.<;ition  to  their  clastic  force.     So  soon  as 

^^Kie  relative  motion  of  the  bodies  has  been  thus  stopped,  the  elastic 

P^brce  begins  to  restore  tlieir  figures,  and  drive  them  asunder;  and 

if  they  were  equal,  similar,  and  perfectly  elastic,  it  would  rpjiroduce 

all  the  energy  of  relative    motion   given    by  the  formula  3,  so 

that  the  bodies  would  separate  with  veJocities  relatively  to  theii- 

^^ommon  centre  of  gravity,  equal  and  opposite  to  their  original 

^Helocities  relatively  to  that  point ;  that  is  to  say,  with  the  velocitiei> 

^Telat 


atively  to  the  common  centre  of  gravity,  and  the  velocities 

».  =  2M,-w„r,=  2Mo-M„ (4.) 


relatively  to  the  earth.  But  ns  a  certain  proportion,  which  may  be 
denoted  by  1  —  k";  of  the  internal  actual  energy  takes  the  form.!* 
of  internal  vibration  and  of  heat,  the  internal  actual  energy  duo  to 
visible  motion  after  the  collision  is 


2  "^  2 


he  velocities  of  the  bodies,  relatively  to  thoir  00»"» 
gravity,  after  the  collision,  are 


■  10 
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i-(f/,-«,),  k{n^-H^; 
niifl  their  velocities  relatirely  to  the  earth  are 


.(C-) 


Should  the  bodies  be  perfectly  soft,  or  inda^xc,k  =  (i;  in  which  i 

»,  =  r,=»A.; «....(7.] 

thiit  is,  the  l)odic\s  do  not  fly  asunder,  but  proceed  tojTp,thLT  with  I 
vdocity  of  their  corara<.iu  centre  of  {fravity.    (Si'C  Adiiftuiuiii,  p.."»ll 

567.    The  AclUn  of  ITBbnlaBcrd  Czteroal  FarcoB  OQ  .' 
bodies,  considered  as  a  whole,  is  to  vary  the  resultant  i, 
uiid  the  residtaut  angular  momentum.      It  lias  been  ishuuu  in 
Ai-ticle  60,  that  every  .system  of  forces  can  be  reduced  to  a  «in2:li? 
force  and  a  couple.     The  system  of  forces  applied  to  a  syst 
bodies  is  to  be  reduced  to  a  single  force  acting  through  fhi- 
of  gravity  of  the  system,  and  u  couple,  as  shown  in  eqi  i 
7,  t>,  of  Article  60  ;  then  iji  a  given  interval  of  time,  tli' 
of  resultant  momentum  of  the  Bysteui  Ls  equal  to  and  in  tin 
tion  of  the  impulse  of  the  singlt)  resultant  force,  and  the  \xi.\ 
of  angidar  momentum  is  equal  to  the  aogohir  impoUc,  and  about 
the  axis,  of  the  resultant  couple. 

To  express  this  by  general  equations,  let  the  components  of 
momentum  of  any  mass  m  belonging  to  the  system,  whose  i 

dx       dy        d: 


gnlar  co-ordinates  are  x,  y,z,he  m 
nites  of  variation  of  these  com|>onents  are 


di'  "'Tt^'^df 


Hun 


d^x       d'y       d'z 


dt' 


""Tf^^df 


.{l.>. 


Also,  the  rectangular  components  of  the  angular  momentum  of  1 
mass  are 

abo«t«,m(.<^'-y^);abouty.,«(,.li-»j;^); 

about,.  ^(.,^-4^). (2.,^ 

whose  rates  of  variation  aro 

^  /   d'y       d'i\         (  d?z        iPx\ 
'"(^5/-''??)'"'('^-'j?)'i  „, 
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fill 


Let  F„  Fp  F„  lie  tho  components  of  the  force  extenially  applied 
to  a  point  wlioxo  ovonlimvtes  are  x,  v,  -.  Tbt-n  liy  the  e<iuiility  of 
the  resultant  LmpviNe  to  tlio  variation  of  resultant  momentum. 


..(4) 


Ikd  bv  the  equality  of  the  restiltant  angtilar  impulse  to  tte  varia- 


{=(r.-..-f)-,(..-™-)}.o; 
|.(r.-™-)-.(p.-„-)}=o, 

{,(F.-„^-)-.(F.-™j_V)}  =  0, 


■(«■> 


■^Bfo: 

1       .%-_    ./r,- 


The  use  of  those  equations  is  to  determine  the  effect  of  a  given 

-ti'in  of  external  forces  on  a  system  of  bodies  when  the  relations 

uiiii'iiKst  the  motions  of  those  bodies  are  known,  without  taking  into 

■ration  the  internal  forces  acting  between  the  Iwdies,  which 

forces  it  is  sometimes  difficult  or  impnteible  to  determine  until 

tlie  effects  of  the  external  forces  have  first  been  found. 

568.  DvwraiiimiiaB  of  Ibe  laiemal  Farces. — When  the  relations 
•which  exist  between  tho  motion  of  the  system  as  a  whole, — that  is, 
its  resultant  momentum  and  an>i:idar  momentum, — and  the  motions 
of  the  several  bodies  of  which  it  consists,  are  fixed  by  cinematical 
prindples,  then  the  motion  of  each  body  can  be  determined  when 
the  externally  applied  forces  are  known.  Then  if,  from  the  /otva 
txternally  applied  to  each  body  at  each  inttant,  there  ia  taken  awaif 
tkn  force  required  to  produce  t/ie  citange  of  motion  of  Uie  body  which 
laJaa  jilace  at  thai  instant,  the  remainder  mutt  be  balnnceil  by,  and 
erjuai  and  opposite  to,  the  internal  force  acting  on  the  body  in  que*- 
■  and  this,  which  is  the  PRraciPLE  or  D'Ai.«ibert,  serves  to 

I  mine  the  internal  forces.  Using  tho  notation  of  the  la«t 
ArTicle,  tlic  components  of  the  intcmul  fotoe  applied  to  a  given 
body  of  the  sj-.stem  are 


d^y 


'»^-^'' 


d^z 


^-^- 


B69.  RMMtmi  Eztrrnai  Forrrs. — If  the  resultant  cxtomal  force 
acting  through  the  centre  of  gravity  of  a  system  oi  \>«Av«.'\afe  wa.^ 
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posed  to  be  divided  into  (Kirallcl  coraponcnts,  each  applied  to 
of  the  bodies  and  proportiomd  to  the  mass  of  the  body  to  vhicli 
is  applied,  such  ■will  be  the  system  of  extcraal  forces  required  j 
make  all  the  Iwdies  of  the  system  have  equal  and  {lurallcl  moti4 
at  each  instant  in  common  with  tlieir  centre  of  gravity.     Then  ^ 
the  forces  so  determined  bo  taken  away  from  the  forces  actunik 
a|>plied  to  the  several  bodies,  the  residual  external  forces, 
combined  with   the   internal  forces,  will   constitute   those  for 
which  regulate  the  motions  of  the  bodies  relatively  to  their  < 
mon  centre  of  gravity  considered  as  a  iixcd  point. 

AcDENsuu  TO  Abticle  oGG,  -pagb  610. 

<'aliui«ii, — It  was  formerly  supposed  that  the  disiippearancc  oT 
energy  after  colliaion  was  wholly  due  to  imperfect  elasticity,  anil 
that  any  two  perfectly  elastic  bodies  would  fly  asunder  aft«?r  col- 
lision with  a  relative  velocity  equal  to  their  relative  velocity  of 
approach  before  collision.      But  M.  de  St  Venant  showed  that, 
except  when  the  bodies  are  similar  and  equal,  a  certain  quar'  — ' 
energy  disappears,  even  in  j)erfectly  elastic  bodieji,  in  pi^ 
internal  vibr.itions  of  each  body.     The  value  of  the  ci  > 
iK'ing  the  ratio  of  the  relative  velocity  of  the  recoil  to 
np|iriiach,  in  the  case  of  a  pair  of  perfectly  elastic  pr: 
striking  each  other  endwise,  is  given  aa  follnws:  let 
tlie  lengths  of  the  bars ;  /ij  and  p„  their  weights  per  unit  of  i 
*j   and  »2   the   velocities  of  tho  transmission  of  sound  (i. 

;  -*-:  and  alw  let 


of  longitudinal  vibrations)  along  them ;  let  -' 
*!  Pi  .^1  «2  Vi  j  ^J*  other  words,  let  -*,«;:  -?  and  : 


7'.' 


jt  —  j.^t^i  •K'iPg  Vi*z 1 


then 


"•ft 


;ji«,  +;^3«, 


Tlie 


As  to  tho  velocity  of  sound,  see  Article  615,  page  565. 
paper  of  SL  de  St.  Venant  is  published  in  full  in  tho  Joum   '  ^' 
Malhemaliques  purwet  appliqucea,  lJ!tC7;  and  an  abstract  iu  K 
of  the  more  siuqile  of  its  results  in  Tlie  Enginetr  for  the  15th  rco 
ruarr.  1807. 


513 


CHAPTER  HL 


B0TATI0N8  OF  RIOID    BODrca 


070.  The  niMioa  mc  m  BiRid  Uodr,  OF  of  a  body  which  Sensibly 
preserves  the  same  figiire,  has  already  been  shown  in  Part  HI., 
Chapter  II.,  to  be  always  caj>ablc  of  lieing  resolved  at  each  instant 
into  a  translation  and  a  rotation;  and  by  the  aid  of  the  i>rinci{)lca 
explained  in  Section  3  of  that  chapter,  the  component  rotation  can 
always  be  conceived  to  take  place  about  an  axis  traversing  the 
centre  of  gravity  of  the  body,  and  to  be  combined,  if  necessary, 
with  a  translation  of  the  whole  body  in  a  curved  or  stmight  jMith 
along  with  its  centre  of  giuvity.  The  variations  of  the  tnomeri- 
turn  of  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting  through  the  centre  of  g^ravity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tum of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angular  monienlum  of  the  rotation  are 
due  to  the  residtant  couple  which  is  combine<I  with  tliat  re- 
sal  tant  force.  The  variations  of  actual  energy  are  due  to  both 
causes. 

When  the  titinslation  of  the  centre  of  gravity  of  a  rotating  body, 
and  its  rotation  aliout  an  axis  traversing  that  centre,  are  known, 
the  motion  of  every  i>oint  in  the  body  is  detenuiued  by  ciueiiiatical 

Srinciples,  which  have  lieen  explained  in  Part  III.,  Chapter  II., 
ection  3  ;  so  that  by  the  aid  of  D'Alembert's  principle  (Article 
/>6S)  the  iiitcraal  forces  acting  amongst  the  [tarts  of  the  body  cau 
be  completely  determined. 

In  the  investigations  of  questions  respecting  the  motions  of 
rigid  bodies,  there  are  certain  quantities,  Hues,  and  |Kjint8,  de- 
|iiii'Iing  on  the  figures  of  tlie  lywlies,  the  mode  of  distribution 
"I  I  heir  masses,  and  the  way  in  which  their  motions  aro  (.niiilcl, 
^.il<':<l■  use  facilitates  the  undenttanding  of  the  subject  and 
till'  i^omputation  of  results,  and  which  are  related  to  Mch  othrr 
by  geometrical  pfrinciples.  Thc»c  or<^,  rnontmiii  of  wufiio,  r» 
ff  gyralian,  moments  of'  deviation,  and  etrUret  o^  JM 
Thiur  geometrical  relatioos  are  coumderwl  ia  tlte  totki 

t;..r.. 

2  1. 
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Section  1. — On  Moments  of  Inertia,  RatJli  ofGijration,  Momtnttof 
Deeintioii,  and  Centres  of  Perctmsum. 

571.  The  nomvni  or  incriim  of  on  indefinitely  small  body,  ar 
"  ])hysical  point,"  relatively  to  a  given  axis,  is  the  Hroduct  of  th« 
nuLsa  of  the  body,  or  of  some  quantity  proportiouRl  to  the  maw, 
such  as  the  -weight,  into  the  square  of  its  priwadicular  dibtance 
from  the  axis  :  thus  in  the  following  equntion  : — 


I  ,      Wt* 

-  =:mr  = ,. 

9  9 


•(!•) 


r  IB  tho  perpendicular  distance  of  tho  mass  m,  whoee  weight  ij< ' 
from  a  given  axis;  and  the  moment  of  inertia,  acconiing 
unit  employed,  is  either  I,  or  I  h-  ^ ;  tho  former,  when  the  ui 
the  moment  of  inertia  of  an  unit  of  weigfu  at  tlic  end  of 
wliose  length  is  unity;  and  the  latter,  when  the  unit  is  tlie  mon 
of  inertia  of  an  unit  of  mass  at  the  end  of  the  same  arm. 
puqioses  of  applied  mechanics,  the  foiiner  is  the  more  coax 
unit,  and  will  be  employetl  in  this  treatise. 

By  an  extension  of  the  tenn  "  moment  of  inertia,''  it  ia  appl 
Ito  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  ' 
lllie  sqiKtre  of  the  distance  of  tlie  point  to  which  that  quant 
slates  from  a  given  axis,  as  has  already  been  exemplified  in 
5,  and  in  the  theory  of  resistance  to  liending ;  but  in  the  rei: 
of  this  treatise  the  term  will  be  used  in  its  strict  sense,  and 
ing  to  the  unit  of  measure  already  specitied;  that  id,  in    • 
iieasures,  moment  of  inertia  will  be  expressed  by  the 
ertain  number  of  pounds  avoirdupois  into  the  squari; 
number  offset. 

The  geometrical  relations  amongst  moments  of  inertia,  to  vhiek 
the  present  section  refers,  ai-e  inde[K?ndent  of  the  unit  of  meMitrcL 

073.   The  n«aiFM  ar  inertia  or  n  9ri««a>  ar  PliTrtatl  r*ta«iw  rtlA- 

tively  to  a  given  axis,  is  the  sum  of  the  momentg  of  inerti*  of  th« 
several  points  j  that  is, 

I  =  3  •  W  r» (1.) 

573.   The  niameat  or  iBrnln  of  a  Riaid  Badr  is  the  sum   of  I 

moments  of  inertia  of  all  its  |Kirt«,  and  is  found  by  ini'iT- 
is,  by  conceiving  the  body  to  be  divided  into  smiiH 
figin-e,  multiplying   the  ninss  of  each  of  those  par 
of  tlie  distance  of  its  centre  of  gravity  from  the 

products  together,  and  finding,'  t'     ^    '    -  •  ' 

converges  ■wben  t\\e  a\w:  ol  \.V>' 

Por  example, Yet tXws \k)A'j \jc  o>ia';>,v.v.s.\.m  vi-iMw.v.-'.v^ ■.«.-( 
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Dlecules,  -vrhose  dimensions  are  d  x,  d  y,  and  d  *,  the  volume  of 
ch  d  X  d  y  d  s,  and  the  mass  of  unity  of  volume  «».     Then 


=  ///-^ 


w 


d  X  d  V  d  z. 


(1) 


Hence  follows  the  genend  principle  which  will  afterwards  be 

^feistrated  in  special  cases,  that  propositions  relative  to  the  goonic- 

^Bkal  relations  amongst  the  moment«i  of  inertia  of  systems  of  pointa 

sre  made  applicable  to  continuous  bodies  by  substituting  integration 

^p  ordinary  summation;  that  is,  for  example,  by  putting   /  /  / 

Hr  S,  and  w  •  d  x  d  y  d  z  tor  W. 

574.  The  RaaiiB*  mf  Grnnton  of  a  body  abont  a  given  axis  is  that 
length  whose  square  is  the  mean  of  all  the  squnres  of  the  distances 
of  the  indefinitely  smaU  equal  particles  of  the  body  from  the  axis, 
and  is  found  by  dividing  the  moment  of  inertia  by  the  moss,  thus, 


^~2W 


■    3-  W    ■ 


a) 


ben  symbols  of  inte^jration  are  osed,  this  becomes 
I  I  j  r^  US  '  dxdy  dz 


e= 


j  j  j  V)  •  dxdydz 


(3.) 


[  fi75.   Caapanfial*  »t  nomrnt  of  Inmla Let  the  positions  of  tho 

icles  of  a  body  be  referred  to  three  rectangular  axes,  one  of 
which,  O  X,  is  that  about  which  the  moment  of  inertia  is  to  be 
taken.     Then  the  square  of  the  radius  vector  of  any  particle  ia 

r»  =  y»  +  s'; 

,  ■&  liaA  the  moment  of  inertia  round  the  axis  of  e  is 

^  I,  =  >  •  W  y*  +  1  •  W  *•; (1.) 

that  is  to  say,  the  movieni  of  inertia  of  a  body  round  a  given  axU 
^/ay  be  found  by  adding  logklier  the  rum  of  Iha  products  of  tlte  massea 
^mt/ie  particles,  each  multiplied  by  the  square  of  eadi  of  its  distaivcs 
^pm  a  pair  of  planes  cutting  each  other  at  right  angles  wt  t/te  givt^ 

^ftjn   the  same  manner  it  may  be  shown  that  the  mom^ttf  ^H 
^Krtia  nt'  the  same  body  round  the  other  two  axes  on  H 

^■Dations  S 
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576.    namcBia    af   Incftia    B««a4    Panillol    Axe*    C'«ai|mtc4. — 

Theorem.  The  moment  of  inertia  of  a  body  about  any  rfivtn  ruM 
M  eqvuil  to  its  mommit  of  inertia  abvtU  art  axii  traversing  iiti  ceittrt 
offfTttvit;/  parallel  to  tins  ijiven  (wrw,  added  to  the  moiiuml  ofineriia 
about  l/te  givat  axis  d%t«  to  lite  whole  nuu»  o/tite  body  concentrated  at 
iln  centre  of  gravity. 

Take  the  given  nxia  for  the  axis  of  i,  nnd  any  two  plaues 
versing  it  at  right  angles  to  each  other  us  the  planes  of  a;  y 
s  x;  then,  as  in  the  preceding  Ai-ticle, 

T,  =  s' Wj/'+ J    Ws*. 

Let  ?/n»  So,  tJe  the  perj)endicular  distances  of  the  centre  of  gmrity  i 
the  body  from  the  two  co-ordinate  planes  before  mpntioncd  ;  ron- 
ocivc  a  new  axis  to  traverse  that  centre  of  gni%nty,  jiaraUcl  t"  thi" 
given  axis;   let  two  co-oi-dinate  planes  parallel    to    the   ■■: 
co-ordinate  planes  traverse  that  new  axis;  and  let  y,  «',  i 
perpendicular  distances  of  a  given  particle  from  thoso  Dow  co- 
ordinate planes.     Then 

y  =  2/.  + y;  «  =  "»  +  «; 

iind  introducing  those  values  of  the  original  co-ordinates  into  the 
A-aluc  of  I„  we  Iind 

I,  =  J  ■  w  (y,  +  yy  -I-  J  •  W  (s,  +  y)' 

+  2yoi-Wy'  +  2e,i-Ws'-fj--Vr(y-f3^; 

lint  because  y*  and  s'  are  the  distances  of  a  particlo  from  pIojuB 
travcndng  the  centre  of  gravity  of  the  body, 

s  •  Wy'  =  0;  5    Wtf  =0; 
and  the  preceding  equation  is  reduced  to  the  following ; — 

I,  =  (y;  +  .i)  2  w  +  5 .  w  (y  +  ^ 0.) 

wliich  expresses  the  theorem  to  be  proved. 

This  theorem  may  be  more  briefly  exjireased  as  follows: — Iji', 
1„  be  the  moment  of  incitiii  of  a  body  aWut  an  axin  triversin?  its 
centre  of  gravity  in  any  given  direi^tion,  .and  I  the  mumyut  of 
inertia  of  the  same  body  about  an  axis  parallel  to  the  fornu'r  at  Ui» 
jierjiendicular  distance  r„;  then 

I  =  rj  •  2  W  +  I. (Ij 

An  analogous  proposition  for  surfjucos  has  been  demon>»tFat«d  I 
VrtioloU5,  T\«!oromV. 


UOH£NTS  OF  INERTIA, 


fil- 


ls is  equal  to  the  hypothenusc  of  a  right-angled  triangle,  of  which 
e  twrt  logs  are  respectively  equal  to  the  railius  of  gyration  of  the 
idy  alKiut  an  axis  traversing  the  centre  of  gravity  parallel  to  the 
rcn  axis  (*.),  and  to  the  perpendicular  distance  between  these  two 
;c3  (rj.     That  is  to  aay, 

«'  =  ^J  +  e! (3.) 

CoROLLABY  II.    The  moment  of  inertia  of  a  body  about  an  axis 
versing  its  centre  of  gravity  in  a  given  direction,  is  less  tlian  the 
oment  of  inertia  of  the  same  body  about  any  other  axis  parallel 
the  first 

CoBOLLARV  HI.  The  moments  of  inertia  of  a  body  about  all 
axes  parallel  to  each  other,  which  lie  at  equal  distances  from  its 
centre  of  gravity,  are  equal. 

•?77.  Cvmblurd  Iflomcnln  •(  lamln. — THEOREM.  TVx  COntbinul 
jneiti  of  inertia  of  a  riijidl;/  eonnecteil  nynlem  of  bodies  about  a 
iven  axis,  is  equal  to  the  combined  moment  o/inertia  which  the  rt/s- 
ujotdd  liave  about  the  given  axis,  if  each  body  were  concenlraied 
its  own  centre  of  (jraviltj,  added  to  the  sum  of  the  several  moutents 
inertia  of  the  bodies,  about  axes  traversing  their  respective  centre* 
grawiy,  jxiraJlel  to  l/ie  given  axis. 

Let  \V  now  denote  the  mass  of  mie  of  the  bodies,  I„  its  moment 
of  inertia  about  an  axis  travei-sing  its  own  centre  of  gravity  parallel 
to  the  given  common  axis,  and  r^  the  distance  of  its  centre  of  gravity 
from  tliat  common  axis.  Then  the  moment  of  inertia  of  that  body 
.t  the  common  axis,  according  to  Article  57G,  equation  2,  is 

I  =  WrJ+I, 

'onscqnently,  the  combined  moment  of  inertia  of  the  system  of 

»I  =  s-WrJ  +  2l.; (1.) 

Q.KD. 

«>78.    Esamplca  or  .Tlamcnla  of  Incrlin  and  nadii  of  CSymllon  of 

IjomngeneouH  bodies  of  some  of  the  more  simple  and  oiilinaiy 
figures,  are  given  in  the  following  tablea  In  each  case,  the  axLs  is 
supposed  to  tmvorse  the  centre  of  graviti/  of  the  Ixjdy ;  for  the 
Principles  of  Article  670  enable  any  other  case  to  be  easily  solved. 
The  axes  are  also  supposetl,  in  each  case,  to  be  axrs  of  si/mme/ry  of 
Ithe  figure  of  tlic  body.  In  subsequent  Articles,  it  will  be  shoA^Ti 
rarhat  relations  exist  between  the  moments  of  inertia  of  the  same 
kody  aliout  axes  traversing  it  iu  difTerent  dii-ections. 
[  The  column  licade<l  W  gives  the  muss  of  the  body ;  that 
Beaded  I„  gives  tlic  moment  of  inertia ;  tliat  headed  ;J,  the  square 
»f  the  radius  of  gvration.  The  mass  of  an  unit  o£  volwxsx'b  \&  Ss^ 
bach  case  denoted  by  tc.  j 


BODT. 


L  Sphtro  of  radial  r, 

II.  Spheroid  of  Torolation — 
polar  Mtni-asu  a,  cqtur 
turial  radiiu  r, 

III.  £1li|noid  —  Mmi-axe«,  o, 

b,  e 

IV.  Spherical  »hell — nCernal 

radius  r,  tntcrnttl  r',.... 

V.  Spherical  >hell,  inMnsibly 
thin  —  radius  r,  thick- 
Don  dr, 

VL  Circolor  crlincler — lengtli 
2a,  radius  r, 

TIL  Elliptic  cylinder— length 
2a,  truuvtm  senii-axu 
».«, 

y  IIL  Hollow  circular  cylinder— 
Icn^h  So,  external  ra- 
dius r,  iatemal  r', 

IX  IIollow  circular  cylinder, 
in»iuibiy  thin  —  length 
ia,  radius  r,  tbicknitss  dr, 

X  Circular  cylinder — ^length 
2a,  radius  r, 

XI.  Elliptic  cylinder — length 
2a,  transverse  semi-axes 
i.c, 

XIL  Ilollowcircularcylindcr— 
Ivngth  So,  external  ra- 
dius r,  intenul  r', 

XIII.  Hollow  circular  cylinder, 
insensitily  thin  — radius 
r,  tljickness  dr, 


SlY.  Bectangolar  prism  —  di- 
meniioiia  So,  Si,  2e, 

XV.  Bhombic  pri.im  —  length 
2u,  diagonals  2&,  2c,.... 


DiaoMtet 

Polar  azia 
Axis,  Sa 

Diameter 

Oiamcter 


Longitudinal 
■xis,  Sa 


Longitudinal 
axis,  2a 


Lonitiludinal 
axis,  2a 

Longitudinal 
AAis,  2a 

Transverse 
diameter 


Transverse 
axis,  3b 


Transveiw 
diameter 


TruBTOW 
diameter 


3 

4«llMlf 

~8 


Axis,  So 


8 

trm'dr 

irvar' 

2««oic 

2r«a(r'— r^ 

irttarJr 
iriixir' 

irvaba 
2»iiw(r»-0 

iwaardr 

8lMfo 

iwabe 


Brvar* 


15 
16 
1& 


neni<(&' +«*) 


rtW(r«— »") 


rMor'(3f^  +  4a') 


>iwlio(»c'-i-4rr) 


6 


8 

a 


ti 


i 
i 


:i 


4*1 


4^1 


r'+r-y 

-r-+3 

if    a= 
9 

• 
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£70.    in*fB««l«   sf  Inertia  foaad    br  Dirialaa    ani    Rabiracliaa. — 

'h  of  the  solids  mentioned  in  the  table  of  the  preceding  Article 
!!  divided  iuto  two  equal  and  symmetrical  halves  by  a  plane 
perpendicular  to  the  axis.  The  radius  of  gyration  of  each  of  those 
halves  is  the  same  ■with  that  of  the  origiiuil  solid.  Each  of  the 
solids  can  also  be  divided  into  four  equal  and  symtnetrical  wcidgcs 
or  sectors  by  planes  traversing  the  axis ;  and  those  which  are  soUds 
of  revolution  can  be  divided  into  an  unlimited  number  of  such 
■wedges  or  sectors.  The  radius  of  gyration  of  each  such  sector  about 
the  original  axis,  which  forms  its  edge,  is  the  same  with  that  of 
the  original  solid. 

To  find  the  radios  of  gyration  of  any  such  sector  about  an  axis 
p.arallcl  to  its  etlge,  the  original  axis,  and  traversing  the  centre  of 
gnivity  of  the  sector,  let  r^  be  the  distance  of  that  centre  of  gravity 
from  the  original  axis,  („  the  radius  of  gyration  of  the  original  solid, 
and  f'o  the  radius  of  gyration  of  the  sector  about  the  new  axis  in 
question ;  then  from  Article  576,  equation  3,  it  follows  that 

^  i1  =  ^-ri (1) 

^H  Example.  In  case  15  of  Article  578,  the  square  of  the  radius  of 
^^■yratioQ  of  a  rhombic  prism  about  its 

H%       .  b' 

^longitudinal  axis  is  found  to  be  ■ 

I      6  and 


•  +  c 


b  and  e  being  the  two  semi-diagonals. 
Let  Gg.  S38  represent  such  a  prism, 
and  let  A  be  one  end  of  its  longitu- 


ftg.288. 


dinol  axis,  and  BAB  =  26,  UXC  = 
3  e,  its  two  diagonals.  Divide  the  prism  into  four  equal  right- 
angled  triangular  prisms  by  two  phuies  traversing  the  diagonals 
and  the  k>ngitudinal  axis  ;  the  radius  of  gyration  of  each  of  those 
prisms  about  that  arin  is  the  same  witli  that  of  the  original  prism. 
Bisect  BC  in  D,  and  join  AD,  in  which  take  rg=A£=§  AD  = 

J  B  C  =  y     "*"     ;  then  E  is  the  extremity  of  a  longitudinal  axis 

o 

tnTening  the  centre  of  gravity  of  the  triangular  prism  ABC,  and 
■the  radhu  of  gyration  of  that  prism  about  that  new  axis  is  given 
kj  tbe  equation 

580.  ■•a«a»  mf  Mmmta  Aaad  br  Ttnaarwauutoa.. — The  moment 
of  inertia  and  tmHqs  of  gyration  of  a  body  about  a  given  axis  ore 
aot  dianged  by  any  tmnsfbrmation  of  its  figure  which  <3U\  be 
~       "  ly  Anting  its  particles  pajallel  to  U>ft  g^veii  >x^-,  maA^^afc 


I 
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n«li«8  of  fjyration  is  not  altered  by  altering  the  dimimsiu&s  of 
body  panllol  to  tbe  axis  in  a  constant  ratio  ,  for  example,  in  i 
1  and  2  of  Article  578,  the  radius  of  gyration  of  k  spheroid  ah 
it!)  polar  ivxis  is  the  same  with  that  of  a  sphero  of  toe  same  rqoft- 
toriivl  radius. 

If  the  dimensions  of  a  body  in  all  directions  truusverae  to  (he 
iixiH  are  altered  in  a  constant  ratio,  the  radios  of  gyration  is  alt<c«d 
in  the  same  ratio. 

If  the  dimensions  of  n  body  transverse  to  its  axis,  in  twn  " 
tiona  poi-pendicular  to  each  other,  are  altered  in  difffrcnt  i 
for  example,  if  tlie  dimensions  denoted  by  y  arc  alt«red  in  th- 
in, and  the  dimensions  denoted  by  ;  in  tlic  ratio  n,  then  the 
of  gyration  e  of  the  original  body  is  to  be  conceived  a;: 
thenuse  of  n  right-angled  triangle  whose  sides  arc,  i;  ]>.l 
and  ^  parallel  to  :,  and  are  given  by  the  equations 


»»= 


■Wy'_ 


J\V 


f  = 


.(L) 


anil  the  raitius  of  g}Tation  /  of  the  tranBfonned  body  will  he  Iht 
hypothcnnsc  of  a  new  right-angled  ti-iangle  whose  side.t  ore  m  «  and 
n  ^ ;  tliat  is  to  say, 

,^  =  f,i«»'+n'f (2.) 

This  metho<l  may  be  exemplilicd  by  deducing  the  radius  of  f^rration 
of  an  ellipsoid  aliout  any  one  of  it«  axes  (Article  578,  case  3)  from 
that  of  a  sphere  {ib.,  case  1). 

/)8l.  The  Crnire  of  PercuMioa  of  a  body,  for  a  given  axis,  is 
point  .so  situated,  that  if  part  of  the  mass  of  the  body  vi 
tnitod  at  that  f)oint,  and  the  remainder  at  the  point  dii 
.site  in  the  given  axis,  the  statical  moment  of  the  weigl 

buted  (Article  42),  and  its  moment 
inertia  about  the  given  axis,  would 
the  same  as  those  of  the  actual  body 
in  every  position  of  the  body. 

In  lig.  239  let  XX  be  the  given 
axis,  and  G  the  centre  of  gravity  of 
tlio  body.     It  is  eviilent,  in  the  iirst 
place,  that  the  centre   of  pcrci:-Moii 
mn.st  be  somewhere  in  tl)p  jierp  nl: 
cidnr  C  G  B  let  fall  from  the  cei. 
graWty  on  the  givrn  axi-^     Sc- 
in  oitler  that  tli' 
the  whole  rntiss,  o  >  _ 

C,B.vn\  ^rtly  at  the  centro  of  i 


Qm 

I 
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x\j,  the  centre  of  gravity  must  be  nnaltered  by  that  conccn- 
ation  of  moss  ;  that  is  to  say,  the  masses  concentrated  at  13  and 
must  be  inversely  as  the  disitoncee  of  those  points  from  O. 
lence  denoting  the  -^eight-s  of  those  mosses  by  the  letters  U  and 
1  resfieetively,  and  the  weight  of  the  whole  body  by  W,  wo  have 
be  proportion 

W  :  C  :  B  :  :  BC  :  OB  :  GC (1.) 

stly,  in  order  that  the  moment  of  inertia  of  the  mass  as  8U])po8cd 
be  concentrated  at  B  and  C,  about  the  axis  X  X,  may  bo  the 
ae  with  that  of  the  actual  body,  we  muAt  have 

B-BC»  =  W{'  =  W(j',  +  ri) (2.) 

where  ro  =  O  C,  and  («  is  tlio  radius  of  gyration  of  the  liody  nbont 
an  axis  parallel  to  X  X  and  traversing  G  ;  and  substituting  for  B 

tits  value  from  equation  1,  viz.,  B  =  Wrn  h-  B  C,  we  find,  for  the  dis- 
tance of  the  centre  of  percussion  from  the  axis, 
r 


BC  =  -^  =  -^+r,; 

ra         To 

and  for  its  distance  from  the  centre  of  gravity. 


GB  =  BC 


» 
r  -  ^ 


.(3.) 


.(4) 


P 


The  last  equation  may  also  be  expressed  in  the  form 

GB  •  GO  =  e! ; (5.) 

which  preserves  the  same  value  when  G  B  and  G  O  are  inter- 
changed ;  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
axis  XX  be  made  to  traverse  tlie  original  centre  of  percussion,  the 
new  centre  of  percussion  is  the  point  C  in  the  original  axis. 

The  proportion  in  which  the  mo-ss  of  the  body  is  to  be  considered 
as  distributed  between  B  and  C!  takes  the  following  form,  when 
each  of  the  last  three  terms  of  the  proportion  1  is  multiplied  by 
r,  =  QC:— 

W.C-.B-.-.d  +  ^o-A-  fJ («.) 

The  preceding  solution  is  represented  by  the  following  geometrical 
action : — Draw  O  D  X  C  G  and  =  („ ;  join  C  D,  perpendicu- 
to  which  draw  D  B  cutting  C  O  produced  in  B ;  this  point  ia 
be  centre  of  percttssion. 
Also,  C  D  =  ;,  the  radiua  of  gyration  about  X  X  ;  and  D  B  ia  the 
liua  of  gyration  about  an  axis  travcnsiug  B  y**^^^  ^  ^"^^^ 


nascmn  op  btsaiocil 


If  CE  be  taken  =  CI>,  £  is  MMaetiiaeB  called  tbe  coiu  or 
cmATios  ot  the  body  Car  tiie  axis  X  X.* 


J62.  Km 


Pcaraaaia 


exku  vImd  kbeMda  tisv 


oentie  of  gimTi^  of  ike  hoAy.  In  that  omc, 
the  sUtiioJ  moawni  of  tbe  bodjr  is  nathiag; 
and  an  equal  mass,  concentrated  and  nat- 
fonnlf  distributed  rouud  the  circle  BRR 
■whose  rudius  is  ft,  thn  radius  of  gjTv 

at  a  set  of  srnunetncalljr  amngcd  jt'.i . 

that  circle,  has  the  same  moment  of  inertia 
■with  the  actual  body. 
683.    ntaairala  af  lactUa  mhmmt  lB«liBc4  Axn. — The  object  of  th« 

present  Article  and  the  remaining  Articles  of  this  si    '-   ■    ■-  '- 
show  tbo  relations  which  exist  amongst  the  moments  < 
a  body  about  ax««  traversijig  a  fixed  point  in  it  in  diiicn-L-. 
tiona.     The  mathematical  processes  which  it  is  neccsasrj  to  < 
for  that  purpose,  though  not  very  abstm.se,  ore  somewhat  compici ; 
and  the  reader  who  wishes  to  study  tlie  nioTw  simple  parts  of  th« 
abject  only,  may  take  the  conclusions  f  ■  1 

It  has  already  been  shown  in  Arti<  I  '.  the  moment  of 

inertia  of  a  body  about  a  given  axis  denot<^  by  t,  is  given  by  thu 
oiuation 

I,  =  Sy'  +  S.-»; .(I.) 

in  which,  for  tho  sake  of  brevity,  s  -  W  has  been  repIaMd  ^/^  j 
single  symbol  8.     The  fixed  point  being  the  origin  of  CO-fldfaii^  ^ 

let  S  R'  be  the  sum  of  the  products  of  the  weight  of  eoch  particle 
into  the  square  of  its  distance  from  that  point ;  a  sum  which  is 
independent  of  the  directions  of  the  axis.  Then  because  R'  =  x*-!- 
y*  +  s',  the  moments  of  inertia  of  the  body  relatively  to  three  tw 
tangular  axes  may  be  expressed  as  follows : — 

l.=  SR«-Sx«;  I,  =  8R*-Sy»;  I.  =  SR'-8s'. (3.) 

Further,  let  the  three  sums  of  the  -weights  of  the  partjeks  at  liw 
body,  each  multijilicd  by  the  product  of  a  pair  of  ita  oo-ordinatel^ 
be  thus  expressed : — 

8y  =  ;  8zx;  Hxj; ^X) 

Tlicse  wiU  be  called  vwrnentt  of  limnation. 

Now,   let  three  new  rectangular  axes  of 
^7  ^>  y'l  *'>  traverse  the  same  fixed  point  i;.   .. 
;les  which  they  make  with  the  origiiLal  azea  b«  ■: 

"  Ad  to  the  ccnVtw  ot  v«n;ni~' 
rigiil  body,  tee  a  muno'u  \>;  'VL  . 
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.(4.) 


''j    ^j     1/ 

'i/     '^/     ^z 

lien  for  any  given  particle,  the  new  co-ordinates  are  thus  cxpresaed 
1  terms  ol'  the  original  co-ordinates  : — 


A , ,  A, ,  A 

ai  =a;*cos  xai  -\- jfcosyx  +  z  -coazx,. 


ad  analogooB  equations  for  >/  and  z' ;  and  the  original  co-ordinates 
1  thus  expressed  in  terms  of  the  new  co-oi-dinatcs  ; — 


X  =  a/  'COB  X!^  -\-  j/  ' cos  a; y'  +  «'  •  cos  xe;  Ac 


,.(6.) 


lie  nine  angles  of  equation  4  are  connected  by  the  relations  : — that 
be  sum  of  the  squaitia  of  the  cosines  of  any  three  angles  in  ono 
ae,  or  in  one  column,  is  unity  ;  for  example. 


,    A       ,  A  A 

cos'xay  +  cos'  xi/  +  cos'  xsf  =  1; 


.(7.) 


and  that  tho  sum  of  the  three  products  of  the  pairs  of  cosines  of 
the  angles  in  a  jiuir  of  lines,  or  a  pair  of  columns,  is  nothing ;  for 
example, 

A  A,  A  A  A,  ^,         « 

COS  r/x  •  cos  : 3/  -t-cos  y  y'  -cos  s y  -f-cos  ys  •  cos  zz  =z  0....(8.) 

A  relation  deduced  from  the  preceding  is  this,  that  the  cosine  of 
each  angle  is  equal  to  the  diflercnce  between  tlie  binary  products 
of  the  cosines  of  tlie  four  angles,  which  ar«  neither  in  the  same  line 
nor  in  the  same  column  with  tho  first,  these  binary  products  being 
taken  diagonally  ;  for  example. 


A  A  A  A  A 

COS  xif  =  cos  yy'-cos  zz  —  cos  ys*  "cos  zy'.. 


,..(9.) 

ltd  similarly  for  the  other  cosines. 
Now,  if  for  the  new  co-ordinates  af,  y,  s*,  in  the  six  integrals, 

Sa:",  Sy'',  Ss*,  Sy'jr,  Ss'a',  SoT-y, 

their  values  in  tonus  of  the  original  eo-ordi- 

for  j:',  :in<I  analogous  equations  for 

ions  for  those  integrals 

.  ^..u^grals  relatively  to  the 
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new  and  the  original  axoR ;  but  it  ia  iinueceasaiy  here  to  write  tho«i 
equations  at  length,  for  they  arc  pircMy  nxmilar  to  lh«  eqwUUm*  oj 
trann/ormation  in  Article  lOG  (pagc«  U2,  9S),  subatitutiog  oolj 

S**,  Sy*,  Ss*,  Syc,  Ss«,  Sa;y, 

for    P^,P„,T.nPr>P-'^Pn> 

and  making  the  like  suhetitutions  iu  the  ^rmbols  referring  to  th« 
new  eo-ordiniitc8. 

584.  PrlBclpAl  Air*  «r  Inrrtta.— TUGOBEX.  At  each  point  in  ■ 
body  (here  ig  a  ttystem  o/Uiree  reclnnyular  a«a,for  whiclt  llut  ntonvmli 
ofdcvialion  are  each  equal  to  nothing. 

Supposing  such  a  set  of  axes  to  exist,  lot  co-ordinatfs  panille 
them  be  denoted  by  a;,,  y„  z,.  Then  the  property  which  they  i 
required  to  have  is  expressed  by  the  equations 


Sy.r,  =0;  Ss,«,  =  0;  Sa;,y,  =  0. 


Co-ordinates  parallel  to  a  set  of  axes,  for  which  the  inl; 
^3?,  &c,  have  beeji  determined,  being  denoted  by  x,  y,  z,  wel 
for  each  particle, 

X  =  X,  cos  a  J,  -t-  y,  cos  xy,  -f  s,  cos  «  r, ; 

A  A  A 

X,  X  ^  arj  cos  xxi  +  x,  y,  oos  xyi  +  aSj  s,  cos  xstl 

and  consequently, 

Sx,  x  =  co8xx,  "8x7+  cos  xy,  •  8  ar,  yi  +  cxm  xst  -  S  ?,  z^; 

but  because  of  the  conditions  expressed  by  the  equations  I,  this  h 
ri?dnccd  to 

Sx,x  =  cos  XX,  'Sx7>>—»"«»> (S 

and  by  similar  reasoning  it  ia  shown  that 


S  «i  y  =  cos  y  X,  •  8  X?;  / 
S  X,  s  =  cos  c  X,  ■  S  xj.    ) 
Now,  from  the  equation 

A  A  A 

X,  =  X  cos  XT,  +  y  cos  y ar,  -f-  e  cos  * *„ 
are  deduced  t\ie  toWoVvTi^  \*.Vnm»  of  the  integrals  in  tbc  i 
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8  JB,  a;  =  COS  a;  3J, .  8  a:*  +  oas  y  a;,  •  S  «  y  +  cos  :x,  'Szi; 
S*,y  =  coaaxi  -Sjfy +  c<»ya;,  •  Sy'  +  cosiat,  •  8y  s; 

S  J,  r  =  COB  a;  I,  ■  S  s  X  +  cos  y  a:,  ■  S  y  i  +  cos  5  x,  ■  S  s'. 

abtroctiug  the  equations  2  and  2  A  from  tliesc,  we  lind  the  fol- 
ding c<iiiatioii8  : — 

[eoB  »  «,  (S  a;'  —  S  if)  +  C08  y  ar,  •  S  a:  y  +  cos  s  «,  •  8  s  «  ^  0 ; 
C08x4r,  ■Sa;y  +  C09yar,  •(Sy'-8xf)-f  cos**,  •Syc  =  0;  }■  (3.) 

COB  SB  a;,  •  8  s  «  +  cos  y  a;,  •  S  y  j  +  cos  j  *,  (S  s'  -  S  xj)  =  0. 

The  elimination  of  the  three  cosines  from  these  three  equations 
leads  to  the  following  cubic  equation  : — 


^ft  (Sa:?)'-A(S«0'  +  B-Sa:?-C  =  O;. 

^^B  which  the  co-efficients  have  the  following  values  : — 

^m  A  =  Sa:'+Sy'+S;'  =  SR'; 

^^^  B  =  Sy'-Ss'  +  S5"-Sx»+Sa:»-Sy' 

^H  _(Syc)'-(S*x)'-(S«y)'; 

^^^  — Sx'-(Sys)'  — Sy»-(Ssx)'  — S*>(axy)'. 
"  Iti 


.(4.) 


(5.) 


It  is  evident  that  A  is  always  positive.    By  considering  the  terms 
of  wliich  B  is  composed,  it  can  be  shown  that  it  is  equivalent  to 

S  (y  s" -s  y-)'*  8  («a/- ^s-)' +  8  (xy-y  i/)'; 

X, »/,  e,  x",  y',  :',  being  the  co-ordinates  of  a  }>air  of  different  parliclea, 
nnd  the  jm.rticles  being  taken  in  pairs  in  every  posniblc  way ;  and 
by  considering  the  terms  of  which  0  is  made  up,  it  can  be  shown 
to  be  equivalent  to 

8  (x  y  a" -I- a^  y- 3 -1- x"  y  s' —  «  y"  y  —  x"  y  s  —  a/ y  27 ; 

in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denot«  the  co-ordinates  of  a  net  of  three  different 
particles,  and  the  particles  ui-e  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  as 
well  as  A :  and  the  cubic  equation  4  has  thr««  real  positire  roots, 
<"rrosjK)nding  to  the  three  rectangular  axes  which  satistV  t\\«  wsa- 
jiiUoijs  of  filiation  J.    TLcBC  roota  are  tUe  vaiviea  <A  ■&  3?^,''^  ^Jv»^  ^V»| 
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and  their  existence  proves  the  existence  of  the  three  roctasg 

PRINCIPAL  AXES  OF  DfKRTIA. — Q.  R  D. 

The  angles  which  any  one  of  the  principal  axes  makes  irrth  the 
three  original  axes  are  given  by  the  following  equations,  which  an 
doduced  from  the  equations  3  : — 


A 
cos  X  X, 


A 

cosy*, ; 


A 
CMtX, 


1 


-8x')8ye  +  8s«-Siy(Sx;— 8/)S3«+8a:ySy« 

1 

■(Sscf  — 8«*)8a;y  +  8ya-8c«' 


(^) 


Bimilar  eqiiations,  substituting  y,  and  2,  sacoe^Telj  for  »%,  giro  tiis 

ratios  of  the  other  two  sets  of  cosines. 

From  the  properties  of  the  roots  of  equations,  it  foUown,  that  { 
i-efficients  of  the  cvibic  oqviation  4  have  the  following  vmluesl 
1  of  the  integrals  S  a:J,  &c.  ; — 

A  =  8a?  +  SyJ  +  Ssl  =  8  R*  as  beftnw; 

B  =  8yJ-S«»  +  Ss!-8a?  +  Sa?-8y*; 

C  =  8xJ-SyI-8^; 

•  And  hence  it  appears,  that  the  functions  of  the  six  integrals  S  «*,  i 
Dienoted  fajr  A,  B,  and  C,  in  the  equations  S,  ore  viotrvpic;  thit| 

'aro  the  same  in  magnitude  for  all  directions  of  the  rectnagakr  i 
of  X,  y,  and  z. 

585.  KDipMid  sf  inrnin. — Let  the  principal  axes  of  a  bodj,  in- 
versing  a  given  point,  be  now  taken  for  axes  of  oo-ordinatM; 
the  moments  of  inertia  about  them,  called  the  pri>' 
in«rtia,  being  given,  and  denoted  by  I,,  Ij,  I„  let  : 
determine  the  moment  of  inertia,  I,  abont  any  axis  Lnivct; 
same  point,  and  making  with  the  principal  axes  the  anglol 
Let  co-ordinates  along  this  new  axis  be  denoted  hy  x,  aai 
the  principal  axes  by  tr,,  y„  e„  as  before. 
It  has  already  been  shown  that 

Sa:'=cos'«  •  Sa;?  +  eos';9  •  SyJ  +  cos'y  '  8«i. 
and  that 

I  =  SR'-S«»;  I,  =  SR'-S(rJ;I,  =  8R«-8yf; 

I,  =  8R»-Ss;; '     (a| 

and  from  thcBc  ci\\\vvUoua  the  following  is  eaaif  deduced: — 

1  =l^-c<»'»«.-V"V:- orf^-W.- Trf.,  n\^ 


ELUPSOn)  OF  nrEBTIA. 


527 


Let  a,  fi,  c,  be  Ihe  three  semi-axea  of  «n  ellipsoid,  and  «  ite  genii- 
diameter  in  any  direction  wliich  makes  the  angles  «,  /8,  y,  with 
thoee  semi-axea.     Then  it  is  well  kno«-n  that 


.    ,    COe'  /8        COB*  y 


•(♦•) 


^^and  by  comparing  this  with  equation  3  it  is  made  evident,  that  if 
an  ellipsoid  be  constructed  whose  semi-axes  are  iu  direction  tho 
princijial  axes  of  the  body  at  a  given  point,  and  represent  in  magni- 

I  tnde  tho  reciproails  of  the  square  roots  of  the  moments  of  inertia 
about  those  axes  respectiTely,  as  shown  by  the  equations 


a  = 


1 


b  = 


1 


Jlr'  JI,' 


e  = 


1 


.(6.) 


then  will  the  reciprocal  of  the  square  of  the  semidiamcter  of  that 
ellipsoid  in  any  direction  represent  the  moment  of  inertia  about  an 
axis  traversing  the  origin  in  that  direction,  as  expressed  hy  the 
ition 

I  =  p (6) 


euip 
i^axis 

r 


Such  an  ellipsoid,  wben  described  about  the  centre  of  gravity  of  the 
body  as  a  centre,  is  called  by  M.  Poinsot  the  cenlral  eUipgmd. 

If  I,,  I;,  Ij,  be  ranged  in  their  order  of  magnitude,  it  is  evident 

that  the  greatest  of  them,  I„  is  the  greatest  moment  of  inertia  of 

the  body  about  any  axis  traversing  the  fixed  point ;  that  the  least, 

|1„  is  the  least  moment  of  inertia  about  any  such  axis;  and  that  the 

atermrdiate  principal  moment  of  inertia,  L,  is  the  least  moment 

~  inertia  about  any  axis  traversing  the  fixed  jKjLat  perjjendicular 

to  the  axis  of  Ij,  and  the  greatest  moment  of  inertia  about  any  axis 

traversing  the  fixed  point  pei-pendicular  to  the  axis  of  Ij. 

Should  two  of  the  principal  moments  of  inertia  be  equal,  as 
I,  =  I},  the  ellipsoid  Itecomcs  a  sfihcroid  of  revolution:  all  the  mo- 
ments of  inertia  about  axes  traversing  the  fixed  {>oint  in  the  piano 
rthe  axes  of  I,  and  I,  arc  equal;  and  the  moments  of  inertia  about 
axes  traversing  the  fixed  point  and  equally  inclined  to  the  axis 
Ii  are  equal.  In  this  case  equation  3  becomes 
: 


I  =  Ii  co^  «  -|-  L  sin" «. 


.(7.) 


If  all  throe  princi]ial  moments  of  inertia  arc  eqmil,  the  ellipsoi*! 
becomes  a  s])here,  and  the  moments  of  inertia  ore  equal  about  all 
;ea  traversing  tho  fixed  point. 
Suppose  the  fixed  point  in  tlie  fint  place  Vo  \»i  ^k^  ckdXsa  ^ 
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gravity  of  the  body,  ■whoBe  weight  is  W,  and  tlmt  J,^  I^ 
tliu  iinucii>al  moments  of  inertia  about  rectangular  ax«s 
it.     Let  a  nuw  fixed  point  be  taken  whoso  distance  from 
of  gravity  is  r,,  in  a  direction  making  the  niiglus  «.  0,  y,  with 
priucii)al  axes  at  the  centre  of  gravity.     Then  with  rnspoct 
wt  of  rectangular  axes  traversing  the  new  point  pamtlel  to 
original  axes,  the  new  moments  of  inertia  arc 

I,  =  Io,j  +  W  rj  siu  '« ; 

I,  =  I^  +  W  rj  sin  *h';    -  (^\ 

I,  =  lo,  +  W  7^  sin  V;  J 
and  there  are  at  the  same  time  moments  of  deviation  n:pn?«€ntod  i 
Sy;  =  WrJ"cos/3co3y;  Six  =  W  ri'  cos  y  coa  « ;  I  rgj 
S  X  y  =  W  rj  •  cos  ■  cos  fi]  '     t 

so  that  the  principal  axes  at  the  new  point  are  not  parallel  to  Ui<| 
at  the  centre  of  gravity,  unless  two  at  least  of  the  direction  cofrij 
of  r„  are  null ;  that  is  to  say,  unltas  the  new  point  is  in  one  of  I 
original  principal  axes,  when  all  the  moments  of  deviation  • 
and  the  new  axes  are  parallel  to  the  original  axes. 

d8G.  The  BmbImbi  mompiii  ar  DrTiadon  about  a  given  axui 
represented  by  the  diagonal  of  a  rectangular  parallelogram  of  wh^ 
the  sides  represent  tlie  moments  of  de^-iation  relatively  to  ti 
it?ctangular  co-ordinate  planes  traversing  the  given  axis. 

Ijct  the  principal  axes  and  moments  of  inertia  at  a  given  |wiB» 
lie  known,  and  let  three  new  axes  of  moments,  denot«l  by  r.  </,  s. 
be  taken  in  any  three  rectangular  direction*!  making 
the  oi-iginal  axes  denoted  as  in  the  equations  of  Artich- 
the  moments  of  deviation  in  tlie  new  co-ordinate  planes  ar«  j 


I  y  s  =  cos  y  «, 


A    „    .  A  A    „ 

z  X,  S  afi  +  cm  If  !/,  •  cos  2  y,  8  yf 


A  A 

+  cos  y  s,  •  cos  «  s,  S  s^ 


.(!•) 


and  similar  equations  for  S  s  x,  and  S  x  y,  mnlatui  mttlnndU. 
^tituting  for  SxJ,  ita,  their  values,  S  R'  —  Ii,  Jkc,  and  oljiscrving  I 

A  A  A  '^      ,  '^  ^  1 

cos  y  «,  •  008  s  ar,  -f-  cos  y  y,  ■  cos  c  y,  +  cos  y  «,  coe  s  c,  =  OJ 

those  equations  become 

a  -^  A  A        _  A  A 

oy-=  —  li  'cosy*,  •C08  3*,  —  1,'coe  j/y,  'COS  sy, 
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ad   mniilor   equatioDs,   mvtatia  mtUaitdis,  for  Szx,   Hxf/;    from 

bliich,   by   the   aid   of   relations  amongst  the   direction  cosines 

Jy  Btrttcd  in  Article  583,  the  foUowing  value  is  found  for  the 

nilttint  moment  of  deviation  about  one  of  the  new  axes,  such 

I  x: — 


K,=  ^{ij  cos'  xiB,  + 1!  coB'ojy,  +  IJ COS*  *;, 

-  (I,  cos'  xXi  +  I,  cos*  a;  y,  +  I)  cos*  x  c,)'] ; 

=  J \l]  cos*  xx,  +  Il'  cos' xy,  +  IJ  cos'  *c,  - Ij] 


..(3.) 


This  equation,  expressed  in  terms  of  the  axes  of  the  ellipsoid  of 
inertia,  becomes  us  follows : — 

A  .A  A         ,    , 

K       ^   /jcos'ajac,   ,   cos'xy,   ,   COT^xs,       1   )       , .  v 


at  the  positive  port  of  this  expression  is  well  known  to  be  the 

i  -T— .,  where  »  represents  the  normal  let  fall  from  the  centre 
rn' 

tlie  elli|ieoid  of  inertia  upon  a  plane  which  touches  the  ellipsoid 

tho  point  where  it  is  cut  by  the  new  axis  x.     Huuco 

-■'V{^^-^)'_^4?-. ('•) 

is  which  it  is  to  be  observed,  that  ^a*  —  n'  represents  the  length  of 
~\e  lamjfnt  to  the  ellipsoid,  from  the  point  of  contact  to  the  foot  of 
Ite  noi-nial.     Also,  let  t  be  the  angle  between  the  noi-mal  n  and 
lie  semidiametcr  «;  then  J^—n'  :  n  =  tan  ',  and 

K,=  I,tan# (6.) 

Sectioh  2. — On  Uniform  Rotation. 

5S7.  The  namcaiBn  of  a  body  rotating  about  its  centre  of  gravity 
I  nothing,  according  to  the  principle  of  Article  524.     As  every 

otion  of  a  rigid  body  can  be  rc»)lved  into  a  tnintilation,  and  a 
Otation  about  its  centre  of  gravity,  the  rotation  will  be  supi)08ed 

I  take  place  about  the  centre  of  gravity  of  the  body  throughout 
bis  section. 

588.  The  Angaiar  n»mmititm  is  found  in  tho  following  manner : — 

et  X  denote  Uio  axis  of  rotation,  and  y  and  z  any  two  axes  fixed 
the  body,  pc'qH;ndicuIar  to  it  and  to  eOicVL  oVWt.    \jo.\.  ok'Wifta 

2tt  
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angolar  Telocity  of  rotation.    Then  the  velocity  of  any  particle  ' 
whose  mdiuB  vector  iar  =  Jj^-\-if,  ia 


ar  =  a  ^y'  +  *', 

and  the  angular  momentum  of  that  particle,  rtlaticel!/  to  (Aa  aait  if 
toMiVon,  ia 

■Wor"        Wo,  ,         _ 

-^=  —  (='+10; 

being  the  product  ofiht  moment  of  inertia  into  it»  angvlar  \ 
divided  by  g,  because  of  tlie  weights  of  the  particloa  having 
used  in  computing  the  moment  of  inertia.     Now  let  a  line,  ( 
to  the  radius  vector  of  the  particle,  be  drawn  in  the  plane  of  y  i 
z;  the  distance  of  that  line  from  the  particle  is  x,  and  the  i 
momentum  of  the  particle  relativdy  to  tltat  line  is 

—  or«=  —  ax  Jir  +  r; 
9  9 

and  this  may  be  resolved  into  two  components;  on*  nIatitKlytoi 
aaciii  of  y, 

Wo8X 

9       ' 

and  the  other  relatively  to  the  axis  of  s, 

Waxy 

~r~' 

and  these  are  equal  respectively  to  the  angular  volfvity  divide^!  1 
the  acceleration  produced  by  gravity  in  a  second,  v 
moments  o/decialion  of  the  particle  in  the  co-ordii; 
and  xy. 

Hence  it  appears  that  the  resultant  angular  momeatum  id  \ 
whole  body  consists  of  three  components,  viz,  :— 

Relatively  to  the  axis  of  rotation, 

9  0 

and  relatively  to  the  transvenw  axM, 

—  ■  S«a;;  -  •Sasyj 
9  9 . 

and  if  lines  pTo\*(rV\c(tM\  V<a  \.\\t«<-.  three  compon^mis  be  set  off  i 
the  tlirce  axes,  t.\ic  v^o^tiwA  ol  ^^^t  x«iui>.\\^ 


•*«•«•■••••< 


...0.; 
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•will  represent  in  direction  the  axis,  and  in  length  the  mngnitude, 
of  the  resultant  angular  raoinentura. 

It  follows  that  the  axis  of  arvjvlar  Tnomentum  of  a  rotating  hody 
doM  Tiol  coincide  tcith  l/te  axis  of  rolalion,  unie^n  that  axis  is  an  axis 
qf  inertia;  in  which  case  the  moments  of  deviation  are  each  equal  to 
nothing,  and  the  resultant  angular  momontuiu  is  simjily  M«  product 
'the  moment  of  inertia  about  the  axia  qf  rotation  iiUo  liie  angular 
t/vcit)/,  divided  by  ff. 

Now  let  the  axes  of  inertia  be  taken  for  axes  of  co-ordinates,  and 
et  the  axis  of  rotation  make  with  them  the  angles  «,  fi,  •/.  Resolve 
Ite  angular  velocity  a  about  that  axis  into  thnio  components  about 
be  axes  of  inertia 


a  cos  «;  a  cos  jS;  a  cos  y; 


Hen 


the  angular  momenta  due  to  those  three  components  aro 

ipectively 

a  -  a  -  (t  T 

-  I,  cos  «;-I,cos/3;  -1,  cosy; 

9  'J  9 


be  resultant  angular  momentum  is 

A  =  -•,,/ [locos'*  +  IJcos'/S  +  IIco8'y};. 


.(2.) 


end  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
lie  angles  whose  cosines  are 

a  I|  COS  «  ,  a  I,  cos  />    a  1,  cos  y 


i/A 


9^ 


</A 


.(3.) 


Now,  as  already  shown  in  Article  586,  the  quantity  whose  square 
t  is  extracted  in  equation  2  is  the  reciprocal  of  the  product  of 
e  squares  of  the   semidiametcr  and  nonnal  of  the  ellipsoid  of 
ertJa ;   and  by  inspecting  the  equations  of  Article  680,  it  is 
ident,  that  the  square  i-oot  itself,  in  equation  2  of  this  Article,  is 
.e  reaidtant  of  the  moment  of  inertia  and  moment  of  deviation 
per  to  the  axis  of  rotation  j  so  that  equation  2  maj  be  expressed 
in  Uio  following  form  : — 

A  =  -^  =  ^J{V  +  K')i (4.) 

gni      g 

bung,  as  before,  the  normal,  and  «  the  semidiameter  of  the 
d  of  inertia  at  the  point  cut  by  the  axis  of  rotation ;  for 
hich  the  moments  of  inertia  and  of  deviation  are  I  and  K- 
Fnrther,  tlic  direction  cosines  of  the  axis  of  angular  moiacvA>Mci., 
in  the  foimuJa  J,  wiijch  may  otherwiao  \)e  exj^ieaaiedi  a&  S-^^**)^  < — 
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I,  CM  fi 


I,  COS  - 


^(f  +  K*)'  ^^^T^'    J(P+KO' 


i  of  the 


ftl  of  the  rllipRoid  uf  i 


are  the  dii-ectjon  cosines  ol  the  normal  oi  the  riiipRoid  ti!  ie 
Ilcnce  the  oxu  o/" angular  Tnomentum  at  any  instant  ia  xn  fhti 
tion  o/t/te  itornuU  let  /all  from  th«  centre  of  iJie  dtipsoid  of  A 
upon  a  plane  UmcJung  that  elUptoid  at  tlie  endq/'tJiat  diaviH* 
it  the  axis  of  rotation;  and  the  angular  momentum  ittfJj  iA  dir 
at  the  angular  velocity  of  rotation,  and  ineertdy  at  the  product  < 
narvtal  and  temidianuter. 

The  angle  between  the  axes  of  rotation  and  of  angular  momcutil 
is  the  angle  already  denote<l  by  t  in  jVrticle  flSG,  whoae  raluej 
given  by  the  equation 

,.(C.] 


cos  '  =  -  = 
t 


T 


7  1'+  K' 


Tig.  241. 


OA  :0D  :0C 


By    the     folln»-ing      ■ 
construction,  the  pitc 
ciples    are    represented    lo 
eye: — 

In  fig.  i.Hl,  let  O  1m?  the 

about  which  the  body  iMttites,     

A  B  C  A  B  C  its'  cUipsoid  cf 
inertia,  whose  semi-axes  Imve  tti« 
proportions 

111  ., 

H 


Let  O  R  be  the  axis  of  rotution,  whether  permanent  or  instanta> 
neous,  O  R  being  the  semidiunieter  of  the  ellipsoid  of  inertia. 
R  T  be  part  of  a  plane  touching  the  ellipsoid  at  R,  and 
normal  upon  that  plane  fixim  O.  Then  the  moment  of  inertia,  the 
moment  of  deviation,  and  their  resultant,  the  tota/  iiioment,  have 
the  following  pixjportions : — 


1 
OR- 


K:  Jl'  +  K' 
EN  1 


OR' 


m 


ON    OlON 
the  direction  of  the  axis  of  angular  momentum  ia  O  N ;  and 
amount  is  pro\M>rtional  to 


a 


mm 
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centre  of  gravity,  beinj;  the  sum  of  the  mnsses  of  its  particles,  each 

fultiplied  into  one-lmlf  of  the  Eqoaro  of  its  velocity,  is  found  oa 
Hows: — a  being  the  angulur  velocity  of  rotation,  the  linear  velo- 
ty  of  any  particle  whose  distance  from  the  axis  of  rotation  is  r,  is 


V  =  ar; 

id  the  actual  energy  of  that  particle,  its  weight  bebg  W,  is 

WV  _  WaV 
29   ~     ig    ' 


(1) 


the  mometU  of  iiteiiia  of  the  particle  multiplied  by  — .    IleDce 


for  the  whole  body  the  actual  energy  of  rotation  is 


E-"'^- 
^-2^- 


2!/ 


.(2.) 


that  is  to  say,  actvud  energy  bears  the  tame  rdation  to  angular  vdo- 
eitt/  and  vwmenl  0/ inertia  that  it  does  to  linear  vdocity  and  tceight. 

Referring  again  to  fig.  241,  it  appean  that  the  actual  energy  of 
rotation  is  proportional  to 


.(3.) 


23- OR' 

Conceive,  as  in  the  last  Article,  the  angular  velocity  o  to  be  re- 
solved into  three  components  about  the  three  axes  of  inertia 
respectively,  viz.: — 

a  cos  «,  a  cos  A.  a  cos  y; 

then  the  quantities  of  actual  energy  duo  to  those  three  component 
stations  are 


a'  I,  cos'  1    a»  I,  cos'  18    o'  I,  cos'  y 
■  ■         2I1       ' 


2g 


'^g 


.(4.) 


Iiicli  Oeing  added  together,  reproduce  the  amount  of  actual  cnci^ 
jiven  in  formida  2;  showing  that  the  actual  aicnjy  of  rotation  abuut 
I  git^en  axis  in  the  snm  oftlie  actual  energies  due  to  t/ia  components  of 

at  rotation  about  the  three  axes  of  inertia. 

590.  Frrv  noiaiioB  is  that  of  a  body  turning  about  its  centre  of 

iivity  under  no  force.  The  principles  of  the  conservation  of 
Sigulur  momentum  (Article  5G3),  and  of  the  conservation  of  iu- 

[lal  energy  (Article  oG5),  being  a})plicd  to  free  rotation,  show 

&t  it  is  governed  by  the  following  laws :— 


I 
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I.  The  dineHon  qfthe  aseU  o/tmgvia»-  momtrUtm  itjatd, 
IL  TIte  amgvlar  momaUvan  it  eenatafU, 

TLL  TIm  acttiol  energy  it  eontbmt. 

The  first  law  sbows,  that  the  direction  of  the  normal  O  X, 
241,  is  fixed;  and  consequently,  that  luileiss  that  uortual  coiucid 
•with  the  axis  of  rotation  O  K,  which  takes  place  for  axes  of  ine 
only,  the  axis  of  rotation  is  not  a  fixed  direction,  and  is  tbeivfi 
an  ingtfintanecnu  axis  only  (Articles  385  to  393).     Hence  the  i 
of  inertia  are  sometimes  called  "perviaaient  nxas  of  rofation." 

The  second  and  third  laws  are  expreaaed  by  the  following  eqoji- 
tions : — 


a) 


A  =  -  ,y(I'  +  K')  =  constant ; 
y 

£  =  rr—  =  constant. 
2g 

To  find  how  these  laws  regulate  the  (Aangtt  qf  direction,  cf  ' 
instantaneous  axis,  eliminate  the  angnlar  Telocity  as  follows  >— 

gA'  _  r  +  K'  _  i;co^»  +  goQg'g  +  Ijoo^y 
2£   "        I        ~  I, coe' •  +  I, coe' /S  +  I, cos* y 

=  constant It) 

Now,  referring  to  fig.  241,  and  to  equation  8  of  Article  588^  it 
appears  that  T  +  K*  «  1  h-  OB'  •  ON*,  and  that  I  ocl  h-  iT" 
whence 

— ^ —  *  ON*  "  <^''*'*°*J <*j 

That  is  to  say,  l!ie  normal  O  N  m  comtarU  in  lengUi,  a*  ^all 

ill  direction;  and  therefore  a  body  rolatinff  fredy  moves  in  fuek  • 

manner,  ifuU  iU  dlipaoid  of  inertia  cduxtys  touchea  a  fixed  plane  (riL, 

the  plane  T  K  K),  the  inaUmtanetnu  axis  traversing  the  poiiU  <jf 

contact. 

The  second  of  the  equations  (I.)  further  shows,  that  the  aTtytlM" 
Telocity,  being  given  by  the  equation 


.(*■) 


is  at  each  instant  proportional  to  the  semidiametor  O  R 

If  the  \n8la.nta.Tx«on«  axis  O  R  and  the  position  of  the 
knowu  at  any  iu^atvVi  wt  VlWi  ttAsk^vivx,  >!b5i  \x«/kvM9  flaitM 
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and  the  length  and  direction  of  the  fixed  normal  O  N,  am  alsn 

Imown. 

Conceive  a  curve  to  be  dra'vn  on  the  ellipsoid  of  inertia  through 
all  the  points  whose  tangent  planes  are  at  the  same  perpendicular 
distance  O  N  from  the  centre  •  then  the  instantaneous  axis  O  R 
■wiD  always  traverse  that  curve,  and  will  always  be  found  in  the 
gnr&ce  of  a  cone  of  the  second  order  fixed  rttativdy  to  the  caet  of 
inertia,  whose  equation  is 

[lJ-^^)cos'.+  (U-^)coB'.+  (lS-^)co«-.  =  0...(5.) 

this  bo  called  tlie  rolling  cone.     Then  the  motion  of  the  body 
be  such  as  would  be  produced  by  the  rolling  of  the  rolling 
oe  upon  a  fixed  cone  generated  by  the  motion  of  O  R  relatively 
ON. 

As  free  rotation  is  of  unusual  occurrence  in  practical  mechanics, 
^^  shall  refrain  from  nppl3ring  its  principles  to  special  examples  here, 
^■bd  shall  refer  the  reader  to  the  work  of  M.  Foinsot  on  Rotation, 
^Hb>d  to  a  paper  by  Professor  Clerk  Maxwell  in  Tlie  Tramaclumi  qf 
^■Ble  Royal  Society  0/  Edinburgh,  voL  xxi. 

^^      591.    Vairana  BotaUon  about  ■  Fixed  Axl& — When  a  body  rO- 

I  tates  about  a  fixed  axis  traversing  its  centre  of  gravity,  with  an 
xiniform  angular  velocity,  its  actual  energy  ia  still  represented,  as 
iu  the  case  of  free  rotation,  by 

a*I  ,, , 

'  -^ —  =  constant;  ....„ ...^.......(I.) 


^ 


£: 


ad  its  angular  momentum  by 


A  =  -  J(V  +  K*)  =  constant ; . 


.(2.) 


it  wUees  the  axis  of  rotation  is  an  cuds  of  inertia,  the  axis  of  angu- 
momentum  O  N  is  no  longer  fixed,  but  revolves  about  the  iixed 
■mxis  of  rotation  O  R  with  the  angular  velocity  o.      In  order  to 
produce  that  continual  change  in  the  direction  of  the  axis  of  anga- 
momcntum,  a  continual  angular  impulse,  or  continuously  actuig 
Duple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
pplied,  the  axis  of  rotiition  will  not  remain  fixed. 
592.  The  DcTiaUnc  caapir.  88  the  couple  required  for  the  above 
irpoae  is  called,  must  have  its  axis  always  perpendicular  to  the 
"  I  of  angular  momentum,  otherwise  it  would  alter  the  amount  of 
he  angular  momentum,  conti-Jirj'  to  the  condition  of  uniform.  iKstar 
on.     The  axis  of  the  deviating  couple  mu&t  ablw>\M«2c<Hvj«\Kx-, 
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pendicular  to  the  axis  of  rotation,  because,  in  order  that  it  i 
alter  the  acttial  energj-  of  the  Iwjdy  (contrary  to  the  pond 
uniform  rotation),  the  pair  of  equal  and  opjKwite  forces  con 
it  must  act  through  points  having  no  ir.otion ;  that  is, 
points  in  the  axis  of  rotation.     (In  machines,  the  forces  ooj 
ing  the  deviating  couples  are  supplied  by  the  pressures  of  the  I 
ings  against  tlie  axles.)     It  appear*,  therefore,  that  the  axis  of  I 
deviating  couple  must  always  bo  ])erpendicular  to  the  plane  O  I 
•wliich  contains  the  axes  of  rotation  and  of  angular  mom>;ntum  ; 
that  the  pair  of  forces  constituting  it  must  always  act  in  that  pi 
changing  their  direction  as  the  body  rotates,  with  an  angnlar  ' 
city  i-qual  to  that  of  the  body.     The  direction  of  the  doviati 
couple  must  be  such  as  w^ould  of  itself  tend  to  turn  ON  lowards  01 

To  determine  the  amount  of  the  deviating  couple,  let  i,  as  hcfow, 
denote  the  angle  0  R  N.  Then  in  the  indefinitely  short  interrtl 
of  time  d  t,  the  direction  of  the  a.xis  of  angular  momentum  is  duiUJ 
through  the  indefinitely  small  angle 

adi  •fan  t, 

and  the  result  differs  to  an  indefinitely  small  extent  from 
whicli  would  be  produced  by  combining  with  the  actual 
momentum  A,  an  angular  momentum  about  the  axis  of  tlie 
ing  couple  represented  by 


angular 


A  o  sin  <  d<  =  -^P  +  K*  •  sin  *  •  rfl ; 

and  this  is  the  anguliir  impulse  to  be  supplied  in  the  inter?al  ( 
by  the  deviating  couple ;  therefore  the  deviating  couple  is 


M  =  A  o  sin  #=  -  ^1'+  K'  -  sin  f. 


but  aa.l  = 


-;  therefore 


M  = 


aK 


(I 

V 

and  if  Q  be  the  magnitude  of  each  of  the  forces  coDfltitutifl^  i 
couple,  and  I  the  length  of  the  arm  on  which  they  act  (b«iing 
distance  between  tljeir  points  of  application  to  the  axis),  i 
M  =  Q;,  Uien  '' 

^~  I  -  gl  ' 

which  being  co'nv\va.Tci\  -«\V.\\  the  ex^>Tcssion  i 
Article  537,  slioy.8  xVsiX,  \!u<i  Vi\'»  sS.  ».^ksmi- 
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^■•Jne  relation  to  the  angular  velocity  a,  the  moment  of  deviation  K, 
^Hnd  the  arm  /,  which  a  simple  deviating  force  bears  to  the  liuoui' 
^pelocity  t;,  the  weight  \V,  and  the  radius  vector  r. 

To  represent  these  principles  graphically,  it  is  to  be  obsei-ved 
Uiat  in  fig.  241,  the  ratio  of  moment  of  deviation  to  the  moment  of 
inertia  is 

K  : I  : :  RN  ;  ON ; (3.) 

and  that  this  also  expresses  the  ratio  of  the  deviativg  couple  to 
doubU  the  actual  energy,  viz, : — 


n 


^^  =  T  =  ^-» (*•) 


The  reaction  of  the  axis  of  the  rotating  body  on  its  bearings,  equal 
and  opposite  to  the  de\'iating  couj)le, — that  is,  tending  to  turn  tlie 
axis  of  those  bearings  towarcls  the  axis  of  angular  momentum  O  N, 
— is  called  the  centkifuoal  corPLE.  It  is  balanced,  in  machines, 
by  the  strength  and  rigidity  of  the  framework. 

The  amount  and  du-ection  of  the  deviating  couple  might  have 

en  determined  by  finding  the  resultant  couple  of  the  deviating 

es  required  to  make  each  jHirticle  of  the  body  revolve  in  a  circle 

9ut  O  R  with  the  common  angular  velocity ;  and  the  result  would 

»ve  been  exactly  the  same. 

593.  Kacrgr  aad  Work  oi  Caapira. — The  energy  exerted  by  a 
Duple  is  the  product  of  the  common  magnitude  of  its  pair  of  forces 
ito  the  sum  of  the  distances  through  which  their  points  of  appli- 
ttion  move  in  the  interval  of  time  under  consideration ;  ana  as 
at  sum  is  the  product  of  the  length  of  the  arm  of  the  couple  into 
the  angle  through  which  it  rotates  about  its  axis  in  that  time,  t)ie 
energy  exerted  may  be  expressed  by 

^  -Eldi  =  'Si.di  =  '^iadt, (1.) 

^^■t  being  the  angle  of  rotation  about  the  axis  of  the  cou])le  in  the 
^Hnterval  dt,  with  the  angular  velocity  a.  When  the  couple  acta 
^Kfgainsl  the  direction  of  rotation,  the  above  expression  becomes 
^Kegative,  and  represents  voork  performed. 

^*    If  a  couple  be  applied  to  a  rotating  body  whose  axis  of  rotation 
makes  an  angle  ^  with  the  axis  of  the  couple,  then  the  energy 
exerted  may  Ihj  found  cither  by  resolving  the  couple  into  two  com- 
ponents, one  about  the  axis  of  rotation,  which  is  either  an  accclc- 
kMiting  or  a  resisting  couple,  gives  rise  to  energy  exerted  or  work 
^Herformed,  as  the  case  may  be,  and  may  be  called  the  direct  couple, 
^■nd  the  other  about  an  axis  iierjR'ndicuIar  to  the  axis  of  rotation, 
M-hich  mny  be  called  the  lateral  couple, — or  b^  ■reaoVjw^'Otkft  ■v«^a.- 
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tdon  into  components  about  the  axis  of  the  conple  And  »b«7nt  i 
tAxa  perpendiculur  to  it,  and  multiplyijig  the  former  component  Ir 
the  couple. 

The  nauit  obtained  by  either  method  is  expvesaed  by 


Ma  COB  9  '  (It, 


•(i)l 


which  represents  energy  exerted  or  work  performed,  according  H 
thi'  couple  acts  with  or  against  the  rotation. 

When  the  direct  couples  applied  to  a  rotating  body  are  balanserf. 
the  actual  energy  of  the  body  remains  constant,  thn  potential  enerff 
exerted  in  any  interval  of  time  ia  equal  to  the  work  perform«d; 
that  is 

2  •  M  co8«)  =  0; m 

and  the  same  law  holds  for  the  energy  exerted  and  worV 
during  each  period  in  the  motions  of  a  body  or  sy^ 
motions  rary  periodically ;  but  it  is  unnecessary  to  enter  in  dcti 
into  the  consequences  of  these  propositions,  which  are  only  a 
ticidiir  form  of  cx{)resBing  a  part  of  the  general  principles  alntif 
explained  in  Articles  618,  61i),  520,  and  553,  further  tiian  to  8ti 
that  the  principle  of  virtual  velocities  (Article  520),  when  appli 
to  a  system  of  bodies  in  equilibrio,  capable  of  rotating  with  i 
velocities  bearing  given  ratios  to  each  other,  takes  the  form, 

3    M  a  C08  ♦  =  0, (i.] 

where  a  is  either  tlie  uniform  angular  velocity  of  which,  tba  1 
acted  on  by  the  couple  M  is  capable  about  an  axis  '»'»H««g 
angle  9  'nith  the  axis  of  M,  or  any  avimb«r  proportiaaal  to  ' 
anyilor  velocity. 

SBonON  3. — On  Varied  BotatioTt. 

B9i.  The  Iaw  •rvaried  Bsiaiiaa  is  the  Theorem  already  stetadl 

Article  562,  of  the  equality  of  each  variation  of  angular  momenttoi 
to  the  angular  impulse  producing  it ;  a  principle  which  has  ahradf 
been  applied  to  tlie  ilnoing  of  the  deviating  force  required  to  pr^ 
duoe  uniform  roUtion  about  a  fixed  axis. 

To  express  this  mathematically,  let  x,  y,  e,  desots  throe  fixed 
rectangular  axes,  with  which  the  axis  of  angular  monmntum  mi 
the  auglBB  %,  ft,  »;  and  let  the  angular  momentum  be  t«Mlv«d  i 
three  componauts  about  those  three  aze^ 

A,=  AcosX;  A,  =  Aco8^;  A,=Aaos»; 

also,  let  i\ie  uiiiV>u\aivcc:&  com^^q  Vva^  «iAikQ«kS.\i&  bud^^  be  nnl| 
iuto  three  ttctan?;uL\M  co\a'^^msxN!>»^Bs«**^Vj 


Ilien 


lAVr  OF  VABIKD  nOTATIOK. 


M.J  M,;  M.; 
dA,     -,     dA,-     -.    dA,      ^ 


BSi. 


(1.) 


Thoee  three  equations  express  the  relations  between  the  nnbalanced 

couple  and  the  rate  of  change  of  the  angular  momentum.     TboM 

relations  may  otherwise  be  expressed  as  follows : — let  ^  be  the 

angle  made  by  the  axis  of  the  unbalanced  couple  with  the  axis  of 

angular  momentum;  then  the  couple  may  bo  resolved  into  two 

^^■iponents, 

^g  M  cos  ^  and  M  sin  i^, 

of  which  the  former  produces  variation  in  the  amount  of  angular 
momentum,  and  the  latter,  deviation  of  the  cueu  of  angular  momen- 
tum, according  to  the  following  laws  : — 


b 


dA 
dt 


Mcos«^;  A^. 
at 


M  sin  1^ ;. 


(2.) 


In  tlie  latter  of  wliich  equations,  d  %  denotes  the  angle  tlirough 
d|^ich  the  axis  of  aogtilar  momentum  deviates  in  the  indeiinitt'ly 
Hhdl  interval  d  I,  in  the  plane  which  contains  that  axis  and  the 
^Bs  of  tiio  couple  M,  and  in  a  direction  towards  the  latter  axis. 
This  equation  of  deviation  of  angular  momentum  has  in  fiict  been 
alreiuly  employed  in  Article  592,  to  find  the  deviating  couple 
required  in  order  to  fix  the  axis  of  rotation,  when  that  diflers  fix)m 
the  axis  of  angular  momentum. 

The  equations  1,  or  their  equivalents  2,  are  not  of  themselves] 
sufficient  to  determine  the  variations  of  motion  of  a  body  rotating 
without  a  fixed  axis ;  for  in  such  a  body,  the  angular  momentum 
may  change  by  a  chonge  of  the  direction  of  its  axis  reUUivdy  to  t/lt , 
body,  as  well  uh  by  a  variation  of  amount,  or  a  deviation  of  its  axJaJ 
ixt  absolute  directioa     This  is  expressed  by  putting  for  the  ang 
momentum  its  value  in  tenns  of  the  moments  of  inertia  and  devia^* 


gJI'  +  K' 
9  ' 


tion  relatively  to  the  instantaneous  axis,  vi&,  A  = 
when  the  equations  1  take  the  following  form  : — 

iyM,=  —\a  cos  X  ■  jTF+K^  [■ ;  and  analogous  equations  for 

V  r/  M,  and  y  M. ; (3.) 

viule  the  equations  2  hecomo 


SAO 
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f,-SLco8^  =  ^(aJV+K'y, 


gN.£n^  =  ajFTW-jf. 


It  IB  theix'ft)rc  necessary  to  have  an  additional  equation  •" 
the  diitft  tor  the  Bohitiou  of  the  problem  ,  and  this  i~ 
Lthe  law  of  the  congervatum  of  enertfy,  in  virtue  of  ■whiLi. 

aergy  stored  or  restored  by  the  rotating  body  is  equal  to  the  ft! 
exerted  or  consumed  by  the  unbalanced  couple,  according  as  it  I 
■with  or  ngninst  the  rotation,  as  tho  fiMlowing  equation  cxf 
where  9  is  the  angle  between  the  axix  of  the  unbalanced  coaple  i 
the  instantaneous  axis  of  i-otation. 


MrtCosC^ 


2g'     dt    ' 


.{S 


The  equations  3  or  4,  together  with  5,  and  with  tho  Tth 
between   tho  positions  of  the  axes  of  rotation   and   of  tag 
momentum  demonstrated  in  the  two  precetling  ^ 
siilve  the  problem  of  varied  rotation  in  its  utnm 
give  rise  to  some  exceeding  complex  mathematical  invest 
In  the  present  treatise,  however,  it  will  be  sufficient  to 
solution  of  some  of  the  more  simple  cases. 

<VJ5.   Tarird  Rolniioa  abonl  n  Fixed  AxU. — When  a  body  Totattt 

Labout  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  i 
f^y  a  coiiplo  M,  whose  axis  mokes  an  angin  9  with  the  axis  of  ; 
tion,  that  couple  is  to  be  resolved  into  a  direct  couple,  M  cos  V,  all 
tho  axis  of  rotation,  which  will  be  an  accelerating  or  retar 
couple  according  as  it  ivcts  with  or  against  the  motion,  and  a  lab 
cmijtle,  M  sin  9,  which  tends  to  deviate  the  axis  of  rotation,  bu 
Ixvlanced  by  the  resistance  of  the  bearings.     The  entire  amonal 
tho  couple  to  be  resisted  by  the  bearings  at  any  iiiht.ink 
resultant  of  this  lateral  couple  and  of  the  centrifugal  ci  •  i| 

6!'2),  due  to  the  deviation  (if  any)  of  the  axis  of  angular 

The  effect  of  the  direct  cou|)lc  in  varying  the  angular  vejocifj 
found  by  means  of  the  law  of  the  conservation  of  energy,  obeer 
that  I  in  this  case  is  constant ;  that  ia  to  say, 


Ma  COB  9  = 


a\da 
~9dr' 


and  by  ^viding  this  equation  by  a,  and  obeerring  tiiat  »dl=di, 

where  d  i  \s  »w\\  TOAeWVuiVj  wxvsMi.  «xu^'&  of  rotatioD,  it  u  tuade  to 


M  ■  cog  9  = 


de 
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,.(2.) 


gdt      g    rf<*        gdi 
bowing  that  tbe  direct  couple  is  equal  at  once  to  the  rariiUum  of 
■lar  momentum  about  Out  fixed  axis  divided  by  the  time,  and  to 
the  variation  of  actual  energy  divided  by  the  angidar  motion. 

596.  Aaalogr  of  Vnrlrri  KotBllaa  and  Variril  TraaalaiUa. — When 
the  equation  of  Article  554  is  compared  with  equation  2  of  Article 
695,  it  appean  tl-.at  those  equations  are  exactly  analogous  to  each 
other,  and  tliat  the  former  is  transformed  into  the  Litter,  when  for 

P,     W,     »,     V, 
there  are  respectively  substituted 

M  cos  9,     I, 

that  is  to  say,  a  direct  couple  for  a  direct  force,  moment  of  inertia 
for  weight,  angular  motion  for  linear  motion,  and  angular  velocity 
for  linear  velocity. 

Consequently,  by  making  those  substitutions,  any  equation  relat- 
ing to  the  varied  translation  produced  by  a  direct  force,  may  Ije 
transformed  into  a  coiresfKjnding  equation  rc8i)ecting  the  varied 
rotation  of  a  body  about  a  fixed  axis  traversing  its  centre  of  gravity 
anxluerd  by  a  direct  couple.     Examples  of  this  principle  arc  given 

the  two  following  Articles. 

597.  Catram  Vnrioiioa  of  angular  velocity  is  produced  by  a  cou- 
fint  couple,  and  is  analogous  to  the  vertical  motion  of  a  hi-avy 

ly,  as  given  in  Article  533.  In  that  Article,  g  is  the  proportion 
of  the  moving  force  to  the  ma.S8  of  the  body.  Let  M  be  the  couple, 
and  let  ^  =  0;  that  is,  let  the  couple  be  altogether  about  the  axis  of 
rotation-     Then  for  17  is  to  be  substituted 

T' 

Iflticli  is  to  bo  considered  jwsitivc  when  in  the  direction  of  the 
litial  angular  velocity  a^  ;  and  for  A  is  to  bo  substituted  1,  Then 
equations  1  and  3  of  Article  533,  being  ti-an-sibrmed,  give  for  the 
angular  velocity  and  total  angular  motion  at  the  end  of  a  given 
time  (,  tko  expressions 

,  Mat 


21 


Equation  4  gives 


2»      ' 


.(1.) 


M 


PIUNCIPUS  OF  DTS-AinCS. 


..{3 


wliieh  is  also  the  result  of  applying  to  the  present  case  the  1 
tho  consemition  of  energy;  the  right  haud  aide  of  the  equ 
btting  the  potential  energy  exerted,  and  the  left  han<l  side  the  actail 
energy  stored. 

To  find  through  what  angle  a  body  wiU  tarn  befaro  stopfdaf 
against  a  constant  re^iiatanoe,  its  initial  angular  velocity  faeia;^ 
I  is  to  l)e  considered  that  if  R  ia  the  resistance,  and  I  its  peqwoifi- 
'  distance  from  the  fixed  axis,  the  resisting  couple  is 

and  tliat  a  is  to  be  made  =  0 ;  whence  equation  3  gives 

Rli='^^ 

598.  OrnMtoB  about  a  fixe<l  axis,  or  AncnUr  •witiMiaa.  ic  )     

nate  rotation  to  one  side  and  to  the  otlier  of  a  tnidiJlc  poeitioR. 
Lot  a  straight  line  be  conceived  to  be  drawn  [leqwndiVvlartoJtaj 
axis  of  the  gjTating  body,  to  serve  as  an  index  ;  1  Id 

tion  Ix!  denoted  by  0,  and  its  angrdar  displacem<  i 
tion  by  i,  positive  or  negative  according  as  it  is  t<.>  one  ado 
the  other ;  and  let  t,  be  the  aemi-amplitucU  of  gyratii')n.  or  exb 
displacement.     To  produce  gyration,  the  body  must  be  acted  ' 
by  a  couple  directed  towards  the  middle  position  ;  that  is,  cent 
to  the  displacement  t.     In  most  cases  which  occur,  the 
either  exactly  or  nearly  proportional  to  the  displacement     Sn 

"*Qg  it  to  be  exactly  proportional,  lot  M|  be  its  extivme 

'  in-espedive  of  sign;  then 


M=- 


M 


the  negative  sign  showing  that  the  couple  is  contrai-v  h.  fi>o( 
placement,  tending  to  restore  the  body  to  its  middle  position. 
It  is  obvious  from  this  equation,  that  gyration  is  analo_ 
ati-aighl  osciUation,  explained  in  Article  542  ;  and  that  the 
tious  of  that  Article  are  to  be  transformed  by  substituting  : 
tively  for 

Wo' 


For  bre-vity'a  «akc,  let  the  substitute  for  a*  be  thus  i 


'i^doMt 
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4  of  Artide  543,  it  appean  that  tLu 


2< 


idi  is  ind(>pendent  of  the  semi-ampHtnde  «,  so  long  ns  M|  is  pro- 
Drtional  to  i,,  and  I  is  constant.  This  constitutes  worAfonufM,  «nd 
I  the  property  aimed  at  in  the  balane«  wheels  of  watches,  where  I 

the  moment  of  inertia  of  the  wheel,  and  tho  oouple  is  derived 
om  the  elasticity  of  the  balance  spiing. 

The  equations  2  and  3  being  transformed,  give  for  tho  angle  and 
Dgular  velocity  of  displax%ment  at  any  instant, 

t  :=  I'l  cos  kl; 

di  ,  .    .     , 

o  =  —  ^  —  k  ii  am  K  t ; 

nd  the  maximum  couple  M„  in  torm*  of  the  number  of  doublo 
"ations  per  second  n,  is  given  by  the  equation 

M,  =  *^=i^!!^^        (r,) 

9  9        ' 

599,  A  Mngie  Force  applied  to  a  body  with  a  fixed  axix  cauKO 
tlie  bearings  of  the  axis  to  exert  a  pre.sinirn  equal,  oppnititr,  atid 
parallel ;  so  that  if  the  line  of  action  of  tho  fon.-ci  Inivt-iwN  tlio  lixwl 
axis,  it  is  balanced  ;  and  if  not,  a  cuu|i1l<  Ih  formed  wlidmi  iiininiMit 
is  the  product  of  the  force  into  itji  ]H.'rpendiculiir  clixtniioo  IVotit  Uio 

'    '  ,  and  whose  effects  are  such  as  have  been  alrciuiy  (hntcriU'd. 

Section  4. —  Varied  Jloiatum  and  Trannlalion  Combitud, 

600.  Oeanal  Priariplc*. — All  rotation  of  u  iMjdy  uboiit  UU  0X1% 
ted  or  instantaneoiis,  which  dom  not  tmvemt!  tho  (■onl-ri'  "f  gmvily 
'  the  body,  is  to  be  considered  on  coni|MJUuded  of  rotn  i  a 

"lei  axis  traversing  the  centr<!  of  jfruvity,  and  truii'  I  i  lie 

atre  at  gmvity  with  a  veloc-ity  iiimil  Uj  Uio  prixliiit  nl  thn  nii|(u- 
velocity  into  the  distance  of  tho  c«ntnt  of  gravity  from  Um 
•ctnal  axis  of  rotatioo. 

Consequently,  every  variation  of  tho  motion  of  a  (■'■■'•■  -lii"!* 
consists  in  a  variation  of  the  angular  vel'Krity  about  ui> 

or  iikstaatancoun,  and  not  ttavOTnit ,' ■' '    •- 

oo(uidei«d  aa  producing  a  ciiang<  i| 


I 


•ordM 


booy  »t: 


prodoet  of  tlM) 

of  grmji^,  aad  • 

doe  to  the  jotetioa  of  Um  bo4]r  «il 


544 


PnntCIPLES  OF  DTXAXtOL 


uliout  nn  axis  travprsing  its  centre  of  graWtv 

Hxis  of  rotation  ;  and  the  furpc  required  ti;>  j)ii  •  to 

tioii  of  motion  vrill  be  the  rcsultunt  of  thf  I  •"  ,   i,  (|ini.  ■!  i,.  j !i( 

the  change  of  momentum,  applied  at  the  <  ■.  iitr.'  .t  gi.i\  ny,  nn^l 
couple  required  to  produce  tlie  change  of  angular  tnotnrutum. 

(!01.   PraiwttJc*  ar  ihe  Crairc  af  PtwraHi«a. — In  K"    'll^'i    Arlifl 
.)8l,  page  520,  let  G  be  the  centre  of  gravity  of  a  t 

weight  is  W,  XX  the  axis  about  which,  in  the  inti.i , 

of  angular  velocity  denoted  by  d  a  taken  place,  and  O  C  =  r,  I 
]wr{)eiidiculttr  distance   of  the  centre  of  gravity  from   that 
Tlien  the  force,  in  a  direction  pcr|)endiculur  to  the  plane  of 
and  G  C,  roqtiired  at  G  to  produce  the  change  of  momenlura,  is 


m 


and  the  couple  required  to  produce  the  cfaan^  of  angnlnr 
turn  due  to  the  change  of  angular  velocity  d  a  about  the 
G  D  II  X  X  is 

»  =  ^4f^ -<M 

and  the  resultant  of  that  force  and  couple  (according  to 
41)  is  a  force  acting  in  the  same  plane  'with  them,  pamllKl 
equal  to  F,  and  in  the  same  direction,  but  acting  through  a  J 
whoete  distance  from  G,  in  a  diitjction  opposite  to  GC,  ia       ~ 


(11 


that  is,  the  resultant  of  the  force  and  couple  is  a  tingle /oree  ¥  tul- 
itiff  Utrough  Ute  centre  of  percussion  B  eorresponding  to  the  given  ito* 
(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  581,  that  the  weight  of  the 
di8tribute<l  in  two  rigidly  connected  masses,  one  concentrat  __ 
and  the  other  at  B,  and  having  their  common  centre  of  gni^ 
still  at  G.  Tlien  in  producing  the  same  change  of  angular  t« 
city  (la  about  the  axis  X  O  X,  the  momentum  of  0  is  uxkdutog 
while  that  of  B  undergoes  llie  change 

B    BC-^*  =  Wr/-* 

l)Ciug  the  exacA,  c\«va5!,e  ol  mwnvcvvVioiv  al'      ' 

a  consequence,  "vnOLceCi,  o'i  \X\t  \ii.k\.,  vVs-v 

changed  by  tb.c  cotiWinXCTAAtoQ  "ii^.  VV*  vivaK«a.  -ax  ii  *\v^  vi-j 
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inoe  this  change  of  momentum  in  the  interval  d  t,  there  is  re- 

the  sanie  force  F  applied  at  B,  which  hua  already  bcdLJ 
nd ;  which  proves  the  following 

L'ueorkm  I.    I/tJu^  inaiis  of  a  Ixniy  b«  foneeiced  to  be  concentrated  I 
'two  rigidly  connected  p<nntg,  mie  at  a  ijiuen  aanfi,  and  the  other  ai\ 
(he  coTTt-sjxmdinij  centre  of  jK-reumimi,  so  a«  not  to  alter  tiw  jToeition  qf' 
Vcenlre  of  gravity  of  the  body,  the  force  required  to  produce  a  given 
of  angular  velocity  in  the  body  about  t/ie  given  aj:Li  in  tlie 
e,  t»  magnitude,  direction,  and  line  ufaclian,  with  that  required 
xlucc  the  corresponding  cliange  of  motion  in  that  jHiri  of  tint 
I  which  ia  coiuxiccd  to  be  concentrated  at  tlie  centre  of  perciiniiion, 
proposition  mij!;ht  also  have  been  arrived  at  by  considering 
TnEOREU  II.    If  a  body  rotaiejt  oho^U  a  gicen  axis  not  traversing 
^centre  of  gravity,  and  the  ntwis  of  that  liody  be  conceived  to  be  con- 
rated  at  the  axis  of  rotatio7i  and  centre  of  jiercusaion  so  as  not  to 
&«  centre  of  gravity,  the  momentum,  the  angular  momentum, 
laetual  energy  (ftlie  body  are  not  chaiiged  by  tluU  coucentrtt- 

for  the  centre  of  j^.ivity  being  vinchangcd,  the  moraenttun 
changed ;  and  becanse  (by  the  definition  of  the  centre  of  percu.»- 
sion)  the  moment  of  inertia  about  tlie  axi.s  of  rotation  is  unchanged, 
the  angular  momentum  and  actual  energy  are  unchanged. — Q.  K  D. 
Ck)ROLi.ARY.  From  Theorem  I.,  and  from  equation  6  of  Article 
C81,  it  follows,  that  the  action  of  au  impulse  upon  a  free  body  at 
either  of  the  points  B  or  C,  produces  a  rotation  about  an  axis  tm- 
|Miang  the  other  {wint. 

Hd02.  FUrd  Asia. — When  tlie  axis  of  rotation  X  X  is  fixed,  an 
impuUe  applied  to  the  centre  of  i)ercussion  B,  in  a  direction  i>or- 
pcndicular  to  the  plane  B  X  X,  simply  altera  the  angular  velocity 
^Bording  to  the  principles  exjilained  in  the  la.st  Article,  without 
^Kung  any  additional  pressure  between  the  axis  and  its  bearings. 
But  should  the  force  pving  the  impulse  not  traverse  the  centre  of 
cussion,  or  traverse  it  in  a  difr4?rout  directii.ni,  it  is  to  be  resolved 
principles  of  statics  into  two  component."!,  one  traversing  the 
of  percuft-sion  in  the  rtqiured  direction,  and  the  other  tni- 
ing  the  axis  of  rotation ;  when  the  former  will  produce  chan;;o  i 
notion,  and  tlie  latter  will  be  balanced  by  the  ivsistiwico  of  tlio 
CS  of  the  axis. 

^Tbe  DrrlaiiDS  Force  of  a  Ixxiv  rotating  al>oiit  a  fixed  axis 
ersing  its  centre  of  gravity  is  the  resultant  of  the  deviating 
!  to  the  revolution  of  the  whole  maa-s  conceived  as  conceii- 
at  its  centre  of  gravity,  found  us  in  Article  540,  combint-d 
;  the  deviating  couple  due  to  the  rotation  of  the  body  ■witk  VVw: 
I  an^Ltr  veJrx-ity  about  a  |)araliel  axis  tnitvctwtv^j  \X»  wstv\i«  ^•R. 
itjr,  found  aa  in  Article  002.     Thia  TeswiUiTvt  AKv\a.\h'vw|,^«w«S& 
is 
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axis  agaiiMttlw 


r  supplied  by  tl 
'  opposite 
bf'arings. 

604.  A  Conpaaml  Occillititni  PeadaImB  is  A  body  SUpporM  V^ 
a  horizontal  fixed  axis,  about  which  it  ia  fnee  to  swing  umJer  thi 
action  of  its  own  weight,  its  centre  of  gravity  not  being  in  th» 

Now,  by  Article  601,  Theorem  11.,  the  momentnin  and  angular 
Bomenttun  of  the  iKxly  arfi  at  every  instant  the  s&me  as  if  its  nuwi 
were  concentrated  at  the  axis  and  at  tlie  centre  of  oscillatarin  in  ll)« 
proportions  given  by  Article  581,  equations  1  and  6;  and  by  the 
definition  of  the  centre  of  oscillation,  tho  statical  moment  of  lh« 
•weight  of  the  botly  with  respect  to  the  axis,  being  the  couple  vriiich 

causes  the  motion,  is  in  every  position  the  same  as  if  ih  ■ 

ftrere  concentrated  in  these  pi-oportions ;  therefore,  the  ni'  ■ 
1  the  body  is  exactly  the  same  as  if  it  were  b»  •    "        '    ■  '•■d  ,  1 1 
rto  say.  it  osciUates  in  the  same  time  and  :  •>  li  •■  vim- 

laws,  with  a  simple  oscillating  pendulum  as  (iiuuiij  lu  A 1 1  '■<■'. 
wliose  length  is  the  distance  iroax  tho  axb  X  C  X  to  tli>   r.-i/; 
oacillatiou  B,  as  given  by  equation  3  of  Article  681,  viz. : — 

C]. 


BC  =  ^  +  r.. 


Such  a  simple  {lendulum  is  called  the  equivalaU  simple  i 

It  is  obvious  that,  for  a  given  body  swinging  about  bD 
axes  patnllel  to  a  given  direction  in  tho  body,  Uie  shorteat  eq^iunr 
lent  simple  pendulum  is  that  whose  length  is  the  minipinm  -vihie 
of  BC  as  given  by  the  above  equation.  That 
corresponds  to  the  condition, 


inlTiipn^m 


whence, 


min.  ^  =  2  ft,;  j 


.■  ii  te  say,  the  least  period  of  oscULition  of  n 
Kffiuie  when  the  distance  of  its  centre  of  ^i 
IS  equal  to  the  radius  of  gyiatiou  about  a  j 
tho  centre  of  gravity;  and  the  length  of  the  • 
dulum  is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  pninfs  be  so  related  thai 
each  is  the  centre  of  percussion  for  an  o  givcD  dirtctica 

traTerang  tt\e  o\.\\c't  (;a3  shown  by  Arti'  '-quatiim  ff),  tfcca 

the  period  ot  oaci\\aV\ou  bNwvjX.  tx'dn.CT  ft:caS&tihe  Mxae. 

From  the  t»ropert\ea  ul  We  wso.\x<i  oS.  v!wm»«»*'  "ssJiisAxa  lUi 
ArUcle,  it  ia  BumeVAmea  «i^via.NX«  cks^^^  ^»*^^-^^- 
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d05.    C«Bip««a4  KcTairiay  PearfniMiii. — To   avoid   unnecessary 

aplexity  in  the  theory  ol"  u  compound  revolving  pendalum,  let 

tlio  body  of  ■which  it  consists  be  of  such  a  ligure  and  so  suspended, 

that  the  straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 

jicnsion  C  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 

inertia,  and  that  the  mouicnts  of  inertia  about  the  other  two  axes 

sliall  be  equal    Then  for  every  axis  traversing  the  centre  of  gravity 

^^  right  angles  to  C  G  B,  the  r&dius  of  gyration  is  the  same ;  and 

^■bsequcutly,  for  every  axis  traversing  the  point  of  suspension  C  at 

^B^t  angles  to  C  G  B,  the  centre  of  percussion  B  is  the  same ;  and 

^Bb  body  moves  exactly  like  a  simple  revolving  pendulum  of  the 

Tength  C  B,  and  height  C  B  *  cos  4,  if  i*  is  the  angle  which  it  ] 

■with  the  vertical 

It  is  to  be  borne  in  mind,  that  in  order  that  a  pendulum  maj 
revolve  according  to  the  above  law,  it  must  have 
no  nif-olion  about  its  longitudinal  axis  B  G  C, 

(t  must  swing  as  if  hung  by  a  double  universal 
Kt  at  C  (Article  49 2). 
BOG.  A  B«iiiiiB!i  PeadafaMM  (fig.  242)  is  a  body 
S  suspended  by  a  point  C  not  in  the  centre  of 
tvity  G,  and  rotating  about  a  vertical  axis 
V  X  traversing  the  point  of  8us[)ension.     To 

K'd  needless  comi>le]dty,  as  iM'fore,  let  C  G, 
E  6  peqjendicular  to  it  in  the  vertical 
e  of  C  G  and  C  X,  be  two  of  the  axes  of 
inertia  of  the  pendulum.  Let  I,  be  its  moment 
of  inertia  about  G  E,  and  I,  its  moment  of 
inertia  about  G  C,  and  ;„  f,,  the  corresponding  radii  of  gyration. 
Let  the  angle  XCG=:>;  letCG  =  r,;  and  let  the  weight  of  the 
pendulum  be  W.  Then,  «  being  tl»e  angular  velocity  of  rotation 
about  the  vertical  axis,  it  appears  from  Articles  592  and  5M  that 

£  deviating  couple  due  to  rotation  about  a  vertical  axis  traveninfl 
hich  lias  to  be  added,  the  couple  due  to  the  deviating  force  of 
W  revolving  along  ■with  the  centre  of  gravity  G,  and  to  the  leverage 
r„  cos  «,  being  the  height  of  C  above  G ;  that  is  to  say, 

Wo"    J 


F%.  242. 


—  (1,  —  I,)  cos  «•  sin  «  = {il  —  d)  cos  «  sin  «; 


Dg 


9 
for  the  entire  deviating  couple 


W 


(ff— rf  +  »Ocoa«ffia«i 
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mill  this  couple  has  to  be  supplied  by  moaiis  of  the  wcigt 
)>endulu[n  acting  with  the  leverage  r^  sin  »,  that  is,  it 
equal  to 

W  r,  siu  m. 

pividing  by  this  qtiantity,  we  find 

^Y?L=:^+^^eos.  =  l; (1.) 

and  putting  for  a'  its  value,  4  »*  T*,  where  T  is  the  number  of  to 
jKT  second,  this  lends  to  the  equation 

CV+'-O— =Ji^=*^ <« 

h  being  the  Itelgld  of' the  etpiivalent  simple  revolving  {H-ndulu 
given  in  Article  539,  equation  2. 

When  (1,  the  radius  of  gyration  aboTit  C  G,  is  insensibly  i 
compared  with  r,,  the  radius  of  gyration  about  G  E,  A 
equal  to  the  height  of  the  simple  pendulum  equivalent  to  the  [ 
(Itilum  in  the  figure,  when  made  to  rcvolve  without  rotation  an 
V  G,  as  in  the  last  Ai-ticle.  When  t,  =  f„  the  height 
aimply  Tq  cos  ■,  being  the  same  an  if  the  whole  mass  were  con 
tratcd  at  the  centre  of  gravity.  This  is  very  nearly  the  case  in  J 
rotating  ponduhuns  used  as  governors  for  prime  movers,  wif 
are  in  general  large  hcaNy  .« phcres  hung  by  alonder  rods. 

607.  The  Baiiidic  Pcndntnin  is  used  to  measure  the  munieu^ 
of  projectiles,  and  the  impulse  of  the  explosdon  of  gunpowiler. 
measure  the  momentum  of  a  projectile,  such  as.  a  rifl"  1*11,  ( 
jiendulum  must  corwist  of  a  mass  of  matJ^rial  in  ^ 
Imlgc,  such  as  a  block  of  wood,  or  a  box  full  of  ni 
rods  from  a  horizontal  axis.     Supjxise  the  Ixill  to  bo  of  i 
b.  and  to  move  with  the  velocity  v  in  a  line  of  flight  who 
ilicular  distance  from  the  axis  of  suspension  is  /.    Tlicn  tlio  an 
niomc.ntura  of  the  ball  rclatiwly  to  the  axb  of  susjx'nsion  is 

hvi' 

9    ' 

and  because  the  ball  lo<lg(;3  in  the  pendulum    ■ " 

turn  is  whoUy  communicated  to  the  joint  i 

bull  and  the  pendulum,  which  swings  forv 

index  that  remains,  and  points  out  on  a  so^' 

clisplacoment.    \ieXiW\\a\»  ^c-osAkiK. Vyj  t.     Let  I  ■ 

of  the  s'lmpVc  -pciaAxAxBii  »»^vsa\«x\  Vo  WkJi.  \,. 

found  'by  Taoana  ol  KtVas^^  ^^V,  ««j\s».M\wl  \.,Vct,^s.  -iujt ' 


^^BcillatioDB 


BALLISTIC  PENDULUM. 
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cillatioDE  in  a  giveu  time;  let  W  be  the  joint  weight  of  the  j>en- 
diiluni  and  Ixili,  and  r^  ttie  distance  of  their  cuininon  centre  of 
livity  from  the  axis;  then 

\^ (2.) 


B  = 


1  the  portion  of  the  joint  weiglit  to  be  treated  as  if  concentrated 

the  centre  of  oHciliation. 

Let  V  be  the  velocity  of  the  ojntre  of  oscillation  at  the  lowest 
oiut  of  its  arc  of  motion ;  this  is  the  velocity  due  to  the  height, 
'  rersin  t;  that  is  to  say, 

Y  =  J{2tfl-  versin  i)  =  2  sin  3  '  JJ^i (3.) 

Dd  the  corresponding  angular  momentum  of  the  combined  mass  is 

W I 

;  which,  being  eqimte<l  to  the  angular  momentum  of  tlie  bull 

fore  the  collision  (1),  gives  tlio  equation 

(*■) 


hvr=B\l: 


J\-ing  for  the  velocity,  momentum,  and  actuiil  energy  of  the  ball, 
ctively, 

BVi 


bv 

a 


BV/ 


6/ 


B  V'f 
igbr"- 


.{5.) 


BV 


The  energy  of  the  combined  mass  after  the  collision  being  — — , 
And  leas  than  that  of  the  ball  before  the  collision  in  tin;  jiroportion 


O-bQ- 


.(G.) 


'br*  iBl',  shows,  tliat  an  amoimt  of  energy  denoted  by 

disappean  in  producing  heat  and  molecular  changes  in  the  boll  and 

ill  the  soft  mass  in  which  it  is  lodged. 

To  measure  the  imjiulsc  produced  by  the  explosion  of  gunfiowder, 
,e  gun  to  be  ex]KTinKMitcd  on  is  to  be  fixed  to  and  form  part  of 
«  pendulum,  and  a  ball  is  to  be  fired  from  it.    The  gas  produced  by 

the  <',\plo.sion  exerts  equal  pressures  during  the  same  time, — that  is, 

t"qiiol  impulses, — forwards  a^'nst  the  ball,  and  backwards  against 
'le  gun,  and  the  pendulum  swings  bock  t\\YO\ii%\\  a  cwrtAWx  xcwj^vs, 
Jiich  J>  ivgJHtercd  />v  an  index  as  beiure.  atiA.  Vvovn.  NiVvJo.  N5fiA_ 
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maximum  velocity  of  the  centre  of  peivwsaon  of  the  penilol 
be  calculated  as  before  by  equation   3.     Let  r'  uow  il»i 
distance  from  the  axis  of  susfitusion  to  tbe  axis  ot 
the  pressxire  exerted  by  the  exj)losive  gas  at  any  iiL 

impulse  exerted  by  the  gas  is  /  ¥  dt;  and  the  angular  imp 

f'  •  I  "B  dt;  vhich  being  equated  to  the  angular  momentum  \9 
duced  in  the  pendulum,  gives 

'p^'=^-'. .p.)' 


in  which  it  is  t«  bo  observed,  that  B  does  not  now  i 
weight  of  the  balL    Tho  impulse  exerted  by  the  powde^i 

BVZ 


/ 


Prf«=^ 


9^ 


■m 


Mid  the  -velocity  of  the  ball  6  on  leaving  the  gon  is  eooaequeot^ 

0  or 

The  energy  exerted  by  the  exploding  powder  is 


p-l 


/ 


6»'      BV 


2y  '• 


.(la) 


of  which  the  portions  cominunicatod  to  the  ball  and  to  the  pcaidulu 
are  indicated  by  the  two  terms,  being  in  tho  ratio 

b^:^^::^V.hf^ (ll.)j 

In  the  preceding  calculations,  the  momentum  and  energy  j 
duced  in  the  exj)losive  gases  themselves  are  not  conaidcred; 
is  very  doulitl'ul  whether  any  attempt  to  take  them  into  oocQiQ 
hypothetical  as  it  invist  be,  adds  to  the  practical  correctnesBj 
result.     As  a  prol«ible  approximation,  the  following  mayT 
ployed  ; — Let  to  be  the  weight  of  jwwdcr  nsed.     Divide  tlu^ 
two  p'lrts  proportional  to  6  and  B,  via. : — 

hv>        J    BiP 
'  and 


6  +  B         6-f-B* 

consider  tibe  btimvWct  ■^v\,  Vo  •saty^t  -w\tk  l\alf  tire  i-elocitr  of  B,  i 
the  larger  witb  \\9.\i  ^c  n^ocvVj  o^  ^i\  <wi*.\»va  w^^Nsi  *op« 
7,  8,  and  9,  put, 
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instead  of  B, 


and  instead  of  b, 


B  +  .-^J" 


6  + 


Bi 


2  (6  +  B)  J 


.(12.) 


The  equation  10,  in  its  original  form,  will  still  show  the  actual 
energies  of  the  pendulum  and  of  the  ball,  and  their  sum;  but  that 
sum  will  be  exdusive  of  the  energy  exerted  in  giving  motion  to  the 
explosive  gases  themselves. 

The  ballistic  pendulum  was  invented  by  Bobina,  celebrated  for 
luB  iarestigations  on  gunnery. 
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UOnONB  OF  FLtABt£    BODIES. 


COS.    Nalure  •€  llic  Bnbjeci ;  TIbratiaa. — The  lUOtlOU  of  each  | 

tide  of  a  pliable  body  may  always  be  resolved  into  three  o"- 
that  which  it  has  iu  common  with  the  centre  of  gravity  ^ 
being  the  motion  due  to  tninslation  of  the  whole  body;  t.ii 
it  has  about  the  centre  of  gi-avity  of  the  body,  being  the  mot 
to  rotation  of  the  whole  body;  and  a  third  ci.im|i< 
motion  due  to  alterations  of  the  volume  and  figun- 
of  its  parts.     This  third  component  is  oloue  to  be  cous.iiJk:r);d  m\ 
present  chapter. 

The  cinemaiical  branch  of  the  present  subject, — that  is  tc>  SST, 
the  branch  which  comprehends  the  relutions  amongst  the  disu 
meats  of  tlie  particles  in  a  strained  solid  fn>m  their  frco 
and  the  strains  or  disfigurements  of  its  parts  accomponyii 
displacements, — has  already  been  treated  of  generally  in  Artiel 
248,  249,  250,  260,  and  2'Ji  ;  with  rei'crence  to  bending,  iu 
293,  pirt  of  300,  301,  jart  of  303,  part  of  304,  part  of  307,  j 
309,  part  of  312,  and  part  of  319;  with  reference  to  twLtt 
jxirt  of  321  and  part  of  322 ; — and  again  with  reference  to  T 
in  part  of  Article  340. 

The  dynamical  branch  of  the  subject  lias  been,  to  a  certain  rxl«.'i 
anticipated  in  Ai-ticle  244,  where  resilience  ia  defined  ;  in  Artid 
252,  where  potetUial  energy  oj' elasticity  is  defined  ;•  in  Articles  36 
and  269,  which  relate  to  the  resHieife  of  a  «trHch«d  bar  ( 
effect  of  a  sudden  jruU;  in  Article  305,  which  relates  to  the  i 
of  a  beam;  in  Ai-ticle  30G,  which  relates  to  the  effect  of  a  tui 
applied  tranmrrse  load;  uud  in  Article  323,  which  relates  to 
rwlience  of  an  axle. 

The  motions  due  to  strains  amongst  tho  particles  of  pliable  bodk 
being  all  of  limited  extent,  and  consisting  in  changes  of  the  dii 
placement  of  each  particle  from  the  position  which  it  wouhl  occuj 
in  a  state  of  oquilibrium,  which  displacement  ia  limited  and  gciu 
rally  small,  ore  of  the  kind  allied  vibbatioxs,  and  are  more  or  Its 

*  In  Article  Ihl-,  V\ie  6«^  et«\'!'in'5TOtttt\.  <A  <\\tt  \>M»*:vm VwjnwJi^  weriUad  to  1 
Green ;  but  it  w  ngViX  ^»  V«  \wMiBa,  >i»!i.  V*  »>»  ••<•  VjS^v™*™*!^  i 
H.  CUt^yTon. 
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logons  to  the  oecillations  already  treated  of  in  Articles  542  and 
'543. 

The  complete  theory  of  vibration  embraces  all  the  phenomena  of 
the  production  and  transmisfiion  of  sound,  and  all  those  of  the  pro- 
[lagation  of  light,  its  well  as  those  of  the  visible  and  tangible  vibra- 
tions of  bodies.  Many  of  its  bi-anches  are  foreign  to  the  objects  of 
this  treatise ;  and  therefore  in  the  j>re8ent  cliapter  there  will  be 
given  only  an  outline  of  the  general  principles  of  the  theory  of 
■  vibration,  and  an  explanation  of  such  of  its  applicatiouii  as  are  of 
^^Hniportancc  in  practical  mechanics. 

^^P  609.  laochraaoa*  vibraitoBs  of  au  elastic  body  Arc  those  in  whicii 
^Htoah  particle  of  the  body  pei-forms  a  complete  oscillation  in  tho 
Hntmo  period  of  time,  so  that  all  the  particles  return  to  the  luimu 
'  relative  situations  at  the  end  of  each  equal  period  of  time,  and  tliat 
whether  the  oscillations  are  of  greater  or  of  less  amplitude.  Iso- 
chronous vibrations  being  communicated  to  the  ear  produce  the 
sensation  of  a  sound  of  uniform  pitch,  or  musical  tone.  In  order 
that  oscillations  of  different  amplitudes  may  be  janformcd  by  equal 
masses  in  the  same  time,  it  is  evidently  necessaiy  that  the  forces 
under  which  they  are  performed  should  be  proporttonal,  and  dirtctlt/ 
Ojtpoftxi,  to  the  dis}>laeemcnts  at  each  instant.  This  is  the  condition 
or  isocnRONi.SM,  and  has  already  lieen  illustrated  in  Articles  543, 
513,  544,  54.5,  and  557,  Example  III.,  for  the  case  of  a  single  pu'- 
ticle  ucteil  on  by  a  single  force,  and  in  Ai-ticle  598  for  the  analogous 
case  of  a  gyrating  rigid  body,  where  angular  is  substitutetl  for  linear 
displacement,  and  a  couple  for  a  force.  To  expre.vi  tliat  condition 
by  on  equation  suited  to  the  present  class  of  questions,  let  W+y 
be  the  moss  of  a  particle,  )  its  displacement  from  its  position  of 
equilibrium  at  any  given  instant,  F  an  unbalanced  force  by  which 
it  is  urged  directly  towarils  that  position,  and  a'  a  numerical  con- 
stnnt,  expressed  as  a  square  for  reasons  which  will  prc.stmtly  appear; 
then  the  condition  of  isochrouism  is  exprcs»e<l  as  follows : — 


F=- 


W«'o 


.(1.) 


an  equation  identical  with  equotion  1  of  Article  542;  while  from 
equation  4  of  the  same  Article  it  appears  that  the  number  of  double 
oscillations  per  second  is  expressed  by 


f     ind  tlic  period  of  a  double  oscillation  by 


(21 


pnnrcin.cs  or  dttcamcs. 


for 


quationi!  of  Article 
pplicublc  to  the  pre;*' 

QorQ,,     Q^ 
F„  F, 


'  amii 


r  or; 

J,. 


8,  respectJTjsly, 


■wLere  F,  represents  tlie  maxiniuin  force,  corresponding  to  i„  1 
maximum  displuctment,  or  semi-amplitude  ;  consequently,  if  \ 
onler  to  make  the  formulse  more  jrenerul  we  repi-esent  by  'o ' 
inHtont  of  time  at  which  the  [article  reaches  the  cxtrctaity  of  un 
oscillation,  we  have 

3  =  8,  cos  o  U~i 

-r=  —  oJ,8mo(<- 


dt 


[l-Q.   f 


When  the  restoring  force  corresponding  to  a  girca  i 
is  known,  the  constant  a'  is  computed  by  the  furmula 


W» 


•W 


in  -which  the  negative  sign  denotes,  that  although  F  being  contrary 
to  8  in  dii-ection,  their  quotient  ia  implicitly  negative,  it  ia  to  luiv« 
that  negativity  reversed  and  to  be  tfeatod  as  j-wsitive. 

The  equations  2  and  4  show,  that  lh«  square  of  the  iiunJbtf  "jf 
OHcilltUions  vMile  by  a  particle  in  a  aecotid,  it  i,  '       <  M«  matt  of 

the  particle,  and  directly  as  the  ratio  vf  tlic  re  '  e  to  the  dit- 

placement. 

610.    TlbraUona  of  ■  Idiu*  brU  hj  a  I.t(hl  Nprtas.— The  defleotjnn 
of  a  straight  Kpviug  or  clastic  beam  under  any  load  is  givcti  ' 
equations  of  Article  303  for  thudc  cases  in  which  it  is  8eu&il>>    . 
jiortional  to  the  load. 

The  position  of  equilibrium  of  the  spring,  if  not  afffi-tpil  by  a 
lateral  transverse  load  (for  example,  if  it  is  pliiced  ver* 
be  straight;  or  if  thei-e  be  a  permanent  tmns verso  In,' 
tion  may  be  more  or  less  deflected.     lu  either  ca- 
of  an  independent  deflection,  8,  of  the  jwint  for  - 
are  computed  by  the  fomiuloe,  to  one  side  or  io  the  other  oi  liir 
fKJsition  of  equilibrium,  provided  the  limits  of  i)erii'ct  e' 
not  exceeded,  causes  the  spring  to  exert  a  restfjring  {m 
value  is  found  by  applying  to  this  case  equation  4 
that  is  to  say, 

•Fc* 


3=_ 


j,^_»;^E6A», 


in 


n'E6A»  ■  ■  "  w'V 
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Now  roppose  that  there  is  attached  to  the  point  of  the  spring  for 
which  J  is  oUcuIated,  a  mass  W  ^  <;,  in  comjiarison  with  which  the 
mass  of  the  spring  is  inappreciably  small.  Then  if  that  maas  bo 
drawn  to  one  side  or  to  the  other  of  the  position  of  eqnilibtniia,  and 
left  free  to  vibrate,  the  spring  will  make  it  vibrate  according  to  the 
law  already  explained  in  Article  609 ,  putting  for  the  coostaat  a 
the  value 


V    w 


(2-) 


If  the  mass  gyrates  about  a  fixed  axis  traversing  its  centre  of 

gra^-ity,  let  I  denote  the  distance  fix)m  that  axis  to  the  point  upon 

which  the  spring  acts ;  then  in  the  equations  of  motion,  substitu- 

ioQs  are  to  be  made  according  to  the  principles  of  Article  598, 

the  above  equation  becomes 


.  =  y'A, 


.(S.) 


If  the  mass  oecillatcs  about  a  fixed  axiit  not  txaversing  its  centre 
©F  g^a^■ity,  the  above  equation  ia  still  applicable,  when  the  projier 
value  is  put  for  the  moment  of  inertia  I. 

The  retloriny  c<mf>U  F  /  for  u  gyrating  body  may  be  suyiplicd  by 
thi»  resistance  of  a  rod  or  wire  to  torsion  ;  in  which  case /I  ia  to  lie 
'to  represent  the  ratio  of  the  moment  of  torsion  to  the  angle 
ii-ion,  which,  for  a  cylindiical  rod  or  wire,  is  given  in  Article 
L      ii22,  case  2,  equation  4,  viz. . — 

K 


/i='i= 
t 


32* 


.(4.) 


being  the  length,  and  h  the  diameter  of  the  rod  or  wire,  and  0 
Ihc  co-etKcient  of  transverse  elasticity  of  the  materioL 

By  the  aid  of  the  piinciples  here  explained,  experiments  on  the 
numbers  of  vibrations  |)er  secoud  made  by  springs  and  wires  looded 
with  masses  great  in  proportion  to  the  masses  of  the  springs  and 
wire."»,  may  bo  usetl  to  determine  the  co-efficients  of  elasticity  E 
and  C. 

Oil.  fl<tp<Tp«*iiian  of  Hmaii  tiiaUon*. — If  the  restoring  force  of 
a  particli;  for  vibrations  in  ii  given  direction  be  op{)osite  and  pro- 
]iortional  to  the  displacement,  and  if  the  same  be  the  cose  for  one 
or  more  other  directions  of  vibration,  then  for  a  displacement 
M-liieh  is  the  residtant  of  two  or  more  displacements  in  the  given 
flircctiona,  the  force  acting  on  the  particle  will  evidently  be  the 
rtsultant  of  tlie  separate  forces  corresponding  to  t.\\e  cowvi(io\!kVt\iH. 
dhiphcemetiU,  and  Uie  velocity  tlie  i«suilau\.  (A  "Oaia  v/onssfj/awsi'' 
vtjocjties. 
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This  ia  called  the  principle  of  th«  enrKErosmos  or  Sgi 
jionoiraL 

If  the  co-«tiicient  a  of  Article  C09  i»  the  Mme  for  * 
ilirections  of  the  compoDent  displaoetnents,  the  ooup*  :^._:. 
tions  will  not  only  be  isochronoue  in  themselves,  but  ; 
with  each  other,  or  simullaneoui,  and  so  also  will  be  the  1 
vibration.     This  haa  already  been  sufficiently  illustrated  in  j 
.042  and  543,  wheif  circular  and  elliptic  osciUatii't'=  "•^'  '•> 
ciimpouniled  of  a  pair  of  straight  oscillations  in  d 
■  licular  to  each  other.     Such,  for  example,  is  the  •.:- 
rmt.vi  placed  at  the  end  of  a  spring  whose  stifDuess  is  the  same  Cor 
all  directions  of  deflection. 

If  the  co-eSicient  a  has  different  ra]nc«  for  the  different  dinfr 
tions  of  the  comjioiient  vibrations,  they  will  no  longer  bo  iaocli  i  ■ 
with  each  other ;  the  residtant  rest'iring  fore*  will  not  at 
inxtant  act  dii-ectly  towards  the  position  of  equilibriiiui,  :i-. 
ivsultant  vibration  will  take  place  in  a  enmplox  ciir%o  whi< 
liave  u  great  variety  of  figures.     For  example,  let  a  mass  W 
lixed  at  the  end  of  a  spring  whoso  cross  section  is  n  r»>ctji  ^ 
imwjual  dimensions,  so  that  its  fitiffness  is  •' 
nient-s  in  the  directions  of  two  rectangular  «x . 
y.     Let  /„  /,,he  the  two  values  of  the  siiffueas  i,i  tL' 
those  two  directions  of  displacement ;  and  let  i  and  r.  ■ ; 
jKiiient  displacements  in  those  two  directions  rt~ 
and  n,  their  maximum  values  or  semi-amplitudea      i 
tions  of  motion  of  the  mass  aro  the  following : — 


where 


=  5,  cosa.(«-«J;» 

=  i,cosa,{t~tJ);f ^  '' 


V  W  '     '       V  W  " 


-W 


and  l,j,  and  l,^  are  two  arbitrary  constont-s. 


Thus  the  numbnsin 
a  second  of  tlie  two  series  of  component  vibrations,  \vu. 


a,  a, 

'       Sir'     '      2»' 


(^l 


are  prfijiortional  to  the  square  roots  of  the  stifTnessac*  of  the  i 
in  tlie  diiijctioiis  of  the  two  i-ecfiUlgular  axes;  Uiut  i- 
projwrtional  to  its  thicknttsses  in  these  two  dir\'ction«  r 

Ijf  n,  and  n,  ate  cc«vHav:\ss\5.T!W»,\.V«a  ^^h  i ■" 
is  a  cloBcd  cwrvc  •,  "iot  <i:TisHtt^«s,  \o  \xi^«  ^\c 
2  n  ,  that  path  ia  aucVi «.  cvi.t\-c  viiS&x<iY««*^viwx  vivvj,  l->.^- 
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Fig.  343. 


I  «,  are  incommMisarable,  the  path  is  of  indefiuite  leiiifth  ;  Imt 
every  case  it  is  wholly  inscribed  within  the  rectangle  whose 
mde«  are  the  amplitudes  2  £„  2  n,,  of  the  component  TibtHtiona, 

612.  Tlbvail***  ■■!  IsocbraBMW  can  only  ^  

l)e  ex{n«ssed  mathematically  by  conceiving 
liem  to  be  compounded  of  a  number  of 
Bpeqwsed  Tibrations,  each  isochronous  in 
flf,  but  not  isochronous  with  cacli  other, 
in  the  last  example  of  the  preceding 
LrtJclc ;  and  the  forces  under  which  such 
^brations  take  place  are  in  like  manner  to 
I  conceived  to  be  resolved  into  component 
8,  each  proportional  to  a  parallel  com- 
Doent  of  the  liisplacement.     The  art  of  resolving  disj)]acemcnts  of 
ny  kind  whatsoever  into  components,  each  of  which  scpnruU'ly 
Iti.ifies  the  conditious  of  Lsochronism,  is  a  mathenmtical  procejw 
rhich  it  mil  not  be  necessary  to  exemplify  in  this  treatise. 

Gl'3.    Vibnuioaa   of  an   EliuUc    Btfilr   In  General. — Tho   general 

^nations  of  the  N-ibration  of  iin  elastic  body  are  foiind  by  the  aid 

"  D'Alembert's  principle  (Article  50^),  by  conceiving  tho  lx>dy  t'> 

divided  into  indefinitely  small  rectangular  or  other  regularly 

liaped  molecules,  and  equating  the  components  of  the  rate  of  viiiin- 

on  of  momentum  of  each  molecule  to  the  corresponding  com- 

oncnts  of  the  restoring  force  caused  by  the   internal   atr<'«8e8, 

hicfi  restorinij  /orrf,  /or  each  vwleeuU,  is  cU  each  inttnul  npud  ami 

tile  to  the  share  belonging  to  that  nujfcciile,  of  a  dinti-ibttled  rr- 

load  that  lomild,  in  a  state  of  eq^idihnnm,  prntliire  tim  actual 

ate  of  disjig^irenienl  of  the  body  at  the  inntant.     The  condition  of 

chronism  is  expressed  by  making  each  ri'storing  force  pro(Kir- 

tonal  and  op|)Osite  to  the  displacement  of  the  molecule  to  which  it 

I  applied  ;  and  the  displacements,  velocities,  and  forces  for  vibra- 

ione  not  isochronous  are  expressed  by  sums  of  Heric*  of  corm- 

snding  quantities  for  isochronous  vibrations. 

Cy  the  application  of  D'Alembert's  principle  as  stated  above, 

verj  equation  concerning  the  equilibrium  of  an  clastic  boily  under 

Ktemal  forces  distributed  amongst  its  molecules  can  Ik?  convii-te*! 

Bto  a  corresponding  equation  concerning  its  vibration. 

ExximjjU  I.  General  Differential  Kquatinnn.  —  In  Article  110, 
lustp.ited  by  fig.  5.S,  are  given  the  eqimtions  of  iiilcnuil  I'lpiili- 
riura  (2.)  of  an  elastic  solid  for  a  rcctHUguiar  molecule  dxdyd :, 
tpressing  the  three  comfwncnts  of  the  extcnjal  force  per  " 
lume  of  that  molecule,  in  terms  of  the  equal  and  opponii. 
mnents  of  tlie  internal  forces  arising  fitna  \i»  ■v»jf\'-.' 
elemcnt&ry  stresees,  pulU  being  cjnki&cfn^  «k  \ 
--  a»  negative.     ITioao  (xinKtiuiu  Mo  o(mx«^«A.  va^ 
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eqvmtions  of  vibration  of  the  samo  molwali*  by  gnbotiiutlng,  4t  1 
riglit-houd  ediles  of  the  tkrco  etiuatioiu  resiwct-irelj, 

for  0,  0, 


W, 


ff 


d?'  g'  df'  ^    d?' 


•0)1 


'wbcrc  -  is  the  tjuus  per  unit  <(f  volume,  and  ^  «,  ^.  ate  tbe  Uum 

components  of  the  disjjlacement  of  tLc  moIcciilcyVvn  iU  poiition  I 
vjnilibrium. 

To  mako  nsc  of  the  three  equations  thas  obtained,  each  of  \ 
elementary  stresses  is  to  be  exprrsscJ  in  terms  of  the  six 
aeutaty  strains  multiplied  by  the  projmr  co-efficients  of  olAStidtyl 
the  substance  (Article  253) ;  then  each  of  the  six  elementary  »ti 
is  to  b©  expre«sed  as  in  Article  250,  by  means  of  the  di^«nmt 
civcfficicnts  of  the  three  component  displacements  5,  »,  ^ ,  and  thus 
the  three  original  equations  arc  converti^d  into  three  linear  d^titn- 
tuil  equations  of  the  second  order  in  £,  n,  and  i.  hy  the  iatxgisiiaa 
of  which,  with  duo  regard  to  the  circumstances  of  each  parti  ~;'** 
pr<)blem,  all  questions  respecting  vibration  are  solved.  It  i 
necessary  here  to  enter  into  details  respecting  those  intcgnmoii*. 
The  most  complete  compendium  of  the  processes  which  th«y  »• 
volve  and  the  results  to  which  they  lead,  is  contained  in  M.  uuaft 
Li-mns  iur  rEltuticite  dca  Corps  snlides. 

£mmtpt€  IL  Case  of  an  Axigof  Vibration. — In  figa.  244  and  ii5, 


^^  —  — ac 

^  :>  (■  II  ■ 


Fig.  24*. 
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[  to  each  other,  and  let  the  mode  of  vibration  of  the  particles 
)  bodj  be  suuh,  that  all  the  porticli-s  in  any  one  o(  those  planes 
S^Ve  equal  diqilacementa  in  pfvrallel  dii-cctions  at  the  same  instant. 
A  Btmight  line  0  X,  perpendicular  to  all  those  surfiices,  may  be 
calle<:l  an  axis  of  vibration.  Let  the  displacement  of  each  particle, 
denoted  at  any  instant  by  i,  take  place  in  a  direction  making  an 
angle  t  with  O  X,  in  the  plane  oi  x  y;  bo  that  ita  component  dia- 
cementa  are 

,=  8sintf./ <^' 

I  the  condition  of  equilibrium,  conceive  a  square  prism  to  extend 
ong  the  axis  O  X,  as  in  fig.  244,  and  to  be  divided  into  cubical 

olecules,  each  of  the  volume  dxdydz,  and  mass  —  d xdydz, 

Lt  a  given  instant  in  the  state  of  vibration,  let  those  molecules  be 
splaced  in  the  manner  shown  in  fig.  245,  the  displacement  of  each 
oint  in  each  molecule  dci)ending,  acconling  to  some  law  yet  to  be 
determined,  ujx>u  the  lapse  of  time  and  upon  the  distance,  when  in 
kstate  of  equilibrium,  of  the  plane  of  e<iual  displacement  containing 
^from  O,  which  distiuice  is  denoted  by  x}  that  is,  let 

J  =  fvinction  of  («,  x) (3.) 

hen  it  is  evident,  that  each  molecule,  originally  cubical,  becomes 
directly  strained  and  distorted ;  the  direct  strain  along  x  (an  elonga- 
if  positive)  being  represented  at  any  instant  by 


di      dl        , 
«  =  j-  =  j-co8<;. 
ax      ax 

and  the  distortion,  in  the  plane  of  x  y,  by 

di>       dl   ,    . 
»  =  -^  =  -i-  sin  t... 


.(4.) 


'  dx      dx 


.(5.) 


The  vibrating  substance  will  be  snpposed  to  be  itolropie  as  to 

sticity,  according  to  the  definition  given  in  Article  256,  A  being 

I  direct  and  C  its  transverse  elasticity.     Then  at  a  given  plane  of 

lual  displacement,  and  at  a  given  instant,  there  is  a  direct  stress 

ension  being  positive)  of  the  intensity 

^„  =  A-=A^  =  Ajico8^- (6.) 


and  a  tangential  stress  of  the  intensity 


_        „  dn      f ,  d  ^    ,     . 


..'^J^ 
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and  applying  to  these  data  the  reasoninj^  of  tlie  |>i 
vro  liud  that  the  components  of  the  raoviiig  force,  j" 
acting  on  a  given  molecule,  at  a  given  instant,  are  as  follovf  f 


Longitudinal, 

transverse, 

no  that  if  we  make 


rfx* 


-n 


u>  10  ' 


Tve  find  for  tlic  equations  of  vibration, 
longitudinal, 


.(10.) 


transverse, 


•Jstsi'^ll 


Tlie  genenil  iutegml  of  those  two  equations  is  given  'by  thp  fJf" 

equations, 

,==  X  (c  <  +  *)+«(<?«  —  a-);  / 

whci-e  9,  y}/,  x,  •,  represent  anyfutictwna  whatsoever,     lint  tn  /tlitain 
iefinite  results,  which  can  be  used  in  calciiintion.  •■( 

sochroni.sm  are  to  be  .ippbed  ;  and  they  leivd  tv  t  i  i  ^i- 

equences  : — 

Fimt,  in  order  that  vibrations  may  bo  isochroDoniS,  the  rwtorin)! 
force  must  act  along  the  direction  of  ^nbmtion ;  thai  is,  ins  mu»s 
have 

Q.  :  Q, : :  cos  /  :  sin  #; ,.— W 

find  because  for  every  known  substance,  A  and  C  arc  m 
condition  can  only  hv  fulfilh/d  when  cither  cos  /or  sin  . 
that  is  to  say,  in  an  hotropi'-  ^iroium*  vti/raiunu  inv 

eitlier  wlwUy  loiujitudinal,  or  v 

Secondlji,  the  moving  force  ncUug  on  u  jkh 
tional  and  opjiosite  to  its  displacement;  n  c.  .  ■. 

longitudinal  and  transverse  vibrations  napcctiveJy,  bj- 

de  =  ''d^=-'>^> ^ 


«* 


-Vx. 
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»hcre  ft*  and  f  arc  two  arbitrary  positive  constants.  The  most 
convenient  way  of  expressing  those  constants,  for  reasons  which 
■will  afterwanlB  appeal',  is  the  following  : — 

k  »nd  X'  being  arhilrary  lengths.  Then  it  is  easily  seen,  that  to 
ttisfy  the  equations  14  and  15,  the  displacements  must  be  expressed 
1  follows  : — 

5  =  1,  •cos^(a:  — a!i,)'co8-^(<— f,); (16.) 


2s-  : 

II  =  I!,  ■  cos  —7-  (x  —  ^o)  ■  cos  - 


'C-Q (17.) 


",.  ^,  ■'■',  Xu,  x„  <o,  and  <*„  being  arbitrary  constants,  having  values 
depending  on  the  circnmHtances  of  each  particular  problem.  These 
constants  have  the  following  meanings  : — 

£,  and  D,  are  the  muxiinum  semi-amplitudes  of  vibration. 
X  a' 

-; and  s — .  ore  the  periodic  times  of  a  complete  oscillation. 

2  r  a         2  X  c  ' 

k  and  x'  are  the  distances  (for  the  longitudinal  and  transverse 
viVmitions  respectively)  between  a  j>air  of  planes  in  which  the 
|iarticles  are  in  the  siime  phase  of  vibration  'at  the  same  instant : 
such  as  the  planes  A  and  £  in  tigs.  244,  245. 

Nodal  planes  are  pluncs  in  which  the  particles  have  no  displace- 

X        x' 
ment,  x  —  a-„  or  x  —  x'o,  being  nn  odd  multiple  of—  or  -r.    Their 

4        4 

X       x' 
distance  apart  is  ;j  or  5  (A,  C,  and  E,  in  the  figures). 

t  Ventral  planes  are  those  of  maximum  displacement,  x  —  x^„  or 
—  x'o,  being  a  multiple  of  h  o""  9  (^  ''■^'^  ^  i"  ^^  figures).   They 
midway  between  the  nodal  planes. 
The  following  quantities  for  isochronous  vibrations  are  deduced 
trom  equations  16  and  17  : — For  longitudinal  vibrations, 


velocity  of  1  f/ J         2xa,         2x,  .      .    *^ 

a  r«rticle,  }  ac  =  "—  S.cos -(*-«,)  •  «„ 

,.     ,^^.     di         2x  ,  .    2x,         , 

dii-ect strain,  7-  = •tiSin-— (x-*„) -cos 

ax  X  X  ^ 

lor  tnuayono  ribruliotm, 

2o 


va 
X 

2xa 


(<-<.); 
('-'.)• 


(18.) 
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velocity  ot\dti 
u  particle,  J  d  i 

T^.     _.■       fi" 
Distortion,  -j-  = 
ax 


2rre  2x  .     2.-C 

= r7-i|C08— -(x-«,)sin--r  (<— fo); 


:--^i),-ain—  (x-aro)-oo8-^(<-r,). 


(19.1 


I 


Vibrations  may  exist  in  whicJi  the  dLsplacements,  stnun-:.  — '- 

ad  forces,  are  the  resultants  of  combinations  of  iBoclir- 
tions,  having  any  number  of  different  sptd  of  arbitrary  cnn  - : 
La^'iug  only  in  common  the  co-cflicients  a  and  c. 

The  results  of  the  preceding  investigation,  so  far  as  the  v  it 
longitudinal  vibrations,  ai-e  applicable  to  fluids  as  well  as  to  I 
Transverse  vibrations  are  impossible  iu  fluids,  because  in  Lhemi 
is  no  tninsverae  elasticity. 

GI4.  WaTca  af  Tibraiion  consist  in  the  transmission  of  a 
tory  state  h-om  particle  to  particle  through  a  body.  Let  OX  do 
the  direction  in  which  the  vibratory  state  is  tiajiamitted,  being,  M 
in  the  lost  Article  and  its  figures,  an  axis  of  vibration,  or  tine  ff 
jiendiciilor  to  a  series  of  surfaces  of  simultaneous  and  equal  displice- 
luent,  which  surfaces  do  not  now  remain  stationary,  but  ndnksc 
ft"om  particle  to  jmrticlo  with  a  velocity  called  the  velocity  of  tnt**- 
mission  or  of  propagatioH.  With  respect  to  wave  motion  iu  gcnec  " 
it  has  already  been  explained  in  Article  4 1 6,  that  the  con Jitiou  j 
motion  of  any  particle,  whose  distance  from  the  orii'"> 
expressed  by  a  function  of  at— a:,  where  I  is  the  time  r 
a  given  instant,  and  a  the  velocity  of  traiismission.  Aj^jm 
to  the  displacements  in  longitudinal  and  trans%-erse  vibration*  ro- 
spectively,  we  find  the  equations 


where  a  and  c  arc  the  velocities  of  transmission  of ' 
transverse  vibrations  respectively.      Now  the   t-i 
already  been  shown  in  Article  C 13  to  be  forms  of  the  uit 
the  general  equations  of  vibratory  motion,  a  and  c  having  tin 
there  given,  viz. : — 

which  accordingly  are  the  resj)ective  velocities  of  trnnsmi: 

waves  of  longitudinal  and  transverse  vibration  in  n  ' '■••■• 

weight  per  unit  of  volume  is  ic,  and  its  direct  aii'l 
ticities  A  and  C    Iu  *  'S«ni,^t«  'kUwU  C  =  0,  tin.-  w-.m^un 
waves  of  trtuisversc  v\V)va^Ao^a.^!i.\vc^.\w^l5«- 
It  may  Uerc  be  oVsicvvtCk,  ^X^a.^.  V^.  ^*  »:»iriv>i\A  n»  >Jk«t 
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e  values  given  above  for  the  velocities  of  the  transmiiiBioii  of 
"naves,  that  the  surfacejs  of  simuUaneoua  diaplaceinent  (called  some- 
times ivave-sur/aces)  should  also  be  surfaces  of  equal  amplitude  of 
vibration.  If  the  amplitude,  varies  at  diflercnt  points  of  the  same 
wave-sui-face,  the  v^elocity  of  tntii»mis»ion  becomes  less  than  that 
given  by  the  equations  2,  according  to  a  law  which  it  is  unneceasary 
here  to  explain  in  detaU. 

615.  Vriociir  of  tioand. — Longitudinal  vibrations,  being  those 
which  can  be  ti'ansmitteJ  through  all  substances,  solid  and  fluid, 
ai-e  the  ordinary  means  of  transmitting  sound  ;  so  that  the  velocity 
of  sound  in  a  given  medium  is  the  co-efficient  a  in  the  equations  2 
of  Article  Gil ;  being  the  velocity  ■which  a  body  would  acquire  in 
falling  from  tlie  height  A  -;-  2  to;  that  is,  a  height  equal  to  ludf  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whoso  weight 
is  equal  to  the  co-efficient  of  longitudiual  elasticity. 

The  velocity  of  sound,  as  determined  by  exi)eriment,  is, 

^H              In  water,  at  61°  Fahr.....  4,708  feet  per  second  ; 
■  In  dry  air,  at  32=  Fahr....  1,092      

^m  In  air  and  other  g.isea,  the  velocity  of  sound  depends  on  the  pres- 
^pore,  density,  and  temperature  in  the  fullowitig  manner: — When  a 
^^learly  perfect  gas  has  its  density  changed,  and  is  kept  at  a  con.stant 
temperature,  the  f)ressure  varies  nearly  in  proportion  to  the  density 
^jimply.     But  with  every  change  of  density  which  takes  place  imdcr 
Hprcumstanccs  such  that  the  gas  cannot  gam  or  lose  heat  by  con- 
junction, a  variation  of  temperature  occurs  depending  on  the  change 
of  density  in  such  a  manner,  that  tlie  jiressui-e,  instead  of  vaiying 
simply  as  the  density,  varies  as  a  power  of  the  density  higher  than 
the  first.     Let  y  denote  the  index  of  that  iK>wer,  p  the  pressure, 
ad  w  the  density  of  the  gas  ;  then 

pa:ioy; (1.) 

I  that  the  co-efficient  of  elasticity  A  has  the  following  value : — 

A=^  =  ^ (2.) 

dio        w 

The  value  of  the  index  y  for  air  is 

y  =  1-408  i (3.) 

_^^  aearly  the  same  for  oxygen,  hydrogen,  carbonic  oxide,  and 
other  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  acid, 
sulphurous  acid,  and  otlier  gases  wliich  deviate  considerably  fix>m 
the  perfectly  gaseous  condition. 

Now,  if  jP  be  token  in  pounds  on  the  MYaa-te  toi\.,  Ka.\  m»  "i5^ 


4 
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pjutids  per  cuViic  fwt.  and  if  T  be  the  tenj[»crat«ir«  of  iht  ■■ 
degrees  of  Fahrenheit  (see  Article  122), 


^.26214.14; 


4«r-2 


493'-2 


m 


and  for  gases  nearly  perfect  in  general,  if  ^,  rcpnaent  cur  am 
sjihere — that  is,  2116'4  lbs.  jjer  square  foot, — and  w^  the  ireight  < 
cubic  fuot  of  the  gas  at  32°  Fahrenheit,  and  nnder  tluit  ptcesu 

p       p,     T  +   401=2 

«  =  «.  —m-^i-'  "'*'-'y ' (« 

whence  the  velocity  of  sound  in  a  nearly  perfect  gat*  ia 


„      ^  /sryp  _  ^  /  /yr;>,(T  -^  46r-2)K        J 


and  in  air 


"-"'VC-^'-) "■' 


616.  Impaict  »ui  rnmunt  Piio  Drirlng. — The  impact  or  Uow 
of  a  body  which  has  acquired  momentum  by  the  action  of  a  oettais 
force  d\iriug  a  greater  time,  is  used  to  overcome  a  greater  fine* 
during  a  Ic^  time ;  a.s  when  the  ram  of  a  pile  engine,  faariaf 
acquired  momentum  by  the  action  of  its  weight  dui-ing  a  short  but 
xensible  interval  of  time,  overcomes  the  resistance  of  a  pile  to  being 
tlriven,  many  times  greater  than  the  weight  of  the  ram,  and  diiriue 
an  interval  too  short  to  be  measured. 

If  the  ratio  of  the  times  could  be  ascertained,  the  ratio  of  thf 
forces  could  be  inferred  from  it ;  but  as  one  of  the  times  is  olitrsn 
insensibly  short,  the  ratio  of  the  foi-cea  has  to  be  oomputiMi  tniui 
the  spaces  through  whicli  they  act,  by  considering  how  the  «>«<rpy 
of  the  blow  is  liistributed. 

Let  W  be  the  weight  of  the  ram  ;  h,  the  height  from  whii^  il 
falls.     Then 

WA 

is  the  eneigy  of  the  blow. 
That  enei^  is  employed — 

1.  In  compressing  the  ram  ; 

2.  In  compressing  the  pile  ; 

3.  In  giving  actual  energy  of  motion  to  the  nun  and  pile 

4.  In  dri'vixv^  VIt«  \vOtfi  ^vt,v<».t  the  resistance  of  t!.' 
The  oompt«sBvow  ot  \X«Ta.v^vA\\i'a.\,\«vt;\5iikV.\«>.- 

alao  are  i\\e  vAocvXivM^  «^  ^-^^  rsctvx  w.\v\  v^w  tt&\w.\  n:^^-  > .  ..v.> .. 
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nd  aud  fourth  ■ways  of  expending  the  enet^  hare  therefore 
to  be  considered. 

R  be  the  effective  resistance  of  the  ground  ;  that  is,  its  total 

nee  less  the  weights  of  the  pile  and  ram.    Let  S  be  the  area  of 

head  of  the  pile,  and  P  the  pressure  exerted  at  any  instant 

een  it  and  the  ram.    At  fii-st.,  P  is  notliing;  it  increases  as  the 

becomes  compressed,  until  at  length  it  becomes  equal  to  R ; 

n  the  compression  of  the  pile  ceases  ;  it  begins  to  ]ienetrat«  into 

ground,  and  coutLnucs  to  do  so  until  the  onergj-  of  the  blow  is 

all  expended.     Tlie  mean  value  of  P  i»  -j.     The  distance  through 

ich  it  is  overcome  in  compressing  the  pile  is  the  compression  dvio 

its  maximum  value,  viz.,  „-^,  where  E  is  the  modulus  of  elnsti- 

of  the  pile,  and  L  the  length  of  a  jiost,  which,  if  uniformly 

compressed  throughout  its  length,  would  l>e  iis  much  .shorti'ne<l  us 

pile.     Considering  that  the  pile  is  held  in  a  gi-eat  nieiisiirc  by 

ion  against  its  sides,  L  mav  be  made  oiiiml  to  hnlf'ite  length. 

If  L 
Then  the  work  perfonned  in  compressing  the  pile  is  -rfi^  ',  an'l 

work  performed  in  dri\nng  it  deeper  is  Rx,  where  x  is  the 
til  through  which  it  is  driven  by  a  blow;  and  equating  these  to 
ener^  of  the  blow,  we  find 

R'L 

2ES 


WA  = 


+  B,x. 


.(1.) 


jlien  K  has  been  ascertfuued  by  observation,  R  is  found  by  solving 
irntic  eqiuition,  viz.. 


R 


V{ 


2ESWA       FS'i' 
— L—  ^ 


£8(B 


(2.) 


are  in  general  driven  till  R  amounts  to  betwci'n  2,000  and 
BOO  lbs.  per  square  inch  of  the  area  of  hcml  S,  and  an.'  loadtti 
|tL  from  :J00  to  1,000  lbs.  per  square  inch  ;  so  that  the  factor  of 
fety  is  from  10  to  3. 

The  overcoming  of  any  resistance  by  blows  is  analogous  to  tho 
&mple  here  given,  which  is  extracted,  and  somewhat  modiiicil, 
bm  a  section  by  Mr.  Airy  iti  Dr.  Whuwcll's  treatise  on  Mechanics. 
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CHAPTER  V. 


IIOTIOS  OP  FLUIML 


C17.   1»ItI«I»«  af  Ihe  Mnbjecl. — The    princi]ilp<.    of   f1rnflW?«, 

npplipJ  to  Quidfl,  so  far  as  shibU  and  rapid  rl 
concerned,  liavt;  already  been  discussed  under  • 
motions.     Now  the  only  changes  of  density  wliicli  occur  du 
the  motions  o{ liquids  are  small  and  rapid;  s<5  tliiit  in  tli' 
chapter  those  motions  of  liquids  are  alone  to  be  coi; 
the  density  is  constf.nt,  and  ■whoso  ciuematical  prill  :,  . 
treated  of  in  Piu^  III.,  Chapter  III.,  Section  2.     In  the  ma 
ijasea,  great  and  continuous  changes  of  density  occur,  snch  i 
whose  cinematical  [)riuciples  have  been  treated  of  in  sect; 
the  chapter  aln?ady  rofem-d  to ;  and  the  dimamical  laws  of  i 
affected  by  such  changes  have  still  to  be  considered.     One  modol 
division,  therefore,  of  hydrodynamics,  is  founded  on  the  dis 
between  the  motions  of  liquids,  regarded  as  of  constant  dinu 
those  of  gases. 

Another  mode  of  division  is  founded  on  the  distinction  hctwcsn . 
motions  not  sensibly  affected  by  fiiction,  and  those  ■^^' 
affected.     The  motions  of  fluids  not  sensibly  affected 
and  therefore  governed  by  pressure  and  weight  only, 
according  to  laws  which  are  exactly  known ;  so  that  any  < 
which  exists  in  tracing  their  consequences,  in  pai-ticular  < 
from  mathematical  intricacy  alona     The  laws  of  the  fric 
fluids,  on  the  other  hand,  are   only  known  approximnt* 
empirically;  and  the  mode  of  operation  of  thiit  for^o  ntnnr 
particles  of  a  fluid  is  not  yet  thoroughly  uli  - 
solution  of  a  particular  proldem  has  often  to  i 
first  principles  representing  the  condensed  rrwiltjs  ot  all 
but  from  experiments  of  a  special  class,  suited  to  the  pro 
consideration. 

The  laws  of  the  mutual  impulses  exerte<l  between  muaca  of  flu 
and  solid  surfaces  require  to  be  considered  separately. 

The  following  is  the  division  of  the  subject  of  this  chapter  :— 
L  Motions  of  Liquids  under  Gravity  and  Preasure  alonei 
II.  Motions  ot  daaea  -oa^w  C!.'ck<\Vj  tt.nd  Preasuro  alone, 

II L  Motions  oi  i;\<\viid&  B.Svit\«A\s^  YT\«i«sai. 

IV.  MotioTia  ot  Om*»  a'Rcc\*AV^jTv<*i.wcv 


OENSBAL  XqUATIONS  OP   HTDBODTNAHICS. 


Section  1. — ifotion*  o/Liquidt  without  Friction. 

C18.  o«acrai  Kqaaiions. — In  Articles  414  and  41.5  have  been 
^ven  the  three  general  cqiiations,  by  which  the  rates  of  variation 
'  the  components  of  the  velocity  of  an  individual  particle  of  liquid 
'•-rpressed  in  terms  of  those  of  the  velocity  at  a  point  given  in 
iiion;  and  in  Article  412  has  been  given  the  eqiiatum  qf  con- 
miity  which  connecta  the  components  of  the  latter  velo<;ity  with 
other.  To  obtain  the  general  dynamical  equations  of  tho 
notion  of  a  li<iuid,  the  first  three  equations  are  to  be  converted  into 
ons  for  the  rates  of  variation  of  the  components  of  the  mo- 
of  0.  particle,  and  the  results  cquatt.'d  to  the  uubalouced 
brces  which  act  upon  it. 

Let  dxdydz  denote  the  volume  of  a  rectangular  molecule,  and 

I  the  intensity  of  the  pressure  of  the  liquid  at  a  point  whose  co- 

'inates  are  x,  y,  z.     Let  z  be  vertical,  and  positive  downwards. 

'  being  used  to  denote  one  of  the  components  of  the  velocity  at  a 

oint,  the  symbol  ;  will  now  be  employed  to  denote  the  vmght  of 

\  itnit  of  volume.     Then  the  forces  by  which  tho  moleoole  is  acted 

I  are 


along  X,  —  -—.dxdydz;  along  y, —■ 

ax  a        ■  a  ^         ^y 

along s,  (f—^dxdydx. 


dxdydz; 


(1) 


)  the  ntt<.'s  of  variation  of  the  components  of  the  momentum  of 
he  molecule  be  found  by  multiplying  the  three  rates  of  variation 
Fthe  components  of  the  velocity  in  Article  415,  equation  2,  each  by 

' —  ;  then  equating  these  respectively  to  the  three  forces  in 

9 
auation  1  above,  dividing  hy  d  x  d  y  d  i,  m  as  to  reduce  the  equa- 
on  to  the  unit  of  volume,  and  then  by  j,  so  aa  to  reduce  them  to 
be  unit  of  weight,  the  following  rcsolts  are  obtained  : — 


dp 
(dx 


df 


du  ,     du  ,       du ) 
d  X        dv  dz ) 


iUrfu 

~  g\  dt^^dx  '  "dy 
dp       I    tPti     \  fdv  ,      dv   ,     dv  ,       dv\ 
tdy'g    d^     g\  dt^    dx^    dy^      d s )  ' 

dte) 


'tdz~g'  de~g\  dl 


dw  ,     dvo  , 
~z — hi?  T — \-te- 
dx         dy 


(2) 


owhiiihig  with  thoeo  thna  eq;iiat)Oi)B  o{  mo^ooa  ^Sbib  «oc»io(s&.  «>1 
lUnnity,  via,  ;— • 
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we  Iiave  the  data  for  solving  all  dynamical  questioDB  as  to  liqo 
without  friction.    These  equations  are  adapted  to  titc  com  at 4' 
7/wtion  hy  making 

du     dv     dw  .. 

dt      dt      dt     "' ^*-'' 

KB  in  Article  413. 

619.  Draamic  Dead. — Thc  quotient  -  is  what  is  called  the  }aiig\ 

or  fifful,  due  to  (hit  j>rc»ture;  that  is,  the  height  of  a  column  of  ' 
liquid,  of  the  unii'orra  specific  gravity  f,  whose  weight  jwr  unit  i 
base  would  be  equal  to  the  pressure  p.    Now  as  the  vertical  ordi) 
z  is  measured  posUivd;/  dotcnwardt  from  a  datum  horizontal  pUa 
{£  is  the  weight  of  a  column  of  liquid  per  unit  of  base  cxt 
down  from  that  plane  to  a  particle  under  consideration;  p  —  t'\ 
the  difference  between  the  intensity  of  tlie  actual  jiressure  at  tk 
{mrticle  and  the  pressure  due  to  its  depth  below  the  datum 
zontal  phuie;  and 


£-  =  =  /.. 


...(L>1 


i.s  the  lieiyht  or  head  due  to  that  difference  o/ intensity,  1>eing 
will  be  termed  the  dj/namic  head.     When  s  is  measurtMi  pvtUic 
upwards  from  a  datum  horizontal  plane,  its  sign  is  to  bo  cliang 
so  that  the  expression  for  the  dynamic  head  in  that  case  1 


+  B  =  h. 


m 


620.   Oraeml  DriiaBilc  EqaBlloB*  In  Tmas  af  DgraBiaic  a<«4 

If  instead  of  the  rates  of  vuri.ition  of  the  pressure  in  the  eqiiatia 
2  of  Article  618,  there  are  substituted  their  value*  in  tcnus  oft 
dynamic  head,  those  eqimtions  take  thc  following  forms  : — 


dh 

1 

d'i 

dx' 

•; 

dt' 

dh 

1 

d*.! 

dy' 

9 

d^ 

dh 

1 

d-i 

dz 

a 

dP 

I  f  du  ,      du  .      du   ,       du\     i 


ff  [  dt   '  ~ d  X  '  '  dy 

\  ( dv  ,      dv  ,     dv,      d  v\ 
g  {  dt        dx        dy         dx] ' 
1  Uw 


„  »      .  , ,      dui  .     du?  .      dw 

■''*      ijVdl  ftr         dy  dz 


}■] 


C2l. 


equations  is  dedxxced  t\«  to\\«^«v^  «««««?«.«.  S»^ -«».  «.«.l 
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tion,  in  whicb  there  is  no  rariution  of  the  dynnmic  head 
tie,  except  that  arising  from  t)ie  ch&nge  of  position  of  the 

particle 

l^t  V  be  the  velocity  of  a  given  particle.     Its  value,  in  terms  of 

its  reotangnlur  components,  is  given  by  the  oqoation 


dt' 


.(1.) 


I^hich,  being  divided  by  2g,  gives  the  height  due  to  the  velocity; 
%o  that  the  variation  of  that  height,  in  a  given  indefinitely  short 
inter\'al  of  time,  is 


d-T. ^Ki^ -t^ A-^ .ti A.±^  ^S\  n 

2g     ,j\de     dc'^dl     dC^  dt     de) 
(dh    di.dh   dti.dh-dC\,.  ., 


(2.) 


bis  principle  might  othrrwise  be  stated  thus  : — In  steat}i/  motion, 
swn  of  th«  /teig/U  due  to  the  vdoctti/  of  a  particle  and  if  it* 
imic  Itead  is  eotutant,  or  symbolically 

■:j^  +/*  ^constant (3.) 

This  equation  applies  to  the  [larticles  wliich  successively  occupy  the 
same  fiicd  point,  as  well  as  to  each  individual  particle, 

633.  The  Total  Eaersr  of  a  particle  of  a  moving  liquid  -without 
friction  is  expressed  by  multipljnng  the  expression  in  equation  3  of 
the  last  Article  by  the  weight  of  the  particle  W,  thus  : — 


in  which 


2g  ' 


■w/» 


.(1.) 


is  the  aci-tml  energ;/  of  the  particle,  and  W  h  is  its 

jmteniial  energy;  because,  from  the  hist  Article  it  appears,  that  by 

W  V 
the  diminution  of  W  h,  — - —  may  be  increased  by  an  equal  amount, 

and  vice  versa;  so  that  t}ie  d;/namic  Itead  of  a  partide  is  its  potential 
energi/  per  unit  if  uirig/U.  In  the  case  of  steady  motion,  the  total 
energy  of  each  jKirticle  is  constant ;  and  the  total  energj-  of  each  of 
the  equal  particles  which  successively  occupy  the  some  position  is 
the  same. 

In  the  case  of  unsteady  motion  of  a  liquid  mass,  t\^e  \jtAa\.  vvv'vx'rQsJv. 
energy  of  the  entire  mass  is  constant ;  Uvat  \8,  'A  vVie  c«v\\.xe  wS 
gravity  of  the  mass,  or  b  point  either  lixed  or  \n«v«k%  ■xv»>-"^"*f'^'? 
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muxciFLis  or  dtsaxkb. 


with  respect  to  that  centre  of  gravity.  i«  tak«a  tmt) 
-which  tho  motions  of  all  the  pai-ticlus  are  xt£atXLu,  — 
equation  is  fulfilled  : — 

S'W  Q-;  +  '')^r  ( j  jy:^+h\t-didydz  =  coastaat...{2 

633.  The  Fm;  Mar<iM>e  of  A  moving  liquid  mass,  being  that  wL 
is  in  contact  with  the  air  only,  is  characterized  by  tho 
being  uniform  all  over  it,  and  equal  to  that  of  the  ntmcn^he 
Let  p,  be  the  atuiospUeric  pressure,  s^  the  vertical  ordinate,  na 
Bared  jMsUivfly  ujrwardji  from  a  given  horizontal  piano,  of  any  p^ct 

the  fiue  surface  of  the  liquid,  and  Ai  the  ■'  '       '        ^ 

no  point;  then  it  apjicars  fi'om  Article  till', 
that  surface, 

rt,  —  ;,  =  —  =  couatant „, 

J 

624.    A  Snrface  of  E<|iuU  Prcaanre  is  ciumicteriied  fajT  Ul' 

^U8  equation, 


.(L) 


A-s  =  — =  constant :. 
f 

and  all  surfaces  of  equal  pressure  fulfil  the  <lifferentinl  equation, 

dh-dz; 

which,  for  stccuJi/  molion,  becomes 


dt=zdh  =  -d'  —  : 


2g 


expressing  that  the  variations  of  acttial  energy  are  those  du«  (o  I 
variations  of  level  simply. 

C25.  niaiiaa  In  Pluie  Mjmym  is  a  State  which  is  either  exact 
or  approximately  realized  in  many  ordinary  cases  of  liquid  niotinij 


and  the  aasvaaip^o^  ol  ■wVvJo.S&tfiNatkxaB&^a^.Ssrtw 


E 


^ 


"^ 
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solution  of  various  questions  in  hydraulics, 
the  motions  of  all  the  particles  in  one 
plane  being  parallel  to  each  other,  ]>er- 
pendicular  to  the  plane,  and  equal  in 
velocity.  It  is  illustrated  by  tho  three 
figures  246,  247,  and  248,  each  of  which 
represents  a  reservoir  eontainiug  liquid 
up  to  the  elevation  O  Z,  =  s,  above  a  given 
datum,  and  discharging  tho  liquid  from 
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It  consists  in 


1 


an  orifice  A  (,  at  the  smaller  elevation  O  Z, 


Fig.  248. 
at    tjie  orifice  An 


=  20.    The  liquid  moves  exactly  or  nesji-lv 

in  plane  layere  at  tho  upper  surface  Aj    and 

Let  these  symbols  denote  tlie  areas  of  the  upper  sui-face  and  of  the 

issuing  stream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  t>,  the  velocity  of  descent 
of  tho  liquid  at  the  ujiper  surface,  Vg  its  velocity  of  outflow  fiH)m  tho 
orifice ;  then,  according  to  Article  405,  the  equation  of  continuity  is 


tJ,A,  =  r„A, 

Q 

or..=      ; 


=  Q; 
Q 

^"  =  A.- 


.(1.) 


The  pressures  at  the  upper  surface  and  at  the  orifice  respectively 
are  each  equal  to  the  atuiosjdieric  pressure  ;  hence  tlie  difference  of 
djrnamic  head  is  simply  the  difference  of  elevation ;  that  is  to  say, 

therefore,  acooi'ding  to  Article  631,  equations  2  and  3, 
This  gives  for  the  velocity  of  outflow, 


ity  of  outflow, 


from  which  can  be  computed  the  lute  of  flow  or  discharge  by  means 
of  equation  1. 

The  general  equation  of  motion,  for  every  part  of  the  vessel  or 
channel  at  which  the  motion  takes  place  in  plane  layers,  is,  accord- 
ing to  Article  621,  equation  3, 


< 


a<, 


■^ 


..V.«.^ 
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'I'lio  motion  may  he  considered  to  take  place  in  {.lane  laycr»<  »t ! 
iMirt  of  the  channel  whose  sides  are  nearly  straight  and  parp' 
aiich  aa  A,  in  fig.  24C,  whose  elevation  above  the  datum  is  s, 
tind  the  dynamic  head,  and  thence  tlie  pressure,  at  this  iutermec_ 
uection  of  the  channel,  the  velocity  through  it  is  to  be  coai[mt«d  ] 
the  formula 


whence  the  dynamic  head  relatively  to  tlie  datitm  U  xs  otauimii 
the  equation 


k,=ii^+: 


2|7 


(M 


and  thence  the  pressure  by  the  formula 

Pi  =  e{A,-«0 

When  a  largo  vessel  discharges  liquid  thi-ough  a  sniull  orifice,  i 
nttio  --^  is  often  so  small  a  fraction,  that  it  may  be  neglected  ui 

equations  2  and  3. 

G:i(i.  Tlic  coDuncied  Tcu  is  the  name  given  to  a  portion  of  a] 
of  iluid  at  a  short  distance  from  au  oritici?  in  a  plat«,  wiucal 
.■nualler  in  diameter  and  in  area  than  tlic  oriticc,  owing  to  a  sp 
ncous  contraction  wliich  the  jet  undergoes  after  leaving  the  orifi 

The  area  of  the  narrowed  fKirt  of  the  contracted  vein  is  in  ev 
case  to  be  considered  as  the  virlual  or  effective  outlet,  and  ti<<ed  for 
Ao  in  the  equations  of  the  last  Article. 

The  ratio  of  the  area  of  the  contracted  vein,  or  cffectivi' 
to  tliat  of  the  actual  orifice,  i.s  called  the  co-e^icient  o/  ■•  ■' 
Kor  sharp  edged  orifices  in  tliin  plates,  it  has  diffeneii 
iliflerent  figures  and  proportions  of  the  orifice,  ran   -- 
0-58  to  0'7,  and  being  on  an  average  about  |.    If  ■ 
what  for  great  pressures,  and  for  dynamic  heads  i-i 
upwards  may  be  taken  at  about  0-6.     The  most  elaboi 
t  hose  co-efficients  is  that  of  Poncelet  and  Lesbros. 

For  orifices  with  edges  that  anj  not  sharp  and  thin,  the  discharp] 
is  modified  sensibly  by  friction. 

027.  Venicni  OriAcea  of  discharge,  whose  vortical  dimehsioM  an> 
not  small  in  compaiison  with  tlieir  deptlis  IrIow  t ' 
of  the  reservoir,  are  treated  as  having  a  mean  veli" 
tlirougli  their  contracted  veins  due  to  the  ineun  r.' 
rttol  of  tlie  dijnainic  head  for  the  seveml  jnrts  of  i 
example,  let  y  W  t\\c  \\oirn«a\a\\st«a»S\Vk  oC  an  orifice  at  any  | 
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fition  z  above  the  datum,  £  the  elevation  of  the  lower,  and  s' 
that  of  the  upper  edge  of  the  orifice,  so  that 

*A,  =  C  ll^yd- (1.) 
ts  effective  area,  c  being  the  co-efficient  of  contraction.     Then 
t  orifice  is  to  be  treated  aa  if  ita  depth  below  the  upper  auriacu 
A^  wero 

f  ■'  -\    /;,<"    f '" 

d  the  formuljB  of  Article  025  applied  accordingly.     For  a  rectan-' 
^lar  orifice  for  which  y  is  constant,  this  gives 


.(3.) 


s/^-^=r.  ■  v/^:^=^ {*.) 


and  if  it  is  a  notch,  or  a  rectangular  orifice  extending  to  the  up{)er 
surface,  so  that  :"=::„ 

28.  Sariiicca  of  Equal  Ilrad.  which  for  .steady  motion  are  also 

?ACXS  or  EQUAL  VELOCITY,  are  ideal  surfaces  traversing  a  fluid 

mass,  at  each  of  which  the  dynamic  head  is  uniform.     Tlunr  po.si- 

tions  are  related  to  the  direction,  velocity,  cm-vaturo,  and  variation 

of  velocity  of  the  fluid  motion  in  the  following  manner  : — 

In  tig.  249,  let  H,  H„  H,  U„  represent  a  pair  of  such  surfaces, 
vety  near  each  other;  their  normal  distance 
apart  being  d»,  measured  forwards  from  II,    a" 
towards  H„  and   the   ditfcrenco  of  dynamic 
head  at  them  being  dk     Let  A  B  be  part  of  «*' 
the    moving    fluid,    forming    an    elementary 
stream   whose  velocity    is   V,   its    radius   of       **» 
curvature  r,  its  thickness  dr,  and  the  varia-  *' 

tion  of  its  velocity  d  V ;  velocities  from  A  towards  B  being  posi- 
tive, and  curvatun;  concave  towards  H,  l)cing  jmsitive.  Then  the 
ations  2  and  3  of  Article  621  gi>'e,  as  before, 


dh;    or -— -f- /»  =  constoat ; (1.) 


and  in  order  that  the  variation  of  head  may  supply  the  deviating 
nece.Ksary  to  produce  the  cuniituit-  of  the  Htrcam  A  B,  the 
jSus  of  curvature  must  be  in  a  plane  ]>eri)endicidar  to  the  surfaces 
muul  hciiil,  and  the  following  onuntiou  miust  be  fulfilled  ; — 
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Y' 

or     —  =  — 


y 


dh  . 
'  dn 

dn 


dr  CO*  «r; 


A 
'  cos  n  r. 


629.    In  a 
tiwanls  or  from  an  axis,  asl 
Article  407,  the  surfaces  of  e^ 
niic  head  aud  etiual  velocity  are  i 
Jpscribed  about  the  axis.     The  ( 
of  continuity,  1  of  Article  407, 
instead  of  A  to  denote  t!i 
to  the  axis,  of  the  cylii      "^ 
Avliich  the  current  flows, 
Telocity  the  formula 


Fig.  2S0. 


2»6r' 


■where  r„  is  the  radius  of  the  cylindrical  surface  R„,  fig. 
■which  the  radiiitiug  pirt  of  the  c»irrcnt  lii";;in3  or  euds,  a 
as  it  flows  outwards  or  inwarda  Tho  radiating  ctuTent 
tend  indefinitely  in  all  directions  beyond  this  sarfacc,  tha 
being  at  any  point  inversely  as  the  distance  from  the  axis 
h„  be  the  dynamic  head  atR,,;  then  at  any  other  cyj" 
face  of  the  radius  O  R  =  r,  ■we  have  the  dynamic  hi 


A  =  K  + 


2^ 


2j7 


A.+ 


l(i_!:«v 


Let  h,  be  the  limit  towards  which  tlin  dynamic  heail  ] 
mates  as  the  distance  from  the  axis  is  indefinitely  tnc 


A„  + 


9n 


A+    ^ 


■f 

2 


;*,   -   ;5-   =    h,   - 


2r 


630.   Free  Clrcnlnr  Vonrs. — In  tllp  cylindrical  space  of] 


lying  outside  of  the  surface  R,,  let  the  jiai-ticles  of 
in  a  circular  current  round  the  axis  O  ;  and  let  tb' 
circular  current  be  such,  that  if,  owing  to  a  slow  i 
particles  should  find  their  way  fi'om  one  circular  ciu 
■tliey  'woaYA  aas^vnc  irecV^j  the  velocities  jirojur  t" 


fht 


.;1 
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rents  entered  by  theui,  without  the  action  of  any  force  but  weight 
and  fluid  j>rcss\ire.  This  last  condition  is  what  constitutes  a  Jrei 
vortex,  and  is  a  condition  towards  which  every  vortex  not  acted 
on  by  external  forces  tends,  because  of  the  tendency  to  the  inter- 
mixture of  the  particles  of  adjoining  circular  currents.  It  is  ex- 
jircssed  mathenuitically  by 


A  + 


—  =  /(,  =  constant. (1.) 


I  win  be  called  the  maximum  head. 

Conceive  a  portion  of  a  thin  circular  current  of  the  mean  radius 

K  cont«uncd  between  two  cylindrical  surfaces  at  the  indefinitely 

nail  distance  apart  rfr,  and  of  the  area  uniti/,  the  ctirrent  having 

t»e  velocity  v.     Then  the  centrifugal  force  of  that  portion  of  the 

jrrent  is 

'  V (dr 

~W' 

irhich  ia  equal  and  opposite  to  the  deviating  force 

(dh; 
nt  18  to  snr, 

^h^^ (2) 

dr       gr  ^   ' 

lit  by  the  condition  of  freedom  in  equation   1,  we  have  -  ■ 

I  (A,  —  h),  which  being  substituted  in  equation  2,  gives 

rfA       2  (A, -A) 
dr"       r      ' 
irLence 

«■       1 


A.  -A 


'2,j     r" 


.(3.) 


r,  th«  velocity  is  inversely  as  the  distance  from  tlie  axis,  exactly  as 
I  a  radiating  current  Then  let  v,  bo  the  velocity  of  revolution, 
nd  A,  the  dynamic  head,  at  the  inner  boundary  R,  of  the  vortex ; 
re  have  for  the  general  equations  umuugttt  the  dynamic  heads  and 
locities  at  all  points, 


A.  =  A.  +  ^  =  A  +  2:,  =  ''  +  2^VJ 

A   =    A,   -   --    =    A,    -    ;t-  •  3- 

-J/  -</    r 


.(4.) 
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631.   Free  Rrlml  Vonrx. — A»  the  equations  of  tbi'  ini:ilt<3 
free  circular  Tortex  urc  exactly  the  same  with  tliose  of  a  radial 
curn-ut,  it  follows  that  they  also  apply  to  a  vortex  in  wlJch 
motion  is  compounded  of  those  two  motions  in  any  propn-iiq 
no  long  OK  the  velocity  is  inversely  a*  the  dijttance  J'rom  die  axif, 
fullil  this  condition,  the  currents  of  liquid  must  luive  u  form 
is  at  ever}'  point  equally  inclined  to  the  radius  drawn  from 
axis  ;  a  projiei-ty  of  the  loj^urithmic  spiral.     Let  v  be  the  velo 
of  the  current  in  a  fre«  spiral  vortex  at  any  point,  anri  i  the 
slant  inclination  of  the  ciurent  to  the  radius  vector  ;  then  the  i 
l)onent  of  the  motion  whost;  velocity  is  r  cos  *,  is  anulogouii  to 
motion  of  a  nuliuting  current,  and  that  whose  velocity  is  v  sin  ( 
unalojijous  to  the  motion  of  a  free  circular  voi-tex. 

G32.  A  Farced  vorm  is  one  in  which  the  velocity  of  revolulj 
of  the  particles  follows  any  law  different  from  that  of  a  ftve 
tex  ;  but  the  kind  of  forced  vortex  which  it  is  most  useful  to 
sider,  is  one  in  which   the  particles  revolve  with  equal  ««(_ 
velocities  of  revolution,   as  if  they  belonged  to  a  rotAting  te 
1)ody  ;  so  that  if  r,  be  the  i-adius  of  the  mUer  boundaty  of  the  cor- 
tex, wheiv  the  velocity  is  v„ 


v  = 


v,r 


..(1.) 


Tlie  djuation  of  deviating  foi-ce,  2  of  Article  G3U,  is  appbcublr  to 
all  vortices,  forced  as  well  as  free,     Intmduciiig  into  it  thL<  >-i 
of  V  from  equation  1,  above,  we  find, 


dr~  ffj^' 


(2.) 


which  being  integrated,  witli  the  understanding  timt  the  dynamic 
head  is  to  be  rockone<l  relatively  to  the  axis  of  ^e  vortex,  gi>-eB 


h  = 


1         "' 


.(a 


from  which  it  appeal's,  tliat  in  a  rotating  vortex,  the  dywtaw  J 
at  any  jioitU  is  the  heiglU  due  to  the  velocity,  and  Ike  energy  qfi 
jKirticle  is  fialj  actual  and  half  potential. 

633.  A  Cvmbinoti  Vonex  consists  of  a  free  vorte.x  without 
forced  vortex  within  a  given  cylindrical  surface,  sn-'.  •■-   '-•   ; 
2.50.     In  order  that  such  a  combined  vortex  mn-, 
city  v^  and  the  dynamic  head  A,  at  the  suHace  of  _iiiu<Tt.i. 
the  same  fov  the  two  vortices ;  con.'sequently,  iw  the  dy 

the  toTceA  \oyVc:s.  v»  ctS|\\'a.\.V4  Uv>  height  tlue  to  its  veli 


COMBINED   VORTEX. 

sum  of  those  heights  for  the  surface  of  junction  is  equal  to  the 

uctmtim  h«ad  A,  of  tho  free  vortex,  Mve  have  this  principle : — In  a 

nnbined  vortex,  the  maximum  dijnamic  head  is  double  of  the  dyna- 

'e  head  at  the  tu/r/aee  of  junction,  each  being  meaeured  reltUivelif  to 

I  aada  of  the  vmiex;  or  fiymbolictilly, 

i^  =  2K  =  - 


To  illusti'ate  tliia  geometricallj,  lot 
about  a  vertical  axis,  O  Z,  Z,,  fig. 
251,  the  upper  siirfaco  of  the 
b'quid  being  free,  tind  represented 
in  section  by  D  B  O  B  D.  Let 
A  B,  A  B,  be  the  cylindrical  sur- 
£w»  of  junction  between  the  free 

nd  the    forced    vorticca       Let 
O  A  be    a   horizontal   plane, 

aching  the  up{x>r  surface  at  its 


Fig.  2.51 


lowest  point,  which  is  at  the 
K,  and  let  vertical  ordinates  be  measured  from  this  plane.     The 
essure  of  the  atmosphere  lieing  equal  at  all  piiint.«,  may  be  left 
,t  of  consideration  ;  so  that  if  a  be  the  height  of  any  \iovD.t  in  the 
of  the  vortex  above  A  O  A,  we  shall  have  simply 


z  =  h. 


(2) 


hen  for  the  forced  vortex, 


.(3.) 


I  that  B  O  B  is  a  paraboloid  of  revolution  with  its  vertex  at  O. 
Make  A O  =  2  AB  =  2 ?, ;  this  will  represent  A„  the  maximum 
aamic  head ;  and  for  the  free  vortex, 


«  =  A   - 


=  A. - 


«i>«». 


.(4.) 


and  D  B,  D  B,  is  a  hypcrboloid  of  the  second  order,  described  by 

Tie  rotation  round  the  vertiail  axis  of  a  hyperbola  of  the  second 

lor,  whose  ordinate  A,  —  s,  measured  doionwards  from  C  Z,  C,  is 

nvcrwly  OS  the  square  of  the  distance  from  the  axis.     The  two 

nrfaces  have  a  common  tangent  at  B  B,  where  they  join. 

The  velocity  of  any  particle  in  the  free  vortex  i.s  that  due  to  its 

Icptli  Iwlow  C  C ;  that  of  any  particle  in  the  forced  vortex  is  that 

ao  to  its  height  above  A  A  ;  and  B,  where  those  velocities  are 

]tud,  18  midway  between  C  C  and  A  A. 

2p 
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The  theory  of  the  combined  vortex  ■whs  nuu}«,  by  ProfV'ssor 
James  Tliomson  of  Belfast,  the  principle  of  the  action  of  his  tui^ 
bine  or  vortex  water- wheeL 

634.  VoticBi  Rcraltt— I — ^WhcD  a  nms*  of  liquid  rerolvi-o  !n  > 
vertical  plane  about  n  horizontal  axis  (like  the  water  in  a  bw 
an  overshot  wheel),  its  upper  surface  is  not  horizontal,  but  ^.-.^,...1  . 
a  figure  depending  on  the  deviating  force  required  by  its  revo- 
lution. 

In  fig.  252,  let  C  represent  a  horizontal  asi», 
and  B  a  bucket  of  liquid  revolving  roiuid  it  in  a 
vertical  circle  of  the  radius  B  C,  with  the  angiihir 
velocity  of  revolution  a.  Let  W  be  the  weight  of 
liquid  in  the  bucket. 

Then  the  deviating  force  required  ia  gives  bf 
the  formula 

—  -Ba 
9 

Take  the  radius  B  C  itself  to  represent  t&e  (Urn- 
ating  force,  and  C  A  vertically  upwards  from  the  axis  to  represent 
the  weight  j  the  height  C  A  is  given  by  the  proportion 


thatia, 


0A:BO::W 


CA  =  4  = 


^'•BO. 
9 


^T'n" 


where  n  is  the  ntimber  of  revolutions  per  second. 

Now  A  C  representing  the  weight,  and  C  1' 
ctptal  and  opposite  to  the  devinting  fatre,  the  in 
liquid  in  the  bucket,  according  to  D'Alembert's  principle,  is  th« 
same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultant 
of  these  two  forces ;  therefore  the  surlivcc  of  the  liquid  is  periwuiii- 
cular  to  A  B. 

Now  it  appears  from  equation  1,  that  the  height  of  A  aboro  C 
is  independent  of  the  rj«lius  of  the  wheel,  nnd  nf  c\< 
except  the  time  of  revolution;  being,  in  fi»<.t,  tlio  L' 
ing  pendulum  which  revolves  in  the  aimc  time  uitii  tljt. 
(See  Artide  5^^.'^    TWrefore  the  point  A  is  the  wm<>  ■ 
buckets  csvvricA  Viy  \.V<5  -stcsw. -wVwsX  vi\'Ca.  \W  «iiroo  angn' 
and  for  att  poViiXa  "vu  We  ft\vA>vtc  tjS.  ^^^t  \\i4fsois.\v,.SW  - 
whether  ivcarer  Vo  ere  fcxWct  ten^  S^^a«ia^^SS8saAu».<i-».,i,^^ 
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^ 


of  the  liquid  in  caci)  Vmcket  is  pfirt  of  a  cylinder  described 
I  a  horizontal  axis  passing  through  A  and  parallel  to  C. 
The  theory  of  rolling  waves  may  be  deduced  from  the  above 
proposition.     For  a  brief  sketch  of  tliat  theory,  see  Addendum, 
page  XV. 

Sectiox  2. — iloliona  ofGoMS  withmtt  Friclwn, 

635.  Drumic  Heui  la  CasM. — Tlie  dynamical  equations  of 
motion  of  a  gas  are  the  same  with  those  already  given  in  Article 
618,  equation  2;  and  in  their  integration,  it  has  to  be  observed 
that  f,  the  density,  is  no  longer  constant,  but  depends  on  the  pres- 
sure. The  equations  of  continuity  have  been  given  in  Articles  419 
to  423. 

In  finding  the  DTKAiac  head  for  a  particle  of  a  gas,  instead  of 

—  there  is  to  be  taken  /  — ,  as  is  evident  from  the  general  equa- 
tions of  fluid  motion  already  referred  to.  Consequently,  the  dyna- 
mic head  for  a  gaseous  particle,  at  a  given  elevation  s  above  a  fixed 
horizontal  plane,  is,  relatively  to  that  plane. 


.=  Cip 


•'of 


.(1.) 


and  the  putting  of  tliis  value  for  h  in  all  the  dynamical  ejttatiotu 
relating  to  liquids,  tnuisforms  them  into  the  corresponding  equa- 
tions for  gases. 

In  most  practical  problems  respecting  the  flow  of  gases,  the  dif- 
ferences of  level  of  diiforent  points  of  the  gaseous  mass  have  little 
or  no  sensible  eflect  on  the  motion ;  so  that  s  may  often  be  omitted 
from  the  preceding  formula. 

In  (ktermining  the  value  of  the  integral  in  that  formula,  it  is  to 
bo  obsen-cd  that  almost  all  changes  of  velocity  of  gases  take  place 
Ro  rapidly,  that  the  particles  have  no  time  to  receive  or  to  emit 
heat  to  any  sensible  amount ;  and  therefore  the  pressure  and  den- 
sity of  each  p.article  are  related  to  each  other  according  to  the  law 
already  explained  in  treating  of  the  velocity  of  sound ;  that  is 
to  sKiy, 

P^t*; (2.) 

the  <[(rponent  y  liaviug  the  values  therein  stated,  of  which  the  most 
important  is  1  ■408  for  air.  This  gives  for  the  value  of  the  integral 
in  equation  1, 


in  which,  for  air. 


fap  _  _y_ 


..<5.^ 
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1  -408 


=  3  451 


Let 


y— 1  -408 

T  =  T  +  46r-2Falir. 


denote  the  abaaluU  teinprraturt  of  the  gas,  T  baing  its  tnap 
on  the  ordinary  Fahrenheit's  scale  ;  and  let 

T„=\0V-2  Fahr.  


be  the  absolute  teniporature  of  tneltiiig  ice.     Then  for  gum  \ 
sibly  perfect, 

from  which  ■we  Imve  the  following  value  of  the  iutegml  in  ienm  i 
the  tempenitui-e : — 

A- 


nd 


so  that  it  is  gimp!;/  proportional  to  tlu;  abmlute  lemperatum 

It  is  known  by  the  Bcience  of  therniodynauucs,  that  the 
expression  is  equivulcnt  to 

3  d  r;.... 

where  </  is  the  gpecljic  fifot  of  the  gru  at  ojitslaui  /■..-'. 

"Joule's  equivalent,"  or  the  height  from  which  a  yn  i  i; 
Liall,  in  ortler  to  produce  by  friction  as  much  heat  as  -. 
•temperature  of  an  equal   weight  of  water  by  one 

Fahrenheit's  scale, 

J  =  772  feet 

The  following  are  the  values  of  -  and  <f  for  certain  guis  i 
■\-a|K)urs : — 


^•feet. 


«'. 


Air, 36,314 

■     Oxygen, 93,710 

Hydrogen, 37S.8«9 

Steam, 42,«4'*   0-480 

.(iEthcr  va[x)ur, 10,110 

Bisulphuret  of  carbon  vapour,. . .  9,902 

Carbonic  acid,  if  a  perfect  gaa,. . .  1 7,264 

Do.,  actuiiUy, I7.M5     0-217 

•  Tbis  U  an  Uim\  tewU,  t«TWB\»x  wi^  Vs  *''«*"*■  **'5«f««"«*-.^"*-'H  ■■ 
from  the  chmnicaX  wmvwvVna  ^ ' 


0-238 


0-481 

o-'575 : 


=»1 
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The  variations  of  pressure,  volume,  ami  nbsolute  temperature  of 
a  gas  during  rapid  changes  of  motion,  lire  connected  by  the  propor- 
tional equation 

K  T  a  p         cc  p  y  (11.) 

^  The  equations  in  this  Article  arc  ;iJI  iidaptod  to  perfect  gases. 
Actual  gases  deviate  from  the  perfectly  ga-seoiis  condition  moi-e  or 
less ;  but  in  most  practical  questions  of  hydi-odynamic.'s  the  equa- 
tions for  perfect  gases  may  bo  applied  to  them  without  matei-iiil 
error. 

636.  The  Equnilon  of  CouUnall)'  tar  a  Hlradr  Mrcnm  of  Gai  takes 

the  following  form,  when  the  laws  stated  in  the  last  Article  are 
taken  into  account.  The  original  equation,  as  given  in  Article 
421,  being  equivalent  to 

Qp  =z  A  V  p  =  constant, ,...(1.) 

we  have  to  consider  that,  by  the  equations  of  the  last  Article,  wo 
have 

1  _i  _i_ 

,  oc  /^  oc   T^'   a  {h-zy-^ (2.) 

the  exponents  having,  for  air,  the  values 

^  =  on  ;  -^  =  2-451 (3.) 

y  y-l 

Hence  the  equation  of  continuity,  in  terms  of  the  pressure,  of  the 
absolute  temi«raturc,  and  of  the  d3nnamic  head  respectively,  takes 
the  following  foi-ms  : — 

1  1^ 

Qp^  =  A  vp''  =  constant; (4.) 

1  1 

!  Qt>-'  =  Adt^-'  =  constant; (5.) 

1  _i_  1 

Q(A-s)'-'  =  Ar(A-=y'~'  =  constant; (6.) 

637.  Flaw  of  Gaa  flwrn  «a  Oriflcc. — Let  the  pressure  of  a  gas 
within  a  receiver  be  p„  and  without,  p, ;  let  A  bo  the  ^ective  area 
of  an  orifice  with  thin  edges  ;  that  is,  the  product  of  the  actual  area 
by  a  oo-efficient  of  contraction,  whose  value  is 

0'6,  nearly. 

Let  the  receiver  bo  so  large  that  the  velocity  within  it  is  insensible. 
Let  the  absolute  temperature  and  density  ot  t,\ws  gis  VVOtvvsv  "Cofe 
receiver  be  r„  (^  and  those  of  the  issuing  jet  Tj,  j,.    Tsift\»X\«x  ■ax^ 
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not  the  same  -with  iiiose  of  the  Ml  ffa  outaitk,  far  : 
Btatod  aftemrords.     Then 


r;-©  '  't=(^' '^' 


and  by  equation  8  of  Article  63.5,  and  equation  3  of  Articlo 
Tre  have  for  the  height  due  to  the  velocity  of  outflow. 


Pn  .  T.  —  r. 


r-l 


(1)1 


___y_  .ro.i!  f  i_^M  *  A 

from  which  the  velocity  itself,  and  the  fiovo  of  volnnte  Q  ^  c  Al  ._ 
the  contracted  vein,  are  easily  computeii     To  find  the  J{<mb  y 
toaghi,  the  lost  quantity  is  to  be  multiplied  by 

1  1 


giving  the  following  results  : — 

feQ  =  »A{, 


y-l 


=-'"Vi7^!j^  VI'-© '}•©'• 

For  small  differences  of  pressure,  such  that  —  is  nearly  =  1,  Iho 

Pt 
following  approximate  furmnla  may  be  used  where  great  Bccunu7 
is  not  roquiix'd  : — 

f__Po  .  5  .Pi~P* /5j 


'^9       «<!     ^0         Pi 

When  the  motion  of  the  jet  is  finally  extinguished  by  fti 
heat  is  repro<iuced  sufficient  to  tuise  the  absolute  teiupeaEktaro  i 
to  its  original  value,  t,. 

637  A.  nnximam  Flow  aT  «hu> — ^When  —  i»  indcfinitfllv  dhniD- 

Pi 

lahed,  tilt-  velocity  of  outflow  given  by  equation  2  of  Article  637 

incrwvses  tovjivxda  Uv«  limit 


frict^H 


HAmtUX  FLOW  OF  CAM, 
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Qg  greater  than  the  velocity  of  sonnd  in  the  ratio  ^/  r-  :  1, 

[lose  value  for  air  is  2-21,  giving  for  the  limiting  velocity  of  flow 


laiT 


2,413  feet  per  second  x  a/— (3.) 

The  Jlow  of  weight,  however,  as  given  by  equation  4  of  Article 

37,  does  not  continaously  increase  as  —  is  indefinitely  diminished, 

Pi 
at  reaches  a  maximnm  for  the  value 


V 


onding  to 


i_ 


y+I 


(3.) 


I  valoM  of  these  mtios  for  air  are 

^,  :  p,  =  0-527  i  p,:f,  =  0-6345 ;  -*  =  0-8306 (4.) 

i  tiie  corresponding  velocity  of  flow  is 

--vim^.} •^■) 

Bg  less  than  the  velocity  of  sound  in  the  ratio  A  /  — ,   .-  :  1, 

teose  value  for  air  is  0-912  ;  giving  for  the  velocity  of  flow  of  air 
'  rresponding  to  the  greatest  flow  of  weight  through  a  given  orifloe 
sm  a  receiver  where  the  pressure  and  temperature  are  given, 

V  =  997  feet  per  second  x  a/  — (6.) 

,  is  odcn  convenient  to  express  the  flow  of  weight  in  the  following 


.(7.) 


^h- 


in  which  — ^  is  what  is  called  the  reduced  velocity,  being  the  velo- 

ity  of  a  currf.-ut  of  &  density  pqual  to  that  ot  t"\ic  gaa  VB.\Jtke>-t«.tw5Bt, 
wLvae  Jlow  of  weight  would  be  tiuuul  to  that  oi  tVve  »sA.\is\.  <wsv<5S3!^ 
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The  maximum  reduced  velocity  corresponds  to  the  maxmiim  I 
and  ita  value  is 

2    x»0~'> 


— '-  =  velocity  of  sooiid  x  (  "jTi  I 


wlMwe  value  for  air  Ls 

velocity  of  aound  x  O'STO  =  632  feet  pei- sea   x  Ay   —...{I 

The  investigations  in  this  and  the  preceding  Article  ape  sat 
tially  the  same  -with  those  originally  communicated  to  the  Rofil 
Society  in  May,  185G,  by  Dr.  Joule  and  Dr.  Thom.son ;  and 
iisjilts  differ  by  small  quantities  arising  mainly  fivm  thost;  genti 
men  having  taken  y  =  Til,  instead  of  1-408. 

Messrs.  Joule  and  Thomson  tested  the  theoretical  result  u  I 
the  maximum  redwxd  velocity  given  in  e<juation  9,  by  cxjiorinien 
on  the  flow  of  air  through  orifices  in  j)lates  of  copper  of  (l'02^' 
0-053,  and  0'084  of  iin  inch  in  diameter,  at  the  temperature  of  I'lT' 

Fahrenheit,  for  wliicJi  -  =  -,-..o  *!>  "^'xi  tli"   calculated  umximitni 

ii'ducetl  velocity  is  G47  feet  per  second. 

The  maximum  reduced  velocity  found  by  experiment  vas  650 
fiMjt  per  second,  or  0'84  of  that  found  by  theory;  but  in  calculating 
the  velocity  from  the  experiments,  the  actual  area  of  the  orifice  was 
employed;  so  that  the  difference  probably  arises  from  contTnctioD, 
The  con'cspouding  value  of  the  ratio  />,  :  />,,  aj<  found  by  experiment, 
was  0'375  instead  of  0'527;  a  difference  produi-od  by  friction. 

Section  3. — Motions  of  Liquid*  with  Friction. 

638.  Ornrml  linwa  »f  Fluid  FricUoii. — It  is  known  by  experi- 
ment, tliat  between  a  fluid,  and  a.  solid  surface  over  which  it  glide!". 
there  is  exerted  a  resistance  to  their  relative  motion  which  ; 
]>ortional  to  their  surface  of  contact,  and  to  the  density  of  t  li' 
and  is  approximately  proportional  to  the  square  of  th- 
fho  relative  motion;  that  is,  the  resistance  is  appixixi 
jxirtionul  lo  tJie  vxight  of  a  prism  of  (he  fluid,  uihoii< 
•  ant  face  of  contact,  and  its  heitjht  the  heiijht  due  tv  the  rela' 
Let  S  be  the  surface  of  contact,  r  the  velocity,  f  the  \^ 
unit  of  volume  of  the  fluid,  and /a  factor  called  the  i     _ 
fridion,-  theu 

is  tbe  amownt  of  the  WcAaoi^  «x  vV<t««^^»c*%K 
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The  co-efficient/ is  not  absolutely  constant  at  difiei'ent  velocities. 
TIic  mode  of  calculation  employed  in  practice,  where  the  velocity  is 
one  of  the  unknown  quantities  to  be  detennined,  is  to  find  an 
apjiroximate  value  of  the  velocity  from  the  mean  value  of  / ;  then 
to  compute  the  value  of  /  corresponding  to  that  approximate 
velocity,  and  use  it  to  compute  the  velocity  more  exactly. 

The  following  are  some  of  the  values  of  the  co-efficients  of  friction, 
according  to  dilTerent  authorities,  for  streams  of  wateu,  gliding  over 
various  surfaces;  v  being  the  mca^i  velocUi/ o/ the  stream,  in  feet  per 
second : — 

Iron  pipes  (Darcy).     Let  d  =  diameter  of  pipe  in  feet ;  then, 

or  fur  velocities  that  are  not  very  small, 

/=0O05(l  +  jf^). 
Iron  pii>es,  value  of/ for  first  approximation,  ©•0064 
Beds  of  rivers  (Wcisbach),.../ =  a  +  -;  «  =  0-007 4. 


Beds  of  rivei-s,   value   of  /  for  first  (^ 
approxiniatiou, ) 


0-00023  ^■^'^ 
00076. 


A  coUectiou  of  numetvus  formula;  for  fluid  friction,  proposed  by 
diflferent  authors,  together  with  tables  of  the  results  of  the  best 
formulte,  is  contained  in  Mr.  Neville's  work  on  hydraulics.  The 
formuliB  of  many  authors,  though  difiering  in  ai)pearance,  are 
founded  on  the  same,  or  nearly  the  same,  experimental  data,  Wing 
chiefly  those  of  Du  Buat,  with  additions  by  subsequent  inquirers; 
uud  their  practical  results  do  not  materially  differ.  The  two 
formule  given  above,  on  the  authority  of  Darcy,  for  iron  pii)e8, 
are  based  on  his  cxi)criments  as  recorded  in  his  treatise  du 
Mouvevienl  de  I'A'au  da/ts  Ins  Tui/aiix. 

639.  inicruni  Fluid  Friciieu.— Although  the   particles   of  tluids 

avc  no  transverse  elasticity — that  is,  no  tendency  to  recover  a 

figure  after  having  been  distorted — it  is  certain  tluit  they 

st  being  made  to  slide  over  each  other,  and  that  there  is  a  latenil 

ommnnicnticin  of  motion  amongst  t\\eTO-,  tVa\i  w,  \}«v8.'v.  ^Jcvwc«  S»  ^ 

fideocy  of  imrtidea  which  move  avdu  \>y  svAeiu  -^a.'wSi.^\"v»s»  "*** 
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I 


assume  the  same  velocity.     The  laws  of  this  Literal  coiumuQ 

of  motion,  or  iutermd  frictioxi,  of  fluidti,  ure  not  kuo»Ti 

Vmt  its  etfocts  are  known  thus  far  : — that  tbu  energy  Ju«  to  Sttsr- 

ences  of  velocity,  whiuh  it  caoses  to  disappear,  i»  roplacod  bj  Ixat 

in  the  proi>oi-tion  of  one  thermal  unit  of  Fahrenheit's  sisHo  for  773 

foot  pounds  of  energy,  and  that  it  causes  the  friotian  ft  "  .  tT.>„r, 

against  its  channel  to  take  efl'ect,  not  merely  in  retard: 

of  fluid  which  is  immudiately  in  contact  with  the  sides  of  Un;  u^ujiu. 

but  in  retarding  the  whole  stream,  so  as  to  reduce  its  mutioti  to  OM 

approximating  to  a  motion  in  plane  layers  perpendicular  to  tlie  «zi> 

of  the  channel  (Article  G25). 

G40.    Friction  In  na  Vnlfarm  Blrcaai. — ^It  is  this  last  fact, 
renders  possible  the  existence  of  an  open  stream  of  uniform  .-• 
velocity,  and  declivity.     In  hydraulic  calculations  respecting 
resistance  of  this,  or  any  other  stream,  the  viduo  given  to 
velocity  is  its  mean  value  throughout  a  given  croes-aoation  of  ' 
stream  A, 

-I « 

The  greatest  velocity  in  each  croas-section  of  a  stream  takes  pli 
at  the  point  most  distant  from  the  rubbing  surface  of  the  channel 
Its  ratio  to  the  mean  velocity  is  given  bj-  the  following  tanpinoJ 
formula  of  Prony,  whore  V  is  the  greater  velocity  in  feet  per 
necond : — 

L-injLl  mi 

T  ~  10  25  +  V ^^'^ 

In  an  uniform  stream,  the  dynamic  head  which  would  otho 
liave  been  expended  in  producing  increase  of  actual  energy, 
wholly  expanded  in  overcoming  friction.  Consider  a  portion  of !' 
stream  whose  length  is  I,  and  &11  z.  The  loss  of  head  is  equal  to 
the  Ml  of  the  surface  of  the  stream,  according  to  Article  G23;  ami 
the  expenditure  of  potential  energy  in  a  seoood  ia  accortJinglj 

S(Q  =  S(V  A. 

Equating  this  to  the  woi'k  performed  in  a  second  in  owroooiqg 
friction,  viz.,  v  E,  we  find 

or  dividing  by  common  factors,  and  by  the  arts  of  aectaon  A,  *W 
find  for  the  vaXue  oi  \!Siie  ivi^V  viv  Vansv&  of  the  velociiur 


■.=5- 


h.  li' 
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t  what  is  called  the  wetted  perimeter  of  the  croBs-section  of 
^  t;  that  is,  the  cro«a«ection  of  the  rubbing  suriace  of  the 
:  and  channel  j  then 

dd  dividing  both  sides  of  equation  3  by  I,  we  find  for  the  relation 
etween  the  rate  of  declivity  and  the  velocity, 


■in  \ 


.(4.) 


is  what  is  called  the  "  hvdbaulic  wsxs  oettb  "  of  the  stream ; 

and  as  the  friction  is  inversely  proportional  to  it,  it  is  evident  that 
lie  figure  of  cross-section  of  channel  which  gives  the  least  friction 
that  whose  hydraulic  mean  depth  is  greatest,  viz.,  a  semicii-cle. 
Whc-n  the  stability  of  the  material  limits  the  aido-slojie  of  the 
"hannel  to  a  certain  angle,  Mr.  Neville  has  shown  that  the  figure 
'  least  friction  consists  of  a  pair  of  straight  side-sloiies  of  the  given 
sclination  connected  at  the  bottom  by  an  arc  of  a  circle  whose 
ius  is  the  depth  of  liquid  in  the  middle  of  the  channel;  or, 
I  a  flat  bottom  be  necessarj',  by  a  horizontal  line  touching  that  arc. 
For  such  a  channel,  the  hydraulic  mean  depth  is  half  of  the  dejith 
^  liquid  in  thr  middle  of  the  channel. 
641.  Tarring  fHrcnai. — In  a  stream  whoso  area  of  cross-section 
ries,  and  in  which,  consequently,  the  mean  velocity  varies  at 
liiTerent  cross- sections,  the  loss  of  d}'nnmic  head  is  the  sum  of  that 
3ded  in  overcoming  friction,  and  of  that  expended  in  producing 
Bcrea.sed  velocity,  when  the  velocity  increases,  or  the  difference  of 
hose  two  quantities  when  the  velocity  diminishes,  which  difference 
nay  be  positive  or  negative,  and  may  represent  cither  a  loss  or  a 
.  of  head.     The  following  method  of  representing  this  principle 
abolically  is  the  most  con- 
rcnient  for  practical  purpoees. 
fig.  253,  let  the  origin  of  co- 
ordinates be  taken  at  a  point  O 
completely  below  the  part  of  the 
stream  to  be  considered;  let  ho- 
rizontal abscissae  x  be  measured 
Sagenrut  the   direction  of  flow, 
And  vertical   ordinates  to  the 
kirface   of  the  stream,  :,  up- 
BOi 
Sdi 


Fts.  358. 
arda.    Consider  any  iudefinitcly  short  portion  of  ^ft  ^fewaaa-VtsMM* 
tynzontal  length  ia  dx;  in  j)i-acticc  this  TSUkV  n^mos^i  ai'WK^^Vift  < 
Idored  as  equaJ  to  the  actual  length.     T\i«>  taXi  Va  ^^Qa^•  -^Va-wv' 
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the  stream  is  d  z,  and  the  acceleration  -  d  v,  because  of  o  U'l 
opposite  to  X.     Then  modifying  the  expression  for  the  loss  of  liu 
due  to  friction  in  equation  3  of  Article  640  to  meet  the  pr 
axse,  and  adding  the  loss  of  bead  due  to  acceleration,  yre  f 


d=  =  - 


vdv  ,    ,  adx    ^ 


In  applying  this  differential  ct]uution  to  the  aolutiou  ui 
cular  i)TOblcni,  for  v  is  to  be  put  Q  -  A,  and  fnr  A  ami 
put  their  values  in  terms  of  x  and  s.    Thus  is  obtained  a  diiTcj 
equation  between  x  and  z,  and  the  constant  quantity  Q,  tli 
per  second.     If  Q  is  known,  then  it  is  sufticient  to  know  the 
of  s  for  one  paiticular  value  of  x,  in  order  to  be  able  to  deteruiil 
the  integral  equation  between  s  and  x.     If  Q  is  unknown, 

■viiluos  of  z  for  two  iiarticular  values  of  x,  or  of  s  and    ,  ~  (tl 
'  a* 

declivity),  for  one  particular  value  of  x,  are  required  for  the  soli 

tion,  which  comprehends  the  determination  of  the  value  of  Q. 

042.     Tbc    Friclian    la   ■    Pipe   Rnnnia^   Fall    produces    loss 
dynuniic  head  according  to  the  same  law  with   the  friction  iuj 
channel,  except  tLat  the  dynamic  head  is  now  the  sum  of  the 
vation  of  the  pipe  above  a  given  level,  and  of  the  height  due  to  ' 
prcssiu-c  witliin  it.     The  differential  equation  wliich  exprvs 
is  as  follows : — Let  dlhe  the  lengtJi  of  an  indefinitely  short  ] 
of  a  pipe  measured  in  the  direction  of  flow,  a  its  internal  cir 
encc,  A  its  ait*  of  section,  z  its  elevation  above  a  given  Iovt>l,  p  \ 
pressure  within  it,  h  the  dynamic  head.     Then  the  loss  of  head 

,,            ,       dp      vdv        .   idl     «•  .  , 

-dh  =  -dz  --!-  =  +/.  __  .— - \y\k 

Tlio  ratio  -rr-  is  called  the  virtual  or  hi/dratdic  declivity,  being  \ 

rate  of  declivity  of  an  ojien  channel  of  the  same  flow,  area, 
hydraulic  mean  deptk     This  may  differ  to  any  extent  froia 


\tai  dedivity  of  the  pijie, 


dz 
TV 


When  the  pipe  is  of  uniform  section,  rf»  =  0,  and  the  first 
of  f  lie  right-luind  side  of  equation  1  vanishes. 

When  tlje  section  of  the  pipe  varies,  s  and  A  are  given  fuuct 
of/.     If  Q  is  given,  »  =  Q  -;-  A  is  also  a    ' 
to  solve  the  c<\uation  completely,  there  Ls 
the  value  of  K  tot  out  Yw:^v^sjt  -sviX-vms.  ci<  (.    it  y  j«  iiiikiiowu.  ill 

AV. 
values  of  h  for  tvo  ^wX^c'^'t  NaN.w«%  o'\  i .  ^^v  ^a  v  ^^^i.  -^,v» . 
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taculnr  value  of  /,  nre  required  for  the  solution,  which  compre- 
bends  the  determiimtion  of  Q. 

643.  RmiMaacr  m€  iTioBiiipirccik — A  mouthpiece  is  the  JMirt  of  a 
hauncl  or  pipe  immediately  adjoining  a  reservoir.  The  internal 
action  of  the  fluid  on  entering  a  mouthpiece  causes  a  loss  of  head 
^ual  to  the  height  duo  to  the  velocity  multiplied  by  a  constant 
epending  on  the  figure  of  the  mouthpiece,  whose  values  for  certain 
I  have  beeu  found  empirically;  that  is  to  say,  let  —  A  A  bo  the 
of  head ;  then 

2<7' ^'-^ 


-£,h 


'  being  a  constant 

For  the  mouthpiece  of  a  cylindrical  pipe,  issuing  from  the  flat 
ide  of  a  reservoir,  and  making  the  angle  i  with  a  normal  to  the 
lide  of  the  reservoir,  according  to  Weisbach, 

/  =  0-505  +  0-303  sin*  +  0-226  sin'i (2.) 

644.    Tke  RoUMBCe  af  rnrrea  and  Kne«  in  pipes  causes  a  losS 

'of  head  equal  to  the  height  due  to  the  velocity  multiplied  by  a  co- 
efficient, whose  values,  according  to  Wei.sbach,  are  given  by  the 
following  formula! : — For  curvet,  let  i  be  the  arc  to  radius  unity,  r 
the  radius  of  curvature  of  the  centre  Une  of  the  pipe,  and  d  its 
diameter. 

Then  for  a  circular  pipe, 


ad  for  a  rectangular  pipe, 

/•  =  -   1 0124 


131  +  1-84 


3-104 


(1.) 


for  hiees,  or  sudden  bends,  let  i  be  the  angle  made  by  the  two  por- 
ious  of  the  pipe  at  either  side  of  the  knee  with  each  other;  then 


/■  = 


0-9457  sin'  ^ 


+  2-047  sin*  5 (2.) 

2 


645.  A  Haddra  KninrBrmrni  of  the  channel  in  which  a  stream 
[>f  liquid  flows,  cau.scs  a  sudden  diminution  of  the  mean  velocity  in 
same  proportion  as  that  in  which  the  area  of  section  is  in- 
cd.     'Jlius,  let  r,  be  the  velocity  in  the  nn-rrovrcx  -^tVvsvn.  "jR. 
'  chsDjae],  and  lot  m  be  the  number  ex^rtessvti,^  \X\c  Ta.'Cv»"-«vs5\\\^!cy. 
:  chanael  is  suddenJ/  enlarged:  l\xe  ve\oc\ty  m  ^Jftvi  fcTJwj.t^^  V*-"^ 
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is  _.     Now  it  appoars  from  experitnettt,  tliat  the  actiial  cn< 

due  to  the  velocity  of  the  narroir  stromi  reltitirely  to  tha 

Btroam,  that  ia,  to  the  difference  »,  (l j,  is  expended  in 

Dining  the  iutenml  flnid  friction  of  etldiei,  and  so  prodadog  heat; 
tliut  there  is  a  loss  oj' total  head,  represented  by 


2gV     mJ 


646.  The  Gmwai  Problem  of  the  flow  of  a  stream  with  ftictiaa 

is  thus  expressed : — Lot  h,  +  ^j-,  and  A«  •<-  .r^j  bft  tho  total  bsadt 

at  the  heginniog  and  end  of  the  streAm  respectively  ;  then  the  I 
of  total  head  is  represented  by 

'■-'■- ^■■'•^6 

where  the  rii^ht-hand  aide  of  the  eqtiation  repr»?scnta  the  i 
all  the  losses  of  head  due  to  the  friction  in  varioua  parts . 
channel. 

SEcnotf  4. — Flow  of  Gases  with  Frictioiu 

647.  The  OrBcmi  imvr  of  the  friction  of  gBses  is  tho  SAniP  ' 
that  of  the  friction  of  Urjuids  as  expressed  hy  equation  1, 
638,  the  value  of  the  co-efficient/ being 

0006,  nearly, 

for  friction  against  the  sides  of  the  pipe  or  channel.     For  n  cy« 
driail  mouthpiece,  the   co-efficient   of  rcaistimco   is   0-83  j   foj 
conical  moutlipiece  diminishing  trom  the  reservoir,  0'38. 
When  the  pressui-es  at  the  beginning  and  end  gf  a  8tr««m  of  gas' 

do  not  differ  by  more  than  jzr  of  their  niMn  anwont,  prob 

respecting  its  flow  may  be  solved  approximately  by  ni''""^    ■< 
nbt)ve  data,  treating  it  as  if  it  were  a  liquid  of  the  dci 
the  lesser  pressure,  as  in  the  approximate  equation  •  '"   ^ 

In  seeking  the  exact  solution  of  the  flow  of  a  l 
it  ia  necessary  to  take  into  account  the  effect  of  th' 
dticing  heat,  and  ao  rai-sinar  the  temperature  of  tlv 
it  would  \>e  il  ^^> 
the  flow  of  a  v> 

friction  is  not  \<*.t  \>S  «,XiOLMv:Uu^i,W  ^v^«.^.^«^c«>.v^*.^v.>..:.^« 
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; ;  80  that  if  at  the  tiegintiinp  and  end  of  a  stream  the  velocities 
a  perfect  gas  are  the  same,  its  temperatures  must  also  be  the 
same.  In  un  imperfect  gas,  there  is  a  small  depression  of  tempera- 
ture, which  has  been  eni{)loyed  by  Dr.  Joule  and  Dr.  Thomson  as 
a  means  of  determining  or  veriiying  the  laws  of  the  deviation  of 
~  Sereot  gases  &om  the  condition  of  perfect  fpa. 


Section  5. — Mutual  Impulse  of  Fluids  and  Solids. 

648.   PmMR  af  a  JTct  acBlnd  ■  Fixed  Sarfacr. — A  Jet  of  fluid 
IA,  fig-  254,  striking  a  smooth  surface,  is  deflected  bo  as  to  glide 


Rg.  2M. 


ns,s6& 


along  the  surface  in  that  path  B  E  which  makes 
the  smallest  angle  with  ita  original  direction 
of  motion  A  B,  and  at  length  glances  ofi"  at  the 
edge  E  in  a  direction  tangent  to  the  suiface. 
To  simplify  the  question,  the  surface  is  sup-  _. 

posed  to   be  curved  in  such  a  manner  as  to  "b-       • 

guide  the  jet  to  glance  off  it  in  one  definite  direction.  The  fric- 
tion between  the  jet  and  the  surface  is  supposed  insensible.  This 
being  the  case,  as  the  pai-ticles  of  fluid  in  contact  with  the  sur- 
face move  along  it,  and  the  only  sensible  force  exerted  between 
them  and  the  surface  is  perpendicular  to  their  direction  of  motion, 
that  force  cannot  accelerate  or  n.'tard  the  motion  of  the  particles, 
but  can  only  deviate  it  Let  v,  then,  be  the  velocity  of  the  par- 
ticles of  fluid,  Q  the  volume  discharged  per  second,  p  the  density, 
and  fi  the  angle  by  which  the  direction  of  motion  is  deflected;  then 


fQv 


I     is  the  momentum  of  the  qnantity  of  fluid  ■wTaose  •nvcAaca.S*  ^t'^s***A. 
I    per  »ocond,    Also  conceive  an  isosceles  triang\e  -wVoaaXc^  «x^  «»i5s\ ' 


g^ 


■ 
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equal  to  the  velocity  v.  and  make  with  each  other  tho 
theu  tho  base  of  tliat  triangle,  whose  value  is 


2  p  sin  ^, 

represents  the  change  of  velocity  ondergone  by  each  itvrj;.'!!-' 
fluid ;  BO  that  tho  change  of  momentum  per  second  is 


F  = 


2f  Qff 


sin 


2' 


and  this  also  is  the  amount  of  the  total  pressure  acting  between  I 
fluid  and  the  surface,  in  the  direction  of  a  Hue  which  i«  purolla 
the  base  of  the  isosceles  triangle  before  mentioned  ;  that  is,  wh 
makes  equal  angles  in  opposite  directions  with  the  original  and  i 
directions  of  motion  of  the  jet 

The  force  represented  by  F  may  be  resolved  into  two  cnn 
nents,  F,  and  F^  respectively  parallel  and  perpendicular  t«7  .m^ 
original  direction  of  the  jet     The  values  of  the  resultant  and  it* 
two  components  evidently  bear  to  each  other  the  proportiontt, 

F  :F.  :F,  ::  2Mn^  :  l-cos/S  -.aiafi (i) 


whence  the  components  have  the  values, 

F.  =  LQJ!(i_cos/9);  F,  =  i^ain/fl {XJ 

If  the  surface  struck  by  the  jet  is  of  a  symmetrical  fignri*  alyrat 
the  original  direction  of  the  jet  as  an  axis,  the  qiiantit ' 
■which  sti-ikes  the  surface  in  each  second  spreads  and  _ 
various  directions  distributed  symmetrically  round  the  lixiii,  oitii 
making  equal  angles  $  with  it ;  so  that  tho  forces  exerted  perjien- 
diciilar  to  the  axis  by  the  dilferent  parta  of  the  api-ead  and  <Uverted 
jet  balance  each  other,  and  nothing  i-emaius  but  the  sum  of  thn 
components  parallel  to  the  axis,  whose  value  is  F„  as  given  in  the 
first  of  the  equations  3. 

By  substituting  A  v  for  Q,  the  forces  may  be  expteascd  in  tenns 
"of  tlie  sectional  area  of  the  jet 

As  a  particular  case,  let  tho  surface  be  a  plane,  as  in  fig.  SflS. 
The  jet,  on  striking  tho  surface,  spreads  and  glancosoff  in  all  dirt*- 
tiuns  at  right  angles  to  its  original  direction,  so  that  »  =  9<f, 
Ci>3(3  =  0,  amd 
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eing  cqtial  to  the  weight  of  a  column  of  fluid  whoso  bas«  is  the 
Boctional  area  of  the  jet,  and  its  height  double  of  the  heiglit  duo  to 
he  velocity.     Tliis  result  is  confirmed  by  experiment. 

Ab  another  case,  let  the  surface  be  a  hollow  hemisphere  (fig.  25G), 
1  that  the  jet  in  spreading  is  turned  directly  backwards.     Then 
»  I8O0,  -cos/3  =    +  1,  and 


F. 


2fQv       2pA«» 


(5) 


9  a 

ing  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
tional  area  of  the  jet,  and  its  height  fmiT  times  the  height  duo 
1  the  velocity. 

649.  The  PrcMare  of  n  Jet  nsnlaat  ■  moving  Hnrface  i.s  found  by 
abstituting  in  the  equations  of  the  preceding  Article,  the  motion 
"  the  jet  relatively  to  the  surface  for  its  motion  relatively  to  the 
th.  In  this  case  there  is  energy  transmitted  from  the  jet  to  the 
olid  swrfiice  or  from  the  solid  surface  to  the  jet;  and  thi?  detcr- 
niiuktion  of  the  amount  of  energy  so  transmitted  per  second  form.s 
an  important  part  of  the  problem. 

Case  1.  When  tfte  surface  has  a  motion  of  translation  paraUd  to 

■  oriyinal  direction  of  the  jet,  let  u  be  the  velocity  of  that  motion, 

itivB  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 

.  it ;  let  t',  be  the  original  velocity  of  the  jet ;  then  Vy—ti  is 

60  velocity  of  the  jet  relatively  to  the  surface.     Con.-wqnently,  the 

smjionent  force  acting  between  the  fluid  and  the  solid  surfuec,  in 

lio  direction  of  motion  of  the  latter,  ia 

F.  =  ^^^(l-co./S); (1.) 

ating  also  the  equal  and  opposite  force  which  must  be  np- 
the  solid  to  make  its  motion  uniform;  and  the  energy 
litted  per  second  is 

F.«  =  iQ^i^Ll!i)(i_eos/»); (2.) 

n 

which,  if  u  is  positive,  is  transmitted  fi-om  the  fluid  to  the  solid, 
^nd  if  u  is  negative,  from  the  solid  to  the  fluid. 
■  The  energy  thus  transmitted  per  second  is  equal  to  the  difference 
mS  tho  actual  energies  of  the  volume  Q  of  fluid  before  and  afler 
Hcting  on  the  solid.  Let  v,  bo  the  velocity  of  the  fluid  after  the 
Hollision  ;  tliia  being  the  resultant  of  u,  and  of  r,  —  u  in  the  devi- 
Btcd  direction,  its  square  is  given  by  tho  equation 

H  I'J  =  m'  4-  (»,  —  «)'  +  2  «  (Ui  —  "u"^  •  coa  (^ 

^^^_  =ef-2«(t>,-u)^l-C08ff|-, V>^ 
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F.i,.=  ' 


.(4.) 


by  comparing  which  with  eqiiation  2  it  i«  eriiient  ihaX 

2y       ' 

I  hsB  beea  steted. 
Xh*  nMudnnim  transmission  of  energy  from  the  flaid  to  the  solicl 
for  a  given  velocity  of  jet,  is  obviously  given  by  the  vclocit) , 


w  =  -r 


2' 


■which  gives 


jQt'?, 


F,  =  '-^(l-cos/3);  F,«  =  l^-(l-co8,S).  J 


...(a 


If  (8  =  90',  as  in  fig.  255,  tho  maximum  energy  tranamitiedj 
f  Q  vf  -7-  4  (7,  or  haJ/ of  tho  original  actual  energy  of  tho  fluid. 
fl  =   180°,  08   in   tig.   256,  the  maxiiuuin  energy  ti-nnsniittc<tj 
J  Q  v?  H-  2</,  or  the  whole  of  tho  original  actual  energy  of  the  flu 
which,  after  the  collision,  is  left  at  resU 

Case  2.    When  (Jie  /surface  fta»  a  motion  of  translation 
direction,  with  the  veKicity  m,   let  h  D,  fig.  2.')4.  rejn 
direction  and  velocity,  and  B  C  the  direction  and  original 
V,  of  the  jet     Tlien  D  C  represents  the  direction  and  vo 
the  original  motion  of  the  jet  relatively  to  the  soxfacc. 
E  F  =  D  C  tangent  to  the  surface  at  E,  where  the  jet  glances 
this  represents  the  relative   velocity  and  direction   with   wlj 
the  jet  leaves  the  surfiace.    Draw  F  G  ||  and  =  B  D,  und  join  Ei 
this  lost  line  represents  the  direction  and  velocity  relatively  to  { 
cai-th,  with  which  the  jet  leaves  the  sor&ce,  being  the  result 
E  F  and  F  a. 

Tho  total  force  exerted  between  the  fluid  and  the  Huriac*  mij 
be  determined  by  finding  the  change  of  the  monientnm  of 
volume  of  fluid  Q,  due  either  to  the  change  of  direction  and 
city  relatively  to  the  earth,  viz.,  fiwrn  B  C  to  E  O ;  or  to 
elntively  to  the  surface,  viz.,  from  DC  to  EF.     Bi- 
^rtiich  it  is  most  important  to  fictfi-mine  is  thnt  to  whi. 
■tiaion  of  energy  is  due,  viz.,  the  force  parnll  .,  i, 

fce  ionoted  by  F^    This  force  is  equal  to  thi 
of  the  component  momentum  of  the  fluid  in  Ui- 
Let  tt=.  .e^DBC,  denote  the  angle  Wtweru  th<- 
jet  and  thnt  of  the  body's  tmnalation ;  then  the  component,  : 
direction  B  D,  of  the  original  velocity  of  the  jet  is 


«vcn»'  «> 
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tc  =  D  C  be  the  velocity  of  the  jet  relatively  to  the  anriacc  ; 

to*  =  m'  +  v',  —  2uVi  •  cos  a (6.) 

i  y  =  Bupplcment  of  ..i:  E  F  G,  denote  the  angle  which  a  tan- 
!  gent  to  tlic  suri'ace  at  the  edge  where  the  fluid  leaves  it  makes  with 
k^he  direction  of  translation.  Then  the  component,  in  the  direction 
^BD,  of  the  new  velocity  of  the  jet  ia 

^^B  u  -f  to  cos  y  ; 

^^■d  the  change  of  momentum  in  that  direction  in  one  second  is 

^B  f  Q 

^^H  F,  ^  - —  (t>,  cos  »—ti—w  •  cos  y) (7.) 

^which  gives  for  the  energy  transferred  per  second, 

^B  .Q 

^^^^_  F,M  =  —  u{vt  co3«B  — «— to  -cosy) (8.) 

^^f^>,  be  the  resultant  velocity  of  the  fluid  after  the  collision ;  then 

B^  «;  =  tt»  +  to"  +  2iito  •  cos  y (9.) 

it  is  easily  verified  that 

r..='-«-^ „o., 

650.    rreararc   mf  ■  Farced  Vmtcx  Analnat  a  Wheel — ^In   a   free 

ex  (Article  C30,  G31),  because  the  velocity  of  each  particle  is 

rersely  as  its  distance  from  the  axis,  the  angular  monienlum  of 

jttirticle  of  equal  weight  is  the  same;  and  a  particle  in  mov- 

;  nearer  to  or  farther  from  the  axis  of  the  vortex,  preserving  its 

_         momentum,  requires  no  external  force  to  be  applied  to  it 

L  order  to  make  it  a.ssume  the  motion  proper  to  each  part  of  the 

Drtex  at  which  it  arrives. 

I  If,   in  a  forced  vortex,  there  is  at  the  same  time  a  radiating 
ent  by  which  the  fluid  moves  towanla  or  from  the  axis,  then  by 
I  of  solid  Biu^accs,  such  us  those  of  the  vanes  of  a  wheel,  there 
Dst  be  applied  to  the  fluid  in  the  vortex  a  couple  snfficient  in  each 
ad  to  produce  the  n'quisite  change  of  angular  momentum  in  the 
itity  of  fluid  which  flows  radiaUy  through  the  vortex  in  a 
seoood,  and  the  fluid  will  react  upon  the  wheel  with  an  equal  and 
site  couple. 
SymboliaUly,  let  r,,,  r„  bo  the  radii  of  the  cylu\dnsft.\.  wvrt«jic&«S. 
rbJch  A  forced  vortex  begins  and  enda',  I'g,  «„  VJ\e  N«iVo«!C\s»  (i't'^oa. 
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revolving  motion  at  these  two  surfaces ;  Q,  tbe  flow  of  the  niui 
current ;  then  the  moment  of  the  couj>le  exerted  between  the  vortex 
and  the  wheel  is 

M  =  «-^  (.',r,-t>,rO (1.) 

A  vortex-wheel,  or  turbine,  when  working  in  the  moot  favoumble 
manner,  receives  the  fluid  at  ends  of  its  vanes  which  have  a  velocitjr 
of  revolution  equal  to  that  of  the  itarticles  of  fluid  in  contact  with 
them;  so  that  rdatit^tj  to  thr-  wfied,  the  motion  of  the  fluid  is  at 
first  radial  The  fluid  glances  otf  from  the  vnnes  at  their  othnr 
ends,  which  are  of  such  a  figure  and  position  tlmt  they  leave  the 
fluid  behind  them  with  only  a  radial  motion  relatively  to  the  earth; 
so  that  the  whole  of  the  energy  due  to  the  rwolntion  of  tht-  f 
transmitted  to  the  wheel  That  is  to  say,  let  a  be  tlie  .  . 
velocity  of  the  wheel ;  then  we  must  have 


»o  =  oro;  t>,  =  0; 

9  8 


9 


.f3,) 


The  last  quantity,  M  a,  is  the  energy  transmitted  in  «ach  second 
from  the  fluid  to  the  wheel,  which,  in  the  case  supposed.  •'  "H-" 
whole  energy  due  to  the   motion  of  revolution  and  eeiv 
])re88Ui-e  of  the  weight  j  Q  of  fluid  in  a  rotating  forced  vort»-.\,  im 
already  shown  in  Aiiiicle  032. 

The  ends  of  the  vanes  which  receive  the  fluid  should  l<o  radiAl, 
because  the  motion  of  the  fluid  relatively  to  them  is  rndial.     The 
ends  of  the  vanes  where  the  fluid  glances  ofi"  should  be  ii    ' 
backwards  90  as  to  make  with  the  radii  intersecting  them,  ;ii 

t  given  by  the  following  equation  : — Let  u  =  r 7  be  the  velocity 

3  5r  Tj  6 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  qtiestion ;  thfli 

.or,      2xorf6 
tan*  =  — -'  =  — __L--   ..  C   , 


b  being  the  depth  of  the  wheel  in  a  direction  parallel  to  the  axSJ 

Fig.   257    represents   part   of  Thomson's    vortex   v 
designed  on  these  principlea     The  water  is  siipplird  ( 
from  a  large  external  casing,  in  which  it  form 
it  is  directed t^j  ^dcXAadw,  C, against  the  ci 
the  wheel,  ■w\\eTe  V\ie  "vs.'o.ca  mc  ■ttt&B\,«.xA  S*  il 
central  orifice  o^  ^^ve  niViskX,  V!tv<s  \\\va\  wix^a  «.vS 
directed  l)ac\!.w».Tds  tt.t  V\ws  mm^^c  »  »N«nv>  i««;»!»=*u  "Bwt 
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bla<lt!3  ftre  nio\'cable  aViout  pivots  at  A,  in  order  to  adjust  the  angle 
of  obliquity  of  the  external  frets  spiral  vortex  at  pleasure,  and  80  to 
uda|>t  the  flow  Q  of  the  radial  current  to  the  work  to  be  performed. 


Fig.  367. 


Fig.  268. 


A  vortex-wheel  has  been  applied  to  eteam  by  Mr.  WUliam 

>rman  of  Glasgow. 

651.  A  ccBiriragai  Famp  consists  mainly  of  a  vortex- wheel 
which  communicates  motion  to  the  water,  so  as  to  moke  it  form  a 
forced  vortex  of  the  radius  C  R  =  r„,  fig.  257.  The  water  is  supplied 
by  a  radiating  current  j)roceeding  outwards  from  the  central  orifice 
towards  the  circumference.  The  inner  ends  of  the  vaues  should 
make  with  the  radii  traversing  them  the  angle  already  denoted  by 
i,  Article  GoO,  equation  3,  that  they  may  cleave  the  fluid  as  it  moves 
radially  outwards,  without  gtriMny  it,  which  would  catisc  agitation, 
and  waste  of  energy  in  friction.  The  outer  ends  of  the  vanes  should 
bo  radial  Beyond  the  wheel,  the  water  forms  a  free  spiral  vortex 
in  a  casing,  from  which  it  is  discharged  at  A  through  a  pipe.  The 
eurtacc  velocity  arg  =  r,  of  the  wheel  is  regulated  by  the  total  head 
required,  consLsting  of  the  elevation  at  which  the  water  is  to  bo 
delivered,  the  height  due  to  its  velocity  of  delivery,  and  the  head 
lost  in  overcoming  friction ;  that  is  to  say,  according  to  the  prin- 
ciples of  Article  630  to  633, 


f='*.-+f;a+=-A 


.(1.) 


rhere  z  is  the  elevation  of  the  point  of  delivery,  V  the  v«,Vot\fc>j  \o. 
the  discharge  pipe,  and  2  'ythc  sum  o{  l\\e  varvowa  ^^mkq.'CVw^Vi 
j'ch  the  bt'jgbt  due  to  that  velocity  la  to  W  m>a\VA^»A.V«^"'^^'^ 
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loM  of  head  firnn  rarious  causes  of  friction.    The  ratio  of  0  AtOt 
=  r<,  is  regulated  by  the  law  that  in  a  free  vortex  the 
inversely  as  the  radius;  that  is  to  wy, 


CA  = 


r«r>o 


•Wl 


Guide  blades  in  the  free  vortex  are  here  unnefsessary. 

A  blowing  fan  is  a  centrifugal  pump  appliwl  to  air. 

652,  The  Presaure  of  ■  Carnal  u|Mu  a  solid   body  floating 
immersed  in  it  would  be  equal  in  uppoaito  rlii-cotions,  and  luii 
nothing  for  its  resultant,  if  fluids  moved  without  friction, 
because  of  the  energy  of  the  diverted  streams  which  glance  from  I 
body  being  to  a  greater  or  less  extent  ex]>ended  in  fluid  : 
the  pressure  on  the  back  of  the  solid  Kidy  iKX'omeB  less 
than  the  pressure  on  the  front;  and  to  tho  resultAot  prrssur 
direction  of  the  current  thus  arising,  has  to  be  iidded  the  i 
of  the  direct  friction  of  tlie  fluid  against  the  surface  of  the  solid 

Our  knowledge  of  the  laws  of  the  force  exerted  by  a  current 
against  a  solid  body  is  almost  wholly  empiricad. 

It  is  known  that  that  force  can  be  appniximately  represented  by 
a  formula  of  this  kind  : — 


P  =  /tfA- 


2!?" 


•(!•) 


being  tho  product  of  the  height  duo  to  the  velocit- 
tho  area  A  of  the  greatest  cross-section  of  the 
weight  f  of  an  unit  of  volume  of  the  fluid,  and  a  cf>-v 
dei^-nding  on  the  figure  of  the  Inidy.  The  values  of  this  coh 
"  »vo  >>een  found  experimentally  for  a  few  figures.  The  foD 
cording  to  Duchemin,  are  some  of  its  values  for  ructiingularl 
and  cylindorji,  placed  with  tlieir  axes  along  the  current : — 
Let  L  be  tho  length  of  the  prism  or  cylinder,  A  its  tmns^'ene  area, 
b  anil  d  its  transverse  dimensions,  if  a  rectangtdar  prism,  or  ita 
axes,  if  a  cylinder.     Then  for 

L-i-jTd=     0,         1,         2,         3. 
A=l-864,  1-477, 1-347,  1  •32a 

The  value  headed  0  is  apj)licjvble  to  very  thin  p1at«& 

653.  The  BcauiaHce  of  viniOa  to  the  motion  of  bodies  t--,-,- 
immersed  in  them  is  subject  to  the  same  remarlcB  vhioh  have  u— 
made  rcspecVAng  t\\e  '^xtssvix^  dl  <;cixxv.u^  a^inst  solid  bodwa    It  < 

the  fommltt  ^^~ 
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»  =  *<^|^ 0.) 

The  co-efficient  k  is  less  for  a  solid  mo\nDg  in  a  fluid,  than  for  a 

^^^alii  uioviog  {xtst  thu  same  solid.     The  ibllowing  values  are  given 

^^kiiefly  on  the  authority  of  Duchemin.     For  prisms  aud  cyliiiders, 

^^noving  in  the  direction  of  their  axes,  the  symbols  ha^-ing  the  same 

meaning  as  in  the  last  Article  : — 

^B        Ii-i-Jbd^     0,         1,         2,         3;  average  above  3. 
^^  i  =1-254,  1-282,  1-306,  l-330j  1-4 

ese  resulta  are  also  given  by  the  empiiical  formula, 

/          0-227  L    \ 
/t=  1-254  (1  +        _  ^    ) (2.) 

k  for  a  cylinder,  moving  sideways,  about  0-77  j 

for  a  s{:>here,  „  „        „     0-51; 

for  a  thin  hollow  hemisphere  moving  with 

the  hollow  foremost about  2*0; 

for  a  prism  with  wedge-formed  ends  =  k  for 
same  prism  with  flat  ends,  x  (1  -  cos  ^), 

■where  ^  =  |  angle  of  wedge  (doubtful). 

The  following  are  results  deduced  from  Mr.  Baahforth's  esperi- 
lients  on  elongated  projectiles  at  velocities  of  from  1,300  to  1,500 
bet  per  second  (see  Proseedinjs  of  lh«  Royal  Soddy,  Feb.,  1803): 

rhere  A  is  in  sqnare  feet,  and  v  in  feet  p«r  second ;  and  c  has  the 

bllowin;  values,  according  to  the  shape  of  the  head  of  the  projectile, 

-hemispherical,  00000245;  oval  und  jKiiuted,  from  00000101  to 

1-0001121)4. 

From  the  results  of  observations  of  the  engine  power  required  to 

ipcl  various  steam  vessels  of  diflei-cnt  ei^cs  and  ligures  at  different 

elocities,  there  is  reason  to  think  it  probable,  that  when  ships  are 

iiilt  of  such  figures  that  the  water  glides  round  their  surfocca 

ithout  forming  surge  or  large  eddies,  tlic  principal  part,  if  not  the 

Dly  appreciable  part,  of  the  resistance,  is  duo  to  the  direct  friction 

tween  the  water  and  the  bottom  of  the  ship.     The  opinion  that 

He   resiHtance  to  the  motion  of  ships  which  are   not  very  bluff 

Dnsists  almost  wholly  of  friction,  has  been  confirmed  by  8ub*ac\j\iKo)t. 

Kjierinjexjta     The  co-efficient  of  the  {t\ct\oti 'V«i\,'«cctv.  ■«a.VRx  «cA. 

ftotuim  of  an  iron  ship  is  nearly  the  same  -wW-V  VWt  o^ '«»!«« "ya- 
I  pi'ijes.     The  friction  varies  Qcaily  aa  iVxo  s^vvmoco  <al  'Oto»  N^atVc^ 


w 
^ 


of  nibbing  bftwccn  the  water  and  the  ship's  bottom.     Thnt  ^ 
18  dift'erfnt  at  diflerent  [loints  i>f  the  8hi[)8  bottom,  and  b€«r 
speed  of  the  ship  u  nitio  at  each  point  depviiJing  ou  the 
figiire  and  on  the  [Kiaition  of  the  point  in  questiou.     The  ave 
velocity  of  rubbing  exceeds  the  si>eed  of  the  ship ;  and  the  i 
is  the  greater  the  bluffer  her  shape.     Thus,  though  a  long 
Rhai'p  veasel  presents  a  greater  nibbing  surface  than  a  slioit 
bluff  vessel  of  the  same  size,  the  average  velocity  of  rubbing  is  I 
ill  the  longer  vessel  at  the  same  speed;  so  that  there  is  a.  cert 
degree  of  sharpness  which  gives  the  least  reaistauco  for  a  given 
and  speed.     What  that  degree  of  sharpness  is  cannot  yet  be  fii 
with  any  great  precision ;  but  in  general  it  does  not  greatly  dil 
from  that  which  is  given  by  making  the  sum  of  the  lengths  of 
bow  and  stem  equal  to  about  seven  times  the  greatest  breadth. 

The  following  formula  has  been  found  to  agree  well  with  cxjn 
menta  on  the  resistance  of  ships : — Let  O  be  the  mean  imnier 
girth ;  L,  the  length  on  the  water  line ;  «*,  the  mean  of  the  squall 
of  the  sines  of  the  angles  of  obliquity  of  the  stream  lines,  or  lin* 
which  the  particles  of  water  follow  in  gliding  over   the  shir' 
bottom ;  let  v  be  the  velocity  of  the  ship  in  feet  per  second,  and 
a  co-efficient,  whose  value  for  a  clean  painted  iron  bottom  is  ul 
0'004;  then  the  resistance  is  nearly 


R='^''lG(1  +4  «=  +  *♦). 


(3.) 


The  factor,  L  G  (1+  4  s^  +  «<),  is  called  the  "angnicnt. 
See  Civil  Emjirieer  and  Ardiitect't  Journal,  October,  i 
Trant.,  1862,  1863;  Tran;i.  o/ tJte  Intlitution  of  Naval  Archuo 
1804;  also   SkipbuildxTuj,    Tlieorttioal  and  Practical,   by   Wi 
Rankinc,  Napier,  and  I^mes. 

Mr.  Scott  Russell  has  proved  that,  when  the  lengtii  of  a  sh 
beai-s  less  than  a  certjiin  proportion  to  tbat  of  the  wave  whid 
nntiirally  travels  with  the  some  speed,  there  is  a  rajiidly  iiicreasifl 
additional  resistance.  The  least  proper  length  in  leet  suitable  f 
a  given  speed  is  about  fifteen-sixteenths  of  the  square  of  the  i 
in  knots.     (As  to  Waves,  see  page  xv.) 

654.  Rinbiiiir  f  FiMiins  Bodin.— In  Article  120  it  has 
shown,  that  in  order  that  a  body  floating  in  a  liquid  may  ba  in 
equiiibrio,  the  weight  of  liquid  displaced  must  li  equal  to  the 
weight  of  the  floating  body,  and  the  centre  of  biioyuncy  mimt  ho 
in  the  same  vertical  line  with  the  centre  of  gravity  of  the  flaoting 
body. 

In  order  l\v9A,  VVve  «\\v^cAsTvviTa  <iV  «.  ?n- 
every  aiiigi\\at  d\B\i\ttcevciei\V.  oK\!«ve'VA';  - 
brium  roust  canae  a  dew»t^<m. oj  th» ce«*T.:  ^.j  vivu>.ju.ia;-a,-r.iajArv.v^v 
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!  Ii7i«  (ravening  the  centre  of  gravity,  in  die  direction  towards 
the  floating  body  hede;  bo  that  the  weight  of  the  body  noting 
atigh  its  centre  of  gravity,  and  the  equal  and  opposite  ])ressuru 
liquid  acting  through  the  centre  of  buoyancy,  may  constitute 
on'/jj/  or  righting  couple,  tending  to  bring  the  body  back  to  the 
an  of  equilibrium.     Should  the  relative  deviation  of  the  centi'e 
buoyancy  take  place  in  the  opposite  direction,  a  couple  is  pro- 
ed  tending  to  upset  the  body,  which  is  accordingly  unstable; 
ould  the  centre  of  buoyancy  continue  to  be  in  the  nime  vertical 
■with  the  centre  of  gravity,  the  body  continues  to  be  in  equili- 
90  in  it«  new  position,  and  its  equilibrium  is  indifferent 
Let  fig.  259  represent  a  cross-section  of  a  ship,  G  her  centre  of 
tvity,  A  B  the  water  line, 
1  C  the  centre  of  buoyancy 
ithe  position  of  equilibrium. 
Bt  the  ship  heel  through  an 
jle  I,  and  let  E  F  be  the 
Bw  water  line,  and  D  the 
new  centre  of  buoyancy;  and 
let  the  ship  be  kept  in  thia 
position  by  a  couple  whose 
moment  is  known.     Let  W 
be   the  weight  of  the  ship,  ...     , 

and  8  the  volume  of  water  '*"  ""  ' 

displaced  by  her,  so  that  W  =  e  S  ({  being  the  weight  of  a  cubic 
Bt  of  water).  Through  D  draw  a  vertical  line  D  M,  cutting  the 
_  ue  C  O,  which  was  originally  vertical,  in  M.  The  force  of  tlio 
righting  couple  is  \V,  and  its  arm  is  the  horizontal  di.stance  from 
G  to  the  line  D  M ;  that  is,  G  M  •  sin  I;  consequently,  the  moment 
0/  tite  righting  couple,  equal  and  opposite  to  the  moment  of  the 

Kling  couple,  is 
WGM 
■ 


Hbie 


sin'. 


.(1.) 


_  10  eomparative  Hability  of  a  ship  i.s  proportional  to  the  arm  of  tho 
righting  couple  for  the  same  angle  of  heel;  and  that  arm  is  propor- 
tional to  G  M,  which  length  thus  becomes  a  measure  of  the  stability 
uf  the  ship.     The  point  M,  when  determined  for  an  indefinitely 

I  nail  angle  of  heel,  is  called  the  metacentre;  it  may  be  the  same, 
r  it  may  be  different  for  finite  angles.  When  the  position  of  M 
[variable,  the  angle  of  heel  to  be  adopted  in  findJDg  it  should 
\  the  greatest  which  under  ordinary  circumstances  is  likely  to 
Icur ;  for  diflcrent  ships  this  varies  from  6'  to  20^ 
I  J{  tho  melacentre  id  above  the  centre  oi  gt»N vV^ ,  VXift  wj^^^cfcsvsk 
ttable.  Hit  coincides  with  the  ceutre  oi  gcb-vvV.^ , \^^«>  wjjaSSoWKSv 
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ia  indifTerenti  if  it  is  below  the  centre  of  gnvity,  the  aqi 

it  unstable. 

Let  H  be  the  line  of  interaection  of  the  planes  of  the  two 

l^««j»  A.  B,  E  F.     The  duviatioa  C  D  of  the  centre  of  buoyancy  i 

the  aune  with  the  deviation  of  the  centre  of  gravity  of  the 
of  water  dispUoed,  which  would  arise  frum  removing  the 
A  H  £  into  the  {>ositiun  F  H  B.     Let  s  be  the  voluuiu  of 
wed^  (  its  density,  and  let  I  denote  tho  distance   betwi 
oitetia*  of  gravity  of  its  two  positions,  A  H  £  and  F  H  R 
C  D  parallel  to  the  line  joining  those  two  centres  of  gravity; 
aooording  to  Axtide  77,  make 


...(1) 


then  is  D  the  new  centre  of  buoyancy. 

The  4u^e  which  C  D  makes  with  the  horizon  Is  in  general 

I  t 

exactly  or  toj  nearly  =  5;  so  that  C  D  =  MC-28ina,  approii 

Biatelj.  Aiao,  the  volamo  «  is  in  general  either  exactly  or  neariy 
pwportioiMl  to  3  an  q;  so  that  if  c  be  a  constant  volume  depend- 
ing oa  tiw  figure  of  the  water  line,  «  =  c  *  S  sin  a,  approximately, 

OMi«qn>iitly,  to  find  the  height  MC  o/t&t  poUt  M  oioM  At 
cfkmtf/mmem,  mmd  iU  height  M  6  above  the  centre  o/gravitt/, 
the  affcoxuoate  ibrmuhF, — 


3ro  = 


Ic 


3am2=-g-; 
GC. 


.(1) 


ne^gn  =;=  denotec  that  GC  is  to  be  subtracted  or  added  accordiDgJ 
as  O  i*  above  or  below  C.     The  product  /  c  is  found  appnixiniiitelrl 
in  the  foUowing  maiuier,  for  those  cases  in  which  the  water  J' 
A  Baad  E  F  are  senaibly  equal  and  similar  figures,  so 
hue  H,  when  their  planes  intersect,  traverses  the  centre  of  grtviS 
«t  each  of  thoee  figures,  and  the  wedges  A  H  £,  F  U  B, 
■iatihr  as  well  as  equal 

The  ptodaei  /  «  =  ^  0  -  2  sin  .^  is  the  double  of  the  static 


of  oiM  of  the  wedgds  relatively  to  the  line  H,  supp 
the  density  ^unl  to  unity.  Let  dUtances  measured  length 
«»  the  Uns  ».  \»  ^cjiousii  Vn  X-,  Uit.  the   perpendicular  dis_ 
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the  line  H  be  deuoted  by  y,  aud  let  the  thickness  of  the  vedge  at 

the  point  whose  co-ordinates  are  x  and  y\)e  z  =  y  •  2  wa  -^     Then 
"Tre  have 

s  =  2  sin  .2  ■  j  j  y  •  d  y  d  x;  e  =  j  I  y  ■  d  y  d  x; 
Z  «  =  4  sia  ^  •  I  j  y^-  dy  dx; 


ad  therefore 


(4.) 


lc  =  2J  j  f--dydx; 

Bg  the  moment  of  inertia  of  the  water  line  plane  about  the  axis 
To  express  this  in  a  convenient  form,  let  6  be  the  breadth  of 
!io  ship  at  the  water  line,  at  a  given  distance  x,  measured  length- 
ways from  an  assumed  origin.     Then 


k 


2fy^dy  =  ^;a,^U  =  ^^Ju^-d> 

of  inertia  of  differ 
n  2  becomes 

(l^-dx 

M  G  =  J-^,-„—  : 


•(«•) 


As  to  the  moments  of  inertia  of  different  plane  figures,  see  Article 
9S.     Thus,  equation  J  becomes 


12  S 


GC. 


.(6.) 


lie  theory  of  the  stability  of  ships  was  first  investigated  by 
08Si)t,  and  was  furtlier  developed  by  Atwood.  The  most  impor- 
*nt  contributions  to  that  theory,  of  later  date,  have  been,  the 
memoir  of  Dujiin,  Sur  la  Stabilite  dea  Corps  Flottaiis,  a  jjaper  by 
Canon  Moseley  in  the  PhUoaophical  Transactions  for  1850,  and 
various  papers  by  Rawson,  Froude,  Merriiield,  Barnes,  and  others. 
655.  OMillaiitHu  of  Flanilnx  Bodlca. — The  theory  of  the  oscilla- 
tions of  ships  was  investigated  in  an  approximiite  manner  by  Bossut 
and  other  mathf  niaticians,  and  was  lirst  broufjht  into  a  complete 
state  by  Moselfy,  in  the  paper  already  referred  to.  Its  details 
are  of  much  complexity;  and  au  outline  of  its  leading  principles, 
and  of  tiieir  results  in  the  most  simple  cases,  is  all  that  needs  be 
given  in  this  treatise. 

The  oscillation  of  a  ship  may  be  resolved  into  rolling,  or  gyration 
about  a  longitudinal  axis,  pitching,  or  gyration  about  a  transverse 
axis,  and  vertical  oscillation,  consisting  in  au  alternate  rising  above 
and  sinking  below  the  position  of  e<iuilibrium.  The  ]K>int  of  chief 
importance  in  practice  is  the  time  occupied  by  a  rolling  oacillation. 
If  that  time  is  too  long,  the  ship  is  deficient  in  stability ;  if  too 
liort,  her  movements  are  abruj)t,  ami  tend  to  overstrain  her. 
If  a  ship  is  of  such  a  figure  that,  when  s\\e  toVXa  mV-o  a.  viww  \aHL- 
of  eqailibriuDi  under  the  actioa  oi  &  cow^Ve,  ^iat  CKo.V"t» 


i 
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sravity  does  not  alter  its  level,  then  her  rolling  gyrations  are  pt 
formed  about  a  permanent  longitudinal  axis  traversing  her  cent 
of  gravity,  and  are  not  accompanied  by  vertical  oscillations,  and " 
moment  of  inertia  is  constant  while  she  rolls.  That  condition 
fulfilled  if  all  the  water  line  planes,  such  as  A  B  and  E  F, 
tangents  to  one  sphere  described  about  G.  In  what  follows  it 
be  supposed  that  this  condition  is  fulfilled,  and  also  that  the  positii 
in  the  ship  of  the  point  M  is  sensibly  constant 

According  to  Article  G54,  equation  1,  the  righting  em/qaU  foi 
given  angle  of  heel  I  is 

W  •  (TM  •  sin  tf ; 
but  in  an  approximate  solution  we  may  substitute  S  (or  aix  t. 
I  be  the  moment  of  inertia  of  the  ship  about  her  axis  of  rolh 
then  equations  '2  and  3  of  Article  598  give  the  following  value 
the  time  of  a  double  gyration  : — 

wheiie  R  is  the  radius  of  gyration  of  the  ship.     This  is  the 
with  the  time  of  u  double  oscillation  of  a  simple  pendulum  wlm 
length  is  R«  -  GM. 

The  researches  of  Mr.  William  Froude,  first  described  to 
British  Association  in  July,  1860,  and  afterwards  laid  more  fa 
before  the  Institute  of  Naval  Architects,  have  shown,  yint,  th 
tlie  same  forces  which  tend  to  keep  a  ship  upright  in  still  «a 
tend  to  place  her  perpendicular  to  the  surface  of  the  water  amoq 
waves,  and  thus  to  increase  rolling ;  Moondly.  that  the  chief  ck 
of  excessive  rolling  is  too  near  a  coincidence  between  the  period 
time  of  the  vessel's  rolling  and  tkkt  of  her  being  acted  upon  ' 
successive  waves ;  and  OtirtUy,  that  the  most  efficient  method 
preventing  excessive  rolling  is  to  adjust  the  moment  of  inert 
und  the  stability  of  a  vessel,  so  that  her  periodic  time  of  roUii 
shall  be  longer  than  the  period  of  any  waves  she  is  likely  to 
counter,  taking  care  at  the  same  time  to  leave  sufficient  stabilil 
to  prevent  the  risk  of  upsetting,  or  of  heeling  too  far  over  wi 
a  side  wind. 

See  Tratu.  <^  the  Iiulituticn  of  ^atal  ArMttetty  pumm;  • 

Sk^^ttuUing,  by  Watts,  Banldne,  Napier,  and  Baraea.     (Aa 

Wares,  see  page  xv.) 

656.    Tko  AcU»m  kMmra  a  PlaM  aarf  a  PMMi,  OOOaiatillg  IB  I 

tnuismission  of  energy  from  the  one  to  the  other,  has  alna 
been  considered  in  a  general  way  in  Article  517.  In  the  preae 
Article  it  wWWsc  Vc«*.\«d  Taiote  in  detail. 

In  figa.   "iftO   arvA   'i^\,  \e\.  «y»(aagat  -akSOkEm^A.  ^axallel  to  1 
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cjlinder  provided  with  a  piston,  any  siicli  space  Iwing  ilenotcd  hy 
» ;  and  let  ordinates  measured  jxiniUel  to  tho  lino  O  V,  iivrpvndi- 


c 

J) 

k_ 

A 

Fig.  2G0. 


Fl£.  201. 


Ciilar  to  O  S,  represent  the  intensities  of  the  pressure  cxorti'd 
the  fluid  against  the  piston,  any  such  intensity  l«'ing  d('iioti<d  by  p. 
Let  a  given  weight  of  a  gaseous  sulj«tauci>  go  thi-u\ig)i  n  buoixmi- 
sion  of  arbitrary  changes  of  pressure  and  voliuno,  (mi  u«  to  roturn 
in  the  end  to  the  condition  fi-om  wliich  it  set  out.  Sudi  u  /«hooo»- 
sion  of  changes  is  called  a  cl/el^!  of  changes ;  it  is  rcpr<'»ont<'d  by  a 
tioied  curve,  such  as  D  C  £  B  in  iig.  2C0,  and  tho  area  of  tlint 
curve  represents  the  energy  trans/erred  during  tho  cycle  of  clmngi'K. 
^f  the  changes  take  place  in  the  order  D  C  E  B,  that  iji,  if  groiitor 
preasttres  are  exerted  during  the  expansion  of  tho  sulMtanoo  than 
Jnring  its  compression,  enei^  is  transferred  {torn  tho  gns  to  Uii' 
piston  ;  if  the  changes  take  placo  in  the  onlcr  1)  B  E  C,  that  in,  if 
iter  pressures  are  exerted  by  the  substnurc  during  its  comi)rf(i- 
vion  than  during  its  expansion,  energy  is  tntnsfurred  from  tho  pitt- 
'  on  to  the  gas. 
The  amount  of  enei^  transferred  may  be  exprcNsed  in  two 
ays.  First,  for  any  given  volume  O  A  =  »,  lot  A  0  =  ;>,  and 
>  =  Pi  be  the  greater  and  tlie  less  intensities  of  the  pressure ; 
ben 

energy  transferretl  =   Up, — pijdt, (1.) 

Secondly,  for  any  given  pressure  O  F  =  p,  let  F  E  =  «,  and  F  D 
:=  «j  be  the  greater  and  the  less  of  the  spaces  occupied  ;  then 


energy  transferred  =  /  («i — «,)  dp. 


,.(2.) 


•wi 


•which  is  another  expression  for  the  same  quantity. 

Fig.  2C1  represents  tho  case  in  which  a  given  weight  of  an  elostio 
hetunce  occupying  the  space  O  E  =  8^  at  \,\\o  ^itCBsvKfe  C>"&  ■=.'Vv. 
inirodvced  into  a  cylinder  and  mivdc  to  ArvNtt  ik  y':^*''^*""^"'^"*^'^ 
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P 


allowed  to  expand,  its  volume  increasing  to  OT  =  9„  tmi  i 
sure  fulling  to  FT)  =  p^,  according  to  a  law  irprescntcd  hf  ' 
curve  C  D, — iind  is  lastly  expelled  from  the  cylinder  ot  the  final 
preasorc.  In  this  case  the  energy  transferred  from  the  elastic  sub- 
stance to  the  piston  is  repreaonted  by 


area  ABC 


J  ft  J  r,     t 


.(1) 


being,  in  fact,  as  the  last  expression  shows,  et^uol  to  the  weight  of 
the  elastic  rabetance  employed,  W,  multiplied  by  ita  loss  of  c^ynm- 
mic  /tead. 

The  same  equation  gives  the  energy  transferred  from  the  piston 
to  the  elastic  substance,  when  the  latter  is  introduced  into  the 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

For  a  perfect  gas  (Article  635)  this  expression  becomes 

If  the  fluid  is  discharged  from  the  cylinder  trader  a  proeian!  p, 
less  than  that  at  which  the  expansion  terminates,  there  is  to  be 
added  to  the  preceding  formula  the  term 


h  (p.  —Pi)- 


.(6.) 


If  the  fluid  which  acts  on  the  piston  is  introduced  in  the  state 
of  saturated  vapovir,  it  is  dischai^d  as  a  mixture  of  satnreted 
vapour  at  a  lower  pressure  with  more  or  less  of  liquid.  In  tlui 
case,  the  following  equations  belonging  to  the  science  of  thenuo- 
dytiamica  are  to  be  used.  Let  p  be  the  pressure  of  satur.vtioa  of  a 
vapour,  and  t  the  corresponding  boiling  point  of  its  liquid,  in 
degrees  reckoned  from  the  abaolule  zero,  274'  Centigndo  or  493" 
Fahrenheit  below  the  melting  point  of  ice.     Then 

Logj,  =  A----; 


7=Vi 


A  — logp        g  >        B. 
C         '^40'/       20 


(Se«  Ediru  PhUoi.  Jour.,  July,  ]84f> ;  Edin.  Tranw,.TX;  Philot, 
Ma>j.,  Doc,  IS.?!;  Nidiol'ii  ('.  art.  "Heat,  Meckaokal 

Action  ot.'")   T\ve  foUo-win^aiT  I'^i  of  some  of  the  eDastente 

in  the  ii\k)VO  ?oTTUvi\TC,«e\ecV*A  "vx«\xl  «.  \i^t\ti  \o.  Use  Philoaopltioal 
Magazine  for  D«c.,  \%oV,  •p  \j«:\Ti^"vn.\s».  y=  v^mn  Jwa, taj^^c-a,, 
degrees  of  F»Lreu\wi»X  •. — 


IIE.iT  AlfD  WORK  OP  STEAM. 


COT 


I.ogB 


WC  ^ 


B« 

0-00001184 
©•00003924 


.(7.) 


Water....  8'259i     343643     559873     0-003441 
./Ether,...  7 -5732     3'3i492     5-21706     0-006264 

Let  L  be  the  value,  in  foot  pounds  of  energy,  of  the  latent  heub 
~  evaporation,  at  the  absolute  temperature  t,  of  so  much  fluid  aa 
Is  a  cubic  foot  more  in  the  state  of  vapour  than  it  does  in  the 
tXe  of  liquid  ;  D  the  weight  of  that  fluid  ;  H  the  value,  in  foot 
(onds  of  enci'gy,  of  the  latent  heat  of  evaporation  of  one  pound 
the  fluid  at  the  abwolute  tempttniture  t  ;  and  J  the  equivalent 
.  foot  pounds  of  o  British  thcruiul  unit,  or  772 ;  then 

L  =  T^=p(^+^hyp.loglO 

(hyp.  log.  10  =  23026); 
H=H<,-J(c-«)(T— T(,) 

(foi-  water,  c — 6  =  0-7) ; 

(for  water  at  the  tempernture  of 
melting  ice,  Ho=  842872.) 
le  denotes  the  value  in  foot  potinds  of  the  specific  boat  of  ' 
'({tud,  which  for  water  is  772,  and  for  aether,  399. 
Let  the  suflixes  1,  2,  and  3,  denote  tho  prewurcs  and  tempcra- 
tnrea  respectively,  of  tho  introduction  of  the  vapour,  the  end  of  ita 
expansion,  and  its  final  discliarge,  and  quantities  corresponding  to 
them ;  »,  and  Sj  being,  as  before,  the  spaoes  filled  by  it  at  the  begin- 
ning and  end  of  its  expunsion.      Then 

ratio  of  expansion,  -  =  ^  <  -'  +  J  e  D,  -  hyp  log  -  >  ; (8.) 

eaa^  transferred,  17=/     *<ip  +  t,(p,-pt) 
=».(p.-ft)+».  {  ^^•;~^'^+JcD.  (T,_T,(l+bypIog  J))  } 


(9-) 


•.  [L.  +  J  c  D.  (t.  -  r,)} (10.) 


heat  expended  )  _.. 
in  foot  pounds,  J      ' 

These  fonnnlwi  ar'    '  !  rjtt-d  In  a  fw[*r  on  TLermodjiuunks 

in  the  Phil<}»of)hicaf  <  n*  for  1H54. 

Thecoma'  •        •    -,      t.^t^jcnvL. 

venjcnt,  (■\  \.,«.tA\i, 
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foUowin"  formulae  givo  approximat«<  nsaolts  for  steam,  where  tJn 
pressv.itj  of  its  admiwion  pi  is  from  one  to  twolvo  atmoapHena : 

t(^H-(^^' " 

/ri 
tdp  +  $,{p,-p,) 
rt 

-p,.,  •lo{l-(;|)i  J  +  ^Cc-yO  f   •(11 
.,..,{,„(1.)U9-J;}. 

Tlic  expenditure  of  heat  in  foot  i>ouiid8  may  be  computed  roogk^  J 
to  about  jTT^,  when  the  food  water  is  supplied  to  the  boiler  at  i 
100°  Fahrenheit,  by  the  formuhi 

H=/    adp  +  npat^; 

•'  fj 

where  n  is  a  co-efiicient  whoso  value  iii,  for  condensing  engines,  IS; 
for  non-condensing  engines,  15. 

Equations  11  anil  12  are  applicable  to  non-conducting  cjrli« 
without  steam-jackets.     For  cylinders  with  steam -j;!-'' 
so  OS  to  keep  the  steam  dry,  it  is  moi-e  accumte  to 
for  9,  17  for  10,  and  j",  H,  and  A,  respectively,  for  it,  1 1  »-b 
throvighout  the  equations  11  and  12. 

For  the  exact  theory  of  this  case,  sec  A  Manutd  of  lA«  Staon 
Engine  and  oUier  Prime  3f overt;  also,  FUUosuplncal-  Tranaattiim^. 
1859,  Part  I. 

The  following  are  the  ordinary  formuUe,  which  give  a 
approximation  when  the  steam  is  slightly  moist: — 


5S,I5; 


'l       Pi' 


«. 


U  =  /),  «i  hyp.  log.  -?  +  «j  (ft  -  Pa) 


The  aj>prosimate  formula  (13)  is  applicable  in  alt  oast-; 


PART  VI. 

THEORY  OF  MACUIXES, 


(}57.    Natarc  nad  Dirinlon  of  Ihe   Snbjccr. — In  the  prefiotlt  Part 

of  this  work,  machines  are  to  be  considered  not  merely  as  modify- 
ing motion,  but  also  as  modifying  force,  and  transmitting  energy 
from  one  body  to  another.  The  theory  of  machines  consists  chiefly 
in  the  application  of  the  principles  of  dynamics  to  trains  of  me- 
chanism ;  and  therefore  a  large  portion  of  the  present  part  of  this 
treatise  will  consist  of  references  back  to  Part  IV".  and  Part  V. 

There  are  two  fxmdamentally  different  ways  of  considering  a 
machine,  each  of  which  must  be  employed  in  succession,  in  order 
to  obtain  a  complete  knowledge  of  its  worldng. 

I.  In  the  firet  i)l.ace  is  con.iidcreJ  the  action  of  the  machine 
during  a  cei-tain  period  of  time,  with  a  view  to  the  determination 
of  its  ETFiciENCY ;  that  is,  the  ratio  wluch  the  tue/vl  jjart  of  its 
work  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
every  ordinary  machine  is  either  uniform  or  pt?riodical.  Hence,  as 
has  been  shown  in  Article  5.53,  the  jirinciple  of  the  equality  of 
enenjy  and  work,  as  expressed  in  Article  518,  is  fulfilled  either 
c^instantly  or  periodically  at  the  end  of  each  period  or  cycle  of 
changes  in  the  motion  of  the  machine, 

II.  In  the  second  place  is  to  be  considered  the  action  of  the      I 
machine  during  inter>-al3  of  time  less  than  itj?  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  det<!miinc  the  law  of  the  jwriodic 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con-      J 
Bists,  and  of  the  pericxlic  or  ivciprocatiug  ftirces  by  wliich  such      I 
changes  are  produced  (Article  55(1). 

The  first  chapter  of  the  present  Part  relates  to  the  work  of      I 
machines  moving  uniformly  or  periodically,  and  the  second  chapter 
to  variations  of  motion  and  force  in  machines.     In  a  third  chapter 
will  be  stated  briefly  the  general  jirinciples  of  the  action  of  the      J 
more  important  prime  vtnvers.     With  resjiect  to  those  machines,  it      \ 
is  impossible  to  enter  fully  into  details  within  the  limits  of  such  a 
treatise  as  the  present,  especially  as  the  most  important  of  them  all, 
tlie  steam  engine,  depends  on  the  laws  o1t  t,\ie  YV^uonvfon.  ^s^XisbS.., 
which  coiUil  not  be  completely  ex-plaincd  oxce\\\.  vn,a.s^<ia\VK»!a»»» 

'     2  U  i 
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Section  1. — General  Pnncipkg. 

G58.  raefiii  and  iiO«i  Wark. — The  whole  wnrk  pi^rfi-'TTOed  by  a 
mnchine  is  distinguished  into  iimftd  icork,  b<  <aMl  in 

producing  the  efl'cct  for  wliich  tlie  machinp  ^       .    :nd  to^ 

work,  being  that  porfonned  in  producing  other  eil«ct& 

659.  CMfnl  and  Prrjadicial  BoaiaMuicc  OTO  overcume  in 
ing  useful  work  and  lost  work  respoctively. 

660.  The  Eacimcr  of  a  machine  is  a  fraction  oxpnesing 
ratio  of  the  useful  work  to  the  whole  work  perfonaod,  whichj 
equal  to  the  energy  expended.  The  limit  to  the  efficiency 
machine  is  unUy,  denoting  the  efficiency  of  a  perfect  mnchine  in 
which  no  work  is  lost.  Tlie  object  of  improvements  in  machines 
is  to  bring  their  efficiency  as  neiir  to  unity  as  possible. 

661.  Pawer  aad  EOctl;  Ilanr  Power. — The  pOWer  of  ft  machine 

is  the  energy  exerted,  and  the  efect,  the  visefiU  work  performed,  in 
some  inter\'ul  of  time  of  definite  length. 

The  unit  of  power  called  conventionally  a  hone  potoer,  is  AfiO 
foot  pounds  per  second,  or  33,000  foot  pounds  per  minute,  or 
1,980,000  foot  pounds  per  hour.  The  effect  is  equiil  to  tho  power 
multiplied  Viy  the  efficienc}'. 

662.  DriTia«  Polat;   Train;  Working  Point. — The  driving  point 

is  that  through  which  the  residtant  cflbrt  of  the  prime  movwr 
acts.  The  train  is  the  series  of  pieojs  which  transmit  motion  and 
force  firom  the  driving  point  to  the  working  point,  through  which 
acta  the  resultant  of  the  resistance  of  the  usefiU  work. 

663.  Poinfa  or  Brsiatanrc  are  points  in  the  train  of  mochaniam 
through  which  the  resultants  of  prejudicial  resistances  act. 

664.  Eflclenclca  of  PIccco  wT  a  Train.  —  The  USefui  work  of  na 

intermediate  piece  in  a  train  of  mechanism  consists  in  drivir"  •'•- 
piece  which  follows  it,  and  is  less  than  the  energy  exerted  i 
by  the  amount  of  the  work  lost  in  overcoming  its  own  li 
Hence  tlie  efficiency  of  such  an  intermediate  piece  is  the  i 
the  "work  ■peT^orraeA  \i's  V*.  \d.  irwva^  the  following  piece, 
encrjrr  exettei  ot\  i^.  Vj  \)Rfc  y"*''^^^  V***  %  ■Mi^'"*."'»>  "s^^dfi-. 
tJia  #'ctCTCt/  o/  a  -mttchivTwiw  tV  -proAu-A  oj  \>*  t^xMiMM  *^  W  ■ 
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^moving  pieces  tdiich  transmit  energy  from  tlie  driving  point  to  the 
rking  point.     The  same  principle  applies  to  li  truiu  of  successive 
machines,  each  driving  that  which  follows  it 

665.  ««!■■  EOorta  uid  RcaiatitBcrik — In  Article  515  is  given  the 
expression  /  P  d  «  for  the  energy  exerted  by  a  varying  effort  whose 
magnitude  at  any  instant  is  P ;  and  a  corresponding  expression 

Rds  denotes  the  work  performed  in  overcoming  a  variable  re- 
stance.     In  a  machine  moving  uniformly,  let  these  expressions 
ave  reference  to  any  interviil  of  time,  and  in  a  machine  moving 
eriodically,  to  one  or  any  whole  uuinbcr  of  periods  ;  let  s  be  the 
I  descril»d  by  the  point  of  application  of  the  effort  or  resist- 

ace  in  the  interval  in  que.stion  ;  then   I  Pds  -j-  «or  I  Rds  ■-  a 

i  the  m/nn  effort-  or  mean  re^'-nlance  as  the  case  may  be.  The  Jluc- 
tions  of  the  efforts  and  resistances  above  and  below  their  mean 
ftlues  concern  only  the  variations  of  velocity  in  a  machine  ;  and 
herefore,  in  the  remainder  of  the  present  chapter,  P  and  II  will  ho 
to  denote  such  mean  values  only;  so  that  energy  exerted  and 
(■ork  performed,  whether  the  forces  are  constant  or  varying,  will 
!  respcctiveJy  denoted  by  P  «  and  R  *.  By  referring  to  Articles 
\\1  and  593,  it  appears,  that  besides  a  force  and  a  length,  as 
pressed  above,  the  two  factors  of  a  quantity  of  energy  may  be  a 
and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
be  following  table  : — 

Eneirgy  1          f  Force  in  pounds  y  di.stance  in  feet ; 

or  C-ouplo  in  foot  pounds  x  angular  motion  to 

work  •  =  •        raidius  unity;  or 

in  Pressure  in  pounds  per  square  foot  x  space 

bot  pounds  j          [      described  by  a  piston  in  cubic  feert 

666.  Tiir  Cnimii  Eqa«ti«ii«  of  the  uniform  or  periodical  workin'g" 
of  a  machine  are  obtiiiiicd  by  introducing  the  distinction  between 
nsefiil  and  lost  w^ork  into  the  e<pi.itions  of  the  conservation  ot 

_energy.     Thus,  let  P  denote  the  mean  effort  at  the  driving  point, 

the  space  described  by  it  in  a  given  interval  of  time,  being  a 

rhole  niimber  of  periods  or  revolutions,  R,  tho  mean  useful  resist- 

B,  8,  tho  space  through  which  it  is  overcome  in  the  same  intcr- 

J,  R,  any  one  of  the  prejmLicial  resistances,  «» the  space  through 

rhich  it  is  overcome ;  then 

-^^ 


P*  =  Ri»i  +  1  -^Sj... 
he  eSiciency  vf  the  machine  Ib  expressed  \)^ 
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R, 


Ri». 


R, 


sR 


I't 


.(i.i 


6G7.   Eqaalien*  !■  leraM  of  CaapanillTe  Moitoa* I/>t  f,  :<^{ 

8,  :  «  =  71,,  Jjc,  be  the  ratioe  of  the  sjMices  rloscribcd  in  a  whole 
ber  of  periods  by  the  working  point  luid  the  several  points  i 
lesiBtancc,  to  the  qmcc  desscribod,  in  the  mmc  int<?mil  of  time,  I 
the  driving  point ;  then  e«iuHtion  1  of  Articlt?  6GG  takes  the  folio 
ing  form,  which  exprcsw^s  the  "  Principle  of  Virtual  Velodtiai* 
(Article  51!))  as  applied  to  machines  : — 

P  =  n,  R,  +  i-JitRa (1.) 

Thus  the  mean  effort  at  the  driving  iwint  la  cxi>rease«l  in  term*  of 

the  several  mean  resisUnces,  and  of  the  comparaXive  motions    ' 

which  last  set  of  quantities  are  deduced  from  the  conrtnii- 
the  machine  by  the  principles  of  the  theory  of  ulcchiuiiam  ;  ■ 
every  proposition  in  Part  IV.,  re^pocting  the  conipanitive  u 
of  the  points  of  a  machine,  can  at  once  Ixi  convcrte<l  into  a  j  ; 
tion  respecting  tho  rcLition  between  the  incita  elTiTt  and  rcsL^' 
and  the  mean  eflbrt  i-ci|uired  to  diive  tho  nui«hino  cau  bo  dccci- 
miiicd  if  the  resistances  arc  known. 

GGS.     Rednclion  of  Form  nnd   Conplo.  —  lo     calculation    it    \s 
often  convenient  to  substitute  for  a  force  ajtplicd  to  a  pvrn  point. 
or  a  couple  applied  to  a  given  piece,  the  c/juivalcnt  foi' 
applied  t<.)  some  other  jx>int  or  piece ;  that  is  to  say.  ■ 
couple,  which,  if  applietl  to  the  other  point  or  pi 
equal   energy,   or    employ   equal   work.     The   pn 
reduction  are,  that  the  ratio  of  the  xiven  to  the  pquiv.-i  - 
the  reciprocal  of  the  ratio  of  the  velocities  of  their  p«.ii: 
cation  ;  and  the  ratio  of  the  given  to  the  equivalent  • 
reciprocalof  the  ratio  of  till' :' II  ulif  vi'l,Hit!i'^,.r»Ii..  uh 
they  ai-e  applied. 

Section  2. — On  t)te  Friction  qfMachimt. 

G60.    Cv-rAcienm  of  Friction. — The   nature  .       '   ' 
tiun  of  solid  surfaces,  and  the  moanijijpj  of  r 
nnd  angles  of  rep')sc,  have  Iwen  explametl  lu  AtUcicji   it 
101,  and   193.     The  following  b  a  table  of  the  nn<;le  of   ■ 
e,  the  co-cffirieut  of  friction  /  =  tan  ^,  and  itt<  ■ 
for   the  materials   of  mechanism,  condoiisi'd  fitnn 
General  Morin,   and  other  sources,  and  arranged   iu  :» 
prehensivo   c\ttsae&.      The  vsilues  of  those   constants 
given    ITV  tVie  Uj^Ac  Wnc  isAecwiCe.  •«»  "vW  jfrvrtwrn  of  mtAton.      Aj 
to  the  differcuco  \joV.v*s«^  VJwvi.  wa.\>)afc  VvxfCwfo.  tS.  ■w*.,'5«»  Kisi^^ 

S04.  ■ 
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Wood  on  wood,  dry, j  14°  to  20  J° 

„  „     iMpj-, I       11  J" 

Mrtils  on  oak,  drv, Sel^loSl' 

„  „     wet, ISJ^toH}" 

„    KMipy, m" 

Mc!«Uonclm,   dry, llJ°tol4° 

Horap  00  oak,    drv, |         28° 

„     wet, I       18}° 

I,e»Uicron  oak ....  15°  to  10}° 

L«alliei  un  metals,  drj', I       20}° 

„  „         wet, '        20° 

It  ..         greas.v, '        13° 

oily, 8}° 

UeUU  on  mctulu,    drv, 1  8}°  to  114° 

wet ;       16}° 

Smooth  aurfuues,  occuionally  greased,  |  4''  to  4}° 
„  „       continnally  greaaed,  I         8° 

„  „  „       best  raulta,  ;   lj°  toS° 


1'/ 


•8i  to-6 

4toS 

•2 

5 

•Slo-O 

2  to  167 

■24  to  28 

417  10  3  86 

•2 

6 

•2  to  -iS 

6ta4 

•68 

1-63 

■33 

8 

•27  to  ■38 

3^7to286 

•56 

1-79 

•80 

278 

•28 

436 

•16 

667 

•15  to  "2 

6^67  to  6 

•8 

333 

■07  to  •OS 

143  to  IS  6 

•05 

20 

■03  to  -036 

33  3  to  270 

'C70.  Cnsarnu. — The  lost  three  results  in  the  preceding  tabic,  Nos. 
17,  nml  lf<,  have  reference  to  smooth  timi  surfaces  of  any  kind, 
d  or  hibricutod  to  such  an  extent  that  the  friction  depends 
chiefly  on  the  continual  8uj)plj'  of  uiigueut,  and  not  sensibly  on  the 
itire  of  the  solid  surfaces ;  and  this  ougiit  almost  always  to  be 
case  in  machinery.  Unguents  shoidd  Ix;  tliiek  for  heavy  jires- 
siires,  that  tlicy  may  resi.st  being  forced  out,  and  thin  for  light  prea- 
mtre«,  that  their  viscidity  may  not  add  to  the  resistance. 

C71.    I.lmil  of  Prvware  bctirc«n  Rnbblnii  SnrCicos. — The    law    of 

tiie  siuijilc  pfDportionality  of  friction  to  pressure  (Article  190)  is 

ly  true  for  dry  surfaces,  when  the  pre&sure  is  not  HutHciently 

nse  to  indent  or  grind  the  s\irfaccs ;  and  for  greased  surfaces, 

when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 

from  between  the  surfaces,  where  it  is  held  by  capillary  attraction. 

If  the  proper  limit  of  intensity  of  pressure  be  exceeded,  the  friction 
eases  more  rapidly  than  in  the  simple  ratio  of  the  pressure, 
at  limit  dimumhes  as  the  velocity  of  rubbing  increases,  according 
some  law  not  yet  exactly  deteimined.  The  foUowing  arc  some 
its  values  deduced  from  exjierience  : — 


Railway  Caniagn  Axle*. 


Limit  i>r  Pmaurv, 
111.  per  square  indi. 


Velocity  of  rubbing  1  foot  per  second,        .  392 

»  »        ^  ,,      -  •  a^A 

,.  »        6  »»     .  •  '^V* 

Timfxr  vntya  for  launching  iihipft,  ttX»\A  V* 
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Fig.  202 . 


The  infilination  given  to  these  w-nvs  \-uririi  fi-om  atmut  I  in  M 
for  the  Bmallest  vessels,  to  about  1  in  20  lor  the  largi-st.    TWj 
co-efficient  of  friction,  when  the  ■ways  are  well   lubricatied 
tallow  or  soft  soap,  is  probably  tietwcon  -03  anJ  '04. 

672  FrictfMi  ar  ■  iMMias  Fivce — In  fig.  2')2,  let  A  represral 
sliding  [)iece,  which  moves  uniformly  i 
the  stiuight  guide  B  B  in  the  direction 
cated  by  the  arrow,  under  two  fo- —. 
may  be  direct  or  oblique,  but  v 
presented  as  obUque,  to  m  ■'-     • 
general.    The  force  F,oppo- 
is  the  r«!.'!idtant  of  the  usrjoi 
force  whicli  A  exerta  on  the  □■ 
tho  train,  and  of  the  weight  of  A  itself,  and  v.]"  ^ 
fiyrce.    Let  the  angle  whidi  it  makes  >*'ith  th'-  _ 
by  i,     Tho  force  F,  is  that  which  drives  the  plea,' ,   '■ 
which  its  direction  makes  with  the  guide  BBis  su)' 
kno^vn ;  but  its  magnitude  remain.s  to  bo  detTtiiiucd,  a» 
the  friction,  which  it  has  to  overcome  in  addition  to  th'- 
sistftuco.     Let  Q  denot*  tlie  normal  pressure  of  A  ' 
that/Q  is  the  frictiiyn-     Then  we  have  the  two  • 
equUibdum  : — 

Q  =  F,  sin  i,  4-  F.  sin  tj ; 
Fi  COB  »',  =  F,  cos  t,  +  /Q 
=  Fi/sin  «,  +  F,  (cos  it  +  /ain  i^  ; 

from  which  are  easily  deduced  the  following  equations,  solring  tlw 
problem : — 


.(1.) 


F.=  F. 


.co8»«  +/8in  %,. 
cos  i,  —  ysin  t, 


/Q  =  F 


/"in  (»■  -^  4) 


008  i,  —  /sin  », 


^...(2.) 


G73.  The  noaicat  orFriciioa  of  a  n:>tating  piece  is  f'^'*  °''-* 
moment  of  the  friction  reliitively  to  the  axis  of  rotation  ■ 
and  is  the  moment  of  a  couple  con&i.stiug  of  the  friction 
"qual  and   opposite  com))oneut  of  the  pressure  cxer 

wrings  of  the  piece  against  its  axle.      Tho  moment  ci   1 
lieiiig  multiplied  by  tho  angular  motion  in  a  given  time,  gr 
work  lost  in  fricion  in  that  time. 

674.  Friction  at  an  A»ie, — After  ft  cylindrical  axle  has  nrn 
some  time  in  contact  with  its  bearing,  the  l)ciiring  becomes  *!' 
larger  thau  the  axle,  so  that  the  ]>uint  of  iri'wt  inti^nm  pi  ■ 
which  ia  also  t\\e  y^atA  oV  xtsvsi\ax«3t,  \v 
of  the  frictian,  aAivv^  '^^  v^^vCiwa.  \o 
pi-easurc 


.,.1 


f..r 


nucnos  of  as  axle. 
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In  fig.  263,  let  A  A  A  be  a  transverse  section  of  the  cylindrical 
de  of  a  rotating  piece,  and  0  its  axis  of  rotation;  let  R  represent 
be  direction  and  magnitude  of  what  will  be 
lied  the  (/ivert  fonx,  being  the  resultant 
the  uaehil  recostance,  and  of  the  weight 
fof  the  piece  under  consideration.  Let  P 
represent  the  effort  required  to  drive  the 
piece,  whose  line  of  action  is  known,  but  its 
litude  remains  to  be  determined.  Let 
be  the  point  whei'e  the  directions  of  P 
Qd  R  intersect,  and  D  Q  the  line  of  action 
'^of  their  resultant,  which  resultant  is  equal 
and  opposite  to  Q,  the  pressure  exerted  by 
the  bearing  against  the  axle,  and  is  there- 
fore inclined  to  tlie  radius  C  Q  by  an  angle 
C  Q  D  =  V,  being  the  angle  of  repose,  in  such 
a  manner  as  to  resist  the  rotation,  whose  direction  is  indicated  by 
the  arrow. 

Then  to  find  the  line  of  pressure  D  Q,  it  is  obviously  sufficient  to 
describe  about  the  centre  0  a  circle  B  B  whose  radius  is 


Fig.  263. 


• 


CT  =  r-sin^  =  - 


/»• 


■(1) 


I 


_  ^/1+/" 

r  =  C  Q  being  the  radius  of  the  axle,  and  to  draw  from  the  known 
point  D  a  lino  D  T  Q  touching  that  circle  in  T,  which  point  of 
contact  is  at  that  side  of  the  circle  which  makes  a  force  acting  from 
Q  towards  T  oppose  the  rotation. 

From  T  dniw  T  R  -L  R,  and  T  P  -i-  P.     Then  the  magnitude  of 
the  cUbrt  P  ia  given  by  the  equation 

TP 


P  =  RTR 
,d  that  of  the  pressure  Q  by  the  equation 
Q''  =  P'  +  R'  +  2PR-co8^ 


(the  lost  term  of  which  becomes  n(^tive  when 
obtuse);  while  the  &iutuiu  is 

Q  sin  IP  =  — -^^  • 


(2.) 

PDR (3.) 

P  D  R  ia 


and  its  moment 


Q  r  sin  «i  =  Q  •  or. 


•(4.), 
.(5.) 


Wten  P  and  R  are  pamllel  to  each  other,  Q  ia  their  difference 

or  their  gtim,  accordiaq;  as  tliey  act  at.  t\ie  lovwe  ov  w.^.  o\j\iw»X«  »Jvs» 

of  the  axJo,  and  Q  T  is  to  bo  drawn  Y)a\-a.\Yc\  \»  ^em  \ir<Cd.,  «i  'ioa*. 


OIC 


TUEOBT  or  uxcaana. 


R  T,  T  P,  And  C  T,  lie  in  one  stiuiglit  line,  when  ef|nut«oa^I^ 
and  5  will  still  bold. 

In  order  to  diminisli  the  lateml  pressure  Q,  ■  !nc 

arising  from  it,  to  the  loAst  j>ossil>lf  amount,  the  iH'  ^hott 

*~  I  80  arranged  as  to  make  P  and  It  act  iiartillel  to  each  other  at  tht 

ae  side  of  the  axle. 

In  most  actual  cases,  sin  0  =/ :  J  1  •*■/'  differs  from  ton  ^ 
in  a  proportion  too  small  to  be  of  any  practical  imiMrtanee. 

Tlie  bearings  of  axles  should  be  made  of  materLola  which,  thoi 
hard  enough  to  resist  the  rubbing  without  alirasion,  arc  not  so  hi 
as  the  axle.     Hence  for  wrought  iron  axles,  bronze  bearings 
commonly  used.     Bearings  of  cast  iron,  millboard,  and  hardw 
such  as  elm,  with  the  gniin  set  nidiiilly,  have  also  been  used 
advantage. 

67r>.  FricUva  sf  a  Pirat — A  pivot  18  the  termination  of  aa 
which  presses  endways  against  a  bearing  called  a 
Pivots  require  great  hardnc^  and  are  ti-sually  mn 

A  Jlat  pivot  is  a  short  cylinder  of  steel,  h' 
end  for  a  rubbing  surface.    If  the  pressure  Q  ■  -I 

over  that  surface  whose  radius  is  r,  the  moment  of  tiicliuu  L>  tsmHj 
found  by  integration  to  be 

l/rQ (1.) 


In  flat  pivots,  the  intensity  of  the  pressure,  which  is  given  l>r  t 
equation 

^=^' t^) 

is  usually  limited  to  2,240  lbs.  jicr  square  iucL 

In  the  cup  and  ball  pivot,  the  end  of  the  shaft,  ai"!  ilw  ~i. 
present  two  recesses  facing  each  other,  into  which  ai' 
shallow  cups  of  steel  or  hard  bronze.    Between  the  conc:i . .  t, 
surfaces  of  those  cups  is  placed  a  steel  ball,  being  cither  a  ci  i 
sphere,  or  a  lens  having  convex  suriaces  of  a  st)mewluit  ' 
than  the  concave  surfaces  of  the  cu^e.     The  moment  ■  • 
this  pivot  is  at  firat  almost  inappreciable,  from  tli'     ■  ' 
ncss  of  the  radius  of  tlie   circles  of  contact  of  tli 
but  as  they  we.ir,  that  radius  and  the  moment  of  tiu inu  in 

07C.   Prictioa  of  n  Collar. — Wliea  it  ia   impnioticnUo  or 
vonient  to  sustain  the  prcssiire  which  acta  «!■ 
of  a  pivot  at  its  end,  that  pi-essnre  is  bonie  by  ; 
collart,  or  Tvng,a  ^to^wAIvw^  'ix^wck  \Nwi  ^Mt<i^  huiI  , 
corresponding  v\i\ig,-BW\«AVa.'rvcL^,"lOT  VvNiiJ^v,^^ 
of  screw  provcVieTa,  VmOwjocA  ««*-  -wvSXx  «0^v«,  ^?usv  «v\-*  v^^  \^..  n 


or«M«k 


677. 

lintoacfaoa,  •  tke 

over  taA  iifki,  m 
463  A,  mad  •  tk  ■■■In  rf 
ccntxes  ia  a  gimiiAsnl  if 
loet  bf  tlM  &ic&B  ^Ike  taetk  it 

/■  •  P  - 

era  ■wwiMf»»B.t   AieiateiiB«t, 

it,  or  ftzap,  may  be  «nd  cilfav  to  eoat  ib 
I  a  dnna  or  nfier  naad  vfckk  it  vufK.    ia 

and  tk»  poBef,  ia 
positional  to  tbe 

Infig.  2S4,ktCbe~tkeazi»flrapaB(7AB, 
whidi  tken  it  vi^iiHd  a  Und,  T.  A  B  T.;  k* 
nimauit  tiie  dinetiua  in  vUdi  tbe  hmad  ttkim.  * 
itktiiilji  to  tiM  patty, laatteimeranwnha 
tlie  poDcjtlidM,  ortaBda  to  Midfi^  tdalmfy  to 
tbebaad. 

Let  T,  be  the  tooMoa  ct  ike  ine  part  of  Aa 
band  at  tbat  ndc  taoandf  vbidi  it  tcMi  to  dnw 
tiifr  poIleT,  ur  /irtm  vbidi  the  PaUeT'  tendi  to 
'I;  T,  the  teuAn  of  tlie  free  part  at  tbc 
side;  T  tlie  tanaoa  of  tbe  buid  at  aur 
&te  point  of  iti  are  of  coatoci  -orith  tbo 
0  the  ratio  of  tbe  lesgib  of  that  arc  to 
_  _  iitiB  of  the  pnlley;  d  t  the  lutio  of  an 
jefiiiitrly  (siuall  dtaueilt  of  that  arc  to  thu 
K  =  T,  -  T,.  tbe  total  frictooB  betwaaa 
ai>d  tbe  pulley ;  </  R  the  liliiiaiililaij 
'"    ■  !  du»?  to  the  elemmtarr 

I  of  Irictioii  betfnjeu  th» 


■  matmmmk 


«r4h» 


Ti.  ng  to  a  principle  pixnred  in  Artidi*  170  and  S71.  U 

i*  kuowii  that  tbe  aonnal  preBsore  tX  tba  ^hnBacter;  «atc  4%^fe> 
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T  being  th»  mean  tension  of  the  band  at  that  elementary  arc; 
■equently,  the  friction  on  that  arc  is 

d-R=/Tdt. 

If  ow  that  friction  is  also  the  difference  between  the  tensions  of  t 
band  at  the  two  ends  of  the  elementary  arc ;  or 

dT  =  dU^/Tdt; 

which   equation  being  int^rated   throughout   the  entire  ate 
contact,  gives  the  following  formulx  : — 

hyplog|  =  /<;T.^T,  =  ^»; 

R  =  T,-T,  =  T,(1 -«-/•)  =  T,(«/»-l). 

"When  a  belt  connecting  a  pair  of  pulleys  haa  the  tensioi 
two  sides  originally  equal,  the  pidlej-s  being  at  rest ;  and  wl 
pulleys  are  set  iu  motion,  su  thut  one  of  them  drives  the  other' 
means  of  the  belt ;  it  is  found  that  tlie  advancing  side  of  the  b 
is  exactly  as  much  tightened  as  tlie  returning  side  is  slackened, 
that  tliu  mean  tcosion  remains  unchanged.     Its  valne  is  given 
this  formula : — 

T.^T.        ^r>^i 

2  R  ~  2  («/•-  iy'"t ^*^ 

which  is  useful  in  determining  the  original  tension  leqit 
cniible  a  belt  to  transmit  a  given  force  between  two  pulleys 

If  the  arc  of  contact  betweeu  the  band  and  pulley,  ex 
turns  and  fractions  of  a  turn,  be  denoted  by  n, 

t  =  2Tn;  e/»=10»^»/- (3.> 

When  the  band  is  used  to  resist  the  motion  of  the  pulley, 
constitutes  a  kind  of  brake  called  ajriclion  ttrap.     In  this  case 
rubbing  surfaces  of  tho  band  and  pulley  may  either  be  both  of  i 
or  may  bo  protected  by  a  covering  made  of  pieces  of  wood,  whiofai 
i-enewed  from  time  to  time  as  it  wears  out. 

C79.  iM  FriciioDBi  GcariBs,  described  in  Article  445,  it  afifH 
that  when  the  angle  of  the  grooves  is  40°,  and  when  their 
ai-e  smooth,  clean,  and  dry,  the  tangential  force  transmitted  botw« 
the  wheels  is  once  and  a-half  the  force  witli  wliich  their  axes 
pi'essed  together.  This  proportion  is  much  greater  than  that  dus 
ordinary  friction,  and  must  arise  partly  from  adhesion. 

680.  EMctioB  coapiiiiK*  are   used  to  communicate  rotation 
tween  pieces  having  the  same  axis,  where  suddou  changes  of  ft 
or  of  velocity  take  jihuse;  being  so  adjusted  as  to  limit   the  fan 
transmitted  within  the  bounds  of  safety.     Contri>TUioe8  of 
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SmrrKEBS  OF  HOPES — ROLLING  rRlCTION — CAKRIAOES. 
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are  veiy  numerous;  ono  of  the  most  common  and  most  itscful  is 
that  cftUed  a  pair  of  friction  cones.  The  angle  made  by  the  sides 
of  the  cones  with  the  axis  should  not  be  less  tiuin  the  angle  of 
repose. 

C{<1.  BtiirarM  or  Bope*. — Bopes  offer  a  resistance  to  being  bent, 
and  when  bent  to  beiug  straightened  again,  which  arises  from  tliu 
mutual  friction  of  their  libres.  It  increases  with  the  sectional  area 
of  the  rope,  and  is  inversely  proportional  to  the  radius  of  the  curve 
into  which  it  is  bent. 

The  work  lost  in  pulling  a  given  length  of  rope  over  a  pulley,  is 
found  by  multiplying  the  leugth  of  the  rope  in  feet,  by  its  stifluesa 
in  pounds ;  that  stiffness  Wing  the  oxci-ss  of  the  tension  at  the 
leading  side  of  the  rojic  above  that  at  tlie  following  side,  which  is 
necessary  to  bond  it  into  a  curve  fitting  the  pulley,  and  then  to 
jghten  it  again. 

The  following  empiricjil  fonuulie  for  tho  stiffness  of  hempen  ropes 
kve  been  de<luced  by  Geuerul  Moriu  from  the  experiments  of 

Dulomb  : — 
Let  K  be  the  stiffness  in  pounds  avoirdupois ; 

«/,  the  diameter  of  the  rojH;,  in  inches  ; 

n  =  48  rf'  for  white  ropes,  35  d''  for  tarred  ropes ; 

r,  the  r/J'cclive  radius  of  the  pullej',  in  inches  j 

T,  the  tension,  in  pounds ;  then, 

-.  ite  ropes,  R  =  -(00012  +  000102Cn  +  0001 2 T);  . 
or  tarred  ropes,  R  =  -  (0-006  +  0001392  n  +  0-00168  T).  J 

682.  BolllBK  BMUmnrc  afltaiaatli  ttmrimtc: — By  the    rolling  of 
ro  surfaces  over  each  other  without  sliding,  a  rtaistance  is  caused, 

ich  Ls  called  rolling  friction.     It  ia  of  the  nature  of  a  couple 

ing  rotation  ;  its  moment  is  found  by  multiplying  the  normal 

between  the  rolling  surfaces  by  an  arm  whose   length 

[ids  on  the  nature  of  the  rolling  surfaces ;  and  the  work  lost 

an  unit  of  time  in  overcoming  it  b  the  protluct  of  its  moment 

the  angular  vdocity  of  the  rolling  surfaces  relatively  to  each 

ber.    The  following  ai-e  aj)proximate  values  of  the  arm  in  decimals 

'  a/tjot : — 

Oak  upon  oak, 0-006  (Coulomb). 

Lignum-vito!  on  oak, 0*004  „ 

Cast  injn  on  cast  ii-on, o-ooa  (Tredgold). 

683.  The  Bcai«uacc  sr  Cntrlniica  «n  Rood*  COWsUto  «(  '&  t^SVtS^xjt. 

anrf  a  ftart-  jucrejwing  with  Uie  viAwnty.     kww'Xvvi'iu'vft ''J^^wt- 
f  Moriii,  it  is  given  approximuUAy  Xjy  tixc  IoWontiu^  ^owa^^  •.< 


A 


i 
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=  ^[a  +  6(r-3-28)]; (l.) 


•vvliere  Q  is  the  gross  load,  r  the  radius  of  the  wheels  in  inthtt, 
V  the  velocity  in  feet  per  second,  and  a  and  6  two  ooostaats,  whoM 
values  are  o  5 

For  good  broken  stone  roads, '4  to  '55      '024  to  '026 

For  paved  roads, '27  '0684 

For  the  pavement  of  Paris, '^^  -03 

<)n  (gravel  roads  the  resLstAnce  is  about  doubl*,  luid  on  famdr 
gravelly  soft  gi'ound,  five  times  the  resistance  on  good  bnilceu  stono 
roads. 

G84.   Rraiataiicc  of  RnUwnr  Tmlnih — lu  the  following  formolie, 
which  are  all  empirical — 

E  denotes  the  weight  of  the  engine; 


T  „  the  gross  Iliad  dm wn  by  it; 

V  „  the  velocity,  in  miles  an  hour; 

r  „  the  radius  of  curvature  of  the  lino,  ill  miles; 

K  ,,  the  resistance  in  jiounds ; 

/  „  a,  co-eHicient  of  friction ; 

c  „  a  co-efficient  for  resistunce  due  t<i  curvature. 


I 


Then  for  single  carriages  with  cylindncal  wheels,  at  velocities  up 
to  12  miles  an  hour,  according  to  the  expcrimeute  of  Lieutenant 
David  fiaukiue  and  the  Author, 


E=/(i+;)T;. 


.(1.) 


here/=  0002;  and  c  =  0-3.     (See  Experimentai  Inqmri/  on 
Umo/Ci/lindrical  Wfmls  oh  K'ailieai/s,  1842.) 

For  an  engine  and  train,  the  following  is  an  empirical  fonnill 
deduced  from  the  exjieriuionts  of  various  authom:  — 


IP 


R=/(T  +  E)(l4-^)(l+^); 


.(i) 


where/ ranges  from  0027  to  004,  acconhng  to  the  state  of  the 
line  and  carriages,  and  c  from  0'3  to  0-1.  (See  Kunlciue's  Manutd 
of  Civil  Engiticerinij.) 

G85.  Ocai  of  Friciioa.— The  work  lost  in  friction  produces  heat 
in  the  profiortion  of  one  ]3riti.sh  thermal  unit,  being  »>  much  heal 
iw  ruisea  the  temperature  of  a  jMiund  of  water  ono  degree  ot 
Fahi'euhevt,  T«v  e\'e,r^  Wi.  Wi^.  \«jvvAid.4  of  lost  work. 

Excessive  WaV\^\^v&\^^;<iS«xA.v.W>•^  ^<3^\«.'uub.vviA<!x«^ua  1 
of  a  good  ungvi«^V 


621 


CHAPTER  IL 


VABIED  M0TI0X8  OP  MACnUfES 


€8C.   The  l'calrtrn|p>l  Forcca  and  Coaplca  exertcd  by  the  vorious 

rotatlug  pieces  of  a  machine  against  the  bearings  of  ttieir  axles  are 
to  be  determined  by  the  principles  of  Ai-ticles  540,  592,  anil 
C03.  and  taken  into  account  in  determining  the  latexal  pressures 
which  cause  friction,  and  the  strength  of  the  axles  and  fmmcwork. 
As  those  centrifugiil  forces  and  couples  cause  increased  friction 
and  stress,  and  sometimes  also,  by  reason  of  their  continual  change 
of  direction,  protluce  detrimental  or  dangerous  vibration,  it  is  de- 
ifimbU.1  to  reduce  them  to  the  smallest  possible  amount ;  and  for 
that  purjKise,  unless  there  is  some  BfK>ciiil  reason  to  the  contrary, 
the  axis  of  rotation  of  every  piece  wliich  rotates  rapidly  ought  to 
traverse  its  ceutre  of  gravity,  that  the  resultant  centrifugal  force 
may  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  ccntri- 
fugivl  couple  may  be  nothing.  As  to  axes  of  inertia,  see  Article  584. 

687.  Animi  EnrrtcT  ot  a  iHacbinr. — To  determine  the  entire 
actmd  cnerg}-  of  a.  machine  at  a  given  instjint,  it  is  necessary  to 
know — 

( 1 . )  Tlie  weight  of  each  of  its  sliiling  pieces :  let  any  one  of  those 
weights  lie  denoted  by  W ; 

(2.)  The  velocity  of  translation  of  each  of  those  pieces  at  tlie 
given  instant :  let  v  denote  any  one  of  those  velocities ; 

(3.)  The  moment  of  inertia  of  each  of  its  rotating  pieces  :  let  any 
one  of  these  moments  be  denoted  by  I  j 

(4.)  The  angular  velocity  of  cxvih  of  those  pieces  at  the  given 
instant;  let  a  \x!  any  one  of  these  angular  velocities. 

These  quantities  being  given,  the  actual  energy  of  the  machine  is 

E  =  ^^(i-Wf'+s-Ia'); (1.) 

ad  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
the  form  I  =  W  ;',  W  being  its  weight  ond  (  its  radius  of  gyiu- 
on,  the  above  expresmon  may  be  put  in  the  form, 


.(2.) 


tomi  faenjn. — The  figurea,  sizes,  anOi  <sowas«^vo\i  «S.  'St.* 


Aare  (he  eame  actueui 
Di»^  iM  called  tA«  Ml 
Moseley,  who  first  ii 
is  culled  the  ''  co-effid 
Tho  iictual  energy 
expressed  by 


Another  mode  of  a 
to  the  driving  axit, 
instant,  of  the  axis  i 
power  ;  for  any  shift) 
[liece  let  a  ;  A  =  n. 


and  the  actual  energy 

689.  Plnrnatlana  a 
nate  excess  of  the  en 
ot  the  work  perfomu 
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ee  D  H  E  K  F,  which  cuts  the  former  curve  at  the  ordinates 
A  D,  B  E,  C  F.     Then  the  integral 


^(P-R)^,, 


_  taken  for  any  part  of  the  motion,  givps,  as  in  Article  549,  the 

ess  or  deficiency  of  energy,  acconiing  as  it  is  positive  or  negative. 

the  entire  period  ABC  this  integi-al  is  nothing.     For  A  B, 

denotes  an  excess  of  energy  received,  represented  by  the  area 

^•EH  ;  and  for  BC,  an  equal  exc^gs  of  voork  ■perfarmei,  repre- 

nted  by  the  equal  ares  £  K  F  I.     Let  those  equal  quantities  bo 

each  represented  by  A  K     Then  the  actual  energy  of  the  machine 

attains  a  maxunum  value  at  B,  and  a  minimum  value  at  A  and  C, 

and  ,i  E  is  the  diflcrence  of  these  vahies. 

Now  let  V,  be  the  mean  velocity,  V,  the  greatest  velocity,  and 

Vj  the  least  velocity  of  the  driving  point ;  then 


i-Wn*  =  aE;. 


v?-v; 

ich,  being  divided  by  twice  the  mean  actual  etwrgy 
V 


.(1.) 


^9 


^■1-Wn'  =  E„ 


aE^ 

2E.. 


VJxWn" 


.(2.) 


a  ratio  which  may  l)e  caUed  the  co-efficient  ofjiuetuation  of  spud. 
The  ratio  of  the  periodical  excess  and  deficiency  of  energy  A  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,   I  P da, 

has  been  determined  by  General  Moriu  for  steam  engines  under 

-vmriouB  circumstances,  and  found  to  be  firom  —  to  j,  for  single 

cylinder  engines.  For  a  pair  of  engines  driving  the  same  shaft, 
with  cranks  at  right  angles  to  each  other,  the  value  of  this  ratio 
is  about  one-fourth  of  its  value  for  single  cylinder  engines. 

690.  A  Fiy-wiie«i  is  ji  wheel  with  a  heavy  rim,  whose  great  moment 
of  inertia  reduces  the  co-efficient  of  fluctuation  of  speed  to  a  certain 

fixed  amount,  being  about  -^  in  ordinary  machinery,  and  ^  or  ;nr 

in  machinery  for  fine  purposes. 

Let     be  the  intended  value  of  the  co-efficient  of  fluctuation  of 

TO 

tpcedj  and  j^E,  as  before,  the  fiuctuatiou  ot  energj-,  \}ki«a.S.S.^ii*\*, 
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(o  be  providod  for  by  the  moment  of  inertu  I  of  the  fljr-wkeel  da 
let  o^  be  ita  mean  asgnlar  velocity;  then  equation  2  of  Article 
is  equivalent  to  the  following : — 


fit 


jAE 


;i  = 


the   second   of  wliich  equations  gives  the   requisite   moment 
inertia  of  the  fly- wheel 

G9I.  Bfttlag  mad  llt*rpt>s— BniJm. — The  starting  of  a  madi 
consists  in  setting  it  in  motion  from  a  state  of  r\.^,  and 
up  to  its  proper  mean  velocity.  This  operation  reqiurea 
penditure,  b«»ides  the  energy  reqtiired  to  overcome  the 
tlte  machine,  of  an  additional  quantity  of  energy  equal  to  the 
energy  of  the  machine  -when  moving  with  its  mean  veloci^,' 
found  according  to  the  principles  of  Article  687. 

If,  in  order  to  gtop  a  macldne,  the  effort  of  the  prime  movi 
simply  suspended,  the  machine  will  continue  to  go  until  work 
lieen  performed  in  overcoming  its  resistances  eqo.-U  to  the 
energy  due  to  its  sjMjed  at  the  time  of  suspcmling  the  cflbrt  of 
prime  mover. 

In  order  to  stop  the  machine  in  \vtn  time  than  this 
would  require,  tlie  resistance  v.'.  uficially  increased 

of  a  bmJx,  which  may  be  a  1: .  ^ip,  as  described 

678,  or  a  VJock  pn-jsed  a^iiist  iLo  rim  of  a  wheel,  or  a 
sector  pressed  a$runst  a  wheel  grooved  as  for  frictional 
(Articles  445,  071*). 

Let  R,  be  the  ordinary  resistance  of  the  machine,  rr  /..•.■r:<7  f< 
rulbing  sur/cnx  (Article  608),  R,  the  friction  produced  i 
r  the  velocity  of  the  surface  on  which  it  acts  at  the  tiiu  ii 

first  applied,  »  the  distance  through  which  rubbing  must  take 
in  order  to  stop  the  machine,  I  the  time  required  for  the 
cfTect,  E  the  actual  energy  of  the  machine  when  the  brake 
to  act.     Then 

.=  E-(R,+R,);  ..(1 

and  because  the  mean  velocity  of  rubbing  during  tho 
stopping  is  «  -r  3, 


•iH 
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ON    PRIME    MOVEBS. 


[  692.  A  Prime  marcr  ia  an  engiae,  or  combination  of  movin;; 
which  sen'cs  to  transfer  energy  from  those  bodies  which 
kturally  develop  it,  to  those  by  means  of  which  it  is  to  bt' 
employed,  and  to  transform  energy  from  the  various  forms  in  which 
it  may  occur,  such  as  chemical  affinity,  heat,  or  electricity,  into  the 
furm  of  mechanical  energy,  or  energy  of  force  and  motion.  The 
mechanism  of  a  prime  mover  comprehends  all  those  i^rts  by  moans 
of  which  it  regulates  its  own  operations. 

The  useful  work  of  a  prime  mover  is  the  energy  which  it  trans- 
mits to  any  machine  driven  by  it;  and  its  efficiency  is  the  ratio  of 
useful  work  to  the  whole  energy  received  by  it  from  a  natural 
of  energy. 
The  effect  or  ara  liable  power  of  a  prime  mover  is  its  tiseful  work 
in  some  given  unit  of  time,  such  as  a  second,  a  minute,  an  hour,  a 
day. 

C93.  The  Regaiaior  of  a  prime  mover  is  some  piece  of  apparatus 
which  the  rate  at  which  it  receives  energy  from  the  source  of 

iergy  can  be  varied ;  such  as  the  sluice  or  valve  which  adjusts  the 

size  of  the  orifice  for  supplying  water  to  a  water-wheel,  the  appara- 
tus for  varying  the  surt'ace  ex{>06cd  to  the  wind  by  windmill-sails, 
the  throttlo-valve  of  a  stciun  engine.  In  prime  movers,  whose 
8]>eed  and  power  have  to  be  vaiicd  at  will,  such  as  locomotive 
engines,  and  winding  engines  for  mines,  the  rugulntiDr  is  adjusted 
by  hand.  In  other  cases  it  is  adjusted  by  a  self-acting  apparatus 
c.Tlled  a  «!»Trrnor — u.sually  consisting  of  a  pair  of  rotating  pen- 
lulums,  whoso  angle  of  deviation  from  their  axis  depends  upon  the 
eed.    (Article  GU6). 

694.   PriMe  norm  may  be  CbuK«i  according  to  the  forms  in 
^hich  the  energy  is  first  obtained.     These  arc — 
I.  Muscular  Strength. 
II.  The  Motion  of  iluids. 

III.  Heat. 

IV.  Electricity  and  Magnetism. 
69o.  ntaacaijir  strragifa. — The  daily  effect  exerted  bv  tW  ■vKwwsor 

lor  atrerg^ih  of  a  man  or  of  a  beast  is  t\nj  ^toAxvcl  o\  ^i!Ktv»  «{».■».- 
titiea;  the  ttsefal  resistance,  the  velocity  witYx  •N»\n.<i\iVWu  \«asfi«JttS* 

2s 
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is  oTCTCome,  and  the  number  of  anite  of  tiine  per  day  during  ▼; 
work  is  continued.     It  is  known  that  for  ench  individual  man 
.utimal  tLere   is  a  certain  set   of  valuea   of  those   three 
ties  vliich  makes  their  prodnet  a  maximum,  and  is  the 
beat  fi>r  economy  of  power ;  and  that  any  departure  from 
valaeB  diminidieB  the  daily  effect. 

The  following  table  of  the  effects  of  the  strength  of  men  a 
banea  employed  in  variona  ways,  is  compiled  from  the  woHcs 
Poaoelei  and  General  Morin,  and  some  other  sources  : — 


to. 

It 


la. 


14. 


hii  own  weight  ap  auir 

<k\»Mk, - 

Da  do.  do., 

(rmd-vfaBd,  ne  1.) 
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696.  A  Wmatr  i»ii— iii  Kaciae  coDsists  essentially  of  a  wvrkii 
cyliadcr,  in  which  water  mores  a  piston  in  the  manner  stated 
Article  499,  case  2.  Let  A  be  the  virttud/aU,  that  is,  the  exces 
tlw  dynamic  head  of  the  water  entering  the  eylinder  abore  that 
tlte  water  leaving  the  cylinder;  Q  the  r^WM  of -water  supplied  ; 
snrand;  f  its  weight  per  unit  of  Tolome;  1 — Jt  the  efficiency  of  t 
engine;  titen 
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its  effect  per  second.  In  well  conHtructed  water  pressure  en- 
[iiies,  I — k  vwies  from  'Gl!  to  '8.  , 

697.  Walcr^Wherla  io  GcBcnil.  —  Water  inaj  OCt  Oil  a  wlie^ 
pther  by  its  icelglU  and  pressure,  or  by  its  velocity;  tlint  is,  either 
its  polentud,  or  by  its  actual  aiergy.     See  Article  622. 

Let  I  Q  denote  the  weight  of  ^^■!lte^,  in  pounds,  supplied  to  the 
rhe*'!  in  a  second  ;  h  the  difference  of  dynamic  head,  in  feet,  of  the 

ater  before  and  after  its  action  on  the  wheel ;  r,  the  velocity  of 
water,  in  feet  per  second,  jnst  before  it  begins  to  press  on  the 
rtieel,  or  suppli/-velocit;/;  Vj  the  velocity  of  the  water  juat  after  it 

1  ceased  to  act  on  the  wlie(!l,  or  dkcharr/e-velocUi/.  Then  the  total 
oergy  of  the  water,  tis  in  Article  G22,  is 

t  Q  ( '*  +  .)^  )  foot  {lounds  per  second; 

he  energy  of  the  water  when  discharged, 

«  Q  9^.  foot  pounds  per  second; 

^e  total  power  of  the  wheel, 

{Q  f  A  +  -^j — -'j  foot  pounds  per  second ;. (1.) 

Ite  tna.\imum  theoretical  efficiency, 

lie  quantity 

^^.  =  ^+1^ (3) 

KJ  be  called  the  theoretical  fall  or  hfxxd.  The  available  efficiency 
'  a  water-wheel  falls  short  of  the  maximum  theoretical  elfiflency 
rincipally  from  the  following  caiwes  : — 1.  The  resistance  of  the 
liannel  and  orifices  by  which  the  water  is  supplied,  which  causes 
lie  actual  height  from  wliich  the  water  must  descend  in  on:ler  to 
cquire  the  supply-velocity  t'  to  be  greater  than  v\:''lg.  The  etfect 
"*  8»ich  realstance  is  expressed  by  putting  for  the  actual  fall, 

H  =  A  +  (l  +  2-/)2^; (♦.) 

•y  being  the  co-cfficicnt  of  resistniice  of  the  channel  and  orifices  of 
•u|>ply,  determined  according  to  the  princi])lps  of  Articles  638  to 
16.     2.  The  escajie  of  fwirt  of  the  water  before  it  has  co\a^J\<^telV 
\  action  on  tliewhevl,    3.  The  agitation  auA.TtiuWvCi.^tVlvavi.civ.'^ift 


I 
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iwrlkles  of  water  acUns  on  the  wheel ;  and,  4.  The  friction  of  tW 
whe«l.  The  effects  of  the  last  three  causes  are  expressed  by  multi* 
plying  the  total  power  and  the  theoretical  efficiency  of  the  wheel  by 
an  empirioilly  determined  fractional  co-efficient  k;  no  that  the  eflecl 
or  available  power  is  denoted  by 

(1  -  i)  «  Q  A, : 
aad  the  nveUable  r^ciency  In 

(1— X)A. 
H 


.(5.) 


•r  U'aici^n'krcU. — Wata>whc«li  may  be  rlasaed 
Uiknn>—Ovinkat-iiAteU  and  brtait-tekeeU,  uHder«itot-u)ft«el$  ai 

6ML  •n««»«t  aaa  Bmui-WhecU. — The  water  ia  aapphed  te 
tiui  daaa  of  wheels  at  or  bcluw  the  summit,  and  acts  wholly, 
mrUy  by  ita  weight,  as  it  descends  in  the  buckets.  (See  Artick 
654).  Formerly  the  buckets  used  to  be  closed  at  their  innei 
ades,  bnt  now  they  are  made  with  openings  for  the  escape  an) 
n-entraiirv  of  air :  aa  iu\eution  of  Mr.  Foirbaim.  A  bremb 
wiieel  differs  from  an  overshot-whcel  chiefly  in  having  the  mie 
poored  into  the  buckets  at  a  somewhat  lower  elevation  as  compatet 
with  the  summit  of  the  wheel,  and  in  being  provided  with  a  casii 
or  trough,  called  a  breast,  of  the  form  of  an  arc  of  a  circle,  eitenl 
ing  from  the  regulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  periphery  of  the  wheel,  which  revolv 
within  it.  The  effect  of  the  breust  is  to  prevent  the  overflow  d 
water  from  the  lips  of  the  buckets  until  they  are  over  the  tail-ntcft 
The  usual  velocity  of  the  fuTijihery  of  overshot  and  high  breasti 
wheels  is  from  three  to  six  feet  per  second ;  and  their  availsLk 
efficiency,  when  well  designed  and  oonstructe<l,  is  from  0*7  to  0-*. 

700.   CaJmtii  'vrkrrtt  are  driven  by  the  impulse  of  ' 
charged  from  an  opening  at  the  bottom  of  the  reservou 
Telocity  produced  by  the  fall,  against  _^oat»  or  boards,  as  to 
aee  Artide   64S.     £veiy   such   wheel   lias   a  certain 
maximum  q^Ccuncy,  which  does  not  in  any  case  differ  much 
half  the  Telocity  of  the  water  striking  it     In  imdershot-w 
the.  old  construction,  the  floats  are  flat  boards  in  the  di 
of  radii  of  the  wheel;  and  the  maximum  theoretical  efficii 
4-     The  available  efficiency  is  about  0-3.     This  class  of  wh 
much  improved  by  Ponoelet,  who  curved  the  floftts  with 
cavity  backwards,  adjusting  their  position  and  figure  so  that  tl 
water  should  be  supplied  to  tliem  without  shock,  and  sboold 
from  them  into  the  tail-race  without  any  horizontal  Tclodtj, 
available  efficiency  of  such  wheels  is  about  O'C. 
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701.  A  TarMac  is  a  horizontal  wntcr-'wheel  with  a  vertical  axis, 
eiving  and  discharging  water  in  all  directious  round  that  axis : 

it  is,  driven  by  a  vortex ;  its  efficiency  ranges  from  '6  to  "8  (sec 
Lrticle  650). 

702.  windmill*  are  driven  by  the  impulse  of  the  air  ocainst 
oblique  surfaces  C;dled  saiU,  rotating  in  a  plane  perpendiciuar  to 
the  direction  of  the  wind. 

The  best  figure  and  proportions  for  windmill  sails,  as  determinetl 
itperimentally  by  Smeaton,  are  given  by  the  following  formulie,  iu 
rhich  the  ichip  means,  the  length  of  an  arm,  or  the  distance  of  tho 

ip  of  a  sail  from  the  axiii : — length  of  sail,  -  wliip  : — ^breadth  at  end 


6 


aearest  axis,  ■=  whip  : 
0 


1 


-at  tip,  -^  whip  : — tingles  made  by  the  surface 
«5 


pf  the  Bail  with  the  plane  of  rotation — at  the  end  neArest  the  axis, 
18^  : — at  the  tip,  7'.   The  efficiency  of  a  good  windmill  is  about  0-29. 

ee  Smeaton  on  Windmills,  in  Tredgold's  Hydraulic  Tracts.) 

703.  Tlic  EfliriciicT  af  neat  Engines  is  the  subject  of  a  |)eculiar 
branch  of  science,  Thennodipiamics ;  and  an  outline  only  of  tho 
principles  on  which  it  doix-nds  can  here  be  given. 

If  the  number  of  British  Fahrenheit  units  of  heat  produced  by 
the  combustion  of  one  ixiiind  of  a  given  kind  of  fuel,  he  multiplied 
Dy  Joule's  equivalent,  772  foot  jKiunds,  the  i-esult  is  tho  total  heat 
' combuntioH  of  the  fiiel  in  question,  expressed  in  foot  pounds.  For 
lifferent  kinds  of  coal,  it  varies  from  6,000,000  to  12,000,000  foot 
yjundji.  This  total  heat  is  expended,  in  any  given  engine,  in  pro- 
Incing  the  following  effects,  whoso  snm  is  equal  to  the  heat  so 
fexpendcd : — 

1.  The  iratte  heat  of  the  furnace,  being  from  0'15  to  0'6  of  tlie 
total  heat,  according  to  tlie  con.stniction  of  tho  fiimace,  and  tho 
with  which  the  combustion  is  regulritc<l. 

•The  ntscitMiarUi/  rejectetl  ftcal  of  the  eiiffine,  being = 7  x  tho  heat 

eceived  by  tho  elastic  fluid ;  (,  being  the  upjier,  and  t,  the  lon-er 
limits  of  iihsolute  temperature,  which  is  measured  &om  the  absolute 
L-ro,  493''-2  Fahrenheit  below  tlic  melting  point  of  ice. 

3.  The  /teat  witsled  It/  the  engine,  whether  by  conduction,  or  by 
non-fulfilment  of  the  conditions  of  maximum  efficiency. 

4.  The  fueless  work  of  iJie  ewjine,  employed  in  overcoming  fricdon 
knd  other  prejudicial  resistances. 

5    The  useful  loork:     Tlie  efficiency  of  a  thermodynamic  engine 
improved  by  diminishing  as  far  as  possible  the  first  four  of  these 
etfecte,  so  as  to  increase  the  fifth. 

JTie  elBcifticy  of  a  heat  engine  is  t'hc  \flroi\KX.  cS.  ^ssiwa  Wi«ss*\ 
rix.  :~-tbe  efficiency  of  the  furnace,  V>e\ng  \X\ft  ^reNJw  «A  ^%  Vvsifc 
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transferred  to  the  elnslic  fliiiJ  to  the  total  hi\at  of  o  'i 
efficiency  of  the  fliiiil,  licing  the  fraction  of  thf  Ii'' - 
which  is  tmnsfurDied  into  meohuoical  energy ; — 

the  mcchaiiiitm,  Iwing  the  fraction  of  ♦'■"'  .iw.i.  ,   ., , 

for  driving  machines.    The  niaxiiuum  of  the  fluid' 

given  limits  of  absolute  tcmpcratui*  ic-  •  ;v|i' --(.-il  by 


«^«*«»« 


....(LjJ 


piston. 


As  to  the  mechanical  action  of  an  elastic  fluid  on 
Article  656. 

701.  siram  EB|ciii<«, — Formula!  for  the  mecluiuical 
steam  on  a  piston,  both  exact  and  approxim«t<",  have  be< 
Article  O-JG,  equations  6  to  13. 

The  efficiency  of  the  steam  lies  between  the  limits  -02  and  -2  i 
extreme  ca.'ses,  and  "04  and  "1  in  ordinary  cumjs. 

The  detiiils  of  tlie  construction  and  \NorkJiig  of  steam  engititsi  ca! 
be  explained  in  a  gpecial  treatise  only. 

The  dull/  of  an  engine  is  the  work  j)erfonue<l  by  a  given  qii 
of  fuel,  such  as  one  jHJund.  The  duty  of  n  pound  of  cnal  vi 
different  classes  of  engines  from  about  100,000  io  l.lWJ.Oi 
pounds.  These  are  extreme  results,  as  respects  wnstcfulnea  on  tl»i 
one  hand,  and  economy  on  the  other.  In  good  ordiuary  engine 
the  duty  varies  from  200,000  to  700,000. 

70d.   Eleciro^rBaniic  EnglaM,  thnngll  capable  of  higher  '  '^ 
than  heat  engines,  are  not  so  economical  commercially,  i 
of  the  greater  cost  of  the  materials  con.siuned  in  them.    1  hiir 
I'Ctical  efficiency,  according  t<5  a  law  demonstnited  by  Mr.  J 
given  by  the  fonuxda 

'/,  -  Vt  . 


where  y,  is  the  strength  which  the  electric  current  would 
the  machine  performed  no  mechanical  work,  and  Vj  is  the 
strength  of  the  ouTent 

This  law,  and  the  law  of  the  maximum  efficiency  of  heftt  _ 
are  jMU-ticidar  cases  of  a  general  InwM'hich  rcgidateiiall  tranafoi 
tions  of  energy,  and  is  the  basis  of  the  Science  of  EnczgetiCK* 

•  Eilmburgh  P/iOoiopUctU  Journal,  July,  ISSfi;  Pncttdingt  ^ Oi*  PkUDtepUta 

Sucicl]/  nf  Gliuyoie,  1853-6. 


APPENDIX. 


OP    THE    RESrSTAXCE   OP    MaTEHIALS   TO    STKCTCHnfO    AJTO 

SO  BY  A  DiBECT  PuLL,  ill  pounds  avoirdupuu  per  squan< 


Teniiritj, 

or  Bf»i«tnnc«  to 

Tuurinj;. 


Materials, 
losza,  Naturai.  axd  Abtificial: 
Cement,  / 


M   '  ■       * 
1 
or  i:  ;i» 


rAU: 
Brass,  cast, 

,.      -^ire, r 

Bronze  or  Gun  Metal  (Copper  3, 

^Tini), 

Copper,  cast, 

„       sheet, 

„       bolts, 

„       •wire 
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Glass,. 

Slate, 

Mortar,  ordinaiy, . 


Iron,  cast,  various  qualities,. 


„         average, 

Iron,  wrouglit,  plates, 

„        joints,  double  rivetted, 
„  „       single  rivetted, 


bars  and  bolts,., 
hoop,  best-best,, 
wire, 


.    „        ■nire-ropea, 

Lead,  sheet, 

Steel  bars, | 

Steel  plates,  avera^, 


9,400 

(        9,600 

( to  13,800 

50 

18,000 
49,000 

36,000 

19,000 
30,000 
36,000 
60,000 

( to  39,000 
16,500 
51,000 

35.700 
38,600 
f   60,000 ) 
)  to  70,000  J 
64,000 

(      70,000 ) 

( to  100,000  / 
90,000 

3..300 

100,000 


8,000,00c 

1 3,000,000 

to  16,000,000 


9,170,000 
J4.230.000 

9,900,000 


17,000,000 

14,000,000 

to  22,900,000 

17,000,000 


39,000,000 


Tin,  <»st,. 


Zinc, 7,000  to  %,ooo 


35.300,000 

15,000,000 
7  20,000 
39,000,000 
to  130,000   to  43,000,000 
80,000 
4,600 


(>Si 


Appcxniz. 


T«0Kit7, 

Matemalb.  or  ReosUnM  to 
Tearing. 

TlUnER  AXD  OTHER  OBOAinC  FiBRE: 

Acuciiv,  fitke.  Se<? "  Locust." 

Ash  {Fraxinus  txcdtior) 17,000 

Baraboo  (Bambusa  arundiiMcea),  6,300 

Beech  (Fayus  sylvfUica) 1 1. 500 

Birch  (lietula  alba) 15,000 

Box  {Dujrus  nempcrvirens), 20,000 

CcdarofLobanon(C«/»Tu.'Z,i6rini),  1 1,400 

Chestnut  {Ca*lanea  Vetca)^ { ^^  ;°;^  } 

Eiiii  [Ulmut  campatru), i 

Fir :  Red  Pine  {Pinus  sijlvestru),  i  ^  |  ''°^ 

„    Spmce  {Abies  exccUa), ^^^^^  / 

„    LoTch  {Larix  Europaxi) {toio^oo^ 

Hoxen  Yarn about  35,000 

Hazol  {Coryliu  Avellana) tS.ooo 

Hempen  Ropes from  ia,oooto  16,000 

Hide,  Ox,  undressed, ^^300 

Hornbeam  (Car/nniM  Betulus),...  20,000 

Lancewood  (Gualleria  virgala),...  33,400 

Leather,  Ox 4,200 

Lignum- Vitas  (G^uxiacwn  offici-  \  „ 

L/e), .....|  "•^'^ 

Locust  (Robi.iia  Pssudo-Acacia),  16,000 

Mahogany  {Swietenia  Maliagont),  ■{  to  ?  i  K      \ 

Maple  {Acer  campeatris), 10,600 

Oak,  European  (Qverau  tesaiii-  j       10,000 

floraaadQuercut pedimculcUa),  \  to  19,800 
„     American    Red     (Qwroue  | 

"r^ra). rZ....]  '°>'^'' 

Silk  Fibre, ,';2)00o 

Sy(^jDore{AcerP(teit{lo-Platanua),  13,000 

Teak,  Indian  {Tecloria  <frandu),  15,000 

„      Airv«ssv,VV^ ;i,ooo 

"WYisileYioiwi, « ».■■  'v^'ac 

"Yew  <,Tcw!i«  bowaXi^, 'S.?*** 


k; 

or  R 
Stntdiin, 

1,600,1 

».643,. 

486.(3 

700, 

to  1, 340,' 

1,460, 

to  1,900,4 

1,400.1 

to  x,8oo,i 

9oo,( 

to  i,36o,c 


1,200,( 
3,I50,< 

a,40o,< 
a,3oo,i 
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II. 

Table  of  the  Hesistaxce  op   Materials  to   Sbeajicco  and 
DiSTORTios,  in  jxmndt  avoirdupois  per  tqtiare  intJi. 

»■?•*"*  KlMticitv, 

Matebuls.  to  or  K«ii«t«melo 

Metals:  sumnitR.  Diitoniou. 

Brass,  wire-drawn, S»330iOoo 

Copper, 6,300,000 

Iron,  cast, 27.700         2,850,000 

1  i  _  f      S.soo.ooo 

,,      ■wrought 5o,ooo-(,       '•*     ' 

"  °    '  *'  '         (to  10,000,000 

TntBER :  -       , 

Fir:  Red  Pine 5ooto    800     \,      "•'^ 

'  "  (to  1 16,000 

Spruoe 600  

Larch, 970  to  1,700  

ak, 2,300  83,000 

ksh  and  Elm, 'i^oo  tO,':'zo 


III. 

Fable  of  the  Resistauce  of  Materials  to  CansBnto  by  a 

DiKECT  TuBUBT,  in  pouruU  avoirdupoit  per  srputre  iruJi. 

RttirtMiee 

ilATEBUUL  to 

Cnduog. 
ONES,  Natural  axd  Abtificul: 

Brick,  veak  red, 550  to  800 

„      strong  red, 1,100 

»      fire, 1,700 

Chalk, 330 

Gnmite, SiSoo  to  11,000 

limestone,  marble, 5,500 

„           granular 4,000  to  4,500 

Sandstone,  strong, S>5oo 

„          ordinary, 3,300  to  4,400 

„         weak, 2,300 

Knbble  masonry,  about  four-tenths  of  cut  stone. 

Metals: 

Brass,  cast, 10,300 

Iron,  cast,  various  qualities, 82,000  to  145,000 

„      „     average, \\if«Q 

„     wrought, &\Krat'3|bfkQo\a     vafiiW^j 
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TiMBEn,*  Dry,  cruHlied  along  the  grain : 

A5b, 

I        i''i;ii. 9,3^ 

,ilirch, 6^00 

)lue-Gum  (^Eucalyptus  Globulus), S,8oo 

ox, >...•■•»•••..  10,300 

Sullet-tree  (Acliraa  SideroxyUm), 14,000 

'abacalli, 9-90o 

ir  of  Lebanon, 5.^60 

Uljony,  West  lodion  {Brya  Ebenu»), 19,000 

Ebu, 10,300 

Fir:  Red  Pine, 5,375  to  6,200 

„     AmeTicanYello-wPine(ftwt*««an<iW/«),  S,-»oo 

„      Larch, 5,570 

Hornbeam TtS^'^ 

Lignum- VitjB, 9>90^ 

Jlohogany, 8,200 

Mots  {Mora  excelsa), 9,900 

Oak,  British, 10,000 

„     Dantzic, 7f7^ 

„     American  Red, 6,000 

Teak,  Indian, 12,000 

'Watei--G  urn  (  Trista  >t  ia  neri/olia), 1 1,000 


Table  of  the  Resistasck  op  Matsbials  to  Bkkakixo 
in  poutult  cfvoirdupoit  per  tqvare  incJi. 


Matebiau. 


OSES: 


Fmutatux  to  Brenkini^ 

or 
Motlnliu  tt  Baptanf 


Sandstone, 1,100  to  2,360 

Slate, 5,oo<> 

•  1\a  m\!lumn  «V&tcl  arc  for  dry  timber.     Gran  tiinher  it  maih  <f«ak«r,  luTtet 

i  "Wm  uioii>uvis  q^  To^^n  \2i  u^Vjea  Kuvikk'^  Nntk-v^iScli  i«  requlfri  to  baak  »  ha 
of  one  mdi  w^m«, savv"A»A.  »X  v«<j  Yi^s{*««fc^M*.  «(*^vk\MML«  a«r'"^ 
liettrcen  tittw  v»w^ "'''  »'<^W^  ~ 
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B«itstaDc«  to  breaking 
Hatbsiaijs.  or 

Uodolui  of  Rupture. 

Iron,  cast,  open-work  beams,  average, 17,000 

„     solid  rectangular  bars,  var.  qualities,  33,000  to  43,500 

»  ,)  „  average, 40,000 

Nvrought,  plate  beams, 43,000 

Bi'Ji: 

12,000  to  14,000 

9,000  to  12,000 

11,700 

Bluc-Oum, 16,000  to  20,000 

BuUet-tree, 'SiQOo  to  22,000 

«!'ab«ealli, 15,000  to  16,000 

[  Cedai-  of  Lebanon, 7,400 

Chestnut, xo,66o 

^^Cowvie  (Dammara  australis) lt,ooo 

Eboij)'.  West  Indian, 37,000 

Elm, 6,000  to    9,700 

Fir:  Red  Pine,  7, '00  to    9,540 

Spruce, 9,900  to  12,300 

Larch 5,000  to  10,000 

Greonbeart  {yeclattdm  Bodian), 16,500  to  27,500 

[LiuicewQod, i7i35>^' 

Lignum-Vitje, 13,000 

Locust 11,300 

>fahog»ny,  Honduras, I'lSoo 

„  Spanish 7,600 

Mora, 32,000 

Onk,  British  and  Rusaian, 10,000  to  lj,6oo 

„     Dantzic, 8,700 

American  Red, io,6co 

jPoon, '3.300 

ftwol 16,300  to  20,700 

fSyfanKiii?, 9,600 

iToak,  Indian, 12,000  to  19,000 

African, 14,9^0 

[Tonka  (Diplen/x  odoruta), 23,000 

'  Water-Oum 17.460 

I  Willow  (ScUia:,  various  species), 6,600 
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Weight  of  a  cabio 

.  at  33°  Fahr.,  and  under  the  pressure  of  cue  foot  in 
atmosphere,  of  a 1 16-4  lb.  on  the  square  foot:         ">•  »voirduiK)u. 

Air, 0080728 

Carbonic  Acid,  0-13344 

Hydrogen, 0-005593 

Oxygen, o-o8o35'> 

Nitrogen 0-078596 

Steam  (ideal), 0-05022 

■    ..Ether  vapour  (ideal), 0-3093 

Bisulphnret-of-carbon  vapour  (ideal), 0'3i37  ! 

OleGant  gas, 0-0795 

•                                                                   Weight  of  n  cnbic  Specific 

fimt  in  gravilr, 
lb.  aroinlupoii,          pnra  water  ^^  U 

Liquids  at  32°  Falir.  (except  Water, 

I  which  IB  taken  at  39°-4  Fahr.): 

I    Water,  pure,  at  39''-4, 63'425  rooo 

I        „       sea,  ordinary, <54-05  1-026 

\   Alcohol,  p«ire 49'38  0-791 

„        proof  spirit, S7"i8  0-916 

I    .(Ether, 44-70  0-716 

Mercury 848-75  J3S96 

Naphtha, 52'94  0-84&J 

I OD,  linseed, 58-68  0-940 

••    olive, 57-13  0-915 

„    whale, 57-63  0-923 

„    of  turpentine 54 '31  0-870 

Petroleum, 54-81  0-878 
)  MiJTEaAL  ScBSTANCES,  non-metallic : 

Basalt, 187-3  3'°*' 

Brick, i25toi35  9  to  a-167  1 

Brickwork, 112  i'8 

Chalk, 117  to  174         1-87102-78 

Clay, I30  j-92 

CoiJ,  anthracite, 100  1-603 

„      bituminous, 77-41089-9         1*84101-44 

Coke, 6343  *o  103-6         1-00  to  1-66 

Felspar, 162-3  ^'^ 

Flint, l6A-a  v^-j, 
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foot  in  jjnntf , 


Sous  MmEBAi.  SuBETiAiroES — eoniim/ieeL 

Gkm,  crown,  average,. 156  l-j 

I                              »     flint,        »        >87  31 

„     green,       „        169  »1 

!                              »     plate,       „         169  2-5 

\\                        Granite, 16410173  a'^^ior^i 

il                        Oypeum, 143"^  *" 

\'                        Limestone  (induding  BiarUe),..      169  to  175  3-7  to  li 

L                                 0         magneaian, 178  vik 

\.                       Marl, lootoxip  i-6torj 

llfasonty, > 116  to  144  i'65toa-j 

Mortar, 109  171 

Mud, loa  I'iij 

Quartz, t. 165  3-€< 

U                          Sand  (damp), 118  i-i 

„     (dry), 88-6  ir. 

Sandstone,  average, 144  2-; 

„         various  kinds, 13010157  2"3S  to  2 -j; 

Shale, 162  ;•( 

Slate, 175  to  181  2-8  to  ;•( 

Trap, 170  2-[': 

Metals,  solid : 

Brass,  cast, 48710524-4  j-StoSj 

»      ^iwe, 533  85^ 

Bronze, 524  8% 

Copper,  cast, 537  81 

„       sheet, 549  8-i 

„       hammered, 556  8-< 

Giold, ii86toi224  19  to  i9'( 

Iron,  cast,  vaiious, 43410456  6 "95  to  7'; 

„        average, 444  7-11 

Iron,  wrought,  various, 47410487  7-6  to  7-^ 

„                average, 480  7-65 

Lead, 713  11-^ 

Platinum, 1311  to  1373  21  to  3; 

Silver, 655  lo-; 

Steel, 487  to  493  7'8to7-j 

"^"^ 45610468  7'3to7i 

2rac, 42410449  6-8  to  7-3 
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Ash 

Bamboo, 

Beech, 

Birch, 

Blue-Gxun, 

Box 

Bullet-tree, 

Cabacalli, 

Cedar  of  Lebanon 

Chestnut, 

Cowrie, 

Ebony,  West  Indian, 

Elm, 

Fir:  Bed  Kne, 

„      Spruce, 

„      American  Yellow  Fine,... 

„     Larch, 

GreenLeart, 

Hawthorn, 

Hazel, 

Holly, 

Hornbeam, 

Laburnum, 

Lancewood, 

Lnrih.     See  "  Fir." 

Lignum- Vitae, 

Locust, 

Mahogany,  Honduras, 

„  Spanish, 

Maple, 

Mora, 

Oak,  European, 

„     American  B«d, 

Poon, 

Saul, 

Sycamore, 

Teak,  Indian, 

„      A&dcan, 

Tonka, 

Watcr-Giun, 

Willow, 

Ye;w, 

*  n»  Timber  in  t\  erj  cose  ii 


Wfi(;ht  of  a  caliic 

foot  in 
lb.  SToiidDpoU. 

47 

25 

43 
444 
52-5 

60 

<5S-3 

30-4 
33*4 
362 

74-5 

34 
30  to  44 
30  to  44 

29 

3«  toss 

6*5 

57 

54 

47 

47 

57 
42  to  63 


SpeciRe 

grayitT, 

pan  wsttT  s^  1. 

0-753 

04 

0-69 

o'7u 

0-843 

0-96 

i'046 

09 

0-486 

0-535 

0579 

i-»93 

0544 

0*48  to  07 

o'48  to  07 

0-46 

0-5  to  056 

I '00 1 

0-91 
0-S6 
076 
076 
0-93 
5"675  to  i-oi 


41  to  83 

44 

35 

53 

49 

57 
43  to  62 

54 

36 
60 

37 
41  to  55 

61 

63  to  66 
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065  to  I '33 
071 
0-56 
085 
079 
0-93 

©■69  to  0-99 

087 
0-58 

0'96 

059 

0-66  to  0-88 

098 

0"99  to  I -06 

loor 

04 


640 


it 

iia 


II 


i 


I 
■'f- 


AFPBXDDL 

vn. 


DniDniOKS  asd  Stabilitt  of  tbe  Odtib  Shill  of  ibb 
Obut  Chuost  of  St.  Boluhl 


V. 
IV. 

III. 

IL 
I. 

Foandation. 


-    { 
n.     { 


IIL 


Hrighti  ■]>OTB 
Qraand. 

DMt 

435i 
35oi 

2104 

"4i 

S4i 

o 

Dq>thbdow 

Groand. 

Feet 

O 
8 

14 
20 


ExiMIMl 

DiaoMHi. 

FMt  laetn 

13       6 


x6 

94 
30 
35 


9 

o 
6 

o 


40      o 

Eztenul 

Diameter. 

Feet 

SO 

50 

50 
SO 


(iMt 

X 


a 

z      6 
I    10^ 
a      3 
3      74 


n 

55* 

57 
«3 

71 


ThirVunmii 


Concrete. 
Feet  iBChei. 


5 

4 


o 
8 


Brick. 
Teet 

3 
3 

12 

o 


Total  height  from  base  of  foundation  to  top  of  chimney,  455|  & 
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^K                   "^     - 

^^^^H 

^^^                            ^M 

^ABjmnwTS,  sUbillty  of,  220. 

Areas,  measurement  of,  68.                ^^^^H 

or»reh«,  261. 

conservation  of  (Me  CoiucrvatlonX         ^| 

o|ien  and  hollow,  263  (we  alM  82). 

Atmospheric  pressure,  09.                    ^^^^B 

■tniik'th  uf.  268. 

Axe*  of  inertia,  524.                          ^^^^H 

Acceleraiing  cfTtct  of  grarity,  488. 

of  elivtticity,  278.                           ^^^H 

impal^e,  .483. 

of  stress,  93,                                   ^^^^M 

force,  4'.'0. 

Axis  of  rotation,  390.                       ^^^^| 

Ai-ctfleratiun,  886. 

fixed,  645.                                      ^^^1 

Air,  »p|iiirpnt  weight  of  bodies  in,  123. 

instantaneous,  397.                                ^H 

expcnsiun  of,  123. 

of  angular  momeniuin,  606,  629.   ^^^H 

velocitv  of  »iiind  in,  5G3. 

Axle,  strength  iif,  353.                      ^^^^M 

weight  of,  123. 

^^^^M 

(w«  Gas). 

resilience  of.  .157.                             ^^^H 

Aiigie  of  repose,  210. 

torsion  of,  366.                                        ^M 

of  rotntiun,  .Stfl. 

with  crank,  strength  of,  358.           __^M 

of  nipturc,  204,  259. 

^H 

uf  tonion,  .15C. 

Balasck,                                      ^^H 

Angular  impul.««,  600. 

of  any  system  of  forcea,  41.            ^^^^| 

monieiUatn,  505,  529. 

^^^H 

vciocity,  391. 

of  Qnating  bodies,  120.                    ^^^M 

An;h,  abutments  of,  261. 

^^^M 

ongle.joinl,  ami  point  of  rupture  of,269. 

of  forces  in  one  line,  1 9.                 ^^^^| 

H      circular  linear,  183,  201. 

of  inclined  forces,  35.                       ^^^^H 

■     clustered,  2G3. 

of  parallel  forces,  21,  2S.                 ^^^H 

^^^torted,  202. 

of  stress  and  weight,  1 13. 

^^^Htorted  elliptic  linear,  180. 

of  structures,  129. 

^^dUptic  linear,  184. 

Balsnced  forces,  motion  under,  470. 

^H     geoiUtic  apiiroxiiiiate,  2'^8. 

Ballistic  pendulum,  548. 

^1     geoatatic  (lo  sikIuIii  earth),  196. 

Bands  in  mechanism,  454. 

^H     groined  (see  Vaulu). 

friction  of,  617. 

^M     hrdrostatic  approximate,  207. 

Bars,  strength  of  iron  and  steal,  877 

^H     hydrostatic  (to  lustaio  fluid  pressure), 

Beam,  133. 

■         190,  853. 

allowance  for  weight  of,  846. 

■     htn-riblied,  370. 

cast  iron,  818. 

^M     line  ol  pmanrea  in,  257. 

deflection  under  any  load,  328. 

^H     linear,  for  normal  pnssure,  189. 

direct  vertical  streM  in,  312. 

^M      Unear.orequilibraled  rib,  1 62,  175,182. 

expansion  and  contraction  of,  348. 

^m     of  mssonrr  or  brick-work,  stiibility  of, 

fixed  at  both  cndf,  832. 

■          226,  25A. 

limiting  length  of,  847. 

H      piers  of,  263. 

lines  of  principal  stress  in,  341. 

H      pointed,  203. 

of  unifonn  strength,  820.               ^^^H 

■      skew,  261. 

originally  curved,  348.                   ^^^^H 

■      ater«o9tatic  (with  rigid  load),  198. 

partially  loaded,  344.                     ^^^H 

^K     atrengtb  of,  263, 

proof  deflection  of,  322.                            S 

^M     total  (Iinut  of,  203,  260, 

pio{>oTlioa  ot  l^^v^^  vn  «f  tak  «i( ,  Vt'V  -     H 

^H 

^^^^s 

^s^ 

^H              C4S                                       nminc. 

^^1                   UcatD,  nsUieon  of,  330. 

Com:                          r«ro«,iiNll> 

^^H                       sheariag  atren  in,  338,  3(2. 

^^H                       iloping,  848.                                            1 

r,ini|.r m:      .  I    ■    ■  ..' 

^^1                       strength  ot;  807,  SIS,  6S4. 

'  '..T.iprr-.'M.in,   !i-.--.lllv 

^H                       (Me  lilia  Gird«r). 

i-..r,:~    ^i-rt.    ■■: 

^^H                   Belts,  itreagth  ot,  288  (•«*  slto  Dutd*).    | 

I'-Ml -...!   I..rlr----     .ipiilMf"   .,f,   ■'..:». 

^^^1                   Beoding,  miitance  tix,  307. 

1  ■.-111!.  ■■;im;  r»i-,  ):/.-..^-iIi  .,f.  ;  •,,.. 

^^^H                         moment  of,  307. 

Ct>Ii'-»T  .  ,:iMn  ''T  1  '!■  r  j\.  ;  :,-,    .".  1  L 

^^^1                         (me  aim  Beam). 

of  iiiijiil  \r  (ih'ij'.'-'.'uin.   ••:  'A  v"S 

^^H                    Bevel-wheel!!,  428,  448. 

of  nioiiienluiQ,  oi'.j. 

^^H                     Blocka,  Btsbilitv  nf  a  wries  of,  330. 

Conliniuty,  equatioiit  of,  in  li>|niil 

^^H                         and  Uckle,  iii. 

413. 

^^H                     Bodies,  13. 

C()untions  of,  in  ease*,  417. 

^^m                   Boilen,    strength    of,    289,    296,   299, 

Contracted  vein,  572. 

^^B 

Ontractiun,  co-efficient  of,  I^^H 

^^H                    Boiling  point,  60C. 

l>>rd.  equilibrium  of,  162.   I^^H 

^^^H                     Bracing  ot  tranies,  143. 

H 

^^B                       Uralie. 

Con:                                                 ^M 

^^^1                    Breaking  across,  resistance  to,  307  (see 

Couj.;.., ^^1 

^^H                            also  Beam). 

centrifugal,  537.               ^^H 

^^H                    Brickwork  (see  Masonr}-)- 

energy  and  iriirk  of,  537.  ^^H 

^^H                     Bridge  (see  Arch,  Beam,  Girder). 

polygon  of,  2^.                   ^^H 

^^H                        sospenaion  (see  Suspension  Bridge> 

sutical,  theory  of,  31.       ^^H 

^^^H                    Bnojranojr,  121. 

with  inclined  axes,  24.      ^^H 

^H                   BnttresMs,  238,  335. 

with  parallel  axes,  31.      ^^| 

^^^H 

Coupliog,  Oldham's,  45.^     ^^1 

^^H                  Cables,  itnngth  of,  2f<8. 

friction,  618.                        ^^| 

^^M 

Huoke's,  461.                       ^H 

^^^H                    Catenarv,  177. 

of  («rallel  axles,  459.          ^ 

^^H                    Cells,  strengrii  of;  864. 

Crauk  anil  axle,  stimgtli  vt,  ttt 

^^^1                    Centre  of  buorancv,  121. 

111.'    :        ■■     ■  "■■•. 

^^H                        ofgravitr,  49,  iSO. 

Cri'-                      ".^i5linc»  to  (*wt 

^^H                            mas^  482. 

Cruil.    ., ,.  rrsiitauce  to,  301 

^^^H                      of  oscillation  or  percnirion,  S20,  544. 

633. 

^^^1                       of  parallel  forces,  31, 

by  bending,  roiatance  to,  360. 

^^H                        of  pressure,  71,  T6,  126. 

Current,  412. 

^^^1                        of  resistance,  131, 

preeeure  of ,  on  •  antid  hoij^  ij 

^^H                  Centrifugal  force,  491,  546  (tee  also  Dc- 

radi.itinf:.  412,  574.          ^m 

^^^1                          vlating  Force). 

Cycloid.  3tf8.                        ^^B 

^^^1                       couple,  637. 

Cylindets,  strength  of,  289,  ^^H 

^^^H                        pump,  697. 

^^H 

^^H                    Chains,  equilibrium  of,  162  (see  also  Sus- 

Dams  BtabUitr  of.  243.       ^H 

^^^H                            pension  Bridge). 

Day,  sidereal,  380,  881.       ^H 

^^H                    Channel,  flow  In,  411. 

mean  solar,  38V.               ^^H 

^^H                    Chimneys,  stability  of.  228,  340,  640. 

DeScciion  (see  Beam),        J^^H 

^^^P                     Cinematics,  15. 

De\iatiiig  forcev  491,  493,  ^^^| 

^^H                          principles  of,  379. 

couple,  535.                       ^^H 

^^M                   Click,  4C2. 

Deviation  (of  motion),  nuifoniCsl 

^^H                    Collapeing,  resistance  to,  306. 

moment  of,  52S.                 ^^^fl 

^^H                    Collar,  friction  of;  616. 

varying,  S88.                    ^^^^ 

^^B                    Collision,  508. 

Direction,  fixed  and  nearly  ^^^| 

^^m                   C  olutnna,  «tT<>.n;<\.\\  of  Cms  VvWwi). 

Dlatribated  forcas,  48.          ^^H 

^^B                     Comparative  n\nv\on,  V>%\,  %%^. 

^V                     Components,  \'J,  3&V> 

613  ■ 

WM                                                                INDEX. 

■     Dynamics,  15. 

Floating  bodies,  ISO,  600.                 ^^J 

gcnsral  eqaution!  or,  131. 

Flow  of  liquid,  410.                           ^^^H 

principles  ui;  -t'S. 

^^^H 

I>rnamotneter,  478. 

(see  Liquid,  Gas).                          ^^^^M 

Flues,  strength  of,  300,                     ^^^^| 

Eakth,  friction  of.  211. 

^^^H 

foundations,  219. 

elasticity  of,                                   ^^^H 

pmsare  of,   210  (mo  aim  Retaining 

equilibrium  of,  117.                       ^^^^H 

WalU). 

impulse  of,  on  a  solid  surface,  691.         ^M 

stability  of,  212. 

motion  of.  410.                                          ■ 

Uble  of' cxuinpieti,  221. 

pressore  of,  99.                                ^^^H 

Eccentric,  motion  of,  4  CO. 

(see  Liqaid,  Gas).                           ^^^B 

Zddjr  (iee  Vortex). 

Fly-wheel,  623.                                  ^^^B 

Effect  of  a  machine,  610. 

Foot-pound,  477.                                  ^^^H 

Effort,  476. 

Force,  16,                                          ^^^M 

Efficiency,  609,  610. 

absolute  unit  of,  486.                             ^| 

Elastic  curte,  349. 

centrifugal  (see  Deviating  Force).            ^1 

EUsticitv,  llieorj-  of,  270,  275. 

deviating  (see  Deviating  Force).             ^| 

eiHrtlicients  of,  277. 

distributed,  48.                                           ■ 

mocliilu;  of,  279,  6:il. 

reciprocalin;;,  503.                                      ^H 

potential  energy  of,  277. 

representation  of,  19.                               ^H 

Electro-dynamic  engine,  eflidencyoli  630. 

Energy,  477. 

Forces,  action  ol^  on  a  svslem  of  bodies, 

actual.  499,  507. 

610. 

actnal,  of  a  rotating  body,  611.'. 

parallelogram  of,  3.7.                                ^m 

components  of,  4»0,  499*. 

paralli:lopi|)ed  of,  37.                                 ^H 

oonitervation  of,  in  varied  motion,  l>'<\. 

polygon  of,  36.                                ^^^^^^ 

6U8. 

residual,                                          ^^^M 

oonser>'atlon  of,  motion  being  nnifonn. 

raolnlion                                     ^^^^H 

478. 

Foundations,  earth,  210,  365.           ^^^^| 

Initial,  Sil.'!. 

Fracture,  272.                                    ^^^^| 

of  couples,  4'i37. 

Frames,  bracing  of,  142.                     ^^^^H 

potential.  477. 

equilibrium  and  stability  ot,  139,           ^H 

^       total,  603. 

of  two  bars,  136.                                     ^B 

^B      tninslomiation  of,  41>3. 

polygonal,  139.                                     ^M 

■  Hpicycloid.  4U1. 

resistance  of,  at  a  section,  160        ^^^H 

H  Epicrcluidal  tceih  (sec  Tacth). 

triangular,  137.                             ^^^M 

H  Epiir»chold,  401. 

Friction,                                             ^^^H 

^B  Equilibrated  Arch  (see  Arch). 

coupling.  618.                                ^^^^H 

^B  £(|uilibrium  (sea  Balance). 

heat                                               ^^^H 

H       rable  and  unstable,  128. 

^^^^1 

H  EtpaiiMon  ufair,  123,  COG. 

^K^    of  niclaK  stones,  brick,  gUui,  timbar, 

moment  of,  614.                          ^^^^H 

of  iras,  690.                                   ^^^H 

■r        849. 

of                                                   ^^^1 

^H     of  steam,  606. 

of  machines,  613.                          ^^^^M 

^m      of  water,  126. 

of  solid  bodiea,  law  of,  303.          ^^H 

■  Extradoa,  173. 

■trap,  618.                                   ^^^H 

■ 

Ubiea  of,  211,                                ^^^M 

H  FAixiJtfi  DODY  («««  Gravity). 

Frictional  stability,  209.                   ^^^^| 

■  Pan.  bm. 

gearing,  618.                               ^^^H 

1         Klxed  direction.  379 

^^^^^H 

point,  14,  381. 

6a«,                                          ^^^M 

Flexure,  moment  of,  31 1. 

action  uf,  on  a  piston,  604.           ^^^^H 

resistance  of,  312. 

dyttam\c  l\eaA  Vn,  fkl^.                 ^^^^H 

^^^^^^^^^^^^^^^^« 

i^i^^^JI 

^H                                                                           ntDEX.                                  ^^^^1 

^H                 GamaqutiooofeootinaUytn.  r>Sl. 

IndicoUir,  478.                ^^^^H 

^^H>                      flow  of,  from  an  orinos  681. 

Inertia,  or  maM,  483.             ^^H 

^^K                      flow  of.  with  friction,  530. 

eliiixoid  of,  .^26,  r.S?.          ^H 

^^H                       motion  of,  417. 

moment  of  (see  Ifunicfit^    ^^^| 

1                      motion  of,  niihout  friction,  579. 

rfdnced,  621.                           ^H 

1                  Girder,  bowttrlog,  363. 

I...:, I..  ....     1,1                                    ■ 

1                       cellular,  UU7. 

'                                                                            1 

1                      compound,  966, 

'                . 

■                     half-kttlM,  15.1,  360. 

ol  (iremuiv,  OV. 

■                      lattice,  160,  369, 

of  »t^»5^  68. 

■                      plate,  361$, 

Internal  equilibrinm  of  strcsi  aad  « 

^^H                     MlDcning,  for  niiipension  bridges,  8T0. 

112. 

^^1                      tubiilnr,  aUli,  3U7. 

'••• —I  -•'-!»  (sec  Stress). 

^H                      Worrrn's,  tS»,  369. 

■i. 

^^H                  Governor  (ixe  Pendulum,  revolving). 

1                  vibration,  S53.           i 

^^H                       alio  Hid. 

^^H 

^^H                 Gravity,  ucelenting  cfiect  oF,  485. 

Jkt,  Impube  of,  S9I.           ^^^| 

^^H                      centre  of.  41),  ISD. 

Joints  of  a  stnicture.  129,  ll^^H 

^^H                      motion  under,  ^Sa,  4BG. 

of  mosonri',  211.                 ^^H 

^^H                        (peciRc,  4'.i,  124. 

^^H 

^^^1                        ipccilic.  table  of,  6^7. 

Km,  friction  of,  236.           ^^M 

^^M                  Greue,  613. 

^^H 

^^1                   Groined  vnnlls,  SC2. 

Latfrai.  roRCE,  476.          ^^H 

^^H                  Gyration,  542. 

Leather,  strength  of,  238^       ^^H 

^^^1                      radiui  of,  SIS. 

Length,  measore  of,  13,  It,  ^^H 

^^H                      Ublo  of  radii  of,  618. 

Lever,                                      ^^M 

^^H 

^^^H                  Ubad,  dynamic,  of  liquid,  SC8. 

Linl(  motion,  468                   ^^^| 

^^^H                      dynamic,  of  gas,  S7D. 

Liulcwork  in  mechanism,  4m4^^H 

^^^H                      ci^ual,  surface*  of.  67S. 

Liquid,                                   ^^H 

^^H                  Heat  of  friction.  620. 

ilynamic  head  of,  S6R.         ^^H 

^^H                      engine,  ellicicncy  of,  G29. 

fquililirium  of,  118.             ^^^H 

^^^H                       of  slpam,  607. 

flow  nf,  from  an  uriBce,  '^7^^^H 

^^^1                      specific,  of  gases  at  constant  pressnre, 

flow  of,  in  a  pi(ie  (oce  I'ip^^^H 

^H 

flow  of,  in  a  stream  (i«ee  iH^^^| 

^^H                  Height  duo  to  Velocity,  487. 

f>ee  surface  of,  670.             ^^^H 

^^^H                   Horse-power,  efiiiclive,  610. 

motion  of,  4 1 0,                  ^^^| 

^^H                  Horre,  work  of,  626. 

motinn  nf,  in  plan*  laMrv,  ^^^| 

^^^1                   Uydraulic  hnisi,  46a. 

sl^^l 

^^^1                       mean  deptli,  &87. 

^^H 

^^^H 

wiij....^,.  ..,^, ,   >'i^^H 

^^^P                  Hydraulics  (see  nydrodynamicK). 

^^H 

^^^H                    Hydrodynamics,  566. 

lUciitars,  IS,                      ^^H 

^^H                  Hydrostatic  srch,  190,  33.1. 

actual  onency  of,  621.        ^^H 

^H                  HydroiUtics,  principles  of,  100, 113, 117. 

p\em  of,  423,                      ^H 

^^H                   iMMERscn  noDT,  122, 

re'  1 ' '                                                      ^^^H 

^^H                      plane,  125. 

vail--. ™ 

^^M                  Impact  (sec  Collision), 

work  of,  with  nnilonn  or  parfad 

^^H                      and  pre»ure,  S64. 

tion.  610. 

^^H                   Impulse,  48.1. 

Man,  work  of,  R2S, 

^^H                      and  momcnlnm,  law  of,  484. 

Uosnnry  and  brickwork,   tnod  oij 

^^B                    ingolar,  6Q6. 

.          CtVauui  of.  211,  221. 

^Hl                    bttwoGD  so\Ua  vtd  %v\&!t,  V>\ , 

^b                                                                  INDF.X.                                                           GIj     ^J 

|^Im»,  482,  484.  485. 

Motion,  nniform,  dvnamical  principles  of,     ^^| 

r          centre  of,  482. 

^M 

MbKw,  13. 

varied,  dynamical  principles  of,  482.         ^^H 

Measures  comparativs  ubl«  of  British 

Muscular  strength,  work  of,  626.                 ^^M 

L                nnj  French,  630. 

^^H 

^H    of  length,  13,  14. 

Notch,  flow  through,  673.                ^^^^^H 

^H  of  ftnxs,  09. 

^^^^^H 

^H   of  time,  3K1. 

^^^H 

^H  of  rclocity.  382. 

Oriflor,  flow  through,  671.                      ^^^^^| 

^■.Of  weight,  18. 

OscilUtion,                                             ^^^^M 

^B^^ie«,  13. 

angular  (see  Gyration).                     ^^^^^| 

■BWplM.  13. 

centre  of  (tc«  CeuUv).                       ^^^^^H 

Mecniini.im,  theory  of.  421. 

^^^^^M 

Mf^gregalo  cornhinnliiuH  in.  425,  4(in. 

^^^^1 

eleniciitAn*  coinl)inalionA  in,  423,  420. 

^^^^^H 

principle  of  conneolion  in,  421. 

Pa  R<n<M..\,  formula)  relating  to,  1C.J.         ^^^| 

Men;im",  weii;ht  of,  (ID. 

I'arallel  Forces,  25.                                       ^H 

Modulus  of  ela-ilicitv,  279,  C31. 

motion,  469.                                                  ^^H 

of  niplnre,  316,  634. 

projection  (see  Projection,  Parallel).  ^^^^^| 

Moment,  bending  307. 

Pendulum,  ballistic,  548.                       ^^^^M 

of  a  couple,  22. 

compound  oscillating,  646.                ^^^^^H 

of  deri«tion.  528. 

compound  revolving,  547.                  ^^^^^^| 

nf  flexure,  311. 

cycloidal,  497.                                             ^^H 

of  friction,  fiI4. 

rotating,  547.                                                 ^^H 

of  inertia,  514. 

simple  oscillating,  496.                                         1 

of  inertia  of  a  ^iirfacp.  '7. 

simple  revolving,  492.                               ^^J 

of  inertia,  tabic  of,  61S. 

Pcrcu»<ion,  centre  of  (see  Centre'^,                 ^^H 

ofetabilily.233. 

Periodical  motion  of  machinea,  li  1 D.            ^^^t 

of  stress  73. 

Pieces  of  a  strucluiv,  129.                    ^^^^^H 

of  tonsion,  353. 

Piers,  stability       228.                         ^^^^H 

ttatical  (we  Moment  of  a  Couple),  alM 

^^^^H 

27.  29. 

open  and  hollow,  2C3,                       ^^^^^| 

Momentum.  482. 

Pile                                                        ^^^^1 

^K   and  impuUe,  law  of,  484. 

Pillars,  strength  of  short,  302.              ^^^^H 

^H  angular  (tee  Anfuliir  Aluinentuin ), 

strength  of  long,  360.                       ^^^^H 

^"    conwrvalion  of.  5U5. 

Pinion  (see  Whe>'l).                              ^^^^H 

of  a  nitaling  body,  529. 

Pinnacle  on  a  buttress,  239.                  ^^^^^| 

H'ltion.  14. 

Pipes,  friction  in,  588.                            ^^^^1 

cunipAratirc,  384,  ,S89. 

Howin.  411,  588.                                         ^H 

component  and  rnuliant,  881,  883, 

resbinnie  enured  by  sadden  rularco-     ^^| 

deviated  («e  Deviation). 

menl  in,  589.                                             ^^H 

first  law  of,  470. 

mistance  of  cnn-ea  and  knees  in,  589.       ^^| 

of  a  sv.stem  of  bodiea,  505. 

resistance  of  mnuthpiecra  of,  689.              ^^H 

of  fluids,  dynamics  of  (see  Ilydrwly- 

etrenuth  of,  289.                                           ^^H 

^^       namics. 

PLMon,  413,  419.                                     ^^^^H 

^^m  nf  go-ies  (see  Gas). 

of  a  fluid  npnn.  604.                ^^^^^^H 

^^M  cf  liquids   (see  HrdnHlynunia    and 

Piston  rqiU,  strength  of,  363,               ^^^^H 

^^B        Liquid) 

Pivot,  friction  0^616.                            ^^^^B 

^H  of  poinUs  379. 

Maslicily,  272.                                                  ^^H 

^■^  of  po;--   — ■   '.  385, 

PUte-iron  girders  (see  Beam,  GirderV          ^^H 

f          off)!)                      .lid  fluids  408.             1 

Pl/ites,  strength  of  iron  and  ileel,  377.         ^^H 

^^   ofpli.'                 .  ilynainici  of,  5.1-.'. 

Pliability,  273.                                        ^^^M 

^^m  of  rigid  badir^  390. 

co-cflidenta  of,        .                        ^^^^^M 

^H  aecood  law  of,  ■l$4. 

Piunl,  \a.                                        ^^^^1 
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Point,  fiitd,  U,  381. 

mnliniu  ^  ST9. 

pti}'9icit,  13, 
Posta,  timber,  etren^h  of,  SSS. 
Pound,  itand&nl,  IB. 
I'uncr,  610. 
I'resa,  Hydraulic,  4€4. 

sirenglh  of.  S9fl. 
PreMure,  2Ui  69. 

iL]  A  duping  solid  mflju,  12ti» 

Inlsmal  (we  Streu). 

of  ranh  (»M  Eartll). 

orfluidiCsH  Fluid). 
Prime  moTent,  626. 
Prc.jectlon,  pBrallol,  45,  61,  137, 
Proof  Btrenfjtli,  273,  274. 
Pull  (kc  Tension). 
Pulkv-B  and  heUi,  161. 

and  eotds  162. 

Bpwl,  457. 
Pump,  oentrifu^l,  607, 
Pump  lods,  jtranglh  of,  897. 

Rack,  motion  of,  4S7. 

Rsi1wa>!s  resiatsncs  en,  S30. 

Ecciiirocalin^  force,  603. 

Reduced  inertia,  621. 

Beduction  of  forces  And  conplai  in  inn- 

eliines  to  the  driving  point,  612. 
Bega3ator  of  a  prime  maver,  62S. 
Bepcse,  Migle  of  (see  Angie). 
Reserrair  tvailK,  alabilitj  at,  US. 
Ileal  liencc,  27H. 

of  axle,  aa7. 

of  be-am,  330. 

of  iie-bur,  ^87. 
Ba&iatance,  47G. 

centre  of,  131. 

line  of,  131, 

of  curiages  on  mads,  610. 

of  fitiidd.  b'JS 

of  micliiues,  610  (tee  Friction). 

of  miteriilB  (see  Strength), 

ofrniiwiiy  Lraim  and  eagines,  SiO. 

of  rollin^r,  BIB. 
Reeolutlon  of  forces,,  37» 

of  internal  atreis,  S2. 
Rest,  14. 
Iteauitnnt,  18. 

momentum,  483. 

of  an^  $raLem  of  forces,  i  i. 

of  cooples,  '^S,  'H. 

of  incVmed  totca,  %%, 

of  ijiuiiona,  3ai. 
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Betahl 
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Rigidli 
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RlvcM 
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RaUiDj 
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eoal 

oft! 
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red 

Raor( 
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Botati 
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Tela 
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acCi 
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IJreei 
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^H                                                                      ciT  ^H 

^ftiear,  69, 

Strength  of  teeth,  359.                                ^^M 

^■beuiog,  resUlanee  to,  298;  table,  63,1. 

of  U»-bar,                                           ^^^M 

^^K  fbroe  in  l)eaiiu,  307. 

tubes  and  flues,  300.                     ^^^^H 

^^  strea*  in  Ixfams,  338. 

proof,  273.                                        ^^^^^H 

r       .'"hiftinB  or  tranpilation,  890. 

Ubies                                                ^^^H 

^^^liding  contact  in  mccliaiiiaui,  436. 

transverse,  316,                                ^^^^^H 

^■olid.  IS. 

ultimate,                                              ^^^^H 

^^■pccific  gnvitT  (see  Gravity,  SpeciGc). 

^^^^H 

^^Bperd-conM,  457. 

and  strain,  relations  between,  380.    ^^^^^| 

^^Ppeed,  fluctuations  of,  622. 

internal,  82.                                                 ^^H 

^^^pticrw,  atrengtb  of,  290. 

Stretching,  resistance  to,  286.                      ^^f 

[       Spiral.  398. 

Stroke,  length  uf,  in  mechanism,  4G0.          ^^H 

^^tability,  128. 

Structurea,  16.                                        ^^^^H 

^H  frictional  (sw  Frictional). 

d^^^H 

^H^  oritrncturo,  130,  131. 

transformatiuu  of,  129.                    ^^^^^f 

^^■Undard  meaaore  of  lenglli,  14. 

^^^^H 

^^B    nieasnrc  of  weight,  18. 

strength  of  (see  Pillara).                    ^^^^H 

^^■tarting  macbinca,  624. 

wnuh'hl-iron,  strength  of,  364.         ^^^^^| 

^^feuiics,  Ifi. 

Superposition  of  small  motions,  665,           ^^^| 

^^F    principle  of,  17. 

Surface,  13.                                                   ^^H 

'       Stars,  133,  130. 

Suspension  brid^  149,  165.                         ^^U 

Steady  moUon  of  a  liquid,  412.  414. 

slifl'ened.  37i).                                       ^^^^H 

ofagas,  419. 

airenglh  of,  286,  288,  301.              ^^^^M 

Steam,  action  of,  006. 

with  sloping  rods,  171.                      ^^^^^^| 

^^i    mgioe,  efficiency  of,  629,  630. 

with  vertical  rods,  168.                     ^^^^H 

^^HtMfaesa,  ISO,  270,  273. 

System  of  bodies,  motion  of,  505.                ^^^| 

^^B  of  beama  (see  Bram,  deflection  of). 

^^H 

^^Blopping  machine*,  624. 

TEiitnio,  resistance  to,  S86.                         ^^M 

^^Btrajn,  272. 

UbIes  of  resistance  to,  288,  289,  377,     ^^| 

and  atreas,  relations  between,  280. 

^H 

ellipH  of,  280. 

Teeth  of  wheels,  dimensions  of,  447.             ^^H 

resolution  and  composition  of,  275. 

epicycloidal,  4  14.                                         ^^H 

Stream  of  liquid,  411,  686. 

friction  of,  617.                                              ^^H 

friction  of,  6H6. 

form  of,  438,                                               ^1 

of  gas,  417. 

involute,  441. 

hydraulic  mean  depth  ol^  587. 

of  bevel  wheels,  448. 

^H    Tarring,  687. 

of  wheel  and  trnndle,  147. 

^■(rengtb,  130,  270. 

pitch  and  number  of,  432. 

^^^    of  abutnirnts  and  vaults,  268. 

strength  of,  369. 

ofaxlM,  363,858. 

Tenacity,  286  (see  Tearing,  Resistaoce  to). 

of  beama,  307,  316  (ace  Beam). 

Tension,  69  (sec  Stretching). 

of  boilers,  pipes  and  cylinders,  289, 

Testing  strength  (sve  Proof). 

299,  306. 

Theory  and  practice  io  mechanic*,  liar> 

of  bolts,  pins,  keys,  and  rivets,  299. 

^^^^^H 

of  iron  and  steel,  377. 

Thrust,  69.                                           ^^^^^M 

of  iron,  effects  of  repeated  melting  on, 

^^^H 

376. 

flexible.                                             ^^^H 

of  leathern  bslla,  288. 

strength  uf,                                       ^^^^^| 

^^m  of  long  pillars  and  struts,  360. 

Time,  measure  at,  381.                         ^^^^H 

^^B  of  masonry  and  Imekwork,  268,  302. 

Torsion  (see  Wrenching).                     ^^^^H 

^^M  of  pnmp-rods,  297. 

Tonghness,  373.                                    ^^^^H 

^^B  of  ropes  and  cables,  28.S, 

Towers,  sUbility  of,  240.                      ^^^H 

^H  of  short  pillars,  304. 

Traimof  mechanism,  465.                    ^^^^H 

^H  r>rsphenM,  290,  296. 

^^^^^1 
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TnaniofWlMdi,484. 
Tmmitannttioa  («•  Piq)«ction). 

of  cords  ■nd  ehaim^  180. 

of  fraiMi,  162. 

of  strau,  98. 

of  itrnctaraa  in  maioDrT',  882,  268. 
Tnmilatioa  or  tfaifting,  890. 

Tiried,  482. 
Truurerae  itraDgth,  816;  tabk^  634. 
Troeboid,  398. 
Trandte,  447. 
Tnia,144. 

eompoond,  148. 
Tnusing,  nooodarr,  145. 
TorUm,  696,  620. 
Tuining  (no  Botttlon). 
Twutiog  (m  Wnachiog). 

Uhbaulxcsd  roBOB,  nwmrH  o(  601. 
Unguents,  618. 
Uniromi  motion,  382. 

deviation,  387. 

effort  or  reyistance,  effect  of,  490. 

motion  under  balanced  forces,  476. 

velocity,  882. 
Universal  joint,  461. 

double,  462. 
Unsteady  motion  of  fluid,  413,  415. 

Vanks,  impulse  of  liquid  on,  693. 
Vaults,  stability  of,  226  (see  Arcli> 

|<mined,  262. 
Velocities,  virtual,  479. 
Velocity,  382. 

angular,  391. 

of  sound,  563. 

uniform,  382. 

unifonnly- varied,  886. 

varied,  385. 

varied  rate  of  variation  o^  387. 
Vibration,  653. 

isochronous,  553. 

not  isochronous,  567. 

of  elastic  body,  667. 
Virtual  velocities,  479. 
Vij-viva,  499. 
Volume,  13, 


Vortn,  418,  S74. 
■etioa  ct,  «d  wlwal,  691,  629. 

I'lMnMnsd,  676* 
rarasd,  670. 
free  drenlar,  674. 
fiw  tfb^  676. 

Walu,  sUbOity  at,  926. 

retaining  (see  Batsii>ii«  Walb) 
Watar,  a^iparent  might  of  bodias  in 
ia,  126. 

«spnisiaiii<  126. 

prusuw  tngtnah  686. 

vdodty  of  sonnd  in,  6C3. 

weiglit  0(126. 

(see  Liqoid,  SttMm). 
Waler-wlMd,  678, 627. 

action  of  vottex  on,  696, 629. 

effldsncy  of^  627. 

Impolas  of  water  on  floats  at,  69 
Wave,  motion  in,  416. 

of  nbration,  562. 
Wedges,  friction  of,  226. 
Weight,  49. 

apparent,  of  body  iminctsed  in  fla 

measures  of,  18. 

table  of,  637. 
Wheels,  motion  of,  426. 

bevel,  428,  448. 

grooved,  431. 

non-circular,  428,  449. 

skew-bevel,  430,  449. 

teeth  of  (see  Teeth). 

train  of,  434. 
Wind,  action  of,  on  towers  and  chi 

240. 
Windlass,  differential,  46C. 
Windmill,  629. 
Wiper  or  cam,  449. 
Work,  477. 

of  machines,  610. 

useful  and  lost,  610. 
Working  stress,  working  load,  2'i 
Wrenching,  resistance  to,  853. 

Yabd,  standard,  11. 
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Altken's   (WilUam,  M.D.,  Prof,  of  Pathologj'  m 

tho  Army  Medical  School,  &c.,  &c.,  &c.)  Tlic  iScieucs  and 
Practice  of  Medicine,  in  two  vols.,  8vo.,  bound  in  doth,  with  a 
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numeroiu  Illustrations.     Large  Post  8ro.,  88.  6d.,  clolk 

Applied  Mechanics,  by  Professor  W.  J.  Macqucj 

Rankine.    Sixth  Edition.    Cloth,  V2s.  Cd. 

Beethoven.      A   Memoir.      By   Elliott   Graei 

With  an  Essay  (Quasi  Fantasia)  "  on  the  IInQdri<dth  Annivcr 
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BibUcal   Cyclopnsdia;  or,    Dictionary   of  Eastern 
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Bunyan's  Pilgrim's  Prosfi-ess.  With  Life  and 
Notes,  Experimental  and  Practical,  by  William  Mason.  Printed 
in  large  type,  and  illustrated  with  full  page  woodcuts,  crown  8vo, 
handsomely  bound  in  gilt  cloth,  gilt  edges,  price  3s.  Gd, 

Progress.     With   Exjrository 
RoDEUT  Maohire,  Incumbent  of  Clerken- 
well.     With  Steel  Engravings,  second  edition,   imperial    8vo., 
cloth,  lOs.  Gd. 

Bums  and  Scott.     The  Complete  Poetical  Works 

of  Robert  Burns  ond  Sir  Walter  Sjcolt.  Lady  of  the  Lake, 
M.trniion,  Lay  of  the  Last  Minslrel,  &c.,  unabridged.  Illustra- 
ted with  line  Steel  Portraits,  and  two  fac-similcs  of  an  Original 
Letter  and  an  Unpublished  Poem  of  Burns'  in  his  hand- writing, 
cloth,  handsome,  &s. 

Burns'  Songs  and  Ballads.     With  an  Introduction 

on  the  Character  and  Genius  of  Bums,  by  Tbomas  Cabltle. 
Carefully  printed  in  antique  type,  and  illustrated  with  beautiful 
Engravings  on  Steel.  Foolscap  8vo.,  elegantly  bound  in  cloth 
and  gold,  3s.  Gd.  ;  malachite,  lOs.  Gd. 

Campbell's  Pleasures  of  Hope,  and  other  Poems: 

Including  some  Verses  never  before  published.  With  an  original 
Memoir  by  the  Rev.  CnARLBS  Rogkbs,  LL.D.  Beautifully  em- 
bellished witli  fine  Portrait  and  several  Steel  Engravings.  Just 
published.  Cloth  and  gold, .33.  Gd.;  morocco,  fe.;  malachite,  10s.  6d. 
••  Vfll  aduptod  for  a  clioioc  present, " — Publie  Opiniun. 

. "  K  rpTj  charming  odlLiim  of  the  pooini  of  onii  who  is  doserrodiT  a  Britiili  ClaHic." 

PMUUrt  Orc^ar. 
■>  Tb«  miuttneloiu  eagnvea  on  atcal    ....    an -sen  ^KrvnXiliA:' — BwkMn«'. 
"f>r.  W<vw^'  mi*mo<r  .-•'  "'^  !>....»  j^  cxc%I»Unk%\i  ^»V\-wtV.\i»,»sA  ^wft'^'^.  ._ 
f  r.Kt/i  (HiwfroriTo  of  Ciuii;  -\xt  and  ^^^*'*^'<'^  »**  ■"*"  ^  ^^  ^'*'"*'^^ 

etturciltUuiu"—.VartAHf  ,  iUt^tm. 
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Byron's  Childe  Harold's  Pilgrimage.      Illustrat 

with  Engraviiig-3  on  Steel  by  GRE-\TnAcif,  SIitXER,  Lkihtf 
Ac,  from  Paintings  by  Cattcnnole,  Sir  T.  Lawrence,  H-  How| 
and  Stotharii.     Beautifrilly  printed  on  Toned  Paper.    Fool< 
Bvo.,  clotli  elegant,  3s.  6d. ;  malachite,  lOs.  6d. 

Celestial  Scenery;  or,  The  Wonders  of  the  Planet- 

ary  System   Displayed,   including  all   H' 
Wort  is  intended  for  general  readers,  |  i  if 

in  an  attractive  manner,  sublime  object*  ul  cuauiuiil-ition. 
Thomas  Ui'.k,  LL.D.    New  Edition,     Printed  on  Toned  pa 
handsomely  bound,  with  gilt  edges,  price  5s. 

Characteristics   of  Great   Men,   by  John   Timi 

bound  in  ncnt  cloth,  price   Is.    (one    of   the     Series,    enti| 
"Uriffin's  Shilling  Manuals,"  edited   by  JoilM  TlMus). 

Chatterton's  Poetical  Works.     With  an  Original 

Memoir,  Bcnutifully  Illustrated,  and  elegantly  printed.   Foolscap 
tjvo.,  cloth  and  gold,  '6s.  *id. ;  malachite,  10s.  Cd. 

Christian  Philosopher,  The ;   or,   The  Connection 

of  Science  and  I'liilosnphy  with  Rolii,'i':in.  PyTuoMA^n!''!;,  I.L  0< 
Tweiity-ffcverith  Edition,  revised  and  enlarged.     V' 
160  Engravings  on  Wood.    Crown  8vo.,  clutli,  prii' 
paper,  handsomely  bound,  with  gilt  edges,  .'is. 

Circle  of  the  Sciences,   by  Owen,  Ansted,  Lathi 

etc.,  etc.    Each  Vol.  5e. 

Vol.        I.— Organic  Nature,  Vol.  1 — Physiology. 

Vol.       II.— Organic  .Nature,  Vol,  2— Botany,  &c. 

Vol.     Ill, — Org.inic  Nature,  Vol.  3 — Zoology. 

Vol.      IV. — Innrg.Tnic  Nature. — Gcologj',  &c, 

•Vol.       v.  — Nuvigfttion,  Asl;unomy,  &c 

Vol.      VI. —  Klementarv  Clivmistry,  Light,  Heat,  4c 

Vol.    VII. — Practical  CliemiRtry. 

Vol.  VIII. — The  Mathematical  .Sciences. 

Vol.      IX. — .Mechanical  Philosophy. 

T"/**  TrtatUc*  Separaltljf. 

Ansted's  Genlojry      ...  ...  iT" 

Dreen's  Practical  Astronomy    ...  it 

liroiiner  and  Sc^ofTcru's  Foud  «Dd  I'lC!    ...  .  o 

Bushnmn's  Physiology               ...  ...  ...  0 

Gore's  Klectro-Ucposition        ...  ...  ...  0 

Imray's  Praclicjil  Mechanics     ...  ...  ...  0 

.Jnrdine'g  Pr.icticnl  Ueonictry  ...  ...  ...  I> 

Latham'.s  Human  i^pccies         ...  ...  ...  0 

MatUn'B  VWi  •■TiinU;,-  \ri.     ...  .  .  ...  n 

Mitc\>K\\  Mv'  ■^^\ul'A■o^'5f■I       ..  ii 

Madic\Va\     .  .'i>>V*v\«  ■■ 

obeli's  VtiuotaV.  ^oxxsia  (jX  \ii»  %Nift.«ABsa. 


C(rcl«  of  tic  Scicneea—eontintted. 

Primary  Atlna  of  Gcogropliy    ... 
Irimary  Atlas  of  Geogi;iphy,  coloured 
Soofforn's  Liglit,  Heat,  &c.     ... 

Scoftflrn's  Iiior);anic  Bodies 

ScofTern's  Artilioial  Light 

Scoffeiti  and  Lowe's  Meteorology 

Smith's  Hotjiny 

TwiBden's  Trigonometry 

Twieden  on  Lo;;arithui>*  ...  ... 

Yoang's  Elomcnls  of  Algebra... 

Young's  Solutions  of  Questions  in  Algchra 

Yoang's  X.ivigatiou  and  Nautical  Astronomy 

Young's  Pl.inc  Geometry 

Young's  Simple  Arithmetic 

Young's  Elementary  Ltynamica 

Civil  Engineerino;,  by  Professor  "W.  J.  Macquom 

rtnukine.     Kighth  edition.     Cloth,  IGs. 
"A  work  compri^inu  uiuu-h  nri^rinul  rcflwiroh.  oa  wi'U  m  comprehca^lre  fttifly. 
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^itn  .1  Innn-  luuouiit  of  iti-tnictKo  EuutdT,  very  dokrly  Amui^'fl  tad  put  Into  a 
ulable  iMitli  to  iciciiUllc  ud  pmctlul  rtinJmit*."— CKnV  fttfilUfr  amit 


:  rn.-|nr:t1'mably  c&rrlcd  out  a  prprit  rli^fiin  in  n  wn-t  nioc^Bful 

to  uiTP  nriythln^r  ii'  f  itT  of  tlio 

1  Dr.  Ilankinc  s  vjih  ii  \ro  ure 

.;  furjia>«e4  In  mrrif  ■  n't.     A* 

i^>  fi'r  the  h.ii  :'    !• 

♦tti'l,  unriv  .^11 

I'u  of    l)r.   U.ii  t» 


.  il  Kijgtneeiliiif'  might  withotit  .\ny  Unproprlrty  b»  tennni  an 

n^r.  fnr  i-  imi.  'i.v,  ami  tli»l  milt  :\  m:iit.T  Ii  .ii-1.  rvcry  branch 

'<         ;  of  Kinrinecri.  i.-aniM!  nol. 

■  re,   hot  »  f'  ■  U>  thMO 

:it  dayf,  arr    '•■'  «  nMIO* 

t-,-'    iniit'iishabiL"   lu   the  granite   uiK»u    w>ii'.:i  tli.'y  wora." — 

^lioii  of  tht  tdcnoo  of  Saglata^ng."—SiiUdtT. 

Classified  Bible,  The :    an  Analysis   of  the  Holy 

Scripturos.    liy  the  Rev.  John  Eadik,  IJ.D.,  LL.D.,&c.,    Illus- 
trated with  iAIaps.    Third  Edition.     Post  8vo.,  hundsomei  cloth 


outifiue,  8«.  fid. ;  morr" 

**  It  ta  au  .ittcuipt  «o  t'l  r 
4»ntrut9.  Tllo  r^lpr  will  rtii- 
•^i  on  the  •^pnr'' 

•'  We  li(iT«'  nnl>  ' 
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I  commendation  of  a  work  ut  real  cxooUenoe  U» 


.  .IIU  kiJi'J    VUUUUi* 


Try 

J/frf»fy. 

"  l*rofnH)r  Kulli*.  wp  Imro  ri»ruon  to  tlilnk,  U  n>  Wimf  fnul  in  pnTirtrinir  lhl»  work 


n.-qnl[oa  no  noUoo  U  our  bmiif." —EMnitirfh 


II*  duulltlSM  felt    t' 

l^rlptorw.  wen-  <  l 
tottaooqMclaluui: 

Cobbctt's  (\Vi 

(incidentally) 
Hanks  of  Lite. 
Bachelor, 
Subject 


religion,  fonn' 

■^ofanyiw'r  '^iwi 

■  Mionariei,  anl  ''"*. 

limn)  Advice  lo  Young    Men,  and 

to  Young  Women,   in  the  Miiillc   ftnd   Higher 
In  a  Series  of  LtVUits  nAAttsaf.>\.  \n  \».'S.«i-«.<».n,* 
a   Lover,  a  Ev»V)a.tt4,  ix  1f  a.\ivti:,  w.  v;\Mvi.<«>,  «sA.  ». 
New   Edition.    V'ooUcixv  *''o%  ^^'^^^  '^*-  '*^"' 
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Cobbett's  (William)  Cottage  Economy;  miiUtnmj 

Information  roUtivo  to  the  Brewing  of  Becr/ftl  ■ 
Kecpinp  of  Cows,  Pii^s,  Boes,   PlmiUt*-     ■?■(■  ■ 

m<     other  raatton;  deemed  useful  in  the  e 

^    Poor  Man's  Family.     New  Edition,  re. 
Foolscap  8vo,,  cloth,  2*.  6d. 

Cobbett's  (AVilliam)  English  Grammar. 

additional    Chapter    on    Pronunciation.      Dy    J. 
Cloth,  Is.  6d. 

Cobbett's  (William)  French  Grammar.     No  b« 

extant.    Cloth,  3s.   Gd.    Thirteenth  Edition. 


COH-'iUl    -UXi   WL-H'  r'.'Vl:»lUU 


U\     Ul"  l/JI,^. 


Cobbett's  (William)  Legacy  to  Parsons;  or, 

the  Clorpy  of  the  EstaWishetl  Church  tin  Enuitable  Right  to  Ui 
Tithes  and  Church  Property  V  With  a  New  Preface  by  tli 
Author's  Sun.     Now  ready,  u  New  Edition.    Cloth,  Is.  6d. 

**  Tho  nto«t  tiowrrfnl  work  of  the  sraaiaKt  muter  o(  pollticni  coutrotany  thU  eooDtl 
has  cvu-  prvluocU." — Pali  iiatl  Omrttt* 

Cobbett's  (William)  Rural  Rides  in  Twenty-eigh 

English  Counties  :  with  Economical  and  Political  ObacrvsUonj 
With  Notes  by  J.  P.  Cobiikit.     12mo.,  cloth,  3s.  Cd. 

Cobbett's    (William)     Poor     Man's    Friend 

Defence  of  the  Rights  of  those  who  do  tlio  Work  and  Fight  tfa 
Buttles.     Foolscap  8vo.,  limp.  Is. 

Cook's  Voyages.     Voyages  Round  the  W< 

Captain  Cook.    Illustrated  with  Mapaaiid  numerous  E. 
2  vols.,  super-royal  8vo.,  doth,  30s. 


Creation's  Testimony  to  its  God :  the  Accordanci 

of    Science,    Philosophy,    ond    Revelation.     .\    *' '      ' 

Evidences  of    Natural    and    Revealed    Religion, 

reference  to  the  Procress  of  Science  and  Advancy  v.   ., 

By   the   Kov.   Thomas  Kaoo.     Eluvcuth   Edition,   revised 
enlatged.    Ivi  WwdaomQ  cloth,  bevelled  boards,  58. 
**  We  ore  nut  n  \Vt.Ui2  v^c'^'i"^  *v»lA  ^<Q  'WK(A.-<ii\'Ctv>:oA«MM>>rR  .a  >3k^  ^v>i(uaii  in  i 
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Cruden's    Concordance    to    the    Holy    Scriptures. 

By  tho  Rev.  .John  Eadik.  D.D.,  LL.D.  Witli  nn  latroduction 
by  tlio  Rev.  Dr.  Kl.vo.  This  has  long  and  deservedly  borne  the 
reputation  of  l>eing  the  completest  and  best  edition  extant,  oud 
the  present  reduction  in  price  will  also  cause  it  to  be  by  far  the 
cheapest  published.  Thirty-oecond  Edition.  Cloth,  3s.  6d.;  bevelled 
boards,  aDtique,  red  edges,  43.  ;  whole  calf,  8s.  ;  whole  morocco, 
10s.  6d. 

Curiosities   of  Animal   and  Vegetable  Life.     By 

.TonN  TiiiBS.  Noat  cloth.  Is.  ^bcing  one  of  a  Series  entitled 
"  GriiSn'a  Shilling  Manuals,"  edited  by  John  Timbs.) 

Cycloptedia  of  the  Physical   iSciences ;  comprising 

Acoustics,  Astronomy,  Dynamics,  Electricity,  Heat,  Hydro- 
dynamics, Magnetism,  Philosophy  of  MathematicH,  Meteorology, 
Optics,  I'neuraatics,  Statics,  iScc,  &c.  By  Professor  J.  P. 
NiCHOL,  LL.n.  lliird  Edition,  revised  and  enlarged.  With 
Maps  and  Illustrations,  8vo.,  bound  in  lloxburghe  style,  21s. 

"  It  takes  itx  pirtce  at  oncn,  an'l  of  coarse  aniODi;  ^tanvUnl  work* Th-* 

(tnmnd  of  oitropinUMi  is  ttiei'Ti'pllrnix*  of  tho  iimttLT,  tlit>  frt..IiiK',w  nt  the  arucles,  and 
tbe  nttonlion  which  tuidtMcu  ^loid  to  briimini;  m  tbe  most  rocuoL  rivws  ouU  diicoreriea." 

"  Well  printol  and  Uluatnted,  «nd  moit  ably  olltid."— frniiMr. 

"A  uiMt  luetul  book  ol  Kbtenoe,  dMarring  bi<b  oomawndation." — P^tslmiKittr 

Dalgaims'  Cookery :    The   Practice    of    Cookery, 

adapted  to  tho  Business  of  Every-day  Life,  By  Mrs.  D.vi.uairns. 
The  best  book  for  Scotch  dishu-i.  About  00  new  recipes  liave 
been  added  to  the  present  edition,  but  only  such  as  the  A\ithor 
has  had  adequate  means  of  ascertaining  to  be  valuable. 
Foolscap  8vo.,  cloth,  38.  6d. 

*'  Thli  U  by  for  the  matt  complete  anil  tmly  practical  work  which  bos  yot  appeared 
on  thi*  fuhjoct.  It  wUl  bo  found  aa  iafolUbla  "  Cook'i  Componum,"  and  a  tcruann  uf 
gfvttt  prlcv  to  tho  niijtrfiai  of  a  family." — tUinlmn/h  UUrarg  Jjnrn'tt. 

*'  Wc  conaider  wo  haro  rauon  etp.)n^ly  to  rKominmd  Mm.  Dolgnlnu*  aa  on  economical. 
OMful,  and  practical  ajMteiu  of  uookory.  adaptt^J  to  tbo  woota  of  all  fouiUiua,  from  tlie 
trodtiMnau  to  tba  coautrj  geutlcmon." — Spteimtor, 

Dallas's  (W.  S.)  Popular  History  of  the   Animal 

Creation:  being  a  sytitcmatic  and  popular  Description  of  Uic 
IlnbitB,  Structure,  and  Claasitication  of  Animals.  New  Edition, 
with  many  hundred  illustrations.     Crown  8vo.,  cloUt,  8s.  Cd. 

1,000  Domestic  Hints.   By  Johji  Timbs.  Cloth,  Is. 

(being  one  of  a  Series  entitled  "  Griffin's  Shilling  Manuals," 
edited  by  Joun  Timbs). 
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MlnU"caniiot  toll  tob«  «p(«KitMriL\q  VbA 'taimaraMn^ittn'ak -MA.  i&xn« 
mUef  hint.    We  curdiollT  commauil  Umm  Uaawia  to  Uaa  «MiiBtt«o.<ft.  wxmi;te»-  — 
JMnitn  Jttntlil. 
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Domestic  Medicine    (Dr.  Sncnoor  Tliornsnn'.O 

Dictionary  of  Domestic  >l«il  (villi 

an  additionul  Chapter  on   i..  ^ 

Invaluable  to  Motliers.     Ninth  E<  >\ighly  rerised» 

trnted.     Large  Svo.,  750  pugcs,  ci  i. 

Rev.  Professor  Eadie's  Commentary  on  the 

Text  of  the  Epistle  of  PjuiI  to  the  Eplicsians.    Second 
roviRcd  tlironjilioiit  and  cnUrKcd,  8to.,  cloth,  14s. 


Eadie's    (Dr.)     Dictionary-   of    the    Holy    Bil 

designed  chicHv  for  tlio  Use  of  Young  Persons.     With  num| 
IllnBlrations.     Eleventh  Edition.    Ismail  8vo.,  cloth  .iuti<^a 
cn         '       '        "It.  back  and  edges,  38. ;  morocco,  7».  6d. 

"A  '  K;    niuat  pp>v«  ul  gnftL  Ufo  10  the  visin  hyt  whcrni  El 

li.li-ii.'., 

.  ^.j^mtcDJtum  of  ClUlc  lore.    It  U  port  v 

.    wltlanuilmoasly  Ihiutk  tb«  Author  for  til 
Xovti,'  —Cniic 
"  A  very  good  wid  nscfol  compiLiUon  for  yoatti."—LIUnrf  Oattttt. 

Rev.  Professor  Eadie's  Ecclesiastical  Cycle 

a  Dictionary  of  Christian  Antiquities,  Sects,  DenominI 
Heresies  ;  llistory  of   Dogm.<»s,  Riles,  Sacramenth,  Co? 
etc.,    Liturgies,    Creeda,    Confession.^,    Monastic   and    Relii 
Orders,  Modem  .]ud.iism,  etc.,  etc.     By  the  Rev.  Jons 
D.D.,  LL.U.,  agisted  by  numerous  Contributors.    Third  E(| 

post  Kvo.,  cloth,  P-   '■'   :  r  " '  ■. 

"  TtilJ  Cycloi  inlin  will  pr  .  n;y  and  litity  ot  Gmt  1 

Aprratbodynf  rr.rir.n*  nni'  .•'■tii.lin  It;  tho  aim  had  1 

cornbiiii.'  p'lpiil'iTi 

"  Wo  rury  «  .  -  itli  to  mu'.-li  fntUu!^  of  kii" 

toUK'ioTiTl'.ii-  .  I  the  attriiUnn  of  onlinKrUx  ■    

Iwr^in-H  !i  Sohool  t«M7hcr».  usd  of  mlnUMiB.1 

"Oiir:  Is  « 'camprchmslw*  work; 

luoy  luid  t'lut  It  h  .ifMii.tt  w  ;:[  :,--r.ii]ini  u>..>riil  ami conrculeat  to  •  \xkv^  otitnbcr^ 
cluriry  and  \aily."—£ntftitK  ChnrfKman. 

Earth  Delineated  -with  Pen  and  Pencil,  The  | 

Illustrated  record  of  Voyages,  Travels,  and  Adventures  all  1 

the  World.     Illustratt'd  with  more  than  200  Eu. 

first  stylo  of  Art,  by  the  most  eminent  Artists,  inf 

from  tlie  master  pencil  of  GfsrAVB  Dore.  Demy  4iu  ,  ■  j.'  ^ij 

profusely  lUuslrated,  very  handsomely  bound,  ])rice  £1  Is. 

English    Literature,   A  Compendious  IJistor 

and  of  the  English  Language,  from  the  Norman  Coi)')iiv*t. 
numerous  Specimeua.  liy  (jkoiige  L.  Cuaik,  LL.D.  Now 
a  New  Edition,  in  two  lirtrp  Rvo.  vols  ,  hnndsomcly  bo 


TJL<>«t 

.i.iy  |[«\«'". 


English  Literature,  A  Manual  of,  for  the  Use  of 

Colleges,  Schools,  and  Civil  Service  Examinations.  Selecteil  from 
tlio  larger  work.  By  Professor  Craik.  Fourtli  Edition.  Crown 
8vo.,  78.  6d.,  cloth. 

**  A  manual  n(  Engtuh  UlemtQrD  from  inch  an  experlcACftS  ami  vrcU  nad  %  lohntar  M 
Ptoloaor  CnUc  ueuia  no  other  naommmulatloa  than  U>«  mention  at  tu  exbtracc.'* — 

En^ligh  Woman's  Library  :  a  Series  of  Moral  and 

Descriptive  Tales,  by  Mrs.  Ellis.  Cloth,  each  2s.  Gd. ;  with  gilt 
bocks  and  edges,  3s. 

1.— The  Wombn  or  England:    their  Social  Duties    and 

Doroeslic  Habits.    39th  thousand. 
2. — The  DACOHTKHsor  E.nolasd  :  their  Position  in  Society, 

Character,  and  Responsibilities.     20tb  thousand. 
3. — The   Wives    or   ENuijiNn :    their    Kclatlvc    Duties, 

Domestic  Inlluence,  and  Social   Obligations.    18th 

tlionsand. 
4, — The  M<.)TUEk.s  op  Enoiand  :  their  Influence  and  Respon- 
sibility.   tiOth  thonsand. 
5. — Family  Secrets  ;   or.  Hints   to  make  Home  Happy. 

3  vols.     23rd  thousand. 
e. — Si'M.ME(:  ASH  Winter  is  the  PvREN'Kr,s.    lOlh  thousand. 
7. — Te.mpkr  AJJn  Tkmi'erament;  or,  Vorieties  of  Character. 

2  vols.    10th  thousand. 
8. — Pkeven'T'on  Bettek  than  Curb  ;  or,  The  Moral  Wants 

of  the  World  we  Live  in.     12th  thousand. 
9. — He.\rts  asd  Homes;  or,  Social  Distinction.     3  vols. 

lOlh  thousand. 

Eventful  Life  of  a  Soldier  in  the  Peninsula.     By 

Joseph  Donaldson,  Scrgcont  in  the  Ninety-fourth  Scots  Regiment. 
Foolscap  8vo.,  cloth,  3s.  6d.;  with  gill  Bides  and  edges,  4s. 

FINDEN'S    FINE   ART   WORKS. 

•Gallery  of  Modern  Art ;   a  Series  of  31   higlily- 

iinished  Steel  Engravings,  with  Desoriptivo  Tales  by  Mrs.  S.  C. 
Hall,  Mary  Howitt,  and  others.  Folio,  clotli  extra,  gilt  cdgei, 
21s. 

Beauties  of  Moore  :  bein^  a  Series  of  Portraits  of 

his  principal  Fcniato  Characters,  from  Paintings  by  eminent 
Artists,  eimruvcd  in  the  highciit  stylo  of  Art,  by  Mr.  Eu^vabd 
Fl.NDEN,  with  a  Memoir  of  the  Poet,  mid  Descriptive  Letter-]>roas. 
Folio,  cloth  extra,  gilt  edges,  428. 

Drawing-room  Table  Book:  a  Scries  of  31  highly- 
finished  .sicci   Engravings,  w\l\%  Dc6cr\Y^\N\i'Y«Xtt«i,Vj^\\i.'*i.^- 
E.ILL,  Mabv  Howitt,  and  ot.\icre.  ¥o\\o,cV.  tVuLa^'B^'^.<!.^'««"'*^^ 


I 
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GRIFFIN'S     EMERALD     GEMS. 

Jnst  published,  a  uew  volume  of  this  exqusitc  i>(irii'4.     Boau 
priiUeil  on  toned  pauer,  with  Portrait  and  other  llliutratioos. 
elegant,  Gs.  ;  Id  mivlachite,  12d.  6d. 

The  Songs  of  the  Baroness  Naime,  authores 

"The  Lnnd  o'  the  Leal."     With  Memoir,  from  family  papen 
other  origiDal  sources.  Edited  by  the  Kev.  Cua&lgs  Rooi 

*,*  Her  Mnjc^ty  the  Qncili  liv  cxrn.&tfil  ha  &ilxuir&tioji  of  tbo 
thf  Kutbonbip  oT  wlUcU  ia  now  for  the  first  time  oiiulc  public. 

Alto,  uniform  icith  the  abort, 

Gray's  Poetical  Works.     With  Life  by  the 

John  Mitkohp,  and  Essay  br  the  EIarl  of  Cauli^b. 
Portrait  and  numerous  Engravings  on  Ste«l  and  Wiioil. 
Edition.     Elegantly  printed  on  toned  paper,  foolsctp  Svo., 
bound  in  cloth  and  gold,  6s. ;  malachite,  12s.  6d. 

Goldsmith's  Poetical  Works.      With  Mt-moiri 

WiLi.tAM    Spaluing,  A.m.      Exquisitely  Illustrated   »ritli 
EngraTings.     New  Edition.     Printed  on  superior  toned   ptp 
Foolscap  8vo  ,  cloth  and  gold,  3«.  tid. ;  malachite,  lOs.  6d. 


Bums'  Songs  and  Ballads 


With  an  Introduction 

on  the  Character  and  Genius  of  Bums,  by  Tuom.vs  Carltlkw 
Carefully  printed  in  antique  type,  and  Illustrated  ^Wth  heautifiil 
Engravings  on  Steel.  Foolscap  8vo.,  elegaatly  bound  in 
and  gold,  3s.  Gd. ;  malachite,  10b.  Cd. 

Poe's  Poetical  Works,  Complete.      Edited  b 

Hansay.    Illustrations  after  Wehnt.bt,  Weir,  &c.    Tnnod 
Foolscap  8vo.,  cloth  elegant,  3s.  6d. ;  malachite,  lOs.  6d. 

Byron's  Cliilde  Harold's  Pilgrimage.      lilustrfti 
with  Engravings  on  Steel  by  GREATUAfu,  Jiillkb,  Liohttoot, 
from  Paintings  by  Catteiuiole,  Sir  T.  Lawre.stk,  U.  Ho 
and  Stotuaro.    Beautifully  printed  on  toned  paper.     F 
8vo.,  cloth  elegant,  Ss.  Cd.  ;  malachite,  10s.  Gd. 

Chatterton's   Poetical  Works.     With  an  Ori, 

Memoir.  Beautifully  Illustrated,  and  elegantly  printed.  Fi 
8ro.,  cloth  and  gold,  3s.  6d. ;  malachite,  10s.  6d. 

Herbert's    Poetical   Works.       With    Memoir  bj 

J.  NiCHOL,  B.A.,  Oxon.     Edited  by  Chari  CLAaKK 

Foolscap  8vo.,  cloth  and  gold,  39.  Cd. ;  mala  6d. 

Campbell's  Plea.sures  of  Hope.    With  Introductory 

Memow.  lWvxrt.tB.'WiftL'«\\.\i»'vV«iw<iW  "^^    'V     rirings.  Priot!3«.6d 
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Goldsmith's  {'Oliver)   Poetical   Works.      With    a 

Memoir  by  Wiixiam  Spamuno,  A.M.,  and  nuraerous  IlIosCratioDS 
on  Steel  and  Wood.   FoolRcap  4to.,  most  elaborately  gilt,  cloth,  5s. 

GRIFFIN'S    SHILLING    MANUALS. 
[Edited  by  JoiiN  Times.     Bound  in  neat  cloth. 

I.  Popular  Science. 
II.  One  Thousand  Domestic  Hints. 

III.  Oddities  of  History. 

IV.  Thoughts  for  Times  and  Seasons. 
V.  Charactcribtica  of  Groat,  Men. 

VI.  Curiosities  of  Animal  and  Vegetable  Life. 

llAditluM  to  the  Lllirwjt,  produced  bjr  lit,  TUnbs'  industry  luiil  ahiUtr.  uttue- 
,  and  to  hlA  pagiai  inuiy  a  hint  And  raggcttlou,  uid  many  a  tmci  of  Impcirtoncc,  Is 
»t4jred  up,  that  woal(t  oChcnrlw  hare  tMcn  loit  to  the  pubUc,"^ltutliUr. 

'*  Ciipltitl  Uttlc  bookR  of  »l)otit  a  hundral  po^o*  each,  wbeiein  tbu  indefnti^jabW  Author 
tB  swn  at  hla  b«at." — JfcdUaM/  UagoMim. 

Henry's    (Matthew^    Commentary   on   the    Holy 

Bible.  New  Edition,  3  vols.,  super-royal  8vo.,  strongly  bound 
in  cloth,  50s.,  calf,  marbled  edges,  678.  6d.,  levant  morocco^ 
auti<|ue,  gilt  edges,  84c. 

[Herbert's    Poetical   Works.       With    Memoir   by 

J.  KicBOL,  B.A.,  Oxon.  Edited  by  Charlrs  Cowden  Clabks. 
Foolscap  8vo.,  cloth  and  gold,  3s.  6d. ;  malachite,  10s.  Cd. 

!  Hogarth 


1 


by  Jaues  Uannav.    Small  folio,  cloth,  gilt 


I 


-The  Works  of  William  Hogarth,  in  a 

Series  of  150  Steel  Engravings  by  the  First  Artist.s,  with  Descrip- 
tions by  Kcv.  John  Thu.slkr,  and   Introductory   Essay  on  tho 
Genius  of  Hogarth, 
edges,  528.  Gd. 

Horatii  Opera.      With  copious  English  Notes  by 

Joseph  Currir,  Master  of  Sunderland  Academy,  Many  illustra- 
tions.    Fcap.  8vo.,  cloth,  56. 

Part  1.     Carmina.     With  English  Notes,  cloth,  38. 

Part  2.    Satires.     With  English  Notes,  cloth,  Ss. 
"  The  noti9  an  excellent  and  cxbaastiTu." — QuarUrty  J<mr.  A'dtfC.,  July.  1670. 

Kitto's  (Dr.)  Holy  Land.   The  Mountains,  Valleys, 

and  Rivers  of  the  floly  Land  ;  being  the  Phj-sical  Geogrnphy  of 
Palestine.  By  John  Kiito,  D.D.,  F.S.A.  Just  ready,  new 
edition,  fcap.  8vo.,haudsomely  bound,  28.  6d.  ;  in  bevelled  boaids, 
red  edges,  3s. 

Leared    (Dr.)   On     Imperfect    Dvoe%\.vou.     "^vs^ 

edition,  post  8vo.,  cloth,  4s.  6d. 


Lamb's  (Charles  and  Mary)  Tales  from  Shakespeare. 

New  Edition.  To  whicli  «r«  now  addeii  Scenes  illustrating  each 
Tale.  With  numerous  Woodcuts  from  Designs  by  Habvbt. 
Edited  by  Charlbs  Ksioht.  Small  8vo.  cloth,  bevelled  boards, 
2s.  6d.  i  with  gilt  edges,  3s.  ;  morocco  antique,  7a. 

Language  of  Flowers,  The :   or,  The  PiljTrimage 

of  Love.  ByTiiOM^sMiLLKR.  Witli  eight  beaatifullv  coloured 
Plates.  Just  published,  a  New  Edition.  Small  8vo.,  cloth,  gilt 
edges,  38.  6d. ;  handsomely  bound  in  silk  and  in  morocco,  8s. 

iMackey's  Freemasonry:  a  Lexicon  of  Free- 
masonry ;  containing  a  Detfnition  of  all  its  Communicable  Terms, 
Notices  of  its  History,  Tradition,  and  Antiquities,  and  on  Account 
of  all  the  Rites  and  Mysteries  of  the  Ancient  World.  By  Albkbt 
G.  Mackey,  M.D.,  Secretary-General  of  the  Supreme  Council  of 
the  U.S.,  &c.     Handsonioly  bound  in  cloth,  price  5s. 

Mangnall — Historical  and  Miscellaneous  Questions, 

for  the  use  of  Younp  People.  By  Uichmal  Ma.'«qsaix.  New  Illus- 
trated Edition,  greatly  enlurj;ed  and  corrected,  and  continued  to 
the  present  time,  by  In'GRAM  Cobbki,  M.A..  l'2mo.,  bound,  4i. 
Forty -eighth  thousand. 

Many  Thoughts  of  Many  Jlinds :  beiii";  a  Treasury 

of  Reference,  consisting  ol  Selections  from  the  Writings  of  th« 
most  celebrated  Authors.  Compiled  and  onalytically  arranged  br 
IIenrv  Southqatb.  Twentieth  Thousand.  Square  8vo.,  printed 
on  toned  paper,  elegant  binding,  128.  (id. ;  morocco,  £1  Is. 

••  Tbp  prodcoe  of  je&n  of  reMATCh." — Kxtunimtr. 

"  Ocitim>i  to  Uka  ■  high  pUc«  unoni,'  bonks  of  tbu  fIab."— .Vs(a  mJ  Qiuritt. 
'•  A  tRMOre  to  eTei7  rouler  who  majr  be  fcrtnnau  cnou^'h  to  pouM  It,"— Jtv'"^ 
Journal  of  S^meatiOH, 
"  Ttu>  Mxnraolation  of  traunrm  tmlf  wonderfol."— Jfc^niiii^  Btraid, 
**  Thu  1<  a  wondrous  book."  ^Dmilf  StKt. 
"  VTortti  lu  veifbt  in  goU  to  Utcmrjr  men."— BsiUw. 

Sfany  Thoughts  of  Many  Minds.     Second  Series. 

]fy  Hkkry  .SotrrnGATE.     Square  8vo.,  printed  on  Toned  paper, 
and  elegantly  botmd  in  cloth  and  gold,  r2s.  Gd. 
The  same,  Handsome  morocco  antique,  £1  Is. 


**Pew  ChriMUnm  Bookx  sn*  lifcdy  to  be  more  pemuuimtly  nlnablc" 

**  f*aUjr  totullu  t)le  (Soaemd  rcputalioo  iichjcv«il  by  the  Pint  Series." — J6^»  /taff. 

Morison's  (Dr.  J.)  Family  Worship.     Prayers  for 

crery  Morning  and  Evening  throughout  tne  Year.  4to,  cloth, 
gilt  edges,  r2s. 

Jv^ichol's  (Professor)  Cyclopaedia  of  the  Physical 

Sciences ;  comprising  Acoustic*,  Astronomy.  Dynumim,  Elec- 
tricity, Heat,  Ma^elism,  Meteorology,  «S:c.,  &c.  Third  Edition, 
•&\aiVQ^.    Ma.'^  aud  I]|iistr.ition8.    Large  8vo.    ;Ua]f-bound, 
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^Pictorial  Gallery  of  the  Useful   and   Fine  Arts, 

H  Illustrated  by  Duinerous  beautiriil  Steel  Engravings,  and  nearly 
^K  Four  Thousand  Wixjdcuts.  Edited  by  Cuaiileb  Kniuut.  2  vols. 
^B       folio,  doth  gilt,  34s, 

'Pictorial  Museum  of  Animated  Nature.  By 
Chari.es  Knioht.  Illustrated  witli  Four  Thousand  Woodcuts. 
Folio,  2  vols,  cloth,  gilt,  34s. 


*ictorial 

KlTTO. 


Sunday  Book. 

Cloth,  gilt,  2 OS. 


Edited   by    Dr.   Joiin 


*oe'8    Poetical    Works,    Complete.      Edited    by 

J.  Hannay.  Illustrations  after  Wehncrt,  Weir,  &c.  Toned 
Paper.  Foolscap  8vo.,  cloth,  elegant,  39.  Gd. ;  malachite, 
10s.  6d. 

i'oetry  of  the  Year ;  or  Pastorals  from  our  Poets 

illustrative  of  the  Seasons.     Emliellislieil  with  a  Series  of  Admira- 

Mc  Imitations  of  Wntcr-Colour  Paintings  from  the  Drawings  of 

Birket  Foster,  Harrison  Weir,  Barker,  Lejeuue,  E.  V.  H,  Duncan, 

Lee,  Cox,  T.  Cre.swick,  I4.A.,  beautifully  executed  in  Chroino- 

Lithography,  and  mounted.     4to ,  hand:iomely  bound  in  cloth  and 

gold,  i6». ;  morocco.  ;£1  5s. 

'OiK'  o{  lite  niii<t  ifliiiiniMr'.  n*  well  >s  matt  origlsal, oontribatlom  to  tlw plctotUl 
Btcratiin!  of  tti£  Wiwn."— /■iilJ  M«ll  lla:Mt. 

'  Altogrtbcr,  tho  bo<ik  U  n  vorj-  attnvrtiru  one." — Timtt. 


PROFESSOR     RAMSAY'S     WORKS. 


liRamsay's  ( Professor)  Manual  of  Roman  Antiquities. 

With    Map,  numerous   Engravings,    and    very  copious    Index. 
Eighth  Edition,  revised  and  enlarged.     Cronrn  8vo.,  cloth,  8h.  Ud. 


■  A  Mannnl  n(  Ilumnii  AntinnlUwl.'  liT   William  Ronuar.  3I.A.. 


U  A    HMrfril   worfc. 

'■'  LatJu  UUnilnrw 

'Villi  uumcroiu 


Knmsay's  ( Professor)  Elementary  Manual  of  Roman 

Antinuitiis.    AdaptuJ  for  Jimior  Cla-ines.     Xutuerous  Illustra- 
tions.    Filth  Edition.    CrownSvo.,  cloth,  4s. 

Ramsay's   (Professor)   Manual  of  Latin  Prosotly. 

Fourth    Edition,  revised  and    greatly  culorgcd.     Crown   8vo.; 
cloth,  08. 

Ramsay's  (Professor)  Elementury  ^Va.\\\\vi.  «ii\jsioi55i- 
Prosody.    Adapted  for  Junior  C\»8aC4.    Cxo"«t\%'^o->«^'^">-«'**- 


PROFESSOR  RANKINE'S    WORKS. 


B**  Machinery  and  Millwork : 

'  oC  MMliilMt,''Uotion8  of  MnchiDeo,  ^' 


icbinec, 
ecta  of 


«(  UafeUoML    Coustniction   of  Mn< . 
,  A«^  Ac.     Uli»tniU:d   with    nearly   3u;  Woodcnto. 
>«Ms  cfcttwlS*-  64. 

1  TTork.'  hi);  irahimiw  tiK 

lihihrr  pralat  It  k  diaralt  la 

-  --:-w  of  rwnwhh 

t  of  flnb^ris  Lnwto!  trai«t,  lijov 

•k>  ■■  ■  ITohoKir  ti.'  >i '  In  tho  ftW; 

'  H»  It  vttl  thoiDUU,  UKt,  MK  k«.  *-  >.  I'^iiy  nwi  an^albs 

•■■MMltatoclBlltcRilo  Uio  icct  or  (toy  enginwr."— 

e's    Chril    Engineering.     Eighth   Edition. 

e^»   Aanfied    Mechanics.     Sixth    Edition. 

'«  The  Stewn-Engine  and   other   Prime 
miilMaa.    aB(ik,128.Cd. 

e%    TmAJ    Ruks    and    Tables.      Third 


Moral  Anecdotes.   With  an  Intro- 

Kcv.  OsBsac   CuEEVER,    D.D.     Tentb 
3H.M. 


Wivid  (lite).    Being  Confessions 
■MMkanc^Mdi  DefMDiiDatioD 

mt^  ate.     Cktk,  Bro.,  bereUed 
on  PoKtical  Economy : 

jHttRy  ite   Pkwluuliott.  ami 
AiM.     Qowa  Snt,  doO,  4t. 

aad  Poetkal  Works.     Ee- 
«<A  ■  Mimrr,  sad  tmay  oa 
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school  Board  Readers  (The.)     A  New  Series  of 

Standard  Reading  Books  for  Elementory  Schoolh.  Edited  by  a 
Former  Her  Majesty's  Inspector  of  Schools.  The  Prices  will  be 
as  follows  : — 

Elembkt/iey  Readixo  Book,  Part  I.,  containing  lessons  in 

all  the  short  vowel  sounds.     Demy  18mo.,  16  pages,  in 

stiff  wrapper,  price  Id. 
Elemestabv  READtNO  BooK,  Part  II.,  containing  the  long 

vowel  sounds,  and  other  raonosyllnbles.     Demy  18mo., 

48  pages,  in  stiff  wrapper,  price  Sd. 
Standard  I.,  containing  Reading,  Dictation,  and  Arithmetic. 

Demy  18mo.,  96  pages,  neat  cloth,  price  4d. 

Stakdard  II.         Ditto         demy  18mo.,  128  pages,  neat 


cloth,  price  6d. 

Standard  III.       Ditto 
cloth,  price  9d. 

Stakdard  TV.        Ditto 
cloth,  price  Is. 

Standard  V.  Ditto 

cloth,  price  Is.  Gd. 

Standard  VI.        Ditto 


fcap.  8to.,  160  pages,  neat 
fcnp,  8vo.,  192  pages,  neat 
crown  8vo.,  250  pages,  neat 
and  Lessons  on  Scientific  Sub- 


jects.   Crown  Svo,,  320  pages,  neat  cloth,  price  2s. 


Shakspeare's  "Works.    Edited  by  T.  0.  Halliwell, 

with  a  Series  of  Steel  Portraits.     3  volumes,  royal  8ro.,  cloth 
gilt,  £2  10s. 

[Sidereal  Heavens,  The,  and  other  Subjects  con- 
nected with  Astronomy,  as  illustrative  of  the  Character  of  tho 
Deity,  and  of  an  Infinity  of  other  Worlds.  By  TnoMAS  Dick, 
LL.D.,  author  of  the  "  Christian  Philosopher,"  &c.  New  Edition. 
Printed  on  toned  paper,  handsomely  bound,  with  gilt  edges, 
price  66. 


[Songs  of  the  Baroness  Naimo,  authoress  of  "The 

Land  o'  the  Leal."  With  Memoir,  from  family  papcni  and 
other  oripnal  sources.  Edited  by  the  Rev.  Ciiaklbs  Hogeos, 
LL.D.  With  Portrait  and  other  Illustrations.  Cloth  elegant,  Gs., 
malachite,  128,  Gd. 

[•nUunUp  of  trUeii  ij  mw  (or  tbt  am  Ubm  maOa  yobUo. 
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Spelling  by  Dictation  :   Progressive  Ex 

Knglisti  ( )rthogrftpliy  for  Schools  ana  CSvil  Service  1 
By  tlie  r.ev.  A.  J.  D.  D'Oksey,  of  King's  College. 
18ino.,  cloth.  Is.    ThirteeutU  Thousoud. 


Student's  Natural  History  :  being  a  Dictionary  of 

tlie  Natural  Sciences.  \Vith  a  Zoological  Chart,  showiu'g  the 
Distriliution  and  Knogo  of  Animal  Life.  By  W.  Baird,  M.D., 
F.L.S.,  Britifcli  Museum.  Numeroua  IlIustratioDH.  Demy  Svo., 
clotli,  gilt,  red  edges,  10s.  6d. 


**  Tba  work  is  a  Terr  useful  one,  luid  «U1  rontr^biit^ ,  hj  iu  cheapiif«*  aad 

•iTciMn,  to  (cater  the  cxt«iulin^  t«>I«  (or  iwinnl  Kloncc."—  IfatmttuUr  Bnim. 

**  Wo  would  woll  roc-ommeud  ihU  Toluiue  to  students  of  natiir«]  hl&tnry." — ^ 

*'  Few  men  coold  Ijc  bvttrr  quaJifled  for  *uch  a  ta«k  than  Dr.  Bajnl.     ...    W*  can 

recommend  it  aa  a  umIdI  work  o(  nferaua  on   Uw  subject  ot   natoal  hiiiatx."— 

"  Edited  with  the  ntniost  oatt,  ami  dsserras  to  twK  among^  sUuidaid  marki  ot 
eaet."—Vndtr. 
'■  A  most  ^-alaaMe  work."— Ciujow  tttrtlj. 
"  Well  worthy  to  be  oonpleil  witb  Nidiol's  Pkftkat  Seitata.''—exumuur. 


1 


Thomson's  (Spencer,  M.D.,  L.R.C.S.,  Edinburg'.., 

Dictionary  of  Domestic  Medicine  and  Household  Surgery.  Ninth 
Edition.  Thoroughly  revised,  and  brought  down  to  the  prciicut 
state  of  Medical  Science.  With  the  addition  of  an  Appendix  and 
a  Chapter  on  the  Management  of  the  Sick  Room.  lUubtraCed 
with  lot)  Engravings  on  wood.     Post  tivo.,  cloth,  Ss.  6d. 

**  Tho  bust  and  ?afc«t  bot'k  on  Dom«ttc  ^ediciuo  and  Bonseliold  Stssig^  which  has 
yet  appeared.*'— londua  Jonrmat  of  Mtdiemt. 

**Dr.  Thnmwn  has  fully  «T)0(«c<]<<d  in  (i>iiYpyln(r  to  the  pabUc  a  roafc  rtiirnnt  tj 
proliadouul  UiowUtlgc." — l>uiuit  Jvumat  of  iltdicat  Seieuet. 


Virgilii,    Opera.    With  English    Notes,    Original 

and  Selected.  By  Abcuiualo  ILmiilton  Bi;yi;h,  B.A.,  l.L.D. 
With  numerous  lllusti-ations.  In  three  pnrtis.  F"  •!--■■"  "^vo., 
cloth,  2:1.  Gd.  uocli      L  Uucolici  and  Georgics,     '2.  id. 


Liber  1- 
6s. 


-6.    3.  Tho  .iliueid,  7 — 12  ;  or,  complot.n 


"  A  erertlt  tn  scholnnhlp  ?>orth  of  the  Tweed.  The  tlla<tntlmi>  i,  < 
— eUuot  Botrd  CinmicU. 


ij  ..i.-.  C-it-V  uii 


Wancleruigs  in  every  Clime  j  or  ^  oyagos,  Trftvels, 

nnd  Adventures  All  "Round  the  World.  Edited  by  \V.  F. 
Ai.NsHORTil,  F.K.G.S.,  F.S.A.,  Jlic..  «ud  cmbeiliahed  with  up- 
Wurdfi  of  Two  Uundi-ed  IJIustralioiw  by  thulinil  Artists,  ineludiu^ 
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